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p-adic Properties for Taylor Coefficients of Half-integral Weight Modular
Forms on I';(4)

Jigu Kim* and Yoonjin Lee

Abstract. For a prime p = 3 (mod 4) and m > 2, Romik raised a question about
whether the Taylor coefficients around +/—1 of the classical Jacobi theta function 63
eventually vanish modulo p™. This question can be extended to a class of modular
forms of half-integral weight on I';(4) and CM points; in this paper, we prove an
affirmative answer to it for primes p > 5. Our result is also a generalization of the

results of Larson and Smith for modular forms of integral weight on SLa(Z).

1. Introduction and results

Let Z be the ring of integers, k € Z or % + Z, and p > 5 be a prime. Let R C C
be a commutative ring. Let My(R,T'1(4)) be the space of modular forms of integral or
half-integral weight on I';(4) whose Fourier coefficients at the cusp oo belong to R.

For z = x + iy in the upper-half plane H, let ¢ = €?™% and f(z) = Y. anq¢" €
My (R,T'1(4)). Let D be the derivative with respect to 2miz; that is,

1 d d

Dfi=——f=q—
/ 2mi dz qdq

f.

We denote by 0 the Shimura—Maass differential operator, which is defined by

Of :=0kf = Df—mf

For a given point 79 = zp + iyp € H, we note that the transformation z — w = (z —
70)/(z —To) maps H to the open unit disc around 0 and sends 79 to the origin. The Taylor

expansion of f(z) = f((1o — Tow)/(1 — w)) around w = 0 gives rise to
(1.1) ( ) kf< Tow> Zan 472/!011))”’

where |w| < 1 and for k € % + 7Z we take the branch of the square root having argument

n (—m/2,7/2]. (As mentioned in |14], we note that there is the sign error for the formula
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in [18, Proposition 17] and |7, (1.1)].) In order to obtain an algebraic number from the
Taylor coefficient, we further suppose that 7y is a CM point and divide 0" f(7y) by a power
of some transcendental factor.

Let K be an imaginary quadratic field of discriminant d and 79 be a CM point in K.
Let h(d) be the class number of K, wy the number of roots of unity in the ring of integers

Ok, and x4 the quadratic character associated to K. We define Qx € C as

xa(k)\ (@)
Qx : ,
o W (H” (|d|> >

where ~ is the Gamma function. We note that Qp is related with the Chowla—Selberg

formula. Tt is also well-known that for f € M(Q,T") with any congruence subgroup
I C SLs(Z) such that IV C I'1(4) if k € § + Z, we have

" f(ro) € Q- Q2Fk

(we refer to [18, p. 86]). Then we can take a complex number 2., € Q - Qx such that for
every k € Z or % + Z, every f € My(Z,T'1(4)) and all primes p > 5, we have

. 8"f(To)> }

1.2 min ord >0,

( ) neN, k€Z or %—FZ, { P < Q?—?Jrk o
JEMK(Z,I'1(4))

where the p-adic valuation ord, is mentioned in ; we note that €2, only depends on
70-

Let k' € 27Z and I'(1) := SLy(Z). Larson and Smith defined € for M/ (Z,T'(1))
similarly and proved the following theorem for a CM point 79 in K and an inertial or

ramified prime p in K.

Theorem 1.1. |7, Theorem 1.3] Let p > 5 be a prime and k' € 27Z. Let f € My/(Z,T(1)),
and let 79 be a CM point in Q(\/d) of discriminant d < 0. If p satisfies (%) € {0,—1},

then we have .
(9" f)(70)
QT%n+k

0 (mod p™)

for allm > 2 and n > (m — 1)p?

Recently, many authors studied the Taylor coefficients of the classical Jacobi theta

[e.9]
02
TN~z
2. ¢

n=-—oo
around 19 = i (we refer to [2,8,/10./15,/16]). Romik defined (d(n))2, to be the sequence
such that

. . 00 2n
a9 o-we (T —e0 3 g (pe) i<
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and showed that d(n)’s are integers [8, Theorems 1 and 2]. Comparing (1.1)) with (1.3),
we note that 9"03(i) = 0 for odd n; this is because for z = z(w) = (i + wz)/(l —w), we
have that 63(z(—w)) = 63(—1/2) = \/z/i03(z (1 +w)/(1 —w))/?63(2(w)). Romik

also made the following conjecture.

