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Dynamical Properties and Some Classes of Non-porous Subsets of Lebesgue

Spaces

Stefan Ivković*, Serap Öztop and Seyyed Mohammad Tabatabaie

Abstract. In this paper, we introduce several classes of non-σ-porous subsets of a gen-

eral Lebesgue space. Also, we study some linear dynamics of operators and show that

the set of all non-hypercyclic vectors of a sequences of weighted translation operators

on Lp-spaces is not σ-porous.

1. Introduction

σ-porous sets, as a collection of very thin subsets of metric spaces, were introduced and

studied first time in [8] through a research on boundary behavior of functions, and then

were applied in differentiation and Banach spaces theories in [3,14]. The concepts related

to porosity have been active topics in recent decades because they can be adapted for

many known notions in several kind of metric spaces; see the monograph [21]. σ-porous

subsets of R are null and of first category, while in every complete metric space without

any isolated points these two categories are different [20]. On the other hand, linear

dynamics including hypercyclicity in operator theory received attention during the last

years; see books [2, 11] and for instance [6, 16, 17]. Recently, F. Bayart in [1] through

study of hypercyclic shifts (which was previously studied in [15]; see also [10]) proved that

the set of non-hypercyclic vectors of some classes of weighted shift operators on ℓ2(Z) is

a non-σ-porous set. This would be a new example of a first category set which is not

σ-porous. In this work, by some idea from the proof of [1, Theorem 1] first we introduce

a class of non-σ-porous subsets of general Lebesgue spaces, and then we develop the main

result of [1] to sequences of weighted translation operators on general Lebesgue spaces in

the context of discrete groups and hypergroups. In particular, we prove that if p ≥ 1, K

is a discrete hypergroup, (an) is a sequence with distinct terms in K, and w : K → (0,∞)

is a bounded measurable function such that∑
n∈N

1

w(a0)w(a1) · · ·w(an)
χ{an+1} ∈ Lp(K),
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then the set of all non-hypercyclic vectors of the sequence (Λn)n is not σ-porous, where the

operators Λn are given in Definition 3.8. Also, we study non-σ-porosity of non-hypercyclic

vectors of weighted composition operators on Lp(R, τ), where τ is the Lebesgue measure

on R.

2. Non-σ-porous subsets of Lebesgue spaces

In this section, we will introduce some classes of non-σ-porous subsets of Lebesgue spaces

related to a fixed function. First, we recall the definition of the main notion of this paper.

Definition 2.1. Let 0 < λ < 1. A subset E of a metric space X is called λ-porous at

x ∈ E if for each δ > 0 there is an element y ∈ B(x; δ) \ {x} such that

B(y;λd(x, y)) ∩ E = ∅.

E is called λ-porous if it is λ-porous at every element of E. Also, E is called σ-λ-porous

if it is a countable union of λ-porous subsets of X.

The following lemma plays a key role in the proof of main results of this section. This

fact is a special case of [19, Lemma 2]; see also [1, Lemma 2].

Lemma 2.2. Let F be a nonempty family of nonempty closed subsets of a complete metric

space X such that for each F ∈ F and each x ∈ X and r > 0 with B(x; r) ∩ F ̸= ∅, there
exists an element J ∈ F such that

∅ ≠ J ∩B(x; r) ⊆ F ∩B(x; r)

and F ∩B(x; r) is not λ-porous at all elements of J ∩B(x; r). Then, every set in F is not

σ-λ-porous.

Throughout this paper we shall consider an arbitrary number 0 < λ ≤ 1/2 and for

the simplicity, we shall just write σ-porous instead of σ-λ-porous for a general λ with

0 < λ ≤ 1/2. The next theorem is a development of [1, Theorem 1]. The proof of this

theorem is motivated by the proof of [1, Theorem 1]. Hence, same as [1], the proof of this

theorem is based on Lemma 2.2.

Theorem 2.3. Let p ≥ 1, Ω be a locally compact Hausdorff space, µ be a nonnegative

Radon measure on Ω, and A ⊆ Ω be a Borel set such that for every compact subset K of

Ω there exists a constant CK satisfying that

(2.1) |f |χA∩K ≤ CK∥f∥p a.e. (f ∈ Lp(Ω, µ)).
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Then, for each measurable function g on Ω with gχA ∈ Lp(Ω, µ), the set

Γg :=
{
f ∈ Lp(Ω, µ) : |f | ≥ |g|χA a.e.

