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Bregman Projections and Parallel Extragradient Methods for Solving
Multiple-sets Split Problems

Fridoun Moradlou, Zeynab Jouymandi and Fahimeh Akhavan Ghassabzade*

Abstract. In this paper, utilizing Bregman projections which are different from the
sunny generalized nonexpansive retractions and generalized metric projection in Ba-
nach spaces, we introduce some new parallel extragradient methods for finding the
solution of the multiple-sets split equilibrium problem and the solution of the multiple-
sets split variational inequality problem in p-uniformly convex and uniformly smooth
Banach spaces. Moreover, we introduce a A-Lipschitz-type condition on the equi-
librium bifunctions to prove strongly convergent of the generated iterates in parallel
extragradient methods. To illustrate the usability of our results and also to show
the efficiency of the proposed methods, we present some comparative examples with

several existing schemes in the literature in finite and infinite dimensional spaces.

1. Introduction

Assume that C; (i =1,2,...,r) and Q; (j =1,2,...,s) are nonempty, convex and closed
subsets of real Banach spaces E; and Es, respectively and also, assume that C' = (;_; C;
and Q = ﬂjzl Qj. Suppose that A: Ey — E3 is a bounded linear operator and f;: C; X
Ci—R((E=12,...,r)and g;: Q; xQ; = R (j =1,2,...,s) are equilibrium bifunctions.
The multiple-sets split equilibrium problem (MSSEP) [16] is formulated as follows:

,
find z* € C = ﬂ C; such that f;(z*,y) >0,Vye C;,Vi=1,2,...,r,
i=1

where
S
Az € Q = ﬂQj such that g;j(Az",w) >0,Vw e Q;,Vj=1,2,...,s.
j=1

We denote the solution set of (MSSEP) by ME. In the case of r = s = 1, (MSSEP) reduces
to well known split equilibrium problem (SEP), which was first introduced by Moudafi [19].
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Assume that A;: C; — 251 and B;j: Q; — 2F% are given mappings. The multiple-sets
split variational inequality problem (MSSVIP) [16] is formulated as follows:

'
find z* € C = ﬂCZ- such that (y — 2, A;2*) > 0,Vye C;, Vi=1,2,...,r,
i=1

where

5
Ax* e Q = ﬂ Q; such that (w — Az", BjAz*) >0,Vw e Q;,Vj=1,2,...,s.
j=1
We denote the solution set of (MSSVIP) by MS. If r = s = 1, then (MSSVIP) reduces to
split variational inequality problem (SVIP), which was first proposed by Censor et al. [6].

It is well known that the equilibrium problem [20] covers many problems in mathemat-
ics and sciences. Some of these problems are the optimization problem, the variational
inequality problem, the fixed point problem, the generalized Nash equilibrium problem in
game theory, the saddle point problem and others; (see [2,|12}21,22,24]). So, it’s theory
and applications has been extensively studied by many researchers.

Auxiliary problem principle as a useful tool for solving optimization problem has been
introduced by Cohen [9] and then it has been extended to variational inequality [10].
Recently, the auxiliary problem principle has been extended to equilibrium problems by
Mastroeni [18] under the assumption that the equilibrium bifunction f satisfies the fol-

lowing Lipschitz-type condition:

(L.1) flay) + f(y.2) 2 f(z,2) —cilly — 2l — eollz = yl*, Va,y,2€C,

where ¢y, co > 0. In fact, this method is the famous classical extragradient method which
has been introduced by Korpelevich [17], if equilibrium problem is replaced by variational
inequality. The efficiency of the extragradient method has caused a great deal of attention
among researchers. So, many authors introduced extragradient algorithms for solving var-
ious problems in Hilbert spaces [13}|16},24},25,27-29] and this method was first introduced
by Z. Jouymandi and F. Moradlou [14}/15] for solving equilibrium problem, variational
inequality problem and fixed point problem, utilizing sunny generalized nonexpansive re-
tractions and generalized metric projection in Banach spaces where the convergence of
the proposed algorithms was required f to satisfy in a ¢,-Lipschitz-type condition or
¢-Lipschitz-type condition [14}|15].

In this paper, motivated by D. S. Kim and B. V. Dinh [16], we present some new
parallel extragradient algorithms (i.e., the algorithms have two extragradient steps) for
finding an element ME and MS, utilizing Bregman projections. Using these algorithms,
we present and establish some strong convergence theorems under suitable conditions.

Moreover, we give some numerical examples related to our algorithms and compare the
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results of our schemes with several existing ones in the literature. The number of iterations
and also CPU times to get the solution for the generated sequence by our methods to show

that our algorithms reach to a solution element faster than the other schemes.

2. Preliminaries

Suppose that E* is the dual of a Banach space F and S(FE) is the unit sphere centered
at the origin of E. Let p > 1, the Banach space F is called to be p-uniformly convex [26]
if there exists a constant ¢ > 0 such that dg(e) > ceP for all € € [0, 2], where dg(¢€) is the
modulus of convexity of E. It is well known that for 1 < p < 2, L, is 2-uniformly convex
and for p > 2, L, is p-uniformly convex. The Banach space F is said to be uniformly
smooth if pET(t) — 0 as t = 0, where pg(t) is the smoothness modules of E. For p > 1, L,
is uniformly smooth.

The mapping J,,, from E to 2F" defined by
(2.1) Jppr = {z* € E*: (z,2%) = |z||[«*], |2*[| = |2[P7'}, VzeE

is called the generalized duality mapping, where p > 1 is a real number.

Let 1 < ¢ <2< pwith1/p+1/q = 1. If E is p-uniformly convex and uniformly
smooth, then J,, is monotone, one-to-one, onto and Jp_E1 = Jis (the generalized duality
mapping on E*) [1L[7].