Conjecture 1.2. [8, Conjecture 13(b) and Open problem 2] Let p be an odd prime. Then

we have
(a) If p=3 (mod 4), then d(n) =0 (mod p) for sufficiently large n.
(b) Ifp=1 (mod 4), the sequence {d(n) (mod p)}2, is periodic.
(¢) If p=3 (mod 4) and m > 2, then d(n) =0 (mod p™) for sufficiently large n.
(d) Ifp=1 (mod 4) and m > 2, the sequence {d(n) (mod p™)}o2, is periodic.

Part (a) is proved by Scherer [10, Theorem 1]: Scherer showed that d(n) =0 (mod p)
for p=3 (mod 4) and n > (p? + 1)/2. Both parts (b) and (d) are shown by Guerzhoy et
al. [2]. Guerzhoy et al. also generalized (d) to a broader class: f € My(Z,T1(4N)) (k € Z
or %—l—Z, N € N), CM points 79 € K, and splitting primes p in O (see |2, Theorem 1.2]).

In the following Theorem [I.3] we generalize Theorem [I.1]to the space of modular forms
of half-integral weight on I'1(4). Applying Theorem [1.3]to Conjecture [1.2)(c) for p > 5, we
prove that Conjecture (c) holds except for p = 3; this is stated in Theorem

Theorem 1.3. Let p > 5 be a prime, m € N and 2k € Z. Let f € My(Z,T1(4)), and let
10 be a CM point in Q(\/d) of discriminant d < 0. If p satisfies (g) € {0,—1}, then we

have
(0™ f)(70)

Q%ﬁLk

0 (mod p™),

where m > 2, n > (m — 1)p?, and Q. satisfies (1.2)).

For p > 5, Conjecture (c) follows from Theorem|1.3|by taking that f(z) = >, ., q" e
My )5(Z,T1(4)) and 19 = i/2 € Q(v—4).

Theorem 1.4. Let p > 5 be a prime and m € N. If p = 3 (mod 4), m > 2 and
n > [(m —1)p?/2], then we have d(n) =0 (mod p™), where d(n) is defined in (1.3).

2. The algebra of I';(4)-quasimodular forms

In this section we recall some standard facts about the algebra of modular forms of half-

integral weight on I'1(4) and their derivatives.
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To begin with, we recall definitions of modular forms of integral or half-integral weight.
For a function f: H — C of weight £ € Z and a matrix v = (‘cl 2) € SLa(Z), we define the

slash operator as

az+b
cz+d

(fley)(2) == (cz + d)fkf(’y -z), where y-z:=

In the case of weight k € % + Z, we further assume that a matrix vy = (¢%) € To(4) (i.e.,

4| ¢), and we define the slash operator as

(Fle)(z) 1= (5) e (Vez +d) ™ £+ 2),

where we take the branch of the square root having argument in (—7/2,7/2], (§) is the
extended Jacobi symbol (see [12] or [4, p. 178]), and

1 ifd=1 (mod 4),
i ifd=3 (mod 4).

Ed =

For alevel N € N (4 | N if k € 1 + Z), let x be a Dirichlet character modulo N. A
function f: H — C is called a holomorphic modular form with Nebentypus x of weight
k € Z or 3 +Z on To(N) if it is holomorphic on H and at the cusps of [y(N), and if

(Flen)(z) = x(d) f(2)

for all v € I'g(IV). For such f whose Fourier coefficients belong to a ring R (Z C R C C),
we write f € Mi(R,To(N),x), and we simply write f € My(R,To(N)) if X = Xtriv-
We note that —I = (' %) € To(N), =T -z = 2z, (flx(-1))(2) = —f(2) if k € 1 +
2Z and (f|x(—=1))(z) = f(z) otherwise. Therefore, using the fact that My(R,T'1(4)) =
Mi(R,To(4)) ® Mp(R,To(4), x—4), it follows that

My (R,To(4)) ifkes+Z,
Mip(R,T1(4)) = ¢ Mu(R,To(4), x—4) ifkel+2Z,

Then we have that -
M.(R,T1(4)) := @D M;2(R, T1(4))
j=0
is the graded R-algebra.
For j > 1and n €N, let 0;(n) =3 g, d’. Let © and F; be the classical forms

0:=> ¢ € My;p(Z,T1(4)) and Fo= > o1(n)q" € My(Z,T1(4)).
ne”L n odd >1
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It is well-known that

Furthermore, the next lemma follows by the same proof as in [5, p. 184].

