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Pointwise Convergence of the Fractional Schrodinger Equation in R?

Chu-Hee Cho* and Hyerim Ko

Abstract. We investigate the pointwise convergence of the solution to the fractional
Schrédinger equation in R2. By establishing H*(R?) — L3(R?) estimates for the as-
sociated maximal operator provided that s > 1/3, we improve the previous result
obtained by Miao, Yang, and Zheng [19]. Our estimates extend the refined Strichartz

estimates obtained by Du, Guth, and Li |10] to a general class of elliptic functions.

1. Introduction

For o > 1, we consider the fractional Schrodinger equation
(1.1) i+ (=A% =0, wu(z,0) = f(z)

for f € H5(R?). Here, H® is the L? Sobolev space of order s. Formally, the solution of
(1.1) can be written as

Unf(z,t) = (21) 2 / i EHIE) Fe) d.

R2

In this study, we investigate the order of s for which
(1.2) ImU, f(x,t) = f(z) ae x
t—0

holds whenever f € H*(R?).

The problem of determining the optimal regularity s for which holds for the
Schrodinger equation was initially studied by Carleson [6]. When d = 1, he proved the
convergence of with @ = 2 for s > 1/4, whereas it generally fails for s < 1/4 in any
dimension, as shown by Dahlberg and Kenig [9].

In higher dimensions, Sj6lin [21] and Vega [24] independently showed that with
a = 2 holds for s > 1/2. This result was improved to s > 1/2—1/(4d) by Lee [16] for d = 2
and by Bourgain [2] for d > 3. Subsequently, Bourgain [3] showed that s > d/(2d + 2) is
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necessary for the almost everywhere convergence. The sufficiency part of the convergence
was shown by Du, Guth, and Li [10] when d = 2 and by Du and Zhang [12] when d > 3
for a sharp range except for the endpoint (see [1,5,8,[11}|17}/18,20,23] for previous work).

For the fractional Schrédinger operator (o > 1), Sj6lin [21] proved that holds if
and only if s > 1/4 when d = 1. He also obtained some positive results in higher dimen-
sions: ([1.2)) is valid for s > 1/2 when d = 2 and for s > 1/2 when d > 3. Subsequently,
this result was improved by Miao, Yang, and Zheng [19] to s > 3/8 when d = 2 and s > s
for some sy < 1/2 when d > 3. We extend the result for d = 2.

Theorem 1.1. Let a > 1. Then, (1.2)) holds for f € H*(R?) whenever s > 1/3.

The result in Theorem extends to the solution of the linear dispersive equation
iug — ®(D)u =0, u(z,0)= f(x).

Here, ®(D) is a multiplier operator defined on R?, where ® is a smooth function except
for the origin and satisfies the following property: for a > 1, there is a constant C > 1
such that [V®(§)[ > C71¢[*™! and [0/ @(¢)| < C|&]*=1! for any multi-indices v. See
Remark [B.111

We denote by BY(x,r) a ball of radius 7 centered at = in R, Theoremfollows from

the maximal estimate.

Theorem 1.2. Let a > 1. Then, for s > 1/3, there exists a constant C > 0 such that

1UafllL3 e B2(0,1)x[0,1)) < Cllfll s m2)-

The proof of Theorem is motivated by the argument used in |10] and proceeds
by using polynomial partitioning to decompose U, f into cells as well as transversal and
tangential parts of a wall. The first two parts are easy to handle by induction, whereas
the tangential term is much more complicated. To treat the tangential part, we need to
prove refined Strichartz estimate for U,. We prove the estimate by using the decoupling
inequality for elliptic parabola and induction on scales via rescaling. In contrast to the
Schrodinger operator, Uy, f (a # 2) does not preserve the form after parabolic rescaling. To
circumvent this issue, we consider a class of general elliptic functions as in [14]. Thus, we

obtain the refined Strichartz estimates for a general class of operators (see Proposition 3.6).

Structure of the paper. The remainder of this paper is organized as follows. By applying
polynomial partitioning, we reduce the problem to a problem of proving bilinear tangen-
tial estimate (Theorem . Section [3| establishes the linear refined Strichartz estimates
(Proposition and bilinear refined Strichartz estimates (Proposition. Accordingly,
we prove Theorem
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Notation. Throughout the paper, F(f) denotes the Fourier transform of f. Further,
A < B denotes A < CB for some constant C' > 0 and #D denotes the cardinality of a set
D.

2. Proof of Theorem
Let @ > 1 and set A, be the annulus given by
A= {cR*: 27 < ¢ < 2r).

To prove Theorem by the Littlewood—Paley decomposition and the triangle inequality,
it suffices to show that for any € > 0, there is C¢ > 0 such that

sup |Uaf| < CRYH| fl2,

0<t<1

L3(B2(0,1))
provided that f is supported on Agr for R > 1. By a parabolic rescaling & — R{ and
(z,t) — (R~ tx, R~t), the estimate is reduced to showing that

(2.1) sup |Uaf]

0<t<R™

< CeR| fl2,
L3(B2(0,R))

whenever f is supported on A;. Now we reduce the matter to showing (2.1)) in which
the supremum is taken over a smaller interval [0, R] instead of [0, R*]. More precisely, to
prove ([2.1)) it suffices to show that for any € > 0, there exists a constant C. > 0 such that

sup [Uaf|
0<t<R

< CeRe| fll2
L3(B2(0,R))

whenever J?is supported on A;. This reduction can be obtained by applying the time local-
ization lemma in [19, Lemma 2.11] for the fractional Schrédinger operator (see also [16]).
Alternatively, one may verify the lemma by using 77" argument as in [7, Lemma 2.1].
After finite decomposition, we may assume that fis supported on a ball B2(&,r) C Ap.
Hence, Theorem is a consequence of the following. For simplicity, let Br = B2(0, R) x
[0, R].

