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A Note on Embedding Inequalities for Weighted Sobolev and Besov Spaces

Hiroki Saito

Abstract. In this paper, we establish two embedding inequalities for the weighted
Sobolev space and the weighted homogeneous endpoint Besov space by using the
weighted Hausdorff capacity. To do this, we shall determine the dual spaces of

weighted Choquet and weighted homogeneous Besov spaces.

1. Introduction

The purpose of this paper is to establish embedding theorems on weighted Sobolev and
weighted Besov spaces. We first give a background to the problem. Let n be the spatial
dimension. Adams proved in [1] the following inequality: for any k € N, 1 < k < n,

/R B < C|VFSllL,  f e CR(R™,

where H%, 0 < d < n, is the Hausdorff capacity of dimension d and the integral is taken
in the Choquet sense; the quantity V* f denotes the vector of all kth order derivatives of
f, and |V*f|, the Euclidean length of that vector, |[V¥f| 1, the L'-norm of |V¥f|; and
C§°(R™) is the class of all infinitely differentiable functions having compact support in the
Euclidean space R™. In [11], Xiao extended Adams’ inequality to fractional derivatives by

using the homogeneous endpoint Besov spaces Bflz forany s e R, 0 < s < n,

LIl < Clflly. e CEE).

In this paper, we investigate some weighted analogues of these embedding inequalities. By
weights we will always mean non-negative, locally integrable functions on R™ which are
positive on a set of positive measure. Given a measurable set F and a weight w, we set

w(E) = [pw(x)dz, and |E| denotes the Lebesgue measure of E.

Received September 18, 2021; Accepted December 14, 2021.

Communicated by Sanghyuk Lee.

2020 Mathematics Subject Classification. Primary: 42B25; Secondary: 42B35.

Key words and phrases. embedding, weighted Hausdorff capacity, weighted Sobolev and Besov spaces,
weighted Morrey spaces, dual spaces.

The author is supported by Grant-in-Aid for Young Scientists (19K14577), the Japan Society for the

Promotion of Science.

363



364 Hiroki Saito

For a set E C R", the d-dimensional weighted Hausdorff capacity(content) H¢ of E is
defined by

o0

HZ(E) = inf Zﬂf wdy : B C | Baj,ry), ¢,
j=1 B(zj,rj) 7=1

where the infimum is taken over all coverings of E by countable families of balls B(z;,r;),
centered at x; and radius 7, see [10]. When w = 1, we simply denote by H ¢ which is the
d-dimensional Hausdorff capacity. For a non-negative function f, the integral of f with
respect to Hffj is taken in the Choquet sense,
oo
fﬂﬂz/‘Hﬂwewﬂﬂ@>QMt
R" 0

A useful variant of weighted Hausdorff capacity is the dyadic version of H?, denoted by
I?ff,. Let D be the set of all dyadic cubes in R”, that is,

D := {Q_k(m—}— [0,1)"): k€ Z,meZ"}.

The weighted dyadic Hausdorff capacity is defined by

o0 o
AL(E) =t Y 0Q) f wdy:Ec|JQuQ D,

j=1 Qj j=1
where the infimum is taken over all coverings of £ by countable families of dyadic cubes
Q@;. It can be shown that Hffj and PNIffJ are equivalent when w is doubling, see [10, Proposi-
tion 3.4.2]. We say that w satisfies the doubling condition if w(B(z,2r)) < Cw(B(z,r)),
for any z € R", r > 0. We summarize some elementary properties of ]flff, in the next
section.