If E is uniformly smooth, then J,,, is uniformly norm-to-norm continuous on bounded
sets of F [§] i.e., for a bounded set M of E and € > 0, there exists 6 > 0 such that

[ Jpe® — Jppyll < e

for all ,y € M such that ||z —y|| < J. Let E be a p-uniformly convex, uniformly smooth
real Banach space, we define the Bregman distance Af : Ex E—Rby

1 1
(2.2) Ay (x,y) = 5”9;“7’ — (Y, Jppw) + Ellyllp

for all z,y € E. It is worth noting that, if p = ¢ = 2, then A¥(z,y) = %Qﬁ(y,x) [14] for
all z,y € E and in a Hilbert space H, A¥ (2,y) = 3|z — y||* for all 2,y € H. Using the

definition of Af , we can easily conclude that
(2.3) Af(m,y) = Af(x, z) + Af(z,y) +(z—y, Jppr — Jppz), Va,y,2€E
and

(2.4) Af(aj,y) + Af(y, z)=(z—y, Jpyx— Jpry), Va,y€E.
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Moreover, in a p-uniformly convex space X, we have the following property [23]:
(2.5) 7llz — ylIP < AF (2, y)
for all z,y € X and for some fixed number 7 > 0.

Lemma 2.1. [23] Let C' be a nonempty closed convex subset of a p-uniformly convex and
uniformly smooth real Banach space E and let (x,z) € E x C. Then the following results
hold:

(i) z=Ncz if and only if (y — 2z, Jppx — Jpp2) <0 forally € C,
(i) AZ(Now, ) + AL (w,Now) < AB(a, 2),
(iii) Af(m, Mez) = mingec Af(m, Y).
Thus Il¢: E — C' is Bregman projection and is defined by Ilcx = arg min, ¢ Af(w,y).

For a convex subset C' of a Banach space E, we denote by N¢(v) the normal cone for

C at a point v € C, i.e.,
Ne(w):={z" € E*: (v —y,z*) > 0,Vy € C}.

Let f: E — (—o00,400] be a proper function. For xy € Dom(f), the subdifferential of f
at xg as the subset of E* given by

Of (zo) = {z* € E*: f(z) > f(zo) + (2", — 2¢),Vz € E}.

If 0f (zg) # 0, then f is called subdifferentiable at . If 9f(z0) is single valued, then f is
said to be Gateaux differentiable at x¢ which is denoted by V f(zo).

Suppose that C is a nonempty subset of a Banach space E. The bifunction f: C'xC —
R is called

(i) pseudomonotone on C, i.e., f(z,y) >0 = f(y,z) <0,Vz,y € C,

(ii) jointly continuous, i.e., if z,y € C and {z,} and {y,} are two sequences in C such

that ©, — = and y,, — y, then f(z,,yn) — f(z,y).

Lemma 2.2. [314] Let E be reflexzive Banach space. If f: E — RU{+oc0} and g: E — RU
{+00} are nontrivial, convez, and lower semicontinuous functions and if 0 € Int(Dom f —

Dom g), then
S +g)(x) = a(f) + d(g).

Lemma 2.3. [3,/14] Let C be a nonempty convez subset of a Banach space E and f: E —

R be a conver and subdifferentiable function, then f is minimized at x € E if and only if

0€df(x)+ No(z).
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3. Parallel extragradient methods

Throughout this paper, let C; (i = 1,2,...,r)and Q; (j = 1,2,...,s) be nonempty, convex
and closed subsets of p-uniformly convex and uniformly smooth real Banach spaces F;
and Fj respectively. Assume that C = ();_; C; and @ = [;_; Q;. Also, we suppose
that A: £y — FEs is a bounded linear operator and the bifunctions f;: C; x C; — R
(t=1,2,...,r)and gj: Q; xQ; - R (j =1,2,...,s) satisfy in following conditions which

are defined as follows:

(A1) fi(z,z) =0 forallz € C; (i = 1,2,...,r) and g;(2',2") = 0 for all 2’ € Q;
(j=1,2,...,s).

(A2) f; i =1,2,...,r) and g; (j = 1,2,...,s) are pseudomonotone on C; and @,
respectively.

(A3) fi (1 =1,2,...,7)and g; (j = 1,2,...,s) are jointly continuous on C; x C; and
Qj x Qj, respectively.

(A4) fi(z,-) (i =1,2,...,r) and g;(«/,-) (j = 1,2,...,s) are convex, lower semicon-

tinuous and subdifferentiable on C; and ();, respectively, for all x € C; and all
x € Qj-

(A5) fi (i=1,2,...,7)and g; (j = 1,2,...,s) satisfy A-Lipschitz-type condition:
363765 s.t. fl(ff,y) + fl(yvz) > fi(IZI,Z) - cilApE1 (xay)
—CéAfl(y,Z), vx)yvzecia
3. st gi(@y) +gi( . 2) = g5, ) — AP YY)
- C;jAEQ(y/wz/)? V$/7y,7zl € Qj'

(3.1)

Example 3.1. Assume that f: C x C — R is a bifunction defined by f(z,y) = 2 yllP +
3(Y, Jpp, ) — %H:c”p. Since p > 2, we obtain

f(z,y) + fy,2)
1 1 1 1
:f(x,z>3(p||x|f’ (9 T, ) + ||y||p)3(||yup (22 Ty, 4) + qw)

#3(SlalP = (s dpgy )+ IP) + (522 ) Iol?

