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Limit Theorems for Multiplicative Cascades in a Random Environment

Shunli Hao

Abstract. Let ¢ = ({p, (1, -.) be a sequence of independent and identically distributed
random variables. For r > 2, let u, be Mandelbrot’s (limit) measure of multiplicative
cascades defined with positive weights indexed by nodes of a regular r-ary tree, and
let Z(") be the mass of . We study asymptotic properties of Z(") and the sequence
of random measures (u,), as r — co. We obtain some laws of large numbers and a
central limit theorem. The results extend ones established by Liu and Rouault (2000)
and by Liu, Rio and Rouault (2003).

1. Introduction and main results

As usual, we write N* = {1,2,...}, Ry =[0,00), R = (—00, 00) and
n=0

for the union of all finite sequences, where (N*)® = {{)} contains the null sequence 0.
We describe the model of Mandelbrot’s multiplicative cascades in a random environment
as follows. Let ¢ = (o,(1,-..) = (¢n)n>0 be a sequence of independent and identically
distributed (i.i.d.) random variables taking values in some space ©, so that each realization
of ¢, corresponds to a probability distribution F),(¢) = F(¢,) on R4. Suppose that when
the environment ( is given, {W,,, u € U} is a family of totally independent random variables
with values in Ry ; all the random variables are defined on some probability space (I, P¢);
for u € U, each W,; (1 < i < r) has distribution F,(¢) = F((,) if |u| = n, where |u]
denotes the length of u. For simplicity, we write W; for Wy;, 1 < ¢ < r. The total
probability space can be formulated as the product space (I' x ©,P), where P = Pr ® 7 in

the sense that for all measurable and positive functions g, we have

[oae= [ [ atc.narcarc)

where 7 is the law of the environment ¢. The expectation with respect to P¢ (resp. P) will
be denoted by E¢ (resp. E).
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Suppose that E-W; = 1 almost surely (a.s.) and P(W; =1) < 1.
Let Fy be the trivial o-algebra, and for n > 1, let F,,_1 be the o-algebra generated
by {Wul, oo W 1< U, U1 < r}. For r = 2,3,..., let Z(") be the Mandel-

brot’s variable in the random environment ¢ associated with W, (u € U/0)) and parameter

r:
Z" = lim Y,
n—oo
where - -
Y(r) _ up " Ui un
n Z rn

1<ui,eun<r

Let Py be the probability for the shifted environment 6¢. It is easily seen that Z = Z (r)

satisfies the following distributional equation:
1 T
(E) 70 =Ly wiz
i=1

where Zi(r) are non-negative random variables, which can be chosen independent of each
other and independent of {W;,1 <+ <r} under Pc. Z is a non-negative random vari-
able independent of 7" and independent of {W;,1 < < r} under P, IP’C{ZZ-(T) €} =

(2

Pyc{Z() € - }. In terms of Laplace transforms ¢ér) (t) =Ecexp {tZ(T) }, the equation reads
Oty = [Bel) (¢wr /)] <0
gc (1) = (Ecp, (tW1/r) a.s. t <0.

In the deterministic environment case, the model was first introduced by Mandelbrot
(1974, [19]) and is referred to as “microcanonique”. For one choice of W7, Yn(r) represents
a stochastic model for turbulence of Yaglom (1974, [20]), and if 0 < P(W; =1) =1 —
P(W; = 0), Y, is the n-th generation size of a simple birth-death process. For fixed
r, the properties of Z(") and related subjects have been studied by many authors; see,
for example, Kahane and Peyriere (1976, [10]), Durrett and Liggett (1983, [7]), Guivarc’h
(1990, [8]), Holley and Waymire (1992, [9]). See also Collet and Koukiou (1992, [6]), Liu
(1997, |13]; 1998, [14]; 2000, |15]), Menshikov et al. (2005, [21]), Barral et al. (2010, [2,3])
for more general results and for related topics.