Let 1 < p < 0o and let w be an arbitrary weight. We define the weighted Lebesgue

space LP(R™,w) = L%, to be a Banach space equipped with the norm

e = ([ epueaz)

The weight w is in Muckenhoupt’s class of A; if there exists a constant C' such that
dz < C inf
f w@)dz <€ inf w(y
for any balls B, where the barred integral J%, w stands for the usual integral average of w
over B. The infimum of all such C is denoted by [w]4,. Also, w is in the reverse Holder
class RHy, if there exists a constant C' such that
w(z) < C inf][ w(z)dz
zeB B

for almost every z, see [3]. The infimum of all such C is denoted by [w]rm,, -

We can extend Adams’ inequality to the following.
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Theorem 1.1. Let k be an integer such that 1 < k < n. Suppose that w is in A1 and w
satisfies that
(1) S

for every x € R™. Then
| A < I iy, e CR)

Remark 1.2. To prove this theorem, we need the left continuity of the dyadic Hausdorff ca-
pacity. The condition (1.1]) implies the left continuity of f[lnv_k, see |10, Proposition 3.4.22].
Turesson gave an example of a weight which does not satisfy (|1.1]) and I;'g is not left con-

tinuous.

To extend Xiao’s result to the weighted Besov spaces, we shall introduce some notions.
Let S be the Schwartz class of rapidly decreasing functions and &', its dual, is the space
of tempered distributions. The Fourier transform and the inverse Fourier transform are
defined by

N , 1 .
FHO=FO = [ f@e=ta md £ - o [ fgetas fes

We denote by ® the set of all sequences (¢;) ez C S satisfying the following two properties:

(i) suppq/ﬁ\j C{reR": 27t < |z| < 20H1} ) 5 € Z;

(ii) Y,z @ =1 for all 2 € R™\ {0}.
We also denote the space of all polynomials by P.

Definition 1.3. (cf. [6]) Let s € R, 0 < p,q < oo and (¢;) € ®. The weighted homoge-
neous Besov spaces corresponding to these indices are defined by

1/q

1l = | 3 2%l6; + £,

JEZL
and By;" is the set of all f € /P for which the norm 1f1l gz is finite. Here (Xez()9) 1/
is interpreted as sup;ey(-) if ¢ = oo.
Xiao’s inequality can be extended to the following.
Theorem 1.4. Let s € (0,n). Suppose that w € Ay N RHy and w satisfies that
o B

r—00 TS

for every x € R™. Then

[ 19148 S g, £ e B
Rn
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Example 1.5. It is easily seen that w(x) = min(|z|% 1) for s —n < a < 0 satisfies the
condition w € A1 NRH and (|1.1)) for k£ = s.

In what follows, the letter C' will be used for unimportant constants that may change
from one occurrence to another. We write A < B, B 2 A if there is a independent
constant C' such that A < CB. If A < B and B < A, then we say that A and B are
equivalent each other and denote by A ~ B.

This paper is organized as follows. In Section [2| we introduce the weighted Hausdorff
capacity and summarize its essential properties. The weighted Morrey space consisting
of signed Radon measures is also defined. In Section [3] it is shown that the dual space
of Ll(flff)) can be identified with the weighted Morrey space of signed Radon measures.
Using the duality, we extend Adams’ embedding theorem. In Section [4] we introduce the
weighted homogeneous Besov space and characterize the dual space of Bf’lw. To prove
Theorem we establish the lifting property of the Riesz potential on the weighted
Morrey spaces. Finally, we show the equivalence between the weighted Morrey space and
a variant of weighted Besov space B3Y. To do this, we require the assumption that the
weight w is in the Muckenhoupt A; and the Reverse Holder class RHo,. Combining these

results, we prove the weighted version of Xiao’s theorem.

2. Weighted Hausdorff capacity

In this section, following [7,[8], we first summarize some important properties of the
weighted Hausdorff capacity and the dyadic Hausdorff capacity. These two types of

weighted Hausdorff capacity are equivalent each other.