> f(.%‘,Z) - SAEI(.T,Q) - SAfl(y,Z),

i.e., f satisfies in the A-Lipschitz-type condition with ¢; = ¢y = 3.
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Remark 3.2. If p = q = 2, then A-Lipschitz-type condition reduces to ¢-Lipschitz-type
condition and also If 4 and E» are Hilbert spaces, then A-Lipschitz-type condition reduces
to Lipschitz-type condition (1.1)).

Algorithm 3.3 (Parallel Extragradient Method).

Step 0: For alli =1,2,...,r and all j = 1,2,...,s, choose the sequences {\}}, {7,]1} -
(0,1] such tha{f 0 <ac< )\;,y,l;‘g b < min{l L} where c = max{czi?c/lj} and
¢ =max{ch,cy}. Also, {ai},{Bh} C le,d] such that 0 < e <d <1 and

r S r ®

, , 1 , 1 ;
2 =2 Ph=l =) X and e =00 0
i=1 j=1 =1 =1

Step 1: Let xg € C. Set n =0.

Step 2: Compute y!, and 2, (i =1,2,...,r) such that

(3.2) Y € argerélin {/\ilfi(xn, y) + Afl (@, y)},
yeC;

and
2, € argmin {\,, fi(yh,, y) + AJ (20, 9) }-
yeC;
Step 3: Put z, = Jg, ()\n,erEl T+ (1= Any) S0y ozfl.]pE1 %) and t, = Ng(Az,).
Step 4: Compute v, and ul, (7 =1,2,...,8) such that

v% € arg min {'yflgj(tn,w) + Af2 (tn,w)},

wWEQR;
and

uﬁb € arg min {vggj(vfb,w) + AEQ (tn,w)}.

wer

Step 5: Put u, = J;Ez (’yn,stE2 tn + (1 —Yns) ijl ﬁ%JpEQ u%)

Step 6: Compute xn1 = MNp,x,, where Dy, = (Vi_, Ok N A=Y (Uy) such that Oy = O,
Up=0Q and
Op={zeC: Afl(zn,x) < Afl(xn,:n)},

and

Up={weq: AEQ(un,w) < AEQ(tn,w)}.
Step 7: Setn:=n+1 and go to Step 2.

We replace Step 2 and Step 4 in Algorithm by the following steps:
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Algorithm 3.4 (Parallel Extragradient Algorithm or C'Q Algorithm).
Step 2a: Compute y!, and 2% (i =1,2,...,r) such that

(3.3) Y = Nedgy (Jpp, tn = NoAiwn), 2, = Negdg, (g, @n — Ny Aiyy,).

Step 4a: Compute v}, and v, (7 =1,2,...,8) such that

(3.4) vl =g, J,

;Ez (Jppytn — 1 Bjtn),  uf, =Tg, J,

¢ (et — Y Bv).

Lemma 3.5. If f; (i=1,2,...,7) and g; (j =1,2,...,5s) satisfy in the properties (Al)-

(A4), then the solution set ME is closed and conver.

Proof. To show the closedness of ME, suppose that z,, € ME such that x,, — x*. This implies
that z, € C = ();,_; C; such that fj(zy,y) > 0 for all y € C; and Az, € Q = ﬂjs»:l Q;
such that g;(Axzy,t) > 0 for all t € Q;. Also, Az, — Az*, because of A is bounded linear.
Since C' and @ are closed, we have z* € C and Az* € @) and from the condition (A3), we
conclude f;(z*,y) > 0 for all y € C; and gj(Az*,y) > 0 for all t € Q;, therefore 2* € ME.
For proving convexity of ME, assume that z*,2’ € ME and 0 < A < 1. So, Az* + (1 —
Nz’ € C =()_;C; and NMz* + (1 — VA2’ € Q = ﬂjzl Qj, because of C' and @ are

convex. Also, from conditions (A2) and (A4), we get

(3.5) Fily A (L= X)) < Mg, 2%) + (1= A fily, ') < 0
forally e C; (i=1,2,...,r) and

(3.6) g (z, Mz + (1 — N)Az') < Agj(z, Az*) + (1 — N)gj(z, Az’) <0

forall z€ Q; (j=1,2,...,s). Let yy =ty + (1 —t)(A\a* + (1 — A\)2’) for all y € C;, and
2z =tz+ (1 —t)(AMz* + (1 — V) Az) all z € Q; and all 0 < ¢t < 1. Therefore, utilizing the
conditions (A1), (A4) and inequalities (3.5)) and (3.6]), we obtain

0= filye,ye) < tfilye,y) + (1= t) filye, \a™ + (1 = N)a') < tfilys, v)
and
0 = g;(z1, 2t) < tgj(ze,y) + (1 —t)g;(z, NAz™ + (1 — N) Az') < tg;(z, 2).

Hence, fi(yt,y) > 0 and gj(z, z) for all y € C; and all z € Q;. Letting t — 0 and using the
condition (A3), we derive that f;(Az*+(1—=N)a',y) >0forally € C; (i =1,2,...,r) and
gi(ANAz* + (1 =N Az'),z) > 0forall z€ Q; (j =1,2,...,5),s0 \a*+ (1 = N)a’ e ME. O

Lemma 3.6. For every x* € ME, every i = 1,2,...,r, every j = 1,2,...,s and every
n € NU {0}, we obtain
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1 1

(i) AP (27, 2%) < AF (n, @) = (1= eAL) A (@n, yp) — (L= CA)AF (71, 23),

n

(i) (w— v, T, v — T, tn) < Vagy (tn, w) — Yg; (tn, V1)), Vo € Q,
(iv) AP2(uf, Az*) < AP2(t,, Ax*) — (1 — ey AL (t,, 0]) — (1 — i) AL (v], ).
Proof. Utilizing the condition (A4) and Lemmas [2.2] and we get

2l € arg rélin{%%fi(yéyy) + AP (2, )}
yel;