Theorem 2.1. Let p > 3 and R > 1. Then, for any e >0, ¢ > ¢4, and r < 1 such that
B(&y, 1) C Ay, there exists a constant Ce > 0 such that

62 €
(2.2) 1UafllzLasr) < Cer® R\ f2

whenever f is supported on B(&o, 7).
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Indeed, by the dominated convergence theorem, the estimate (2.2)) implies that

1Uafllzoree(Br) < CeRO||fl2

for any p > 3. By interpolating this with a trivial estimate ||Uaf||r2100(By) < RY2| £z,
we have Theorem [1.2l
We begin by stating a wave packet decomposition of U, f (see, for example, [10,22]).

For later use, we state the following for a more general operator e*® f defined by

O f(w,0) = [ O Fg) dg

where ® is smooth and the Hessian matrix of ® is nondegenerate. Let i be a smooth
function such that ¢ is supported on B2(0,3/2) and Y oheze 14(- — k)2 = (27)~2 on R2.
For § > 0 and (y,v) € [RY?Z2NB?(0, R)] x [R~/272NB%(0,2)], we define a tube T = T}, ,
by

(2.3) T ={(z,t) €R®: |z —y +tV®(v)| < RV/?**9,0 <t < R},

and denote the direction of tube by D(T') = (—=V®(v), 1) and the set of all tubes T by T.
We define ¢r = 1, , by

br(€) = e WERYV2P(RV2(¢ —v))

so that Yo7 7 (2)F(dr)(€) = (2m)~2e™¢ by the Poisson summation formula (see for
example |13]).

Lemma 2.2. Let &, T and Yr be as above. Suppose f is supported on the ball B%(0,1).
By setting fr = (f,¢r)r, we have

F=>fr

TeT

such that
ST UL S I3

TeT
and for sufficiently large N > 1 and (z,t) € B3(0, R),

yeit(b’@bT(ﬁ,t” S, R*1/2XT(I‘,'I§) + O(RiN)HfH2

Let e >0 and 0 < r <1 < R. Suppose that the support of fis contained in B2(&y,r)
for some £, € Aj;. The proof proceeds by induction on the size of r and R. Note that
holds trivially for R ~ 1; hence, it suffices to consider R > 1. Furthermore, we
only need to consider r > R~'/2. In fact, if » < R0, then follows trivially since
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|Uaf(x,t)] < 7| f|l2 by Holder’s inequality. On the other hand, if R0 < < R~1/2, then
all the wave packets have the same direction. Therefore, we apply Holder’s inequality and

obtain

SJ R—1/2+1/q
Lng(BR)

ZUafT Z<f7 ¢T>XT
T T

24) S RS (f, )|
T

5 R_1/2+1/qR(3/2+6)/p||f”2-

LY LS (BR)

Sup Xt
T LE L (BR)

For the last inequality, we use (2.3). Thus, (2.2)) follows for p > 3 and sufficiently large

q > ¢ * with small § = §(¢). Hereafter, we only consider » > R™1/2

. Now, we may assume
that holds if the radius of balls in physical space is less than R/2 or the radius of
balls in physical space is less than R and that of balls in frequency space is less than r/2.
Then, it suffices to show for R> 1 and r > R™1/2,

Now, we reduce the matter to showing the bilinear tangential estimate (Theorem [2.6)
by a standard argument using polynomial partitioning. Let us denote by Z(P) the zero
set of a polynomial P. We say that P is a nonsingular polynomial if VP(z) # 0 for all
z € Z(P). Throughout this paper, we may assume that the polynomial P is a product
of nonsingular polynomials by the density argument (see [14]). We recall the polynomial

partitioning in [10].

Theorem 2.3. Let g € L;Lf(Rd“‘l) be a nonzero function, 1 < s < oo, and D > 0. Then,
there exists a nonzero polynomial P defined on R4 of degree < D, which is a product of
distinct nonsingular polynomials, and there exists a collection of disjoint open sets {O; }iex
such that #I ~ D! and
(R xR)\ Z(P) = J O
i€Z
Moreover, there exists a constant C independent of © such that

HgHL}ELtS(]Rd+1) < ClDdHHXOigHLQIDLg(RdH)
for each i € T.
By taking s = q/p, D = R64, and g = xB,|Uaf|P, and applying Theorem we have
(2'5) HU f”LPLq Br < ClDBHXO Ua fHLPLq Br)"

We denote by W a wall that is an R1/2+5—neighborhood of Z(P) and a cell O; = O; \ W.
It is clear that

p p
HUafHLgLf(BR zl:_ ||XO U f”Lqu (Br) + HXWUO‘f”Lf«Lg(BR)'
1€
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p . . . .
If the terms > ;7 [IX5, Uaf |l L2LY(Br) dominate the other in the above-mentioned equation,
the estimate is easy to handle. Hence, we consider this case first.

Cellular part. Let us consider a subcollection 7 of an index set Z such that

I {IGI HU fHLPLqB )<201D3”X0Uf||LPLq )}

where the constant Cy is given by (2.5). To treat the case in which the cellular part

dominates the walls, we may assume that Z=7T. Foreachi€T , we set

fi= ). fr

T: TNO;#0

By Lemma., 2.9 if (z,t) € O;, then |Un f(x,t)| < |Usfi(,t)|+O(RN)|f|l2 for sufficiently
large N. Since each tube T intersects at most (D + 1) cells O;, we have

DoIABE= 0 I3 S DISIE.