Proposition 2.1. [10, Proposition 3.4.2] Let 0 < d < n. If w is doubling, then for every
set £ C R™,
HY(B) ~ HY(E),

where the equivalence constants depend only on d, n and doubling constant of w.
We next emphasis that the set function H? is strong subadditive (cf. [7,8]), that is,
HY(EUF)+ H!(ENF)<HYE)+ HL(F), E,FcCR"

Thanks to the strong subadditivity of the set function fi;ﬂ, its Choquet integral is sublinear,

that is, for nonnegative functions f and g we have
[ +gaiii< [ gaiis [ gai,

This implies that the quantity

~ A\ VP
HfHLp(ﬁd) : / |f’p de
w R™
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is the norm when 1 < p < o0.

The next proposition gives a sufficient condition for ﬁg to be left continuous.

Proposition 2.2. |10, Proposition 3.4.22] Let 0 < o < m. Let w be a doubling weight.

Assume that

(2.1) lim w(B(z,7)) _ 0
' r—00 re
for every x € R™. If By C Fo C --- is an increasing sequence of subsets of R™, then

Jj—o0

(o]
mye | |J B | = lim Hy o (E;).
j=1

We define the Choquet space LP (ﬁfé), 1 < p < o0, by the completion of the set of all

continuous functions having compact support Co(R™) with respect to the norm

~ 1/p
£ ggy = ([ 1017 aEd)
w Rn

We next introduce the weighted maximal operator of order d of a (signed) Radon

measure p is defined by

B(xz,r))

M2 pu(z) = sup (B, :

) = o T () dy

If we let w = 1, d|p| = | f| dx for a locally integrable function f and the Lebesgue measure

dx, 0 < d < n, then this operator is just the fractional integral operator of f with the
order n — d. The precise definition of the fractional integral operator is given in Section
We also define a variant of Morrey spaces denoted by Lg, ‘@ the set of all Radon measures

1 satisfying
(2.2) lall = sup Mip(z) < ox.
zeR?
Remark 2.3. When w = 1, in [1], the set of all Radon measures p satisfying (2.2]) is

denoted by L% and is referred to as the Morrey space.

3. Proof of Theorem

The key ingredient of the proof of Theorem is the dual of the Choquet space Ll(flg]).

Theorem 3.1. Let w € A;. Then the dual space of Ll(ﬁg) is L. More precisely, for

W e Li,o’d, there exists a unique linear functional F), on Ll(ﬁfﬁ) such that
Fué)= [ odn ocCol®?),

and conversely any continuous linear functional F' on Ll(ﬁg) is realized as F' = I, for

some p € L. Moreover, ||F|| ~ lelll 4,y holds.
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Proof. For any u € L3, we set

Fu(9)= | odn € Co(®).

The functional F), is obviously linear. We first observe that

B < [ Joldul = [ a1 > 1)

Taking an arbitrary covering of {|¢| > t} by open balls {B;}, we observe that

el > 0 < 3 Z‘ Dot ws swp w0y v f w
j=1 j=1 i 1 B; TER™ j=1 /B
Therefore,
(3.1) l(16] > ) < (el o Hir (18] > 1) < Clllpllgn Hib (|0 > 1),
and hence

Ful)| < Cllully, | AI01 > 1)t = Clully, | 10147
By definition, for each f € L*(H®), there is a sequence ¢j € Co(R™) such that
If— ¢j||L1(g$) —0, J— oo
Since we can easily see that {F,(¢;)}; forms Cauchy sequence of R,

E(f) = lim F,(¢;)

j*)OO

is well-defined. Moreover, since || - is a norm, we have

Iz g
[Eu (N < Clllallg o AN 11 7a -

This implies that F), can be extended to a functional on L*(HY) and 1 Ell < Cllll -
Conversely, let F e LY(H%)*. Since Co(R™) C LY(HZ), by Riesz’s representation

theorem, there exists a Radon measure g such that
FO)= [ odu 6 Co®)
For any ¢ € Cy(R"™), we notice that
[t =sw{ [ odu:s e cu@lol < vl

< IFl sup {61 zzg, : & € Col®™), |8l < ]}
< IEM N s 1y < CIENI g
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Thus, if » =1 on B(z,r) and ) = 0 on B(z,r + ¢)°, then

1l(B(z, 7)) < CIFIIHE(B (@, + ) < C|F|(r + E>d}{3< o

Hence 1 € Ly® and ||l ., < CIIF]. O

Corollary 3.2. Let 0 < d < n and let w € Aj. Suppose that w satisfies (2.1]) for o = n—d.