~— 0€e )\flagfi(y;, Z;) + VgAfl (a;n, Z;L) + NCZ(Z%)

Using Proposition 4.9 of |7], we have 8(%) = Jp, - and from (2.2)), we deduce that
VQAfl (wp,2) = I, 28— Ip, Tn. Thus w; € Oafi(ye, 2%) and w; € Ng,(2%) exist such
that

(3.7) 0=\ w; + Ipp, 2t — Ipp, Tn + Wi,

)

therefore, using the definition of 9y f;(y, 2%, we get

(3.8) (W = znwi) < fWnoy) = fWno20), Yy € Ci
Let * € ME. Letting y = ™ in inequality , we conclude

(@ = zpwi) < fyn @) = F(Yns 20)-
So, using the definition of N¢;(2}) and equality (3.7), we obtain
(3.9) Nolzh =y wi) < (Y = 2y o, 21 = Jpp, )y Yy € Ci
Setting y = x* in inequality , we have

(3.10) (@ = 20 Jog, 2 = g, ) = Nl o 20) = Fyne @)} = X f (s 2)

since f(z*,y!) > 0 and f; is pseudomonotone on C;. Replacing z, y and z by x,, ¥, and

2 in inequality , respectively, we get

(3.11) FWhy ) = (@, 2) = F(@n,yh) — AT (@0, yh) — BAT (Yh, 20,).
Using a similar argument, since y!, = arg min, ., {)\flf(mn, y) + Afl (T, y)}, we have
(312) (Y= Yo S, @0 — o, Un) < Nl (o) = flamyp)}, Yy € Ci

Hence (i) is proved and by the same argument as (i), inequality (iii) can be proved.
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Putting y = 2% in inequality (3.12)), we deduce

(3.13) <Z71'L - y’fz’ JpEl Tn — JPEI y%) < )\;{f(l“n, 272’7,) - f(xn,y:z)}

Combining inequalities (3.10), (3.11)) and (3.13)), we get

* ) %
<x — Zn JPEI Zp JPEI xn>

= <y'7;), - Ziw JpEl y; - JpEl Tn) — cli)‘lr'zAfl (Tn, y;L) - céA%Afl (yylw 7 )-
Using above inequality and equality ({2.3)), we have

Afl(xn,:r*) — Afl(z;,x*)
>AE1 7 —i—AEl(i i)_ Z)\ZAEl( i)_ l)\ZAEl(Z z)
Z 8y (Tn, Yn) p \Yns Zn CLABp \Tn, Yn Conn By \Yns Zn
> A (@n, yn) + AJ (s 20) = ARAY (@0, 1) — CALAY (Uhs 21)-

Hence, (ii) is proved and by a similar way, (iv) can be proved. O

Lemma 3.7. For all x* € ME and all n € NU {0}, we get

(i) AF

pl(znu r*) < Agjl (T, "),

(ii) AF2(uy,, Az*) < Al2(t,, Az¥).

Proof. Assume that * € ME. Using Lemma ii), equalities (2.1)) and (2.2), and since
Jp_El1 = J;‘El, we obtain
Ey * 1 p * 1 *||p
A (zn, ") = —lzall? = (7, Jpzn) + —[l27]]
q p
P

1 *
== = A (2%, Jpg, Tn)

q

T, (An,erEl Tn A (1= Any) Y by, Z;>
i=1

.
_ , 1, .,
— (1= Ana) D0 (@™, Jpp 2) + EHx P
=1
q

— A (™, I, Tn)

1 . L .
= 5 Ipe, Jqu (AnmeEl Tn + (1= Anyr) Z aZJpEl qu)
i=1
L . 1
= (L= dr) Do Ty, )
i=1

]. 1 Z 3 3 *
< a/\n,rHJpElanq + 5(1 — An,r) ZO‘%HJPEI Zpll? = A (T 7‘]1731 Tn)
=1

T
ok 1.,
— (1= Aap) Y an(a®, Ty, 21) + oIl
i=1
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1 1 L
< gkmllwnllp + g(l = Anr) Zai!\zﬁllp = A (2%, Jpp, Tn)

1 *
(1= Anyr Za Tps, 20) + ]gﬂx [
_)\nrA Yzp, ") Anr Za AE1 (2%, %)
<)\n7“A (xny * - nr Za AEl xn; *)

= Afl (In, CC*)
Applying a similar manner, we can prove that Afz (Up, Az*) < AEQ (tn, Az™). O
Lemma 3.8. For alln € NU{0}, D,, is nonempty, closed and convez.

Proof. Assume that Do, = (),_qDn C D, and z* € ME. Using Lemma for all £k =
0,1,2,...,n, we obtain * € Oy and Az* € Uy. Therefore 2* € O NA~Y(Uy), i.e., 2* € D,
for all n € NU{0}. Hence z* € Dy. On the other hand, sine

(3.14) AP (zn,2) S A (wn,2) = (@ g, T — Jpp, 7n) < ;(Hwnﬂp— [12nl*),
and also, since A is bounded linear and

(315) AP (unw) S AP () = (0 Togy b = Tog, ) < (Il = ).
We can conclude that for all k = 0,1,2,...,n, Ox N A~Y(Uy) is closed and convex and
cosequently for all n € NU {0}, D,, is closed and convex. O
Lemma 3.9. The optimal solutions y, and 2% (i = 1,2,...,r) and v}, and v}, (j =

1,2,...,s) in Algorithm are uniquely determined.