Lemma 2.1. Let R be a ring such that Z C R C C and R = R[1/2,1/3]. Let k € Z or
3+Z and f € My(R,T1(4)). Then there exist elements c,p € Rs) such that

f= §j Cap @ FY.
0§a3b€Z7
a/2+2b=k

For even k € N, let E; be the classical Eisenstein series, defined as

2k
E,=1- B, Z ok—1(n)q",

n>1

where By, is the k-th Bernoulli number. We note that Ey, € M(Q,T'(1)) for k > 4, but E,
is not modular. We recall that D is the derivative with respect to 2wiz. The derivative of
a modular form of integral or half-integral weight is no longer modular but quasimodular,
which means that in the case of I';(4) it is an isobaric element of the ring C[O, Fs, E»].
The derivative D preserves the ring R [0, I, Ea] since we have

DO = (OFE; — ©° + 800 Fy) /24,
(2.1) DF, = (FyEy + 504F, — 16F3) /6,
DE, = (E3 — ©8 — 2240*F, — 256F%)/12.

To any g € C[O, Fy, Es], we attach a polynomial G(g; X, Y, Z) such that

9(2) = G(g;0(2), Fa(2), E2(2))-

We denote by go the modular part of g, that is, go(2) := G(g; ©(2), Fa(z),0). When g = go,
we simply write G(g; X,Y) € C[X,Y] instead of G(¢; X, Y, Z) € C[X,Y, Z].

For modular forms of even integral weight on I'(1), it is well-known that
o
&P Mz;(C,T(1)) = C[E4, Eg).
§=0

The derivative D preserves the ring of I'(1)-quasimodular forms C[E}y, Fg, Es] since DEy =
(E3—E4)/12, DEy = (EaEy—Eg) /3 and DEg = (EaEg— E7)/2; so we define G(g; X, Y, Z)
such that
9(2) = G(g; Ea(2), Eg(2), Ea(2)).
We have that for f € My;(C,I'(1)),

(2.2) G(f; X,Y) = G(f; X8+ 224X1Y +256Y2, X2 — 528 XBY — 8448 X1Y2 4 4096Y3);
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this is because we have that

Ey = 0% 4+ 2240*F, + 256 F%,

(2.3)
Eg = O'2 — 52808 F, — 84480 F§ + 4096 F5 .

Now, let p > 5 be a prime, let Z,) be a local ring at p, and let n > 0 be an integer. By
Lemma and , if a I'1(4)-modular form ¢ has p-integral Fourier coefficients, then
G(D"g; X,Y, Z) also has p-integral coefficients. For m € N, we denote by g € (Z/p™Z)[[q]]
(resp., G(D"g; X,Y,Z) € (Z/p™Z)[X,Y, Z]) the image obtained by reducing its Fourier
coefficients (resp., coefficients) mod p™ under the the canonical map Z,) — Z/p™Z.
The same property holds for a I'(1)-modular form g € Z,)[[q]]; hence we similarly define
G(D"g: X.Y,Z) € (Z/y"L)[X.Y, Z].

Also, it is well-known that Ep, 1 € My 1(Z,,T'(1)) and Epy1 € Myy1(Z,), T(1)). Let
A, and A, be defined by

Ap = g(Ep—l;X7Y)7 AP = G(Ep_l;X’Y)’

which are elements in Z,[X, Y].

3. Mod p™ modular forms

Many authors generalized the theories of Serre |11] and Katz [3] regarding p-adic con-
gruences of modular forms of integral weight to those of half-integral weight (we refer
to [4,/13]). In this section we study some analogous facts on modulo p™ congruences of
I'1 (4)-modular forms of half-integral weight in terms of (Z/p™Z)[X,Y].