If f is a nonnegative lower semi-continuous function on R™, then

d
A fdHS ~ sup {/R fdp:lpllg, <1, me LOJ,#} ,

d . . . d
where in; is the non-negative elements in Ly, ",

Proof. As mentioned above, || - ||, ( becomes a norm and L'(H%) is a normed space.

H{)
By the previous theorem, the canonical map of Ll(Hg) into its second dual has norm

[ istatz s d| [ rauf . <1}
R R™

for f € Ll(ﬁ[g). For a non-negative lower semi-continuous f, we approximate from below

by a non-negative sequence {¢;} C Co(R™). Then

) )
[ oyt ~sup { | osdus lully, < 1€ Lm}

< sup {/}Rn fdpelpllg, <L pe Li’,ff} :
By the left continuity of flg provided by , we get
H({x € R": ¢;(x) > A}) = Hi({z € R™: f(x) > \}),
and hence
(3.2 [ st ssud [ faus g, < 10t}
On the other hand, by and again the left continuity of ﬁg, we obtain
l(f > 1) < Cllpallg o His(f > 1)-

Integrating over t € [0, 0], we have

/ fdu < Cllall / fam?
R” R”

and taking supremum over [|uflz,, <1, we get

(33) swp{ [ Faus g <1neriif <o [

Thus, combining (3.2]) and (3.3)), the result follows from the equivalence ﬁfg ~ HY. O
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The following estimate is a weighted version of |5, Theorem 1, p. 24].

Theorem 3.3. [10, Theorem 2.6.3] Let w € Ay, and let k be an integer such that 1 <

k < n. Suppose that v is a positive Radon measure, satisfying
M = Il < 00

Then the inequality

(3.4) / |ud,u§C/ |VFu|w dz
R7 R”

holds for every u € C§°(R™) with C' = C'M, where C" only depends on k, n, and [w)a,.
Conversely, if there exists a constant C' such that (3.4) holds for every u € C§°(R"), then
C > C'M, with C' as before. In particular, M is finite.

Proof of Theorem [I.1l By Corollary [3.2] we have

_ d
/ IfIdHZ’“~sup{ / |f|du:mumn_k,wﬂuemm}

for f € C§°(R™). On the other hand, by Theorem we get

,d
sup { [t an s el i < 1€ Lm} < C|V* .

which completes the proof. O

4. Weighted homogeneous Besov spaces

We introduce a variant of weighted homogeneous Besov spaces.

Definition 4.1. Let 1 < p < 00, 1 < g < o0, and let s € R. We denote by IZ(L%,) the set

of sequence of measurable functions (f;) satisfying

S22, < oo,

JEZ

If p = 0o, we also define I(L3?) the set of (f;) such that

> 2% £ fwl| e < 00

JEZ

As usual, ()7 is interpreted as sup;(-) if ¢ = oco.
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Definition 4.2. [6| Let s € R. We denote by B3.% the space of those tempered distri-
butions f € §’/P for which there exist (¢;)jez € ® and (f;)jez € I5°(LY) such that

f=> ¢ixf; inSR.

JEZ
We define
£l gz, := inf {Sup QjSHfj/wHLOO}
JEZ
where the infimum is taken over all possible representations of f.

Again the key tool of our argument is also the dual space of B‘f’lw. The following
theorem is the homogeneous analogue of Theorem 2.10 in [6]. For the reader’s convenience

we shall give a complete proof.
Theorem 4.3. The following identification holds
(Bi")" =By
In order to prove this, we establish the following lemma.