Let A be the Lebesgue measure on [0,1]. Fix r > 2. For every n > 1, let u)’ be
the random measure on [0, 1], having on each r-adic interval Ay ., = [D ;7 (ux —
Dr=* 30 (ug — 1)r=% + 777 the density Wy, - -+ Wy, ..., With respect to the Lebesgue

measure. In other words,

(1'1) M?(f) = /fd/i? = Z Wu1 T Wu1un/A fdA

s
1<, un <r upun

for each f € £([0,1],\). The mass of u” is v, = wur(1).
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For fixed r > 2, almost surely the sequence of random measures {u)',n > 1} is weakly
convergent, as n — oco. Let u® be the Borel extension of this weak limit. The random
Borel measure p2° on [0, 1] is called the Mandelbrot measure for multiplicative cascades in
a random environment. The mass of u° is Z(") = p(1).

In the deterministic environment case, this measure and its extensions have been stud-
ied by many authors, see, for example, Kahane and Peyriere (1976, [10]), Waymire and
Williams (1996, [22]), Barral (1999, [1]), Liu (2000, [15]), Liu, Rio and Rouault (2003, [17]).

Fix1 < k <r. If the weights Wy, - - - Wy, ..py,, In are replaced by Wiy, - Wiy, oy, »
the corresponding measures will be denoted by ' o T} (1 <n < 00), i.e.,

(o T)() = [ 1A e = 3 Wi Wi, [ FdN

1<u ey un <1 iy un
and its weak limit (as n — o0) by uS° o Ty. Notice that the measures p;' and p>° depend
on the marked r-ary tree with marks Wy, ..., associated with each node wuj - - - uy,, while
proTy and p2° o1y, depend on its shift at k. T} may be considered the shift operator to the
node k in the space of marked trees. For fixed r and f, the random variables (uS° o Ty)(f),
1 <k < r, are independent of each other and independent of {W;,1 < ¢ < r} under Py,
and Pe {(u® o Ti)(f) € -} = Poc {p°(f) € - }. For k =1,2,...,r, let 7/ be the operator
acting on functions from [0, 1] to R, defined by

(@) = f (’“‘”) -

r

Since t € A ., if and only if r(t — “.=1) € AT we have, for f in Z%([0,1], ),
. 1,(s+k-1
= Z Wk Z Wkug o Wkuzun / 7f () dS,
k=1 1<ug,...,; un<r A52"'un r "
so that for each 1 < n < oo,
n 1 . n— T
(1.2) e (f) = ;ZWk(Mr Yo Ty (71 ),
k=1

with the convention p® o Ty, = . Taking the limit as n — oo in (1.2)), we see that a.s. for
every f € ([0, 1)),

(1.3) ZWk 2 o Tp) (74 f)-

In the deterministic environment case, this equation and its version for masses Z(",

(1.4) Zr = ZWk ) o T),
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have been studied by many authors (cf. 1976, [10]; 1983, |7]; 1990, [8]; 1998, [14]; 2001,
[16]). Asymptotic properties of the masses Z (") as r — oo, have been studied by some
authors, see, for example, Liu and Rouault (2000, [18]), Liu, Rio and Rouault (2003, [17]).

The purpose of this paper is to give limit theorems for the process {Z ™) p > 2} and

the sequence of random measures (u'), as r — oo.

Theorem 1.1 (A central limit theorem). If EW2 < oo, then as 7 — oo,
v
\VEWE -1

In the deterministic environment case, Theorem reduces to Theorem 1.2 of Liu and
Rouault (2000, [18]).

(Z™) — 1) converges in law to the normal law N(0,1) under P.

2. Convergence in L?

The following result will be used in the next section.
Theorem 2.1. If EW? < r < oo, then

EW2 —1
E(ZM 12 =E(ZzM)2 -1=""L

In particular,
lim 2" =1 in L%

r—00

In the deterministic environment case, Theorem reduces to Theorem 3.1 of Liu and
Rouault (2000, [18]).
The proof of Theorem will be based on the following lemmas.

Lemma 2.2. Letr > 2 be fized. Assume that EW7log Wy € [—00,00). Then the following

assertions are equivalent:
(a) EW;log Wy < logr;
(b) EcZ") =1 a.s.;

M) EZ() =1;
(c) Pe(Z21) =0) <1 as.;
(¢) P(Z) =0) < 1.