}
is not σ-porous in Lp(Ω, µ).

Proof. Fix an arbitrary number 0 < λ ≤ 1/2, and pick 0 < β < λ. Denote

F :=
{
Γg : gχA ∈ Lp(Ω, µ)

}
.

We will show that the collection F satisfies the conditions of Lemma 2.2. Let g ∈ Lp(Ω, µ).

Without loss of generality, we can assume that g is a nonnegative function. Trivially,

Γg ̸= ∅. Let (fn) be a sequence in Γg and fn → f in Lp(Ω, µ). Then, by (2.1), |f | ≥ gχA

a.e., and so f ∈ Γg. Therefore, every element of the collection F is a closed subset of

Lp(Ω, µ). Now, assume that f ∈ Lp(Ω, µ) and r > 0 with B(f ; r) ∩ Γg ̸= ∅. We find a

measurable function h with 0 ≤ hχA ∈ Lp(Ω, µ) such that

∅ ≠ B(f ; r) ∩ Γh ⊆ B(f ; r) ∩ Γg,

and B(f ; r) ∩ Γg is not λ-porous at elements of B(f ; r) ∩ Γh.

Since (|f | + β−1gχA)
p ∈ L1(Ω, µ) and µ is a Radon measure, the mapping ν defined

by

ν(B) :=

∫
B
(|f |+ β−1gχA)

p dµ for every Borel set B ⊆ Ω

is a Radon measure [9]. Hence, there are some 0 < ϵ < 1, a function k ∈ B(f ; r) ∩ Γg and

a compact subset D of Ω with µ(D) > 0 such that

∥k − f∥p < ϵ1/pr and

∫
Dc

(|f |+ β−1gχA)
p dµ < (1− ϵ)rp.

Pick some α with

∥k − f∥p < α < ϵ1/pr,

and denote

δ :=
ϵ1/pr − α

2µ(D)1/p
.

Now, we define two functions h, ξ : Ω → C by

h := (gχA + δ)χD + β−1gχAχΩ\D and ξ := (|k|+ δ)ηχD + hχΩ\D,

where

η(x) :=


k(x)
|k(x)| if k(x) ̸= 0,

1 if k(x) = 0
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for all x ∈ Ω. Since D is compact, we have hχA ∈ Lp(Ω, µ). Also, for each x ∈ D,

|k(x)− ξ(x)| =
∣∣k(x)− (|k(x)|+ δ)η(x)

∣∣ = ∣∣k(x)− k(x)− δη(x)
∣∣ = δ,

and therefore

∥(ξ − k)χD∥p = δµ(D)1/p =
ϵ1/pr − α

2
.

This implies that

∥(ξ − f)χD∥p ≤ ∥(ξ − k)χD∥p + ∥(k − f)χD∥p ≤
ϵ1/pr − α

2
+ α < ϵ1/pr.

Hence,

∥ξ − f∥pp =
∫
D
|ξ − f |p dµ+

∫
Ω\D

|ξ − f |p dµ < ϵrp +

∫
Ω\D

|β−1gχA − f |p dµ

≤ ϵrp +

∫
Ω\D

(β−1gχA + |f |)p dµ < ϵrp + (1− ϵ)rp = rp,

and so, ξ ∈ B(f ; r). Moreover,

|ξ(x)| = |k(x)|+ δ ≥ g(x) + δ = h(x) a.e. on D ∩A,

and for each x ∈ (Ω \D) ∩A we have |ξ(x)| = h(x). This shows that ξ ∈ Γh, and so

∅ ≠ B(f ; r) ∩ Γh ⊆ B(f ; r) ∩ Γg

because h ≥ g.

Next, we recall that by the condition (2.1), since D is compact, there exists a constant

CK such that

|f |χA∩K ≤ CK∥f∥p a.e. (f ∈ Lp(Ω, µ)).

Now, let u ∈ B(f ; r) ∩ Γh and put r′ := min
{

δ
CK

, λ(r − ∥f − u∥p)
}
. Let v ∈ B(u; r′).