Let kK € Z or % +7Z and m € N. Let I” € T'(1) be a congruence subgroup such that
I CTi(4)ifk € 34+Z. By Mk(Z/me, I'") we denote the Z/p™Z-module (in (Z/p™Z)|[q]])
obtained from Mk(Z(p),F’ ) by reducing its Fourier coefficients mod p™. The mod p™
filtration of € My(Z/p™Z,T") is defined to be

wym (f) :=inf {k" | f = h for some h € My (Z/p"Z, I},

where we have the convention that the modular form 0 has weight —oco.
The following theorem is an analogue of partial results by Serre and Katz (see [6, Ch. X,
Theorem 7.5] and [7, Lemma 2.4]), and it will be used to prove Lemma

Theorem 3.1. Letp > 5 be a prime, k € Z or %—FZ, andm € N. Let f € My(Z),1'1(4))
such that f # 0 (mod pZy(lq]]). The filtration wym (f) is less than k if and only if
A (X, YY" divides G(f; X,Y) in (Z/p™Z)[X,Y).

Proof. (<) It is trivial since A,(6, R)P" ' = EZ: =1 (mod p™Z[[q]])-
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(=) If k € Z, it directly follows from [3, Corollary 4.4.2]. Note that if g,h € Z,)[[q]]
are not congruent to 0 (mod pZ,[[q]]), then neither is gh as (Z/pZ)[[q]] is an integral
domain. Now, we assume that k € £ +Z, f € My(Zy),T1(4)), f # 0 (mod pZy, l[q]])
and wym (f) < k. Then we have that k +1/2 € Z, Of € Myi1/2(Z),T1(4)), OF # 0
(mod pZ, [[q]]) and wym (O f) < k + 1/2' so we have that in (Z/p™Z)[X,Y],

AX, V)P GO X, Y).

We note that G(Of; X,Y) = XG(f;X,Y). We recall A,(X,Y) = G(E,—1;X,Y) €
Zp[X,Y], and we define ZP(X, Y) e F,[X,Y] to lie its reduction mod p. Let F~p be the
algebraic closure of Fp. It is well-known that over F,, the irreducible factors of A,(X,Y)
must be of the form (see |6, pp. 166-167])

(3.1) X,Y,or X3 —aY? with a # 1.

Let (X, p) be the ideal generated by X and p in the ring (Z/p™Z)[X,Y]. By (2.2 ., we
have that in ((Z/p™Z)[X,Y])/(X,p),

Ap(0,Y) + (X, p) = Ap((16Y)?, (16Y)%) + (X, p) = B(16Y)P~D/2 + (X, p)

for some 3 € F,. By (3.1), we have that § is nonzero; so we get X { A,(X,Y) in
(Z/p™Z)[X,Y)]. Therefore, A,(X,Y)?" " divides G(f; X,Y) in (Z/p™Z)[X, Y. O

Remark 3.2. (a) In the proof of Theorem we show the property that X  A,(X,Y)
in (Z/p"Z)[X,Y]. We mention that there is an alternative way for proving the prop-
erty without using as follows, and this is suggested by an anonymous reviewer. It
is sufficient to show that the coefficient of Y ®»~1/2 in A,(X,Y) is not divisible by p.
The congruence subgroup I'g(4) has three cusps {co, —1/2,0}, and the constant terms in

Fourier expansions of modular forms at cusps are given as follows:

E,_1 has constant term 1 at all the cusps,
© has constant terms 1, 0, (1 —¢)/2 at the cusps oo, —1/2, 0, respectively,
F has constant terms 0, 1/16, —1/64 at the cusps oo, —1/2, 0, respectively

(cf. [13, Section 2 and p. 169]). Thus, the coefficient of YP~1/2 in A,,(X,Y") is the constant
term in the Fourier expansion of Ep_l/FQ(p*l)/2 at —1/2, which is a power of 2.