€T i€L,TET:
TNO;#0

Since #Z ~ D3, by pigeonholing, there exists an index i, € Z such that || f;,||53 < D72 |3
We cover Bg by {B}, /2}, which are translations of Bg/y, and obtain
1Ua fHLqu Br) = 20, D° Z

> UfT
5

R/2 T: TﬂOlo #0

+OR™M)| 115

LRL{(B}, )

By applying the induction hypothesis, it follows that

1Ua s oy < CD*[Cer (R/2) | ficll2]” + OR™)| 1115
< 20277 D*[Cr” RED Y| f|2]".

Since p > 3 and D = R64, we see that 2C27P¢D37P < 27P for sufficiently large R.
Therefore, we get when the cell part dominates.

Now, we consider the opposite case in which the wall part dominates. To this end, we
present some definitions. We denote by T,(Z(P)) the tangent plane of Z(P) at a fixed
point z. Let us partition Bg into balls B; of radius R'79. We say that a tube T is tangent
to the wall W in Bj if T' intersects B; and W and satisfies

Angle (D(T), T(Z(P))) < R/

for any nonsingular point z € Z(P) N 10T N 2B;. Otherwise, we say that 1" is transversal
to the wall W in Bj. Let T} tang be the collection of all tubes T € T such that T is tangent
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to the wall in B; and let 7} trans be the collection of tubes such that 7" is transversal. We

also set

fj,tang = Z fr and fj,trans = Z fr.

Teﬁ,tang Teﬂ,trans

For a given &' > 0, we say that a tube T is R~Y/2+% _tangent to Z if it satisfies
(2.6) T C Npijor Z 0 Br, Angle (D(T),T.Z(P)) < R~/

for all nonsingular points z € Nyp1/24s (T)N2Br N Z. The collection of tubes that are
RV 2+‘5l—tangent to Z is denoted by TZ(R_l/ 2+5/). We say that f is concentrated on wave
packets from Tz (R~Y/2%9") if

> frlle=0R )12

T¢Tz(R-1/2+3")
holds for sufficiently large N > 0.

Wall part. Now we consider the case 7 # Z; hence, we can choose i € T \ Z. From (12.5)),
|Ua fHLPLq(B < ClDSHXo Ua f”Lqu Br) + ClDS”XOz'oﬂWUainng(BR)'

Since i, € T\ Z, we have C’1D3||XO Ua f||Lqu (Br) 27 Yo, fHLqu Br)' Therefore,

||UafHLPL‘1(B ) < 201D3||XWU f”LPL‘Z Bgr)’

Thus, it suffices to consider the wave packets concentrated on the wall.
Recalling that suppr B2(&,r), for 1 < K < R, we cover B?(&,r) by boundedly
overlapping collection of balls w of radius K ~'r and let f = > fu, where ?:, is supported

on w. For each fixed B;, we set

fw,j,tang = (fw)j,tang7 fw,j,trans = (fw)j,trans-

We define a bilinear tangential operator by

Bﬂ(Uafj,tang)(xvt) = Z |Uo¢fw1,j,tang($at)|1/2|Uafw2,j,tang(x7t)|1/2-
dist(wi,we)>K~1r
We set
(2.7) B = {(x,1) € By : K max|Un fulw, )] < [Uaf(z, 1))}

and for (z,t) e WN B,

Q= {w: [Uafujtang(®,t)] < K~ Uaf(z,t)|}.
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By fixing B; and (z,t) € B; N W N B, we first consider the case in which all balls w in Q¢
are adjacent. Hence, #0° < 1, and it follows that > e [Uafu(2,t)| < 3|Uaf(z,t)| by
(2.7). Thus, we have %]Uaf(:v,tﬂ < ’EWEQ Uafw(a:,t)‘. Then,

1
§|Uaf(xat)| < Z Uq fu,jtang(z,t)| + O(R™ )”f”2

we

Z Uafw,j,trans(x t ‘

we

Since the total number of w is < 10K?2, we get

1
i‘Uaf(x t

S| X Ui + K20 201+ OB

weN

Otherwise, for (z,t) € B; N W N B, there are wy,ws € Q° such that dist(wy,ws) > K~ 1r
Then, by the definition of Q, |U, f(z,t)| < K*Bil(Uy fj tang) (,t). Therefore, we have the

following.

Lemma 2.4. For each point (x,t) € W N Bg, there exists a collection Q of balls w of
radius K~ 'r such that

p
|XWUaf($7 t)‘p S ‘XWOBCUaf(xv t)‘p + Z Z XWnNB; Uafw,j,trans(xa t)
j we

+ > K Ixwop, Bil(Uafjang) (@, O + O(R™Y)|| ][5
J

By Lemma we have

HUainng(WﬁBR) S HUOéingL‘tl(Wch Z Z U fw,j trans
(2.8) weN
+ Z ||K4 BII(U f] tang)”Lqu WnNB;) + O( )Hf”p
J

LELY(WNB;)

From ([2.7)), the first term on the right-hand side of (2.8) is bounded by
”UafHLPLq(WQBc) K6p2|’U fw”LT’L‘I

By applying the induction hypothesis (2.2)) to the right-hand side, we have

€3 —1,.\€2 pe €3 —e2 €2 pe
HUO‘fHIzZL?(WOBC) <K pz [CE(K 1r) R ||wa2]p < lOK( )p[CJ’ R HfHQ]p

Since K <« R and R > 1, we have 10K - <1 /6. This completes the induction step
for the first term on the right-hand side of (2.8). In the remainder of this section, we treat
the second and third terms on the right-hand side of (2.8)).
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Transversal case. Now, we deal with the transversal term in (2.8). In [14], it was shown
that for each tube T' € T,

(2.9) #{j: T € Tirans} < ROCH.