We define the function γ : Ω → C by

γ(x) :=

v(x) if x ∈ D,

(|v(x)|+ β|u(x)− v(x)|)θ(x) if x ∈ Ω \D,

where

θ(x) :=


v(x)
|v(x)| if v(x) ̸= 0,

1 if v(x) = 0.

Therefore, for each x ∈ Ω \D we have

|γ(x)− v(x)| = β|u(x)− v(x)| and |γ(x)| ≥ β|u(x)|.
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It is easy to see that

∥γ − v∥pp = ∥(γ − v)χD∥pp + ∥(γ − v)χΩ\D∥pp = ∥(γ − v)χΩ\D∥pp
= βp∥(u− v)χΩ\D∥pp ≤ βp∥u− v∥pp < λp∥u− v∥pp,

and hence,

γ ∈ B(v;λ∥u− v∥p) ⊆ B(f ; r).

In addition,

|γ(x)| ≥ β|u(x)| ≥ βh(x) = g(x) for a.e. x ∈ (Ω \D) ∩A

and

|γ(x)| = |v(x)| ≥ |u(x)| − δ ≥ g(x) for a.e. x ∈ D ∩A,

because |u(x)| − |v(x)| ≤ |u(x) − v(x)| ≤ CD∥u − v∥p ≤ δ for a.e. x ∈ D ∩ A and also

|u| ≥ h. Therefore,

B(v;λ∥u− v∥p) ∩B(f ; r) ∩ Γg ̸= ∅,

and this completes the proof.

Remark 2.4. If in the condition (2.1) we set A := Ω, then this implies that Lp(Ω, µ) ⊆
L∞(Ω, µ), and this inclusion is equivalent to

(2.2) α := inf{µ(E) : µ(E) > 0} > 0,

and equivalently, for each q > p, Lp(Ω, µ) ⊆ Lq(Ω, µ); see [18]. If in addition, suppµ = Ω,

then the condition (2.2) implies that for each x ∈ Ω,

µ({x}) = inf{µ(F ) : F is a compact neighborhood of x} > 0.

Specially, if Ω is a locally compact group (or hypergroup) and µ is a left Haar measure of

it, then the condition (2.1) implies that Ω is a discrete topological space.

The next result is a direct conclusion of Theorem 2.3.

Corollary 2.5. Let Ω be a discrete topological space and φ := (φj)j∈Ω ⊆ (0,∞). Put

µφ :=
∑

j∈Ω φjδj, where δj is the point-mass measure at j. Then, for each g ∈ Lp(Ω, µφ),

the set

Γg :=
{
f ∈ Lp(Ω, µφ) : |f | ≥ |g|

}
is not σ-porous in Lp(Ω, µφ).

Proof. Just note that for each finite subset D of Ω, k ∈ D and f ∈ Lp(Ω, µφ),

∥f∥pp =
∑
j∈Ω

|f(j)|pµφ({j}) ≥
∑
j∈D

|f(j)|pµφ({j}) ≥ |f(k)|pφk ≥ |f(k)|pMD,

where MD = min{φj : j ∈ D}.
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In particular, if a set is endowed with the counting measure, we get the fact.

Corollary 2.6. Let p ≥ 1 and A be a nonempty set. Then, for each g ∈ ℓp(A), the set

Γg := {f ∈ ℓp(A) : |f | ≥ |g|}

is not σ-porous in ℓp(A).

Remark 2.7. The main Theorem 2.3 is valid also for the sequence space c0, (that is the

space of sequences vanishing at infinity equipped with sup norm), because the sequences

with finitely many non-zero coefficients approximate sequences in c0.

At the end of this section, we give a class of non-σ-porous subsets of the Lp-space on

real line. In the proof of this result, which is also based on Lemma 2.2, we apply some

functions defined in the proof of Theorem 2.3.

Theorem 2.8. Let p ≥ 1, and τ be the Lebesgue measure on R. For each g ∈ Lp(R, τ),
put

Θg :=
{
f ∈ Lp(R, τ) : ∥fχ[m,m+1]∥p ≥ ∥gχ[m,m+1]∥p for all m ∈ Z

}
.

Then, Θg is not σ-porous in Lp(R, τ).