(b) In Theorem we require the condition that f # 0 (mod pZ,[[q]]). We point
out that this condition is missing in [7, Lemma 2.4]; there is a counter example for this
as follows. Let k = p™ Y(p — 1) +4 and f = pE4E£T1_1 € My(Z),I'(1)). Then we
see that wym+1(f) = wym+1(Es) < k; however, A,(X,Y)P" cannot divide G(f;X,Y)
in (Z/p™1Z)[X,Y]. In fact, |7, Proposition 4.3] is proved by using [7, Lemma 2.4],
and it needs to be revised; for instance, we refer to Lemma which is parallel to [7,
Proposition 4.3].
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4. A quasi-valuation v, on Z,)[0, F, Es)]

For a prime p > 5, Larson and Smith [7] defined a quasi-valuation v, on the ring of
['(1)-quasimodular forms Z,[Ey, Eg, E2|, and they studied its properties by calculating
the Rankin-Cohen bracket. In this section, we define a quasi-valuation v, on the ring of
I'1(4)-quasimodular forms Z,[©, Fy, E], and we prove that its properties are parallel to
the results of [7]. We remark that using a formula by Zagier (see Proposition instead
of the Rankin—Cohen bracket simplifies proofs.

We begin by introducing quasi-valuations.

Definition 4.1. [9, p. 319] Let R be a commutative ring. A quasi-valuation on R is a
map v: R — Z U {oo} such that for all z,y € R,

(a) v(z) = oo if and only if z = 0,
(b) v(zy) = v(x) +v(y),

(c) v(z +y) > min{v(z),v(y)}.

We remark that v is called a valuation on R if it further satisfies v(xy) = v(x) + v(y)
for all z,y € R. Now, let p > 5 be a prime. By (A}, p) we denote the ideal generated by .AD
and p in the polynomial ring Z,)[X,Y, Z]. We define a map v;,: Z,,)[X,Y, Z] = Z U {oo}
by

vp(G) :=sup {n |G € (AL, p)"}.
Then v, is a quasi-valuation. For a I'y (4)-quasimodular form g € Lp) [©, Fy, Es], we simply
write ,(g) instead of 1,(G(g; X,Y, Z)). We also have that for all g € Z,,)[©, I, Es],

vp(Dg) > vp(g) and  vp(go) > vp(9),

where gg is the modular part of g.

Let k € Z or % + Z and TV C T'(1) be a congruence subgroup such that TV C T'y(4) if
ke % + Z. For f € My(C,T"), we define a sequence of modular forms f,, € Myy2,(C,T7)
recursively by

k+2n
fn+1 = <Dfn -

12

n(n+k—1)
144

E2fn> - E4fn—17 n >0

with initial condition fo = f and f_; = 0. Then a formula by Zagier [17, (37)] is equivalent
to the following proposition (we also refer to 18| p. 55]).

Proposition 4.2. With the same notation as above, we have for any n > 0,

ne n n n+k—1 | B i

where for x >y >0, [‘z] =z(z—-1)(z—-2)---(y+2)(y+1) and [Z] = 1.
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Now, we further suppose that f € My(Z,),I'1(4)). By Lemmaand Proposition

we have that

and
(4.2) G((DP" f = (DY f)0); X, Y, Z) € pZy[X, Y, Z].

Lemma 4.3. Let p > 5 be a prime and k € Z, or %—G—Z. For f € My(Z,),T'1(4)), we have
w(DP f) > 2.

Proof. By (4.2)) and applying Euler’s totient theorem to Fourier coefficients, we have

(D¥" f)o=DP f=DPf (mod p*Zgy[a]]).

By (4.1)) we write
(DPf)o = D*f — pH(E3),
— j 1 +k—1 7 fp—j
where H(Ez) = 301 hiy By and hy = 5 () [557155 € Mipap-)(Zg) Ti(4))-

Therefore, we have

p . .
(DPflo=(D¥ flo—p > _ hGyEXVE . (mod p*Z,[l4)),
j=1

using the fact that F, 1 =1 (mod pZ,[[q]]) and Ep1 = E2 (mod pZ,)[[q]]). Let
2 P 2 ; 1
g:=(D"flo—p>_ hHELTE, .
j=1

We note that g € My 9,2(Z,T1(4)), (DPf)o € Myy2p(Zp),'1(4)) and their reductions

satisfy g = (DPf)o in (Z/p*Z)|[[q]]; so we have wy2(9) < (k4 2p*) — 2p(p — 1). Now, we

claim that

(4.3) vp(g) > 2.