Since #0 < 210K 2, the second term on the right-hand side of ({2.8)) is controlled by

p
(2‘10) Z Z U fwg trans < Z 210K2 Z U fw,] trans

J weN LELY(WNB;) weh

max

LPLY(B; )‘

By applying the induction hypothesis to a ball B; of radius R'%, the right-hand side of

(2.10)) is bounded by Zj 210K? [C’ETEZR(l—‘S)G||fj’tmns||2]p. Therefore, by applying (2.9), we
get

p
< RO(54)210K2R75ep [CgTEQRe”sz]p-
LELI(WNB;)

Z U fw,] trans

we

E ‘max

J

Since K < R¢, we take 6 = € and obtain 910K? RO(e)—€'p < 1/6 for sufficiently large

R > 0. Therefore, the induction closes for the transversal term.

Bilinear tangential case. To estimate the third term on the right-hand side of ({2.8)), it

remains to prove the following bilinear maximal estimates.

Theorem 2.5. For any € > 0 and p > 3, there exists Cc > 0 such that

1/p
(/ ( sup !Bﬂ(Uafj,tang)(w,t)!pdx> < CRY| ]2
Brt

: (x,t)eEWNB;

Indeed, assuming Theorem by Holder’s inequality, it follows that for ¢ > ¢4,

ZK4pH BII(U f] tang)HLqu WnNB;) < ZK4pRE pH Bll(U f] tang)HLpLoo WnBy)
J

< R35K4pRe P [CERE/2”fH2]

since the number of j is < R%. Because § = €2, K < R® and r > R™1/2 we obtain
KARe +e/2+35/p < %R€r€2. This completes the proof of Theorem

To prove Theorem we show the following maximal estimate.

Theorem 2.6. Let 0 < r <1, & € Ay, and K = K(e) be a sufficiently large constant.
Suppose that the supports off and g are contained in B*(&y,r) and separated by K 1r. If
f, g are concentrated on the wave packets from TZ(R*1/2+5/) with &' < 1000, then there

exist constants ¢ and C' such that

(2.11) [1Uaf V2 Ung|'/? < CRY|| 1151915

s e ()
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In Theorem we are concerned with the function fjang defined on a smaller ball
Bj of radius Ry = R'=9. We can easily see that the wave packets of fjtang Oon the ball B;
are concentrated in TZ(Rl_l/2+5 ) for some & < 1000 (see [15]), and we omit the details.

Since R<15’ < R we obtain the desired bound in Theorem from the estimate ([2.11]).

3. Proof of Theorem

In this section, we prove Theorem [2.6| by considering linear and bilinear refined Strichartz
estimates (Propositions and respectively), which are variants of the estimates
presented in [10] for a class of elliptic functions. We begin by defining a class of elliptic

phase functions.

3.1. Class of elliptic functions
We consider the class of phase functions that are small perturbations of ¢o(¢) = |€[2/2.

Definition 3.1. Let 0 < ¢g < 1, p > 0, and n > 103 be a positive integer. We define a

class of normalized phase functions by

Pleo,n) = {¢ € C"(B*(0,2)) : [|¢ — dollen(m2(0,2)) < €0}-

Let ¢ € P(eg,n), & € Ay, and Ho(§p) be the Hessian matrix of ¢ at & = . Then, Ho
is positive definite on B2(0,2) and Hep (&) = T~'DT, where D is a diagonal matrix with
eigenvalues A\ > 0 and A > 0, and T is a symmetric matrix. If we set Hg, := \/m,
then Hg, = T~!DY2T with DV/2 = (v/Ae1, v/Aze2). We denote the normalization of ¢ by

(3.1) 32, (€) = p~2 ($(pHg, & + o) — d(60) — pV (&) - He'€).

Then, we observe the following, which plays an important role in the induction argu-

ment. We denote by int A, the interior of A,..

Lemma 3.2. Let g > 0 and & € int Ay. Suppose that ¢ € C"(A1) and the Hessian matric
of ¢ is positive definite. Then, there exists a constant pg > 0 such that gbgo € P(eg,n)
whenever p < pg. Moreover, if ¢ € P(eg,n), then for sufficiently small ey > 0, there exists
a constant p1 such that (;52)0 € P(ep,n) whenever p < py.

Proof. By (13.1) and Taylor’s expansion, we may write

e
)=

¢§O(£ +5(£7£07p)

where [|E( -, &0, p)llen(ay) = O(p\HgﬁP). Thus, we can take pg such that ”¢5g0_¢OHC"(A1) <
Cp < € holds for any p < pg. Similarly, if ¢ € P(eg,n) and & € B?(0,1), then we can
take p; > 0 such that ¢§0 € P(ep,n) whenever p < py. O
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Suppose that ¢ € C"(A;) and the Hessian matrix of ¢ is positive definite. For a
given small €y > 0, by partitioning B?(0,1) into smaller balls of radius pp and applying
Lemma ¢§0 € P(eg,n) for any p < pg. Therefore, hereafter, we may fix n > 10% and
simply denote P(ep,n) by P(ep). To prove Theorem it suffices to consider ¢ € P(ep).

3.2. Parabolic rescaling
We define a linear map Ago :R3 — R3 by
(3.2) (AL) "z, t) = (p~Hgz — p~ 2tV e(&0), p~21).

Lemma 3.3. Let ¢g > 0 be sufficiently small, § € int A1, and ¢ € P(eg). Suppose that n
is supported on a ball B%(&o, p) for p < p1, where py is given in Lemma . Then, there
exist f, T, and a constant C = C(&o, p) such that

. i P ~
(3.3) 1€ £l acry = Co™= "% fll 1o 7
where F(f) is supported on B2(0,1) such that || f||la = ||f||2, and
T ={(z,t): (A) " (z,t) € T}.