Proof. Let 0 < λ ≤ 1/2 and 0 < β < λ. Denote

F := {Θg : g ∈ Lp(R, τ)}.

We prove that the collection F satisfies the conditions of Lemma 2.2. Let 0 ≤ g ∈ Lp(R, τ).
Then, easily Θg ̸= ∅ and it is closed in Lp(R, τ). Now, assume that f ∈ Lp(R, τ) and r > 0

with B(f ; r) ∩Θg ̸= ∅. Then, there exist a large enough number N ∈ N, some 0 < ϵ < 1

and a function k ∈ B(f ; r) ∩Θg such that

∥k − f∥p < ϵ1/pr and

∫
[−N,N ]c

(|f |+ β−1g)p dτ < (1− ϵ)rp.

Pick some α with ∥k − f∥p < α < ϵ1/pr, and denote δ := ϵ1/pr−α
2(2N)1/p

. Put

A1 := {m ∈ [N ] : g = 0 a.e. on [m,m+ 1]}, A2 := [N ] \A1

and

B1 := {m ∈ [N ] : k = 0 a.e. on [m,m+ 1]}, B2 := [N ] \B1,

where [N ] := {−N, . . . , N − 1}, and then define

ρ :=
∑
m∈A1

χ[m,m+1] +
∑
m∈A2

gχ[m,m+1]

∥gχ[m,m+1]∥p
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and

η :=
∑
m∈B1

χ[m,m+1] +
∑
m∈B2

kχ[m,m+1]

∥kχ[m,m+1]∥p
.

Now, we define h, ξ : R → C by

h := gχ[−N,N ] + δρ+ β−1gχ[−N,N ]c and ξ := (|k|χ[−N,N ] + δ)η + hχ[−N,N ]c .

Clearly, h ∈ Lp(R, τ). For each x ∈ [−N,N ] we have |k(x)− ξ(x)| = δ|η(x)|, and so

∥(k − ξ)χ[−N,N ]∥pp = δp∥ηχ[−N,N ]∥pp = δp
∑

m∈[N ]

∥ηχ[m,m+1]∥pp = δp2N.

Hence, ∥(k − ξ)χ[−N,N ]∥p = δ(2N)1/p. Now, similar to the proof of Theorem 2.3 we have

ξ ∈ B(f ; r). Moreover,

∥ξχ[m,m+1]∥p = ∥kχ[m,m+1]∥p + δ ≥ ∥gχ[m,m+1]∥p + δ = ∥hχ[m,m+1]∥p

for all m ∈ [N ]. And also for each m /∈ [N ],

∥ξχ[m,m+1]∥p = ∥hχ[m,m+1]∥p ≥ ∥gχ[m,m+1]∥p.

So,

ξ ∈ B(f ; r) ∩Θh ⊆ B(f ; r) ∩Θg.

Now, let u ∈ B(f ; r)∩Θh and put r′ := min{δ, λ(r−∥f−u∥p)}. Assume that v ∈ B(u; r′).

We define the function γ : R → C by

γ(x) :=

v(x) if x ∈ [−N,N ],

(|v(x)|+ β|u(x)− v(x)|)θ(x) if x ∈ [−N,N ]c,

where

θ(x) :=


v(x)
|v(x)| if v(x) ̸= 0,

1 if v(x) = 0.

Similar to the proof of Theorem 2.3, we have γ ∈ B(v;λ∥u−v∥p). Now, for each m /∈ [N ],

|γ|χ(m,m+1) = (|v|+ β|u− v|)χ(m,m+1) ≥ β|u|χ(m,m+1).

Hence,

∥γχ[m,m+1]∥p ≥ β∥uχ[m,m+1]∥p ≥ β∥hχ[m,m+1]∥p

since u ∈ B(f ; r) ∩ Θh. However, in this case we have (m,m + 1) ∈ [−N,N ]c, so

hχ(m,m+1) = β−1gχ(m,m+1). Thus, β∥hχ[m,m+1]∥p = ∥gχ[m,m+1]∥p. If m ∈ [N ], we have

γχ[m,m+1] = vχ[m,m+1] because γχ[−N,N ] = vχ[−N,N ] and [m,m+ 1] ⊆ [−N,N ]. We get∣∣∥uχ[m,m+1]∥p − ∥vχ[m,m+1]∥p
∣∣ ≤ ∥(u− v)χ[m,m+1]∥p ≤ ∥u− v∥p < δ
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because v ∈ B(u; r′), hence

∥γχ[m,m+1]∥p = ∥vχ[m,m+1]∥p ≥ ∥uχ[m,m+1]∥p − δ ≥ ∥hχ[m,m+1]∥p − δ = ∥gχ[m,m+1]∥p.