Lemma 4.4. For any continuous linear functional ¥ € (I1(LL))*, there ezists (g;) €
1°(L3Y) such that

U(f) = (2)g;(z)d
=3 | @@z
for every f = () € IN(EL), and |91 = 1(g7) s, 5

w

Proof. Let ¥ € (I1(LL))*. For any f = (f;) € I}(LL,), we define
Fj(w) = 27 fj(2)w(x),
then we easily see that
F=(F;) e (LY, NED @y = 1) lac)-

Now, another functional
L(F) :=¥(f)

defines a continuous linear functional on I*(L'). Indeed, we observe
(L) = WO < 1Dl s,y = T 1l
and || L|| < ||¥]]. By a well-known duality between I}(L!) and I°°(L>) (e.g., |9, Proposi-

tion 2.11.1]), there exists G = (G;); € [°°(L>) such that

LE) =Y [ F@G,@)dr, and L= |(G)); .
jez ' R"
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Again, we set gj(z) := 27°G;(x)w(x), then it follows that g = (g;); € [°%(LS) and

120 = G Ml z) = 302 gy e = sl 12
J
Therefore,
u(f) = LF) =Y / Fi()Gy(a)dz = 3 / f3(2)g;(x) da
jez /R jez ’R"

Finally, we obtain

[W(f)] <sup27°|lg;/wl|z~ Zst/ fi@)w(@) dz = ||LI[[|(f;);lln L)
JEZ Rn

JEZ
and [|¥]] < ||L||. Combining the previous estimate, we complete the proof. O

We are now in a position to prove Theorem The proof is due to H. Triebel
in |9, Theorem 2.11.2].

Proof of Theorem [£.3] We first prove that
By (By")"
Let f € B, By definition, we find sequences () € ® and (f;) € 1%,(LS°) such that
f= Zcpj x f; in S'(R™), and sup2 7% f;/w|L= < 0.

Jez J€L

If ¢ € S then we have
(F.0) =) (i * fi.0) =D (15 Flgi 7' el)
JEL JEL

and hence

[(foo) <D 27N fi/wlloe 2 | FI@5F ],

JEZ

< sup 2| f/wllz > 27| F@; F ey,
JEL jez

< Csup 27| £ /w] oo ]| oo
JEZ

Taking infimum over all possible f on the right-hand side, we obtain

(f, D) < Ol fll g 11l o

and this implies f € (B")*.
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We prove the converse. Let (¢;)jez € ®. Because
B3 (9% fjez

is a one-to-one mapping from Bf’lw onto a subspace of I}(LL), every functional ¥ € (By")*
can be interpreted as a functional on that subspace. By the Hahn—Banach theorem, ¥ can
be extended to a continuous linear functional on I} (L), where the norm of ¥ is preserved.
By Lemma there exists (g;) ez € 125,(L5y) such that

(4.1 ¥ =3 [ a@e s 1@

and

sup 277°||g; /wl| o = || 2]
j€z

So can be written as
U(f) = (0i(=) *g) ().

JEZ

These are the desired results. O

5. Proof of Theorem

In order to prove Theorem we write

Iaf(ac):/R &dy, xz € R",

n |z —ylrme

which is referred to as the fractional integral operator or Riesz potential with order o €
(0,m) of a function f defined on R™. The following theorem is due to |6, Theorem 2.8 and
Remark 2.9] which is known as the lifting property.

Theorem 5.1. [6] Suppose that o, s € (0,n). Then we have
By = La(B1 ™).
In other words, f € B if and only if there is a g € B}{“" such that f = I.g and
71550 ~ Nl oo
To prove Theorem [I.4] we need more two lemmas.