We first assume that g #Z 0 (mod pZ,[[q]]). By applying Theorem to g, there exists
an isobaric element F'(X,Y’) of Z,[X, Y] such that G(g; X,Y) = F(X,Y)A,(X,Y)? in
(Z/p*Z)[X,Y]. Let g’ := F(©, Fy) € My 2 ,(Z ), T1(4)). Then we have g’ =g = (DP ),
in (Z/p*Z)[4]], g’ # 0 (mod pZ|[g]]) and wy2(g’) < (k+p®+p) —p(p—1). By applying
Theorem [3.1{to ¢’, A,(X,Y)? divides F(X,Y) in (Z/p*Z)[X,Y]. Therefore, we have that
Ay (X, Y)?? | G(g; X,Y) in (Z/p*Z)[X,Y]; thus we have v,(g) > 2. Secondly, we assume

that ¢ = 0 (mod pZ,|[g]]) and g # 0 (mod pQZ(p)[[q]]). Let uy = %g. Then ugy €
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My i (Ziy), T1(4)), 5(DPfo € Miyop(Zip) T1(4)), o) = 5(DPflo # 0 in (Z/pZ)][q])
and wy(U(g)) = wp(%(DPf)o) < (k+2p%) —2p(p —1). For 1 < j < p, we define u(j)
recursively as follows. By applying Theorem to u(j_1), there exists an isobaric element
Fj)(X,Y) of Z,)[X, Y] such that G(u(j_1); X,Y) = F(;(X,Y)A,(X,Y) in (Z/pZ)[X,Y].
Let u(jy := F;)(0, F2) € Myyop2_jp-1)(Zp), ['1(4)). Then ugjy = g1y = p(DPf)o # 0
in (Z/pZ)[[q]] and wy (7)) < (k + 2p? —](p 1)) — (2p —j)(p — 1). Hence, we have that
G(u; X,Y) = Glup); X, Y)A,(X,)Y) = = G(u@): X, Y)AL(X,Y)? in (Z/pZ)[X,Y];
so vp(g) > vp(u(yy) +1 > 2. Finally, we assume that g =0 (mod p*Z,[[q]]); then it is
clear that 1,(g) > 2. Therefore, the claim follows. Consequently, by and ,

we get

l/p(DPQf)zmin l/p(DPQf (Dp o) )s Vp th EpJEJ

il =2 O

Lemma 4.4. Let p > 5 be a prime. Then
(a) vp(D2Ep1) > 1,
2
(b) v(DPEP_,) > 3.

Proof. (a) By Proposition we have

E B\ ?
D2Ey1 = (Bt + 20(Bp ) oo + 0= DB (2 )
We note that (Ep 1)1 = DEp 1— %Eng_l and (Ep_l)Q = D(Ep—l)l — %EQ(Ep_l)l —
144 E4Ep 1. We thus have that
1
(Bp-1)1 = 15 Epr1 € PMp11(Zp), T1(4)),
(Ep—1)2 € pPMp13(Z(p),I'1(4))

since Ep_1 = 1 (mod pZy[lql]), Ept1 = B2 (mod pZ,[[q]]), and DE; = (E3 — Ey)/12.
By Lemma l we have that G((Ep-1)1;X,Y) € Z,)[X,Y] and G((Ep-1)2; X,Y) €
PZp)[X,Y]; so we get G(D?*E,_1;X,Y, Z) € pL,) X, Y, Z]
(b) By the product rule, we have
2|
prEr = Y P (DIE, ) (DVE,).

it +ip=p? I

If p { j, for some r, then p? | ]?72;]0, and there exists s such that j; > 2; so by (a) we

have that yp(] i (DJlEp 1) (D?E,_1)) > 3. If p | jr and j, # p* for every r, then
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p | Jl,piz'jp, and there exist two different s1, sy such that js, > p, js, > p; thus by (a)
we see that Vp(j o ((DI'E,_1)---(D?E,_1)) > 3. The set of the remaining ordered
pairs is C := J_{(1,---,Jp) | jr = p*,js = 0 for all s # r}. By Lemma we have
thaty, (Y, %(DhEp,l) (DI Ep_y)) = l/p(pEf::lleQEp,l) > 3. Therefore, we get
vp(DP°ED_ ) > 3. O