Therefore,

γ ∈ B(v;λ∥u− v∥p) ∩B(f ; r) ∩Θg,

and the proof is complete.

3. Applications

In this section, we will apply the results of the previous section, to prove that the set of

all non-hypercyclic vectors of some sequences of weighted translation operators is non-σ-

porous.

Definition 3.1. Let X be a Banach space. A sequence (Tn)n∈N0 of operators in B(X ) is

called hypercyclic if there is an element x ∈ X (called hypercyclic vector) such that the

orbit {Tn(x) : n ∈ N0} is dense in X . The set of all hypercyclic vectors of a sequence

(Tn)n∈N0 is denoted by HC((Tn)n∈N0). An operator T ∈ B(X ) is called hypercyclic if the

sequence (Tn)n∈N0 is hypercyclic.

Let G be a locally compact group and a ∈ G. Then, for each function f : G → C we

define Laf : G → C by Laf(x) := f(a−1x) for all x ∈ G. Note that if p ≥ 1, then the left

translation operator

La : L
p(G) → Lp(G), f 7→ Laf

is not hypercyclic because ∥La∥ ≤ 1. Hypercyclicity of weighted translation operators on

Lp(G) and regarding an aperiodic element a was studied in [5] (an element a ∈ G is called

aperiodic if the closed subgroup of G generated by a is not compact).

Definition 3.2. Let G be a locally compact group with a left Haar measure µ. Fix

p ≥ 1. We denote Lp(G) := Lp(G,µ). Assume that w : G → (0,∞) is a bounded

measurable function (called a weight) and a ∈ G. Then, the weighted translation operator

Ta,w,p : L
p(G) → Lp(G) is defined by

Ta,w,p(f) := wLaf, f ∈ Lp(G).

For each n ∈ N we denote φn := wLaw · · ·Lan−1w, where a0 := e, the identity element

of G.

Theorem 3.3. Let p ≥ 1, G be a discrete group and a ∈ G. Let µ be a left Haar measure

on G and (γn)n be an unbounded sequence of nonnegative integers. Let w : G → (0,∞) be



Dynamical Properties and Some Classes of Non-porous Subsets 321

a bounded function such that for some finite nonempty set F ⊆ G and some N > 0 we

have

aγnF ∩ F = ∅, n ≥ N, and β := inf

{
γn∏
k=1

w(akt) : n ≥ N, t ∈ F

}
> 0.

Then, the set

Λ :=
{
f ∈ Lp(G,µ) : ∥T γn

a,w,pf − χF ∥p ≥ µ(F )1/p for all n ≥ N
}

is non-σ-porous.

Proof. Let Γ :=
{
f ∈ Lp(G,µ) : |f | ≥ 1

βχF

}
. Then, Γ is not σ-porous in Lp(G,µ) thanks

to Theorem 2.3. Also, for each f ∈ Γ and n ≥ N we have

∥T γn
a,w,pf − χF ∥pp =

∫
G

∣∣∣∣∣
n∏

k=1

w(a−γn+kx)f(a−γnx)− χF (x)

∣∣∣∣∣
p

dµ(x)

=

∫
G

∣∣∣∣∣
γn∏
k=1

w(akx)f(x)− χF (a
γnx)

∣∣∣∣∣
p

dµ(x)

=

∫
G

∣∣∣∣∣
γn∏
k=1

w(akx)f(x)− χa−γnF (x)

∣∣∣∣∣
p

dµ(x)

≥
∫
F

∣∣∣∣∣
γn∏
k=1

w(akx)f(x)− χa−γnF (x)

∣∣∣∣∣
p

dµ(x)

=

∫
F

∣∣∣∣∣
γn∏
k=1

w(akx)f(x)

∣∣∣∣∣
p

dµ(x) ≥
∫
F

∣∣∣∣β 1

β

∣∣∣∣p dµ(x) = µ(F ).