This is a special case of Theorem 7.1 of Biggins and Kyprianou (2004, [4]) or Theo-
rem 2.5 of Kuhlbusch (2004, [11]).
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Lemma 2.3. Let r > 2 be fizred. For a > 1, the following assertions are equivalent:
(a) E(OI_; Wi)® < oo and EWP < ro—1;
(b) E (Supnz1 Yn(r)>a < 00;
(¢) 0 <E(Z2"M) < 0.
This is given by Theorem 2.2.2 of Liang (2010, [12]).

Proof of Theorem [2.1]. Since the function f(s) = log EW7 is convex, we have f(2)— f(1) >
f'(1), which gives EW; log Wy < log EW2. Therefore, the condition EW? < r < oo implies
EW; log Wy < logr, so that by Lemmas and EZ() =1 and E(Z")? < co. By
equation , we have,

T 2 T
. 1 r 1 r r) (r
(20 = <Z W, 2! >> = | oW+ Y wiwizz)|
i=1 i=1 1<i,j<r
i
1
E(ZM)? = = [rEECWfE,gC(Z(”))Q +r(r— 1)E(ECW1)2(E9<Z(T))2]
r—1

1
— ;Engngc(Z“))? +

1 -1
= ;EWEE(Z(T))Q i

r

T

SoE(Z")? = (r—1)/(r—EW?2). Since E(Z(") —1)2 = E(Z("))2 —1, the desired conclusion
holds. O

3. Proof of Theorem

In this section, we prove Theorem

Proof of Theorem [I.1] Let ro = EWZ. By the proof of Theorem for r € (rg, ), we
have EWj log W1 < logr, so that by Lemmas and for r € [rg, 00), we see that

IECZ(T) =1 as.,
E(ZM)? < 0o

and
r—1

r

1
Ec(ZM)? = ;ECWEEQC(Z(”)Q + a.s.

By equation ,

rz® —r =3 Wiz - 1).

7
=1
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Let S, = 27 (W; 2™ — 1) (r > ro) and let s, > 0 be defined by
2= E(wiz{” —1)2
=1

We notice that WiZi(r) — 1 are totally independent and identically distributed random

variables under P with

Ec (W2 — 1] = B(WiZ{") — 1 = BqWiEycZ =1 =0 as. for r € [ro,00),
and that

2 = rE (W2 —1)2 =7 [ECWf]EC(ZY))? - 1] = [ECWfEQC(Z(’"))Q —1| as

for r € [rg,00). We shall verify Lindeberg’s condition for the sequence {S, : r > r¢}. For
all e > 0 and r € [rg,00), we have

" _41?
232 /{‘sz(r) 1‘>€S } [Wk;Zk 1} dP¢
_r " _ 417
2 /{!Wﬂir’—llmr} [W121 1} dP;
_ 1 " _41?
_ E<WEE9¢(Z(’“>)2—1/AT wiz? —1] ap
2
B [Wiz{” =1] 144,
T EW2Eg (202 —1

(3.1)

where A, = {‘WlZy) — 1’ > E\/T' [EcW2Egc(Z2()2 — 1] } Notice that for r € [rg, 00),

(3.2) [le{” - 1}2 = W2 [(ZY))? - 1] — oW [Z{” — 1} + (W — 1),
(33) E (Wf ‘(Z(T))2 - 1’) —E (ECWEEGC ‘(ZW )2 - 1‘) — EW2E ‘(Z(’") 2_ 1) -0,
E|-2m [2{7 - ” = 2 (BcWiEqc |2 - 1‘) — 9EW;E (Z = 1’
_ ’Z - 1‘ 0.

Let {r'} be any subsequence of {r}. Notice that from (3.3]), we can choose a subse-
quence {r"} of {r'} with " — oo for which

(3.4) E (Wf ‘(ZYN))Z - 1‘) 50 as.

Similarly, we also have that

1

(3.5) Eg‘—2W1 K —1” ~0 as.
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By Markov’s inequality, we have
2
Ec [Wiz{” - 1] )

Bl =Pelded S o G Wok, (z0y 1) ~ 2

Thus
1;4,3 = 0 in probability under P.

Therefore by the dominated convergence theorem, we see that

(3.6) Ec(Wi —1)°14,3 =0 as.

By @1). 2. ). E3) and G0, we have

T 1 " ?
I = Wz -] ap
P T ey AT

7 2
E, [lef“ ) _ 1} 1ia,
lim 5 =
i voo E¢W1E9§(Z(T )2 —1
=0.