Lemma 5.2. Let w € Ay. Suppose that d,a € (0,n) with 0 < d+«a <n. If p € Low‘f’frl,

then Iou € L;ﬁfm.
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Proof. We suppose that p € Liif, that is,

p(B(z, 7"))
el = sup < oo
z€Rr>0 T ‘}CB (z,r)

[e%) d+a

Now we show that Iop € L, , and

H|IOCNH|d+a,w SJ H|:u‘|”d,w

For any open ball B(z,r) C R",

IQM(B(:E,T)):/ Top(z dz—/ / — . dz
B(z,r) (z,r) JR™ ’Z |
Z/ / +/ ﬁdﬂ(y)dz
B(z,r) B(z,2r) B(z,2r)c ‘y - Z|
5/ / dﬂ(y)_ &
B(z,r) B(z,3r) |y - Z|n “

9/
B(z,r)

= (I) + (I0).

Since z € (z,r) and y € B(x,3r) implies z € B(y, 4r), we have

dz 4y,
I g/ / 42 ) ) = B0 B3,
( ) B(x,,?)’r‘) ( B(y,4r) |y — Z|TLO[> ( ) o ( ( ))

where v, is the volume of the unit ball. By the definition of |||, and the A;-condition,
it follows that

du(y) &

=1 /ergy—z|<21+1r ’y - Z‘n—oz

(B 30) < ull () f () ds

B(xz,3r)
swmmmmmwmﬂf w(z) d.
B(z,r)

To estimate (II), we observe that

- [
B(z,r) j=1

/ ZM 2]+1 )(2]'7,)04—71 dz

Jj=1

/ Z(2j+1r)d(2jr)°‘”][ w(y)dy | dz.
B(z,r) j=1 B(z,27%1r)

o0

d
/ u(yn)_a &
2r<|y—z|<2it1r ’y - Z|
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By the Aj-condition, we get

o0

< fola, il S @@ [ (e ds

j=1 B(z,r)

d
— vfuo) el 7 ][
(z

)

| w(z)dz Yy (2HH7)en,
r j=1

and the last series converges as d + a < n.

Combining these estimates, we obtain
(@) < Clulay Il f  w(z)ds

and this implies

Mty o0 S Meell

and hence I, u € ijf%‘. O

The following theorem is the weighted homogeneous variation of |2, Remark 2, p. 90],
and also see [11, p. 834].

Lemma 5.3. Suppose that w € A1 NRH. Let s € (0,n) be a real number. Then,
u € Ly "% if and only if u € Booss , and

lealll—s 0 2 lall g
for any positive u € S’/ P.

Proof. We first assume u € Ly ~°. By Theorem [4.3] it suffices to show that u € (B}}")*,
in other words, we shall show |(u,g)| < CHQHBff” for g € §. To prove this, we take an
arbitrary g € S. For (¢;)jez € ® and x; = ¢j—1 + ¢; + ¢;+1, we observe that

() =D (5 u,g) = Y (¢ *u,x;*9)

jeZ JEZ
— Z/ Q*SJ'M 2%y % g(z)w(x) da,
jen /R” w(z)
and hence
¢; * u()

(u,g)] S sup 27

JEL,xER™ HgHgfiw.

w(x)
If 7 is the characteristic function for the unit ball B(0, 1), then 7(§) # 0 on a neighborhood
of 0 (see the proof of Corollary 4.1.6 in |2]). By Wiener’s theorem (see e.g. Lemma VIII.6.3
in [4] and also Theorem 4.1.5 in [2]), n;(x) = 2/"n(2/z) divides ¢; in the sense that there
is ¢ € L' and v;(z) = 27"¢)(27z) such that

~

3;(€) = ;()7;(6), € € supp &
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Thus we have ¢; = 1; x n; and
u(B(z,r))

Tn

n; * u(z) = 2"u(B(z,277)) ~ , 270 =r>0.