This completes the proof.

Example 3.4. Let G be the additive group Z with the counting measure. Let F be a

finite nonempty subset of Z. Put N := max{|j| : j ∈ F}. If w := (wn)n∈Z ⊆ (0,∞)

is a bounded sequence. Then the required conditions in the previous theorem hold with

respect to F and a := 1.

The following fact is a direct conclusion of the previous theorem.

Corollary 3.5. Let p ≥ 1, G be a discrete group and a ∈ G with infinite order. Let µ be

the counting measure on G and (γn)n be an unbounded sequence of nonnegative integers.

Let w : G → (0,∞) be a bounded function such that for some t ∈ G,

inf

{
γn∏
k=1

w(akt) : n ∈ N

}
> 0.

Then, the set {
f ∈ Lp(G,µ) : ∥T γn

a,wf − χ{t}∥p ≥ 1 for all n
}

is non-σ-porous.
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Theorem 3.6. Let p ≥ 1, G be a discrete group, and a ∈ G. Let µ be a left Haar measure

on G. Let (γn)n be an unbounded sequence of nonnegative integers and let w : G → (0,∞)

be a bounded function such that

inf
n∈N

γn∏
k=1

w(ak) > 0.

Then, the set

Γ :=

{
f ∈ Lp(G,µ) : |f(e)| inf

n∈N

γn∏
k=1

w(ak) ≥ 1

}
is non-σ-porous. In particular, setting Tn := T γn

a,w,p for all n, the set of all non-hypercyclic

vectors of the sequence (Tn)n is not σ-porous in Lp(G,µ).

Proof. Since µ({e}) > 0, applying Theorem 2.3 the set Γ is non-σ-porous, because[
inf
n∈N

γn∏
k=1

w(ak)

]−1

χ{e} ∈ Lp(G,µ).

Let f ∈ Γ. If n is a nonnegative integer, then for every x in G we have

∥Tnf∥p ≥
∣∣φγn(x)Laγnf(x)

∣∣,
and so setting x = aγn we have

∥Tnf∥p ≥
∣∣φn(a

γn)Laγnf(a
γn)

∣∣ = [
γn∏
k=1

w(ak)

]
|f(e)| ≥ |f(e)| inf

m∈N

γm∏
k=1

w(ak) ≥ 1.

This implies that the set {Tnf : n ∈ N} is not dense in Lp(G,µ), and so Γ is a subset of

the set of all non-hypercyclic vectors of T . This completes the proof.

Now, we recall the definition of hypergroups which are generalizations of locally com-

pact groups; see the monograph [4] and the basic paper [12] for more details. In locally

compact hypergroups the convolution of two Dirac measures is not necessarily a Dirac

measure. Let K be a locally compact Hausdorff space. We denote by M(K) the space of

all regular complex Borel measures on K, and by δx the Dirac measure at the point x.

The support of a measure µ ∈ M(K) is denoted by supp(µ).

Definition 3.7. Suppose that K is a locally compact Hausdorff space, (µ, ν) 7→ µ ∗ ν is a

bilinear positive-continuous mapping from M(K)×M(K) into M(K) (called convolution),

and x 7→ x− is an involutive homeomorphism on K (called involution) with the following

properties:

(i) M(K) with ∗ is a complex associative algebra;



Dynamical Properties and Some Classes of Non-porous Subsets 323

(ii) if x, y ∈ K, then δx ∗ δy is a probability measure with compact support;

(iii) the mapping (x, y) 7→ supp(δx∗δy) fromK×K intoC(K) is continuous, whereC(K)

is the set of all nonempty compact subsets of K equipped with Michael topology;

(iv) there exists a (necessarily unique) element e ∈ K (called identity) such that for all

x ∈ K, δx ∗ δe = δe ∗ δx = δx;

(v) for all x, y ∈ K, e ∈ supp(δx ∗ δy) if and only if x = y−.

Then, K ≡ (K, ∗,−, e) is called a locally compact hypergroup.