Lemma 4.5. Let p > 5 be a prime and k € Z or %+Z. For f € My(Z),T'1(4)), we have
vp(DP” f) > max{v,(f) + 1,2}

Proof. We have f = va(f) vo(f)— Th( ) 1, where h( y € Mkfrp(pfl)(z(p))rl(él))‘ By
the product rule, we have that

2

2
I8 p 1 —7 I8
p2(h(r)Ep31) = (JO>(DJOh(T))(DP2 PEPY)

3

Jo

1
M= 1

2 . 2 _ . A
<p )(D]Oh(r)) Z M(DJIES—Q'”(D%ES—D-

...
0 . - . 1- .
J 1t gr=p2— o J Jr

Jo

If jo = 0 and js # p? for all 1 < s <7, then p | thus we have

jl]H

2|
p“! . .
Up( hr) Z m(DhEg_ﬂ e (DA E£_1)> >r+1
j1+“‘+jr:p2
p2ijs

since yp(DJSEp ) > yp(Eg_l) = 1. If jo = 0 and js = p? for some 1 < s < r, then
1 . 2

vp (A Zs—lE - )p(DPQEp 1)) > r+2 by Lemma (b) If 1 < jo < p? then p | (I;O);

hence we have Vp(( )(Djoh( ))(DPQ_jOE;gl)) >r+1as yp(DPQ—jOE;Q) > v(BF) =

r. If jo = p?, then I/p((D hy)E pl) > r+ 2 by Lemma Therefore, we have

vp(DP (h(r)E;Ii )) > r+1; hence by Lemmawe get v,(DP* f) > max{v,(f)+1,2}. O

Proposition 4.6. Let p > 5 be a prime and k € Z or % +Z. For f € My(Z
m € N, we have z/p(Dmpzf) >m+ 1.

p)»>[1(4)) and

Proof. We prove that v(D™" f) > m+1 by induction on m. If m = 1, we have yp(Dp2f) >
2 by Lemma Suppose that for all m < n, yp(Dmpzf) > m + 1. By Proposition

we have
n Ey
Dy = Z%mﬂgﬁ,

where a; := (”?2) [ngg’i;ﬁ;ij] Then we have that

n+1 2 Ey 7
vp(DHIP f) > o uin {Vp (Dp <ajfnp2j (12> ))} = {ci},
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where ¢g := Vp(DPanpz) and ¢; 1= vp(a;fre_;) for 1 < j <np?.
By Lemma it follows that v,(f,2) > yp<an2f) > n+1 and yp(DPanpz)

Up(fup2) + 1; 80 we get g > n+2. If 1 < j < p? then vp(f,2_;) > up(D”pLjf)
Vp(D("_l)p2f) > n. Also, we have that p? | (ngz) for 1 < j < p, and p divides both ("f
and | np? k-1 | for p < j < p?; thus we have ¢; > n+2 for 1 < j < p? If p* < j < np?,

AVARLVS

[
~—

np2+k—1—j
then pPU/P*) | [ "R 1 and vp(foe_g) > vp(DOT/PDP° £) > 0 — [j/p?] + 15 hence
we obtain ¢; > n + 2 for p? < j < np®. Therefore, we get Vp(D("H)pr) >n+ 2. O

5. Proofs of Theorems and

In this section we prove Theorems and For z = z + iy € C, we denote

i

Ty

Lemma 5.1. Let k € Z or  + Z and f € My(C,T1(4)). Then 0"f = G(D"f; 0, F», E}).