So by Lindeberg’s theorem, S, /s,» converges in law to the normal law A (0, 1) under P.

Since ) ) ne
Syn E Wi EGC(Z ")E -1 "

= —1 as. —
" (EWE— 1) E W2 — 1 aE AR Tee

by Theorem this implies that, as 7" — oo,

" 1" 1!
r (Z(r//) _ 1) _ Sr Sy

VVEWE —1 St (EWE - 1)

converges in law to A'(0,1) under P¢. Since the limit is independent of the subsequence

taken, as r — oo,

L(z(ﬂ_l):&. 5r
VEWE -1 5o\ r(EWE - 1)
converges in law to A/(0,1) under P. O

4. The Mandelbrot measures for multiplicative cascades in a random environment

In this section r > 2 is fixed unless the contrary is mentioned.

Let f € .£([0,1],\) be fixed. The sequence {(u™(f), Fy),n > 1} is a martingale. By
the martingale convergence theorem, considering the positive and negative parts of f, we
see that the limit

(4.1) e (f) = lim p(f)

n—oo
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exists Pe-a.s. Let D be a countable dense subset of €’([0, 1]) equipped with the supremum
norm |- ||,. Then P¢-a.s. (4.1)) holds for all f € €([0,1]) since |p'(f)| < [|f|lo tr (1) and

()] < |1l 1 (1). Hence Pe-as.
12 (f) = e (f) for all £ € €([0, 1)

(for any Borel measure p and any integrable function f, we always write u(f) = [ fdp).

In the deterministic environment case, Kahane and Peyriere [10] proved that the posi-
tive martingale {yx;'(1)},, is uniformly integrable if and only if EW; log W) < logr. In that
case p"(1) — pu2°(1) a.s. and in L.

Theorem 4.1. If EW;log Wi < logr, then for each fized f € £1([0,1],A), we have

lim @2(f) = p(f) in L', and  p(f) = n(f) Pe-aus.

n—oo

To prove the L' convergence, we need the following lemma.

Lemma 4.2. If EW;logW; < logr, then for each fived f in £*([0,1],\), we have

Ecir(f) = Ei®(f) = Mf)  a.s.

Proof of Lemma [£.2] (a) We first prove that E¢p,(f) = A(f) a.s. Clearly, for each 1 <

n < 00,

(4.2) Ecul(f) = Mf) as.

We assume for the moment that f € Z2°°([0,1],A). Since EW;logW; < logr, u(1) —
pir(1) in L' by Sheffé’s theorem, Lemma [2.2 and (&1) with f = 1. Therefore {17(1)},
is uniformly integrable. As | (f)] < ||fllo tr(1), this implies that {u;'(f)}, is also

uniformly integrable, so that
(4.3) W(F) = pp(f) i L

by (4.1)). Letting n — oo in (4.2), we see that Eqp,(f) = A(f) a.s.
Assume only now f € £'([0,1],\). Fatou’s lemma and (4.2) yield Ecp,(f) < A(f)

a.s. for f > 0. Therefore the functional f — E¢p,(f) is 1-Lipschitz on .#*([0,1], ). On
2°(]0,1], A), it coincides with the continuous functional f — A(f). By the density of
£°°([0,1], A) in .2*([0, 1], A), this implies that Ecpi-(f) = A(f) a.s. for all f € £1([0,1], A).

(b) We then prove that Ecp2°(f) = A(f) a.s. Set ip°(A) = Ecp®(A) for A € B (recall
that B is the Borel o-field on [0,1]). The set function fg° is well defined by using the
proof of Lemma 2.2 of Liu, Rio and Rouault (2003, [17]). The o-additivity of x> implies
that of i2°. Therefore 1S is a Borel measure on [0, 1]. For f € €([0,1]), we have

i (f) = B (f) = Eepr () = M) as.
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Therefore the measure 7i;° and A coincide, so that Ecu*(f) = A(f) a.s. for all f €
21([0,1], A). O

Proof of Theorem [£.1] Fix f € £'([0,1],A). Let € > 0 be arbitrarily fixed, and take
g € €([0,1]) such that A(|f — g|) < e. By the triangle inequality and Lemma [4.2]