A nonzero nonnegative regular Borel measure m on K is called the (left) Haar measure

if for each x ∈ K, δx ∗m = m. For each x, y ∈ K and measurable function f : K → C we

denote

f(x ∗ y) :=
∫
K
f d(δx ∗ δy),

while this integral exists.

Definition 3.8. Suppose that a := (an)n∈N0 is a sequence in a hypergroup K, and w is

a weight function on K. For each n ∈ N0 we define the bounded linear operator Λn+1 on

Lp(K) by

Λn+1f(x) := w(a0 ∗ x)w(a1 ∗ x) · · ·w(an ∗ x)f(an+1 ∗ x), f ∈ Lp(K)

for all x ∈ K. Also, we assume that Λ0 is the identity operator on Lp(K).

Some linear dynamical properties of this sequence of operators were studied in [13].

The sequence {Λn}n is a generalization of the usual powers of a single weighted translation

operator on Lp(G), where G is a locally compact group. In fact, any locally compact group

G with the mapping

µ ∗ ν 7→
∫
G

∫
G
δxy dµ(x)dν(y), µ, ν ∈ M(G)

as convolution, and x 7→ x−1 from G onto G as involution is a locally compact hypergroup.

Let η := (an)n∈N0 be a sequence in G, and w be a weight on G. Then for each f ∈ Lp(G),

n ∈ N0 and x ∈ G, we have

Λn+1f(x) = w(a0x)w(a1x) · · ·w(anx)f(an+1x).

In particular, let a ∈ G and for each n ∈ N0, put an := a−n. Then, Λn = Tn
a,w,p for all

n ∈ N. In this case, the operator Ta,w,p is hypercyclic if and only if the sequence (Λn)n is

hypercyclic.
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Let K be a discrete hypergroup with the convolution ∗ between Radon measures of K

and the involution ·− : K → K. Then, by [12, Theorem 7.1A], the measure µ on K given

by

(3.1) µ({x}) := 1

δx ∗ δx−({e})
, x ∈ K

is a left Haar measure on K.

Proposition 3.9. Let K be a discrete hypergroup, µ be the Haar measure (3.1), and

p ≥ 1. Then for each g ∈ Lp(K,µ), the set

{f ∈ Lp(K,µ) : |f | ≥ |g|}

is not σ-porous in Lp(K,µ).

Proof. Just note that for each x ∈ K we have µ({x}) ≥ 1 because

1 = δx ∗ δx−(K) ≥ δx ∗ δx−({e}).

Hence, the measure space (K,µ) satisfies the condition of Corollary 2.5.

Let a := (an)n∈N be a sequence in a discrete hypergroup K such that an ̸= am for each

m ̸= n, and let w : K → (0,∞) be bounded. We define ha,w : K → C by

ha,w :=
∑
n∈N0

1

w(a0)w(a1) · · ·w(an)
χ{an+1}.

Theorem 3.10. Let p ≥ 1, and K be a discrete hypergroup endowed with the left Haar

measure (3.1). Let a := (an)n∈N0 ⊆ K with distinct terms, and w be a weight on K such

that ha,w ∈ Lp(K). Then, the set of all non-hypercyclic vectors of the sequence (Λn)n is

not σ-porous.

Proof. First, thanks to Proposition 3.9, the set

E :=

{
f ∈ Lp(K) : |f(an+1)| ≥

1

w(a0)w(a1) · · ·w(an)
for all n

}
is not σ-porous because it equals to the set {f ∈ Lp(K) : |f | ≥ ha,w}. Now, for each

f ∈ E,

∥Λn+1f∥p ≥ sup
x∈K

w(a0 ∗ x)w(a1 ∗ x) · · ·w(an ∗ x)|f(an+1 ∗ x)|

≥ w(a0)w(a1) · · ·w(an)|f(an+1)| ≥ 1

for all n ∈ N0. This implies that 0 does not belong to the closure of {Λnf : n ∈ N} in

Lp(K), and so E ⊆ [HC((Λn)n)]
c. This completes the proof.
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Since any group is a hypergroup, we can give the fact below.

Corollary 3.11. Let p ≥ 1, and G be a discrete group. Let a ∈ G be of infinite order,

(γn)n∈N0 ⊆ N be with distinct terms and w : G → (0,∞) be a weight such that(
1

w(aγ0)w(aγ1) · · ·w(aγn)

)
n

∈ ℓp(G).