Proof. Assume that y!, 7% € arg min, ¢, {\Lfi(zn, y) + AEI (zn,y)} foralli=1,2,... 7.
Utilizing of Lemma [3.6(i), we have

(3.16) (y — yim JpElxn - JpElywia> < )\;:’Lfi(xn’ y) — )‘qimfi(xna y;)v Vye G
and
(3.17) (y — giw JpE1 Tn — JpE1 y’iL> < )‘:'zfi(xnv y) — /\:’Lfi(xn,y;% Vy e

Putting y = ¢, in (3.16)) and y =y in (3.17) and adding them, we obtain

(3.18) <y; - Z/fu JpEl ZJ:L - JPE1 y:z> <0.



Bregman Projections and Parallel Extragradient Methods 173

Since Jp,, is monotone so,

Thus, using inequalities (3.18) and (3.19)), we obtain (J¢, — v, Ipg, vl — I, y.) = 0 and
since Jp is one to one, we get yl =98 (i=1,2,...,7). Using the similar argument, we

can prove that 27, vl and ul, (j =1,2,...,s) are uniquely determined. O

Theorem 3.10. Suppose that ME # 0, then the sequence {x,}.>, generated by Algo-
rithm strong converges to the some solution ¢ € ME, where ¢ = lim,, o [Nygxy, .

Proof. Suppose that z* € ME C Do It follows from Lemma [3.§] that, {x,,} is well defined.
Also, since 41 = Mp, z, and 2* € D, for all n € NU {0}, utilizing Lemma [2.1](ii), we

conclude
(3.20) 0< Afl (Tpy1,27) < Afl (Tp, ") — Afl (Tny Tnt1) < Afl (zp,x").

This implies that lim, o Afl (zn,x*) exists and so {Afl (T, x*)} is bounded. Therefore,
lim,, o0 Afl (zpn, Tnt1) = 0 since Afl (T, Tnt1) < Afl (Tp,x*) — Afl (Tpt1,2") — 0. So,

from inequality ([2.5)) for some fixed number 7 > 0,
(3.21) T — Tpi]| < Afl (T, ") — Afl (Tpt1,27),

so {x,} is bounded. Also, for all n,m € NU {0} and m > n, from inequalities (3.20) and
(3-21)), we get

Tllzn — am| < T("xn = Tnt1 || + lentr — Tnpoll + lTnte — Tl + - + l@m—1 — me)
< AP @y, 2%) = Al (@i, 2%) + AP (@4, 27) — AP (2040, 2%)
+ AP (@ngo,2%) = Al (@ngs, a) + o+ AP (@1, 2%) — Al (2, 27)
< Afl (zp,x") — Afl (T, T").
51 (T, x*) exists, {zn} C D,_1 is a Cauchy sequence and consequently
from Lemma {zn} converges strongly to u. On the other hand, D,, C D,,_1 C D,,_o C
-+ C Dy so{xy} C Dy=CNATLQ. Also, CNA™IQ =(N_, C’Z-ﬂA_l(ﬂj-:l Qj) is closed.
Hence, we can conclude that u € C and Au € Q.
Since z,4+1 € O,, and from inequalities (3.20)) and (2.5)), 71 > 0 exists such that

Since lim,_,o A

Jim. Tl 2n — Tpg P < Jim Al (2, ng1) < Jim Al (2, pi1) = 0.

Thus {z,} is bounded and z, — u and consequently Az, — Au because A is bounded

linear. Utilizing Lemma (ii) and uniformly norm-to-norm continuity of J,,, on bounded
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sets, we get

lim AfQ(tn,Au) < lim AEQ(AZn,AU)

n—oo n—oo
1 1
3.22 = i Z 2 _ - P
(3.22) i (SAs P (A Ty, dze) 4 3 4ul?
=0
and
(3.23) lim_ AP (2, 2%) = lim AP (2, 3%).

Therefore {t,} is bounded and ¢,, — Au. On the other hand, because of Az, € U, and
using a similar technique as (3.22)), 79 > 0 exists such that

i mollu — Az P < lim AP (t, Az 1) = 0.

Hence, {u,} is bounded and u, — Au and also utilizing a similar technique as (3.23)), we
get
lim A

n—oo
In addition, it follows from the proof of Lemma that for all : = 1,2,...,r and all

j=1,2,..., s, we have

B (uy,, Az*) = lim AEQ(tn,Aac*).

P n—oQ

Afl(zfmac*) < Afl(xn,:p*) = Afl(zn,x*) < A,fl(xn,:n*)

and
E ] * E * E * E *
AP (4] Ax*) < AP (1o, Ax®) = AP2(u,, Ax*) < AP2(1,, Ac*).

Therefore, Afl(zn,x*) < Afl(zﬁl,x*) and A52(un,Am*) < AEQ(uiL,Ax*). Thus, from
Lemma (ii) and (iv) and inequality (2.5), 74 > 0 and 74 > 0 exist such that, for all

i=1,2,...,7rand all j =1,2,...,s, we can obtain that
lim 75(1 — cb) ||z — ypIP
n—oo

< lim (1 - Cb)Afl (Zn,yt) < li_)m (1-— c)\fl)Afl (T, )

(3.24) oo 5 b . .
< JLH;O (A (@, ") — AJY(z),2%)) < nh%nolo (A (n, ) = AJH (2, 27))
—0

and

lim 74(1 — ¢b)||tn, — v%”p
n—00

< lim (1 — cb)AEQ(tn,vﬁ;) < 1i_>m (1-— CV%)AZ??(tn’U%)

(3.25) ~ no ,
< lim (AP (t,, Az*) — AP (u], Az™)) < lim_ (AL2(t,, Az*) — AP (u,,, Az™))

= 0.
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So, using inequalities ([3.24) and (3.25)) and the condition (1 — ¢b) > 0, we obtain 3% — u
and v}, — Au, due to z, — u and t,, — Au. It follows from (i) and (iii) of Lemma [3.6|and
the condition a < )\fl, 'y% <1 that

(326) <y—yqupEll‘n—JpEIZJ;> S fz(xnay)_afz(xnayfz)a vyec’ia V1 SZ Sr
and
(3-27) <w - Ugl, JpEzvgz - JpEgtn> < gj(tn’ w) - agj@ﬂﬂ”%)» Vw e Qj» V1 < ] <s.