Remark 3.4. Let ¢ € P(eg). Suppose that T is a tube of dimensions p~*M x p~™ ' M x p=2 M
centered at the origin with its long axis parallel to (—V¢(&), 1), i.e.,

T ={(z,t) : |z + V(&) < p~' M, |t] < p~>M}.

Then, T = {(z,1) : |p~ ' He x| < p7IM, |p~2t| < p~2M} and T is contained a cube of side
length C'M for some C' = C(¢p).

Proof of Lemma [3.3] Let [H| denote the determinant of a matrix H. By change of variables
& — pHg)lf + &0, we have

. i(x.t) -1 -1 _ iry —
‘6zt¢f(x)| — p|Ha)l‘1/2 /6 (z,0) (PHgo §,¢>(PH§O §+£O))p|H€01|1/2f(pH£01£ + 60) dé— )

We define fby

(34) FF(&) = plHg |2 F(pHg '€ + &)

Then, f has a Fourier support on B2(0,1) and || f]|2 = || f|l2- By the definition of ¢§0 (see
(3.1))), we note that

(b~ Hgyw — p~*tV () - Mg, '€+ p~H(S(PHg € + &) — #(60)) = 2 - € + 10, (€).

Thus, by change of variables z — plegox — tVo(&) and t — p~ %t (ie., (x,t) —
(Ago)_l(a:, t)), the desired bound (B.3)) follows by taking C' = |Hg,|'/771/2, O
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Now, we observe that the condition (2.6f) is preserved after parabolic rescaling.

Lemma 3.5. Let 0 < p < pg and & € int Ay. Suppose that f is concentrated on the wave
packets from Tz (R™Y2T0") associated with ¢ for some Z = Z(P). If f s given by ,
then f is concentrated on the wave packets from TZ/(p_lR_lm‘Hsl) associated with ¢§0 and
7' = Z'(P), where P = P o (A7 )~".

Proof. 1t suffices to show that
(3.5) (=Ved (§),1) - VarpP|/|Vor w P| S p 'RV,

where ¢ = p~1Hg, (€ — &) and (2/,t) = Ago(:c,t). Since P(2/,t) = P(plegom’ —
p 'V (&), p2t'), we have

(3.6) VP =p 'He V,P and 9y P = p 2P — VP - V(&)
Combining this with Vergg () = p™ He (Vo (€) — Vo (&)), we get
(=Vedg, (€),1) - (Vo P, 0y P) = p>(=V(£), 1) - (Vo P, 0 P).

On the other hand, from (3.6), we can easily deduce that \Vm/’t/]g| > p Y V.iP| by
considering the cases |0;P| > 2|V P - Vo(&)| and |0:P| < 2|V,P - Vo(&)| separately.
By the assumption |(—=V¢,1) - V1 P|/|VeiP] < R™Y? the desired estimate (B.5)
follows. O

3.3. Linear refined Strichartz estimates

Before proving Theorem we consider the linear and bilinear refined Strichartz esti-
mates. We first prove the linear refined Strichartz estimates (Proposition |3.6) and then
prove the bilinear estimates (Proposition [3.10]) by using Proposition

Proposition 3.6. Let ¢ € P(ey). Suppose that f is concentrated on the wave packets from
TZ(R*1/2+5/) and J? is supported on B%(0,1). Let Q1,Qa, ... be lattice cubes of side length
RY2 in B3(0, R). Suppose that M cubes Q; are contained in B*(0, R) X [to,to + RY?] for
each tg € R?Z.1 [0, R], and for each Qj,

3.7 e fll 160y is essentially constant.

( L5(Q;) Y

Then, for any € > 0, there exist constants C.,C > 1 such that
(3.8) 167 fllLou, @) < CeR™YOHFETM3| £ 2.

We start by recalling the I2-decoupling inequality for an elliptic paraboloid, which was
obtained by Bourgain and Demeter [4].
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Theorem 3.7. Suppose that g is supported in a o-neighborhood of an elliptic paraboloid

1/2

S in R2. Let T be rectangles of dimensions 0'/? x o, which cover a o-neighborhood of S.

If - = gx+, then for e >0 and 2 < p < 6, we have

1/2
9]l r2) < Ceo™ (Z ||gT||%p(R2)> :

Let us consider the wave packet decomposition

(3.9) =31
T

such that the Fourier support of fr is contained in a ball of radius R~/ and fr is
essentially supported on a ball of radius R3/4. Then, €' fr restricted to the ball B3(0, R)
is essentially supported on a tube T of dimensions R34 x R3/4x R. Since f is concentrated
on the wave packets from Tz (R_l/ 2+5/) for some Z, we can apply Theorem and obtain
the following.

Proposition 3.8. Let ¢ € P(eg) for sufficiently small eg > 0. Let f =", fr be as stated

above. Suppose that f is concentrated on the wave packets from TZ(R_1/2+5/) for some

Z = Z(P) and suppose that Q is a cube of side length RY2 contained in the 2RY/?*+9-
neighborhood of Z. Then,

1/2
(3.10) e fllo(q) < CeRE (Z ||e“¢fT||%6(WQ)> + O™l
T

Here, wg(z) = (1 + R™Y2|z — ¢g|) 1%, where cq is the center of the cube Q.