Therefore, for fixed j € Z we observe that

o3| %1 ule) S/ le(x—y)!Mdy
o

w(z) ()
[ / = (1) + ),
/B(x,?") kz_; B(z,2kr)\B(z,2k—1r) ;

Since y € B(z,r),
) o u(B.r)
0= f V0

B
< lwla, /B(x,r) S e fP(yﬂ‘) w(z)d v

< wlallll_s / by — y) dy,

B(z,r)

where we have used the fact that
F ez <ulyu), e B,
B(y,r)
To estimate (II),, combining the reverse Holder condition, we have

][ w(z)dz < [wlaw(y) < [w]a [wlrm., ][ w(z) dz < [}, [wlrn..w(z),
B(y,r) B(y,2kr)

and this implies

(D), < [l [l lull,_s / by — y) dy.
B(z,2kr)\B(x,2k—17)

Noticing [|¢hjl[gr = [[]| 1, we obtain

[(w, 9)| < Clllull,, 0

9l 5500

This means u € (B}]")* = Basd and Jull gzse S Mwllly—s -

We prove the converse. Assume that u € Bgo“‘f)g} and ¢ € Bf’lw. To estimate

wp _UB@T)
u )
z€Rn >0 T8 JCB(Lr) w(z)dz

we set 7 = 1p(o,1) and n,(z) := r~"n(z/r), then we have

B r
wp MB@T) ()

zeR™,r>0 rnTe JLB(J;,T) ’LU(Z) dz z€R™ r>0 JLB(xm) w(z) dz’
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By the definition of u € B3, there exist (p;)jez € ® and (uj)jez € 1%(LSY) such that
u= Z ©j * Uj.
JEZ
Since we assume w is positive, we can approximate n by a smooth ¢ with n < . Now it

suffices to estimate

—8 C’I“ * 80] * u] (ﬂj)
r .
2 by 0
for fixed x € R™ and r > 0. To this end, we observe that
Gr * Pj * u] / Uj (y)
> s Jr 2 Grpjlx —y)——F— dy
f—B( ) dZ ’ JLB (z 7") Z

o

(/B(x,r) k;zl B(z72kr)\B(x’2le.)>

For the fist integral, by using the RHy, condition we can estimate

u;(y) SEINC1C)
ITS(IJ") w(z)dz < [wlrn. w(y)’

For the latter integral, we notice that

w(y) < [w]ri. ][

B(z,2kr)

y € B(z,7).

w(z)dz < [w]a, [wrm., ]{3( )w(z) dz

holds for k = 1,2,... and y € B(xz,2%r) \ B(z,2""'r). Combining these estimates, we

obtain
Gr * ) x uj(z)

J%B(z,r) w(z)dz
for any j € Z and r > 0. Taking i € Z with 27¢ ~ r, we can easily see that

< Cllgj * Grllprllug/wl oo

s * Crllr = [ls * Gillpr = [lwj—i * Cllzr,
and hence

_ Cr*pjxu
Py JdZNZ2 i # Clualhus /o~

jez% JLB(ac,r ( )

- Z?Wsugoj_i 27y | o
JEZ

< 1, el

where Bfl is the usual homogeneous Besov space. Taking supremum over r > 0 and
x € R™ on the left-hand side, we get

el s a0 < Mlell s

This completes the proof. O
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Proof of Theorem [1.4] By Corollary [3.2] we have

[ istam e s [ sl < Lo enie

for f € Cg°(R™). Together with this and Theorem [5.1] it suffices to show that
(5.1) sup { [ Masl s il < L€ Liii”} SNl g, g€ CE, 5> a.

By Lemma Iopand (I4) sgn g belong to the dual space (Bffaw)* = BLE"Y, and
it follows that

|(Lapt) sen gl gosw S Iattllgeso = Matllspa S il sn

where we have used Lemma [5.2]in the last inequality. Therefore, a further use of Fubini’s

theorem yields

/R Tog(y) du(y) < /R Loji(2))g(z)| do
< gl e (art) sgngllge s S 9l ol

and so (5.1]). This proves the theorem. O
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