By letting n — oo in inequalities (3.26]) and (3.27)), it follows from the conditions (A1)

and (A3) and uniformly norm-to-norm continuity of J,, and Jp, on bounded sets that

ueC:ﬂCi such that fij(u,y) >0, VyeC;

i=1
and

S
Aue Q = ﬂ Q; suchthat gj(Au,w) >0, YweQy,
i=1
so u € ME.
Now, assume that h,, = Mygx,, using inequality (3.20)), we have

(3.28) AP (@1, hn) < AT (@0, ha).

Thus, utilizing Lemma (iii) and inequality (3.28)), we get
Afl ($n+1, hn+1) = Afl (3?n+1, nMExn-l—l) < Afl <$n7 hn)-

Hence, lim,_ o0 Afl (X, hy) exists and {Afl (a:n,hn)} is bounded and so (2.5) implies
{hn} is bounded. Since hy4ym = Muexnpim for all m € N; utilizing Lemma (ii) and
(3-28), we get

Afl (Tntm, hn) + Afl (Tntm, hnym) < Afl (Trtm, hn) < Afl (T, hn),

thus we can conclude that

A;El (mn-i—mv hn) < Agl ($n7 hn) - APEI (xn-l—m? hn—f—m)

So, using (2.5) and the above inequality, there exists 73 > 0 such that

7—3th+m - han < Afl (xn—l-m, hn) < Afl (xna hn) - ApEl (mn—I—m; hn+m)-

Hence,
7-3”hn+m - han < Afl (xm hn) - Afl (l‘n+m, hn+m) — 0.
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So, 73||hp+m — hyl|P — 0. This implies that {h,} C ME is a Cauchy sequence and
so converges strongly to ¢ € ME, due to Lemma implies that ME is closed. Using
Lemma [2.1[i), we get (u — hp, Jpp@n — Jppha) < 0, taking the limits as n — oo, we
have (u — ¢, Jp,u — Jp,p) < 0, because Jp,, is uniformly norm-to-norm continuity of on
bounded sets. Also, (u — ¢, J,,u — Jp,) > 0, due to Jpg, 18 monotone. Consequently,

u = @, since JpE1 is one to one. Therefore x,, — ¢, where ¢ = lim,,_, o0 Myexy,. ]

Theorem 3.11. Suppose that MS # 0, then the generated sequence {x,}52, by Algo-

rithm strong converges to the some solution ¢ € MS, where ¢ = limy, 00 MNysTy .

Proof. In Algorithm [3.3] putting fi(z,y) = (y — z, Ajz) for all z,y € C; (i = 1,2,...,7).
Also, setting gj(2',y') = (v —a/, Bja’) for all 2/, 3/ € Q; (7 =1,2,...,s), where A;: C; —
Ef and Bj: Q; — E3 are two continuous mappings. Then, ME = MS and using ,
and Lemma we have

y; = arg rélin{(y — Ty, A;Aixn) + Agl (Zn, y)}
yel;

(3.29) = argerélin{(y — Ty, Ny Ajz) + (y — o, Ipp, Y — Jpp, Tn) — Afl (y, )}
yeC;

= argelélin {{y -z, Ipe, ¥ = (Jpp, Tn — )\flAixn» — Afl (y, )}
yely

The minimum amount of (3.29) occurs when (yi — x,,, I, Yl — (Jpg, Tn — M Aizy)) <0.
Consequently, utilizing Lemma (i), we get v, = Mg, Ji, (Jpg, Tn — M Ajzy,). Using the
same argument for 2%, we have
2 = argmin {(y — g, Ny Aigh) + A, (@0, y) )
yeli

= arg Iénn{ Y = Yns A Ait) + Y = Yns Jpp U — o, Tn)
ye

(3.30) + (Yp, — Tn, JpEly - JpE Tn) — 1(3/7 xn)}

= arg m1n{<y yn,JpEly — (JpElzrn Mo Ayt >
yeC;
+ <yZ — Tn, JPEly - JPE1 $n> - Afl (yv xn)}

= argmin {(v = s g,y — (Jpp, Tn — My Aiy)) + AT (@, ) — AT (y,u5) -
ye

So, the minimum amount of (3.30) occurs when
<Zqi1 — Tn, JpE1 Z;L'L - (JPE1 Tn — AZAZ%» <0.

Consequently, utilizing Lemma (i), we get 2 = Mg, . (Jpi, Tn — N Ay,
Using the same argument as above, we can obtain Step 4a of Algorithm from Algo-
rithm[3.3] Hence, utilizing the analogous argument such as Theorem we can conclude

that {z,} converge strongly to the some solution ¢ € MS, where ¢ = lim;, ;o0 Mysx,,. O
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Remark 3.12. In a real Hilbert space, if » = s = 1, then (3.3)) and (3.4) reduce to the
classical extragradient method which has been introduced by Korpelevich [17].

4. Numerical illustrations

In this section, to investigate the behavior of our algorithms, we present some numerical
examples in finite and infinite dimensional spaces. Moreover, to show the efficiency of our
algorithms, we compare the numerical results of them with other ones in the literature.
In finite dimensional case, the optimization subproblems have been solved by FMINCON
optimization toolbox in MATLAB R2015a. For more details about the notations which

are used in this section, we refer readers to [4}5].