Proof. Let 1 € S(R?) such that ¢» = 1 on B3(0,1) and 12 is supported on B3(0,1). By
letting 1g(2) = ¥(CR™Y2(2 — cg)) for some constant C' > 0 such that ¢ = 1 on Q, we
get

€™ fll o) < Qe fllrsms)-
Since f is concentrated on the wave packets from Tz (R~1/2%9") it suffices to consider the
wave packets that are contained in the RY/2+% -neighborhood of a plane W = T.Z(P). We

claim that
1/2
(3.11) [YQe™ fllzsw) < CRY (Z HwQeW’fTH%e(W)) + ORI |2
T

By assuming (3.11), we prove (3.10). By integrating along the W+ axis and using
Minkowski’s inequality and Fubini’s theorem, we obtain

1/2
||6it¢f||L6(Q) < C.R/? <Z ||¢Q€it¢fT||%6(R3)> + ORI f]l2-
T
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Here, we use the fact that the number of tubes T intersecting @ is < R</190 " Since (10}
decays rapidly outside ), we get the desired result .

Now, we prove . It suffices to show that the restriction of F(1)ge™® f) to W is
contained in an R~/ 4_neighborhood of an elliptic paraboloid. Since F (1q) is supported
on B3(0, R='/?), it suffices to consider the restriction of F(e"*?f) to W. Let n be the
unit normal vector of W. Since f is supported on B?(0,1), we have |n-e3| < 1/2. By
rotation and dilation, we may assume that n = n’/|n’|, where n’ = (0,1,n3) for some
|ns| < 1. Since Géqﬁ # 0 on B%(0,1), by the implicit function theorem, there is a function
g € C}((—1,1)) such that

(3.12) (=Vo(&1,9(61)),1) n=0,

and equivalently, nz = 9¢,¢(&1, 9(&1)).
Note that [(=V¢(€),1) -n| = | — e, + n3| S R™1/4 on the support of supp f. Since

8§2¢ # 0, by the mean value theorem, we have

(3.13) & — g(&)| S R7YA.

Therefore, we may write

(&, (€)) = (£1,0,0(&1)) + Eon’ + E(E)es,

where ¢(&1) = ¢(€1,9(€1)) — nag(&1) and £(€) = ¢(&) — d(&1,9(51)) — ns(& — 9(€1)). By
and the mean value theorem, it is easy to see that £(&) = O(R™/?). Moreover, by

BT 06,3(6) = (96,6)(&1, 9(61); hence, 2, 3(61) = (3,6)(&1.9(61)) + Olco) whenever
¢ € P(ep) for sufficiently small ¢ > 0. Thus, the curve parameterized by & — ¢(&1) is

contained in an R~/2-neighborhood of the elliptic paraboloid. By T heorem we obtain
the desired bound (3.11])). O

Using Proposition we can prove Proposition [3.6] by induction.

Proof of Proposition [3.6] Let us set Ag := Ag)_w for simplicity. Recalling , for each
tube T, we choose a cube Q7 of side length R/2 that is contained in Ag (T'). We decompose
Qr into horizontal strips S’ of height RY/* in Q7 such that Q7 = US’. Furthermore, each
strip S’ is decomposed into cubes @' of side length RY4. We set T’ := A;'(Q’), which is
a tube of size ~ RY/2 x R'/2 x R3/* such that the union of all T’ covers T (see Figure .

By dyadic pigeonholing on the size of || fr||2, we may assume that || fr||2 is essentially
constant for each tube T'. In fact, the number of h is only C'log R such that ||fr|l2 ~ h
since it is negligible if || fr|2 < R™||f|l2. Therefore, we choose one of h such that ||f7||2



Convergence of Fractional Schrédinger Equation 191

R3/4

Qr
Ao R/2 RY/4
——— | - .
s . R/

Figure 3.1

is essentially constant for a fraction ~ 1/(log R) of tubes T'. For a fixed such tube T', we

again perform dyadic pigeonholing on the size of ||e?? fr|| 6(7) such that
(3.14) € fr|| Ls(vy is essentially constant,

which is greater than R~%|| f||2 since this part can be absorbed in the error term in (3.10))
if the constant is less than R=||f||2. We sort 7" further according to the number of 7"

arranged along the short axis of T Precisely, we may assume that
#{T T C AN (S} ~ M’

for a dyadic number M’. For simplicity, by abuse of notation, we denote such tubes by
T'. Then, it follows that

(3.15) €™ fllro(q,) < (log R)?

Z Z xur e fr

T T L5(Q;)
for a fraction ~ 1/(log R)® of all cubes @; in U; @;. Finally, we sort the cubes @Q;
further such that @; satisfies and each @; is contained in ~ p tubes T' such that
Q; CT' CT. Let Q denote the set of such cubes Q; then, we see that #Q 2 (log R)™*M
by dyadic pigeonholing. By (3.7), we have ||’ M’J“"HL6 U, Q) S < (log R)4 ||e“5‘¢’f||6
Hence, it suffices to consider cubes Q; € Q.

By , , and Holder’s inequality, we get

UQ QQ])

1/6
(3.16) (€™ fllzo(q,) < Ce(log R)* R pu'/? (Z|erTfeit¢fT||%e<ij>> + OB f2-
T

Since 7" = A, (Q') for some cube Q' of side length R'/4 by (3.3), we have

Z ||XUT/€ <z)fTHLG(wQ < R~ 1/2||€Zt¢fT||L6 (UQ")
Qj
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where F (fT) is given by (3.4) for fr in place of f. Then, F (fT) is supported on B2(0,1)
and || fr|l2 = || fll2. Combining this with (3.16), we have

1/6
(B17)  [|€" fll Lo, @, < CeR™VIZHELM <Z||e“¢fT||%ﬁ(qu)> + OB f]2-
T

By the choice of combined with for f = fr, we observe that ||eit$fvTH LS(Q!
is essentially constant for each Q'. Since ¢ € P(e), we have ¢ € P(ey) by Lemma
provided that R=/2 < p;. Thus, by applying the induction hypothesis to the right-hand
side of with RY/2 and M’ instead of R and M, respectively, we have