Then, the set of all non-hypercyclic vectors of the sequence (T γn
a,w,p)n is not σ-porous in

ℓp(G).

Now, we can write the next corollary which is a generalization of [1, Theorem 1].

Corollary 3.12. Let p ≥ 1, (γn)n ⊆ N be strictly increasing and (wn)n∈Z be a bounded

sequence in (0,∞) such that (
1

wγ0wγ1wγ2 · · ·wγn

)
n

∈ ℓp(Z).

Then, the set of all non-hypercyclic vectors of the sequence (Tn)n is not σ-porous, where

(Tn+1a)k := wγ0wγ1wγ2 · · ·wγnak+γn+1 , k ∈ N0

for all a := (aj)j ∈ ℓp(Z).

In sequel, we find some application for Theorem 2.8 regarding hypercyclicity of weighted

composition operators on Lp(R, τ).

Theorem 3.13. Consider the weighted translation operator Tα,w on Lp(R, τ) given by

Tα,wf := w · (f ◦ α), where 0 < w, w−1 ∈ Cb(R) and α(t) = t + 1. For each n ∈ N put

An := [n, n+ 1] = αn([0, 1]). Set

yα,w :=
∑
n∈N

1

inft∈An

∏n
k=1(w ◦ α−k)(t)

χAn

and assume that yα,w ∈ Lp(R, τ). Then, the set

{f ∈ Lp(R, τ) : ∥Tn
α,w(f)∥p ≥ 1 for all n ∈ N}

is not σ-porous.

Proof. By Theorem 2.8, the set

E := {f ∈ Lp(R, τ) : ∥fχAn∥p ≥ ∥yα,wχAn∥p for all n ∈ N}

is not σ-porous, because it equals to

{f ∈ Lp(R, τ) : ∥fχ[m,m+1]∥p ≥ ∥yα,wχ[m,m+1]∥p for all m ∈ Z},
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as yα,wχ[m,m+1] = 0 for all m ∈ Z with m ≤ 0. Now, note that for each f ∈ E and n ∈ N,

∥Tn
α,w(f)∥pp

=

∫
R

[
n∏

k=1

(w ◦ αn−k)(t)

]p

|(f ◦ αn)(t)|p dτ =

∫
R

[
n∏

k=1

(w ◦ α−k)(t)

]p

|f(t)|p dτ

≥
∫
An

[
n∏

k=1

(w ◦ α−k)(t)

]p

|f(t)|p dτ ≥ inf
t∈An

[
n∏

k=1

(w ◦ α−k)(t)

]p

∥yα,wχAn∥pp

= inf
t∈An

[
n∏

k=1

(w ◦ α−k)(t)

]p
1

inft∈An

[∏n
k=1(w ◦ α−k)(t)

]p τ(An)

= 1.

Assume now that there exists some l ∈ Z such that

β := inf

{
n∏

k=1

(w ◦ α−k)(t) : t ∈ [l, l + 1], n ∈ N

}
> 0.

Put

F :=

{
f ∈ Lp(R, τ) : ∥fχ[m,m+1]∥p ≥

∥∥∥∥ 1βχ[l,l+1]χ[m,m+1]

∥∥∥∥
p

for all m ∈ Z

}
.

So by Theorem 2.8, F is not σ-porous. For every f ∈ F , we have

∥Tn
α,w(f)∥pp =

∫
R

[
n∏

k=1

(w ◦ αn−k)(t)

]p

|(f ◦ αn)(t)|p dτ =

∫
R

[
n∏

k=1

(w ◦ α−k)(t)

]p

|f(t)|p dτ

≥
∫
[l,l+1]

[
n∏

k=1

(w ◦ α−k)(t)

]p

|f(t)|p dτ ≥ 1.

Hence, the set

{f ∈ Lp(R, τ) : ∥Tn
α,w(f)∥p ≥ 1 for all n ∈ N}

is not σ-porous.
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Mathematical Institute of the Serbian Academy of Sciences and Arts, p.p. 367, Kneza

Mihaila 36, 11000 Beograd, Serbia

E-mail address: stefan.iv10@outlook.com

Serap Öztop
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