4.1. Finite dimensional case
Example 4.1. In Algorithm put r = s = 2, By = R? and Ey = R?. Also, assume

that C; = {x € R? : (x,p) > —2} and Cy = {x € R? : (x,p) < 4}, where p = (1,2).
Therefore, C' = Cy N Cy = {x € R? : =2 < (x,p) < 4}. Also, take

1 —1
A=1-05 2|, Q={reR’:(r,q)>-3} and Qy={reR’:(r,q) <2},
3 -5

where ¢ = (—1,2,5). It easy to see that Q = {z € R : -3 < (x,¢) < 2} and

v—S82g if (2,q) > 2,
1 1
Moz = JFor =5 (= if -3 <(z,q) <2,
(z,9)+3

r—Sgra if (x,q) < —3.

llgl

Now, suppose that

fizoy) = 3lyl” + 2(y. x) = 5ll|®,  falz,y) = 4lyl* + 4y, x) — 8|||,

g1(@,y) = lyl* + 3y, ) — 4l|=|*, g2(z,y) = lylI* + (y, 2) — 2[||*.
So, f1, fa, g1 and g satisfy in the conditions (A1)-(A5) with ¢} = c% = 2 cd=c3 =4,
Al =} =3 and 2 = ¢} = 1, respectively. Consequently, mm{ = %. Hence

ME = {0}.
Now, assume that A\l = (%)HH, A2 = % — ﬁ, = (%)nﬂ, = % — %%. Also,
yeC,
)\Z fl(y'rw n)+A (xru n) mln {A fZ ynJ )+A (xn7 )}7 Z.:1727
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193 (tns 08) + A2 (tn v7) = min {37,9;(tn, w) + A2 (tn,w)}, G=1.2
J

V95 (Vs ) + AP (tn, uly) = min {195 (Wh,w) + AP (tn,w)},  §=1,2.
J

1 2 2
Furthermore, z, = A +)‘ n-i-(l—%)(a 5 +a222) Uy = Vn-wnt _|_(1 Vn-wn)
ntin) and tn = HQ(AZ") Now, assume that oy, = § — 35, 05 = §+ 7550 B = 7 = 2n1+8,

@21 = 7 + 2n+8' Also, &py1 = Mp,xn = 3Pp,a, = jargmingep |l& — @] which
Dy = Mi—o Ok NNi—g A~1(Ug) and therefore using (3.14) and (3.15)), we get

No= N {rec: e —a) < Jllal? - 1217
k=0 k=0
and
AU =) {A w:w e Q and (w,t, —uy) < (Htk|]2 |]uk|]2)}.
k=0 k=0

Table 4.1: Obtained results for convergence behavior of the sequence {z,} generated by
algorithms (M1)—(M4) with starting point z¢p = (=5, 2).

n (M1) (M2) (M3) (M4)
0 5.3852 | 5.3852 | 5.3852 | 5.3852
1 0.5590 | 0.9224 | 1.7145 | 0.2310
2 0.2365 | 0.5605 | 1.1923 | 0.7404
3 0.1035 | 0.3977 | 1.0275 | 2.5730
4 0.0471 | 0.2881 | 0.8909 | 8.2476
5 0.0210 | 0.2094 | 4.3479 | 0.0145
STOP 11 40 33 500
CPU(s) | 2.600s | 13.921s | 11.467s | 71.343s

Now, to get some comparison results, we consider the following algorithms and theo-

rems with above conditions, starting point x¢g = (—5, 2) and stopping criteria ||z,| < 1073:
(M1) Our Algorithm [3.3] and Theorem

(M2) Algorlthmnand Theorem 3.1 of [16] with Ly = ¢, Ly = ¢/, pi. = N\, 'rk =~} and
=0.1.
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(M3) Algorithm and Theorem 3.2 of with the considered condition for (M2).

(M4) Algorithm E and Theorem 1 of . | with A = % = %, Fy = g1, Fo = g2 and
Tn = ..

The numerical results for the sequence {z,} generated by algorithms (M1)—(M4), show

that {||z,||} and consequently, {z,} converges strongly to 0, see Table and Figure

Also, the number of iterations and CPU times to get the solution imply that our paral-

lel extragradient method for solving (MSSEP), i.e., (M1) is faster than the other three

algorithms.

—(V]1)
— (M2)
10° ¢ —— (M3)| 1

(M)
10 \\‘\
= '\'\.‘
- Y '.,l"‘" 1 ]
\ e \
5 10 15 20 25 30 35 40
Number of iterations

Figure 4.1: Comparison results for the sequence {z,} generated by methods (M1)-(M4)
with starting point xg = (-5, 2).

Example 4.2. In Algorithm suppose that C;, Qj, A 7%, al, ﬁfl for all 4,57 = 1,2
and A, t,, Tpy1, p, ¢ are the same as in Example [£.1] Also, let

4 -1 2 -3 -2 1
3 -2 2 1

A = , Ag = , Bi=1|3 -4 7| and Bo=|6 0 2
-4 5 -3 —4

2 -3 -1 8 5 -3

Therefore, MS = {0}. It is straightforward to calculate that

1 1 -2 —
o =3Fer =5 (ma"{o’ H |<|f’p>}p”)’

1
PC - < {0, } +.’L‘> y
=3 E !!2
1 1 —3—
o =g la 2<ma"{°’ u H2 }q”>’
1
2

2 —
“““{O’ a }q“”)’

1

nCz 2L

an"T = PQz
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and also )
y'rlz = §PC;1 (l'n - Aqlquxn)a

1
ZrlL = §PC1 (xn - )‘111A1yrlz)a

1
Urlz = §PQ1 (tn - ’Y%Bltn)v

ui}, = PQ1 (tn - ’YTILBlv}a)v

1

Yn = §PC2
1

Z% = §P02
1

U127, = §PQ2

un

Table 4.2: The convergence behavior of the sequence {x,} generated by algorithms (M5)—