1/6
, _lioctlcy -
(3.18) [ flloy, qp) < C-R™ #2408 130y =13 (Zumw%) .
T

Since || fr||2 is essentially constant, it is easy to see that (Y || f7($) Vo S (#T) 73| £l
We claim that

(3.19) Mpu < (log R)*M'#T.
Once we have (3.19)), (3.18) is, in turn, bounded by
; ST 7
HezwaLG(Uj Q) < C.R g13e+3C pr 1/3HfH2-

Taking ¢ = ¢/C for sufficiently large C' > 0 gives the desired bound (3.8)).
Now, we prove (3.19). Let S®) be the strip given by

Slto) — R2 « [to, to + R1/2]

for some to € [0, R]N RY/2Z. Tt suffices to consider cubes Q; arranged along the strip S0).
By the choice of Q;, T, and T”, we note that

(3.20) (log R)™*Mpu < #{(Q;,T) : Q; < T' n 8™ for some T" C T'}.

Note that the angle between the long axis of 7" and the vectors contained in the z-plane R?
is away from 0. Hence, each tube 7" contains at most a finite number of cubes Q; in S (to)
Similarly, since 7" C Ay ' (S’) for some S’, the number of S’ such that S*) N A;*(S") # 0
is at most C. Hence, the number of @; is smaller than C times that of 7" such that
T' C A;'(S"). Therefore, #Q; < CM’. Thus, the right-hand side of is bounded
by M'#T, which gives the desired bound . O
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3.4. Bilinear refined Strichartz estimates

Now, we establish the bilinear refined Strichartz estimates using Proposition

Proposition 3.9. Let ¢ € P(e), R™Y/2 <r <1, and K be a sufficiently large constant.
Suppose that the Fourier supports of f, g are contained in B*(&,r) and separated by
K='r, and f, g are concentrated on the wave packets from Ty (R™'/?%%) for Z = Z(P)
with & < 1008. Let Q1,...,Qun be cubes of side length RY? contained in Br and

(3.21) H]e’wfe“‘z’g]l/zHLG(Q,) is essentially constant
J

for each Q;. Then, for any € > 0, there exist Ce,C > 1 such that

) i - — € / 1/2 1/2
(322) H|6 t¢f6 td)g|1/2HL6(UjNilQ]) < CT‘ 1/6M 1/6R 1/64€+C6 Hf” / || || / .

Before proving Proposition we first consider the special case r = 1 of Proposi-

tion [3.9] as follows, which is a direct consequence of Proposition [3.6]

Proposition 3.10. Let ¢ € P(ey). Suppose that the Fourier supports of f, g are contained
in B?(0,1) and separated by K—1, and f and g are concentrated on the wave packets from
Tz (R™Y/24) for & < 1008. Suppose that Q,...,Qu are cubes of side length RY?, and
||eit¢fHLs(Qj) and ||€it¢g||L6(Qj) are essentially constant for each Q. Then, for any e > 0,
there exist C.,C > 1 such that

3 i — € 4 1/2 1/2
(3.23) 16 19" | o ) <GB M £l lglly

Proof. Let us consider the wave packet decompositions f = ) fr and g = ) % g7 (see
(3.9)). By repeating the pigeonholing arguments as in the proof of Proposition we
can choose T, T}, M}, pp and Ty, Tj, Mg, pg, respectively, in place of T, 1", M, p.
Then, by pigeonholing, there are C(log R)"8M cubes Q; such that (3.18) holds for f and

g simultaneously. We claim that
(3.24) Mgy S MyM#ETHT,

First, by assuming ({3.24]), we prove (3.23). By Holder’s inequality,

; i 1/2 i 1/2
[ feitg] < |l f| e g2

1/2
HLG(U Qj) L8(U; Q) LU, Q)

We apply (3.18) to the right-hand side and get

lle™*® feitég| < CR™6 2O (quppug ) VO Ty T, My M)~ £11y g 5.

1/2
Plls, 0
Substituting (3.24)), we obtain the desired bound (3.23]).
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Now, we prove (3.24). For each fixed Ty and Tj, we first consider the intersection of
T} C Ty and Ty C Tj;. Since the angle between T} and Ty is about 1/, the intersection of
T J’c and Té is essentially a cube of side length Cx R'/2. Therefore, if cubes Q; are contained
in (UT}) N (UTy), then the number of such Q; is at most C'M}M,.

Recall that iy is the number of T containing Q; such that Q); C T]’c and pg similarly.
Considering all pairs {7y, Ty, Q;} such that Q; C T} N T for some T} C Ty and Ty C Ty,
we obtain . O

Now, we prove Proposition If » ~ 1, Proposition [3.9] is a direct consequence
of Proposition Hence, we are only concerned with R~/2 < r <« 1. In this case,
Proposition [3.9] follows from Proposition [3.10] via rescaling in Lemma [3.3]

Proof of Proposition 3.9} Let ¢ € P(eo). By (3.2)), A7 (Br) is a tube of dimensions C'r R x
CrR x 2R for a constant C > 1. Let us set

P = A¢ (Qj).

Since @; is a cube of side length RY/2, Pj is a tube of dimensions CrRY?2xCrRY?xr2R/?
contained in a larger tube Ag (Bg).