Ecpy (f) = w2 ()] < Ee lpy (f = 9| + Ee py (9) — 17°(9)| + Ec |17 (g — £)
<2M(|f = gl) + E¢ |y (9) — 17 (9)]-

Because g € €([0,1]), we have lim,, 00 i (g) = u2°(g) = pr(g) in L (cf. (#.3))). Therefore
letting n — oo in (4.4]), we see that

(4.4)

limsup E¢ [1(f) — 13°(f)] < 2.

n—oo

so that limy, o u?(f) = p°(f) in L. Since limy, o0 p?(f) = pr(f) Pe-a.s., it follows that
12 (F) = 1e(f) Pe-as. 0

Lemma 4.3. (Proposition 3.1 in Liu, Rio and Rouault (2003, [17])) Fiz n > 1 and let
UL U2,...,U" be independent and integrable random variables. Let (U?

11+ ln

of independent random variables indeved by (n,i1,...,in), such that for every n, Ul .

) be a family

has the same distribution as U™.

(a) Forr>1, set
Sp=r" > UL-UR,
1<i10enyin <r
and let Hy' be the o-field generated by {Si,k > r}. Then {(S, H')},>, is a reverse
martingale, and lim,_,~, S;' = EU'EU?...EU" a.s. and in L.

(b) Assume additionally EU™ = 0. If a = {a;1~--in7 1<iy,...,in <7 > 1} is a family
of real numbers such that ||a||., = sup,>; maxi<i,, i, <r|a} . | < oo, then asr —
OO?
Ly(a):=r"" Z Uill U aq,, — 0 a.s. and in L'
1<i1,0yin <r
Lemma 4.4. (Lemma 3.2 in Liu, Rio and Rouault (2003, [17])) Assume that the conditions
of Lemma (b) are satisfied. For M > 0, let Uf1~~~ik = (=M Vv Uzklzk) AN M. Set
and

M R 1 —n—1 ~n r
PT‘ (a) =T E : Ui1 e Uil---’in_lUil---inail“-in'
1<ty in<r

Then

lim limsup sup ‘Fr(a)—Fy(a)‘zo a.s.
M=oo r>1 " aifal| <1
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Lemma 4.5. (Proposition 3.4 in Liu, Rio and Rouault (2003, [17])) Let {Upg,n > 1,1 <
k <rp} be a triangular array of row-wise independent, integrable and centered real random
variables such that lim, oo 1, = 00. If the family {Upg,n > 1,1 <k <r,} is uniformly

integrable, then as n — oo,

1 Tn
Z U — 0 in L.

k=1

Un

n

For n < oo and some subset G of .£1([0, 1], ), we shall study a.s. and L! convergence
of

1 — Ml g == sup | (f) = A(f)]
feGc

as 7 — oo. In order to obtain uniform convergence results for finite n, we need finiteness
of metric entropy in .Z([0, 1], \).

Definition 4.6. (Definition 3.6 in Liu, Rio and Rouault (2003, [17])) Let (V,d) be an
arbitrary semi-metric space and T be a subset of V. The covering number N(e,T,d)
is the minimal number of balls of radius € needed to cover T. The entropy number
is H(e,T,d) = logN(e,T,d). The subset T is said to be totally bounded in (V,d) if
N(e,T,d) is finite for all € > 0.

Definition 4.7. (Definition 3.7 in Liu, Rio and Rouault (2003, [17])) For f,g € £([0, 1],
A) such that f < g, the bracket [f, g is the set of all h € Z1([0, 1], \) such that f < h < g.
It is called an e-bracket if A(g — f) < e. The class G is said to be totally bounded with
brackets in .Z1([0, 1], \) if it can be covered by a finite number of e-brackets, for all € > 0.

Theorem 4.8. Let 1 <n < oo be fized.
(a) lim, o0 Yn(r) =1 P¢-a.s. and in L.
(b) For f € ([0, 1], ),

lim ' (f) = A(f) in L'

r—00

(c) If G is a class of uniformly bounded functions, totally bounded in £([0,1],\), then

. . 1
Tlgglo Iy —Alg =0 Pc-a.s. and in L".