(MT7) with starting point xo = (—4, 3).

n (M5) (M6) (M7)
0 1.0022 | 5.000 5.000
1 0.7975 | 5.7989 | 5.5544
2 0.5979 | 6.1424 | 5.4915
3 0.4276 | 7.1049 | 5.6778
4 0.2811 | 8.5045 | 5.4214
) 0.1582 | 10.3512 | 6.1779
STOP 21 2130 No
CPU(s) | 1.360s | 64.021s No

— (M5
—tp— (M)
= (M7)

Iix, I

0 5 10 15 20

25 30 35

Number of iterations

40 45

50

Figure 4.2: Obtained results for the sequence {z,} generated by algorithms (M5)—(MT7)

with starting point xo = (—4, 3).

Now, we consider the following algorithms and theorems with the considered conditions
in Example starting point zo = (—4,3) and stopping condition ||z,| < 10~* and

compare their results with each other.
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(M5) Our Algorithm and Theorem

(M6) Corollary 3.2 of [16] with F; = A;, G; = B;, p = 0.02 and Ly, Lo, p}, ri are the

same as in (M2).
(M7) Corollary 3.4 of [16] with the considered conditions in (M6).

The obtained numerical results for the sequence {x,} generated by the above methods,
i.e., (M5)—(MT7), show that {z,} converges strongly to 0, see Table[t.2)and Figure[4.2] The
number of iterations and also CPU times to get the solution for the sequence {z,} show

that our algorithm, (M5), reaches the stopping condition faster than the other schemes.

4.2. Infinite dimensional case

Example 4.3. In Algorithm put r = s =2 and Fy = Ey = Ls[1, 2] with

2 2
@) = [ aty@dt and ol = [0,
1 1
and also assume that
Cy={z € Ly[1,2] : (x,t%) > =2} and Cy = {z € Ls[1,2] : (x,t*) < 4}.

Therefore,
C=C1NCy={x € Ls[1,2]: =2 < (,t?) < 4}.

Furthermore, take A = 2I, consequently A* = 2I, A~ = %I and ||A|| = 2. Also, set
Q1 ={x € Ly[1,2]: (x,t3) > =3} and Qo= {x € Ly[1,2]: (x,t3) < 2}.

Thus, it is readily seen that @ = {z € La[1, 2] 1 =3 < (x,t3) <2} and

z, -3 < (z,t3) < 2,

x — <x”:3‘>‘—2~_3t3 (z,t3) < 3.

1 1
Moz = -Poz = -
Qt = ;Por =3

Moreover, Ay = 21, Ay = 41, By = 31 and By = I. Therefore, we can conclude that

1 1 —2— (2, )
Moz = =P, - 0, — " /1y
G = plet =3 ax{’ ||t2||2 } i
1 _1
N,z = =P, — 0 t? +
G =gl =gm { Ht2\|2 } e
1 1 —3 — (z,t3)
M —Pp.x = - 0 3
Ql 2 Ql 2max{, Ht3H2 } +.%',
1 3
Mg,z = PQ2 EIIHH 0, |t3||2 "+,
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where )\;u ’Ygu Olim Bglv yiw Zyiw U%, u% for all i,j = ]_’ 2 are the same as in Example and
tn = Ng(22,) = 3Pg(2zy,). Also, using Proposition 29.23 of [4], we get z,41 = Mp, 2, =
%P D, Tn, consequently MS = {()}'

Table 4.3: The convergence behavior of the sequence {z,} generated by algorithms (M8)—
(M10) with starting point zo = % In(t).

n (M8) (M9) | (M10)
0 0.2170 | 0.2170 | 0.2170
1 0.0216 | 0.1644 | 0.1728
2 0.0021 | 0.1387 | 0.1489
3 0.0002 | 0.1207 | 0.1316
4 0.0001 | 0.1059 | 0.1173

STOP 6 82 102
CPU(s) | 0.382s | 1.136s | 80.467s

10°

—ME)

() 5 10 15 20 25 30 35 40 45 50
Number of iterations

Figure 4.3: Obtained results for the sequence {z,} generated by algorithms (M8)—(M10)
with starting point zo = 3 In(#).

Now, we consider following algorithms and theorems with the conditions of Exam-
ple starting point g = 3 In(¢) and the stopping condition ||2,|| < 10~ and compare

their results with each other.

(M8) Our Algorithm and Theorem

(M9) Corollary 3.2 of [16] with F; = A;, G; = Bj, u = 0.02 and Ly, Lo, p}, ri are the

same as in (M2).

(M10) Corollary 3.4 of [16] with the considered conditions in (M9).
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Comparison results which are reported in Table and Figure for the sequence {x,}
generated by methods (M8)—(M10), show that {x,} converges strongly to 0. The number
of iterations and also CPU times to get the solution for the sequence {z,} show that our

algorithm, (MS8), reaches the stopping condition faster than the other two algorithms.

5. Conclusions

Utilizing Bregman projections, we have proposed a new parallel extragradient and some
new CQ algorithms for solving the multiple-sets split equilibrium problem and the multiple-
sets split variational inequality problem in p-uniformly convex and uniformly smooth Ba-
nach spaces. We have proven some theorems to show that the generated iterates by our
schemes are strongly convergent. To show the efficiency of our algorithm, we have pre-
sented some comparative numerical examples between our algorithms and some other ones
in the literature. The number of iterations and also CPU times have shown that conver-
gence of the generated sequences by parallel extragradient and CQ algorithms are faster

than some existing schemes in the literature.
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