E5(z) :== Es(z) —

Proof. Let ¢: C[©, Fy, Ey] — C[©, F3, E3] be the map that sends Es to E;. It follows that
do¢p=¢oD from (2.1) and

00 = (OF; — ©° + 800 ) /24,
(5.1) OF; = (F>E} + 50'F, — 16F3) /6,

OF; = (E3? — 08 — 2240%F, — 256F2)/12.
We show 0" f = ¢poG(D" f; ©, Fy, Es) by induction on n. If n = 0, it is clear. Now, suppose
that 0"f = ¢ o D"f. Then we have 9" f =00 0"f =0opoD"f =¢o D" f. O

Let p > 5 be a prime, k € Z or 5 + Z and f € My(Z,T1(4)). Let K be a quadratic

field of discriminant d < 0, let 79 be a CM point in K, and let

o
Cn(f, 70, Q) = Qan(Iz) :

We note that @(7’0)/9%2, Fy(10) /92, E3(10)/Q% € Q. Let F be a finite Galois extension
of Q containing these algebraic numbers, and let p be a prime of F' lying above p. There
exists the ramification index e(p, F//Q) € N such that ord, | = e(p, F/Q) ord,, where
ordy: I’ — Z and ord,: Q — Z are the usual discrete valuations. We define ord,: F' — Q
to be

1

(52) Ordp = m Ordp .

By removing denominators of these three algebraic numbers, we choose {1;, to be an

algebraic multiple of Qi such that for all primes p > 5,

ord,, (@(7’0)/(2%2) >0, ordy (Fa(m)/Q2%) >0, ordy, (E3(r)/Q2) > 0.
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Then Q,, satisfies (T.2) since ¢, (f, 70, ) € Z(s)[O(70) /207, Fa(70) /92, , B3 (10) /2.

Lemma 5.2. With the same notation as above, if p > 5 is a prime such that (%) € {0,—1},
then we have that ¢, (E,—1,79,Q7,) =0 (mod p).

Proof. See |7, Lemma 5.1]. O

Proof of Theorem [L.3 Let n > (m — 1)p? with m > 1. By Proposition we have

GD"f;X,Y,Z)= Y p"IAPG;,
0<j<m

where G; € Z,)[X,Y, Z]. By Lemma we have

o7 0= S0 Bl )

)]pg 1(©(10), F2(70), £5(70))

m—j
Z P en(Ep-1, 70, Qr, Q2nHk—ip(p=1)
0

0<j<m
By Lemma 5.2, we have c,(f,70,Q2-) =0 (mod p™). O

Proof of Theorem [1.4] The Jacobi theta functions are defined as

[e.9] o0 o0

02(2’): Z eﬂ’i(n+1/2)2z, 03(2’) = Z eﬂin2z’ 64(2’) — Z (—l)n@ﬂ'inQZ.

n=—oo n=—oo n=—oo

Let a := %. It is well-known that

/24 Y
B(i/2) = 23/%4, 93(¢/2)=(21221+/j)12a and  ©(i/2) = 03(i) =

(We refer to [1, p. 325]. We note that 6(2) = 2e™4/%4)(e*™%) and 03(z) = @(e™*), where
¥ and ¢ are defined in [1, p. 323].) Since 6} = 03 — 03, we have that

' 91/2 _ 1)1/2
64(1/2) = (21/4)01.

Furthermore, we have that
33
Ey(i/2) = —d®

as Ey(z) = 5(02(2)% + 03(2)% + 04(2)®) (see [18, pp. 28-29]). By (2.3), we have that
Fy(i/2) =

From (5.1) and 00(i/2) = 0, we have that

X0 3
E5(i/2) = —§a4.
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Let K := Q(v/—4) and let 7 := iyp := /2 € K. We have Qx = a?/2 and take

1 1,
QTO::W K:Wa.

Then Q,, satisfies ((1.2]) since

QL2 02 ’

70

9<TO) 5/8 F2(TO) —5/2 E;(TO) 3/2
— 95/ 220) =982, 220 — _93/2.3,

70

Now, we consider the Taylor series of ©(z) around w = 79:

(1 - w)—1/2@ <TO —Tow> _ (1 o w)—1/2@ (7_0 + izy0w>

1—-—w —w
2= D"O(my) [ —dmryow\"
_(1_ 1/2 0
(5.3) = (1 -w) 2230 r! ( = w )

n!

— i 0 0(ry) )"
n=0

By comparing (1.3 with (5.3]), we have that

_ 82n@(7.0)

_ 9—5/8

d(n) =27%/% Qint1/2
70

as ©(z) = 63(2z). By Theorem we have that
d(n) =0 (mod p™),

where p > 5 is a prime such that p = 3 (mod 4), m > 2, and n > [(m — 1)p?/2].
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