In the deterministic environment case, Theorem reduces to Theorem 3.8 of Liu,
Rio and Rouault (2003, [17]).

Proof of Theorem [L.8 Part (a) is a direct consequence of Lemma [1.3(a).
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To prove parts (b) and (c), we first remark that for each f € Z°([0,1],\) and 1 <

n < 00,

(4.5) lim (u(f) — p'(f)) =0 Peas. and in L',

T—00

by applying Lemma [4.3[b) to the decomposition

B = =Y W W Warw, — 1) [ A

1<uyp,...,un<r uq-un

Since p? = A, ([.5) implies that, for each f € .2°°([0,1],\) and 1 < n < oo,

(4.6) lim (u™(f) = A(f)) =0 Pe-as. and in L',

T—00

By the density of £°([0,1],A) in £1([0,1],A), Ecu?(f) = A(f) a.s. for each 1 < n < oo
and the inequality

b () = MO < (1 = gD) + [ (9) = Mg) [+ Allg = £1),

we see that the L' convergence in still holds for every f in .Z([0,1], \), which ends
the proof of (b).

For part (c), we assume that G is uniformly bounded by 1 for the sake of simplicity.
To prove the a.s. convergence, it is enough to show that for every n < oo,

(4.7) lim ||p — uf_lﬂG =0 Pcas.

r—00

From Lemma it is sufficient to prove when the W, are bounded by a constant
M > 1. Since G is totally bounded, for every e > 0 one can find fi, ..., fy € Z([0,1],))
such that for every f € G there is some f; such that \(|f — f;|) < e. Actually we can
choose the functions f; in .£>°(]0,1], \) since it is dense in .Z1([0, 1], ).

By definition of u?, we then have |u?(g)| < M™\(|g|) for g in £*([0,1],\) and n > 0.
Hence, for f € G and A\(|f — fi|]) <e,

(4.8) [ (F) = () = (i (Fe) — = (fi)| < 2M"e.

Now, from (4.6) P¢-a.s. for every 1 <i < N,
lim (42 (fi) — = (£2)) = 0.
r—00

Jointly with (4.8)) it yields P¢-a.s.

lim sup H,uff - M:’Z_IHG <2M"e
r—00

for every e. This gives the P¢c-a.s. convergence of part (c).
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To get the L' convergence, it is enough to prove, for every fixed n < oo, the uniform
integrability of (Hu,’} — /LZ}*IHG)T. But this is indeed the case because Hu,’} — ,uﬁleG is
bounded by

Spe=r" > Wy Wy (W, — 1
1<ty o yun <r

which by Lemma converges in L! and is therefore uniformly integrable. O

Theorem 4.9. Assume EW; logJr Wi < oo.
(a) lim, 00 Zr) =1 P¢-a.s. and in L.

(b) For f € £1([0,1],\),
lim p°(f) = A(f) in L.

r—00

(c) If G is a subset of £'([0,1],\) such that, for each € > 0, it can be covered by
a finite number of e-brackets [f;, gi], with f; and g; measurable, bounded and -

a.e. continuous, then
Jim Ef [ - Alg=0 and Jim s - g =0 Fi-us.

where ]PZ and IEZ denote the corresponding outer conditional probability and outer

conditional expectation.

In the deterministic environment case, Theorem reduces to Theorem 3.9(a)—(c) of
Liu, Rio and Rouault (2003, |17]).

Proof of Theorem [£.9 (a) For n < 400, let H) be the o-field generated by ers), s>
By Lemma (a), for each n < oo, {(Yn@, H,(ZT))}Tzl is a reverse martingale. Thus for
every integer p > 1 and every bounded and continuous function g: R? — R, we have

(49) B¢ (Vgm0 y i Ly )] = Be (VI g(vr v Ly

Let 7o > 2 be such that EW7 log W < logrg. For each fixed r > rg, as n — oo, Y,y) —
Z) P¢-a.s. and in L'. Thus using uniform integrability, we may let n — oo in ,
showing that {(Z (">,H£2))}r21 is also a reverse martingale. Therefore Z(") convergence
P¢-a.s. and is uniformly integrable. To identify the limit, we will see in (b) below that
Z(") — 1in L', so that the proof of (a) is finished.

(b) We first prove that for each f € 2°°([0,1], ),

(4.10) lim p°(f) = A(f) in L%

T—00

By extension of ([1.2) to the associated Borel measures we get the decomposition

) = M) =+ 2 Wl o T ) = ML)
k=1
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Since [Wi (1 o Ti) (15 f) = ML f)] < e1Z) o Ty + ¢2 (c1, ¢ are constants), the family

Wi (g o Te) (17 f) — A7, f) } ., is uniformly integrable, so that Lemma [4.5 gives (4.10).
By density of £°([0,1],\) in £'([0,1], ), using Lemma [4.2] and

e (F) = ADI < w2 (1f = gD) + 117 (9) = Mg)| + Allg = 1)

for g € £°°([0,1],A), we see that holds for f € £*([0,1], ).

(c) Let us first reduce the problem to a simpler one involving only one function. Let
e > 0,and let {[fi, gi] : 1 <i < N} beacover of G by e-brackets, with f; and g; measurable,
bounded and A-a.e. continuous. If f € [f;, g;], then

e (f) = AF) < w2(gi) — A(fi) = (177 (i) — AMga)] + [M(gi) — A(fi)]

and

e () = M) = pe (fi) = Ags) = [ (fi) = A(fi)] + [A(fi) — Alga)]-
Therefore
(4.11) [ = Ml < max {{p7°(g:) — Aga)l, (" (fi)) = A(fi)| : 1 < i < N} +e.

(c1) To prove the PZ-a.s. convergence, it is convenient to introduce the random mea-

sures ;' defined by

ZWk oTk )8k /r 1 <m0 < 00,

(recall that by convention Yn(i)l 0Ty, =1ifn =1, and = Z" o T}, if n = o), and to
compare it with p with the help of (1.2)).

Let us first prove that Pc-a.s. for all ¢ € [0, 1],
(4.12) lim 72°([0, 1)) =

r—00

For fixed ¢t € (0,1] and 1 < n < oo, set

rt]
t r) . T ~n . 1 Wu1u2 e Wu1~~un
(4.13) V)= ﬁur([O,tD = Do Wu Y ) ,

ui=1 1<ug,...,un<r

where [z] is the integer part of z. By Theorem and (4.13)), if EW; log W1 < logr, then
(r)

as n — 00, 'Yy converges Pr-a.s. and in L' to

[rt]
1
TZ kZ(T OTk
k=1
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For 1 < n < oo, let tHy(f) be the o-field generated by {tYék),k > r}. Let r > t7! be
such that EW;jlogW; < logr. Just like Yy), for each fixed 1 < n < oo, the sequence
{tYn(r)}TZ” is a reverse martingale with respect to {th(f)},,th (the proof is similar with

that of (a)), so that it converges P¢-a.s. and in L'. To identify the limit of tYo(or), we use

[ri]

1
YO —1=—=> (W2 o T, — 1
0 Tt]kzl( k oLk )

and Lemma to conclude that tYo(g ) 5 1in L'. Since

[r]

A ([0,1]) = == 1Y),

it follows that
lim 7i2°([0,]) =t Pe-a.s. and in L'

r—00

By a classical monotonicity argument, this implies (4.12)), hence the P¢-a.s. weak conver-

gence of 1$° to A\. To get a similar result for u°, observe first that, from (1.3),

2 (f) — Zwk o0 Ty) (1 f — f(k/7)).

Since, for f € €([0,1]),

sup | 7f (%) — far| <wp(r™),
z€[0,1]

where wy(h) is the maximal oscillation of f on intervals of size h, h > 0, we have

1y T
() - 0] < LS w20 o1 = o) 20,
=1

where the last equality holds by (1.4 . This yields the P¢-a.s. weak convergence of p2° to
A. Therefore (cf. |5, p. 163, Proposition 8.12]) P?-a.s. for all f measurable, bounded and

A-a.s. continuous,

lim 1) = A(f):

r—00

Replacing f by fi, g; in the above equation and using (4.11]), we see that
PZ-a.s. limsup [|[p° — M| <,
r—00

for every € > 0, which ends the proof of the Pé—a.s. convergence.

(c2) Taking E7 in (4.11) and using (b) gives the L'-convergence. O
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