We define fand g by 1 for f and g, respectively, with » = p. Further, let QNS = P,
By Lemma we see that ¢ € P(eg) by taking sufficiently small » < p;. Moreover, by
Lemma, we have

H |€it¢f6it¢9|l/2 HLG(U}; Q;) S Tl/gH |eit¢feit¢§|l/2HL6(Uj P;)

such that || f]l2 = ||f]l2, I7ll2 = |lg|l2 and the Fourier supports of f and § are contained
in B2(0,1) and separated by K~!. Moreover, by Lemma f and § are r—1R-1/2+9"_
concentrated in the wave packets from Tz (r~'R™Y/2+9") associated with ¢ for Z = Z(P)
for some polynomial P=Po (Ago)_l. Thus, to prove , it suffices to show that

ith 7 itd~ - - —1/64e+C8 | 711/2)1~11/2
(3.25) [|e* fe t¢g|1/2HL6(Uij) < O~ V2 ~1/6 R=1/6+e+C5 Hsz/ HQHQ/ .

Now, we make couple of reductions by pigeonholing. For this purpose, let us set
(3.26) ri=r’R and 71y =rRY2

Recall that AEO(BR) is a tube of dimensions Cr~1'r; x Cr~r; x r1. Now, we decompose
AEO(BR) into cubes @, of side length ;. For each fixed cube ),,, we consider cubes
v, of side length ro contained in @y, such that {Q;,} covers (U, ;) N @r,. By dyadic

T2

pigeonholing on the size of ||eit$f||L2(Q;2) and ||eit‘g§||L2(Q;2), we may sort Q.,, which

satisfy

(3.27) Heit$ﬂ|L2(Q;2), Heit(gﬁHp(Q/m) are essentially constant.
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Let Q. be the collection of such cubes @Q7.,. We also choose a subcollection of {Q;, } that
satisfy

(3.28) | |eit$feit$§| 1/2 | is essentially constant

LG(UQ}QEQQQ Q/rQ)
for Q;., € Q,., such that @Q;, C Q,, and also satisfy
(3.29) “eit¢'ﬂ|L2(R2aQT1), HeinHLquaer) are essentially constant.

Here, R??Q),, is a cube that has the same center as Q,, and the side length is R?*rq for
a sufficiently small constant a = a(e€), which will be determined later. We denote such a
collection of @,, by Q,,. We also denote by P = P(rq,r2) the collection of tubes P; that
intersect with @/, C @, for Q;, € Q;, and Q,, € Q,,. By dyadic pigeonholing, we have

(3.30) #P > (logR)™°M

We put
Ml = #{er € er}v M2 = #{Q;"Q € Q;"Q}

Since the number of P; € P contained in a cube @, is at most r~1, it is easy to see that
(3.31) (log R)™°M < r~'MMs,.

Thus, from (3.21)) and (3.30]), we get

(3.32) H ’eit$f61t¢~’1/2 < (log R) H ’ezt¢fezt¢~’1/2

2oy, £y < 2oy, oy

By (3.28)), for any Q,, € Q,, and UQ;.,, C Q;,, we have

(3.33) H |€it$]’{€it$§|1/2 HLG(UPJ.GP r < M1/6 H |6it$}v€itd~>§‘1/2 HLG(UQ/TQ)'

The right hand side of { can be estimated by applying the induction hypothesis.

By Lemma [2.2] we have f ZT frand § = > grv. Here, the Fourier transforms of

“12 and eité fr and e“‘z’gT restricted to

2z, 12
"1

fT and gy are Supported on balls of radius r;
B3(0,71) are essentially supported on tubes T, T' of dimensions ~ T X 7.
Note that it suffices to consider the wave packets that intersect with er. Indeed, let

us fix to such that (xg,ty) € Q,, for some xy and denote the slice of Q,, by

Qi) = Qr N {t = to}.
Since UQ,., C @y, to estimate the right hand side of (3.33)), it suffices to consider the wave
packets T', T' intersecting with R“er , which is an R*-neighborhood of Q,(flo). Therefore,

e ~ )2
H’e”‘z’femg!mHLs(UQ/T2) N ' ‘ Z o Freitdg,
TR QLY #0,
T/mRanrtlo)#@

+EN
L5(uQy.,)
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where Ey = ( )Hj‘"||1/2||g||1/2 for sufficiently large N. Under the assumption (3.27)),
we apply (3.23)) for R = r; to the above inequality and using Plancherel’s theorem, we

obtain
1/2 1/2
itd 7 itd~11/2 <C —1/6+e+C8" 5 —1/6 itod 7 / itop~ / <
H|6 fe™ gl HLG(UQ/Q) = Cery 2 Ze Ir Ze gr’ +EN
" T L2 W L2

where the summation is taken over T" and 7" satisfying TﬂRaQ(to # () and T’ ﬁRaQ(tO) +
0.

Note that the length C’ri/ % of the short axis of a tube T is smaller than the side length
Ry of the cube R*Q),,. Hence, the intersection of the tube 7" and Q,(ff) is contained in
R%*Q,, N {t = to} for sufficiently large R > 0. Thus, we have

|“ez‘t5feit$§‘1/2“m e

—1/6+ +C5 1 6 1/2
< CE 1 / : / || ltO¢fHL/2 RQaQ(tO))H Zt0¢

(3.34) "

L2 R2aQ(tO)) + gN

il

By taking the average with respect to ¢, we have

(3.35) €999 Pl gagtiory < (PRI F 2 g .

Since UR*Q),, C A%, (Bri+sa), by (3.29) and Lemma we get

< M| g e

A¢, (Bri+sa)) ~

(3.36) (€™ fll2(rzaq, ) S My 2 )1€ fll o

(Bpi+3a)’

By combining (3.35)) and (3.36)) with the trivial estimate [|e”? f|| ;2 < ROA3)/2 £ |1,

R1+3a) ~

via Plancherel’s theorem, we have

HeztwaLz RQaQ(to)) < M 1/2Ra/2||f||2‘

Since r; = r2R (see ([3.26))), disregarding the error term Ey, (3.34)) is bounded by

H|eit5feit$§|1/2HL6(UQl : < O.(r 2R) 1/6+€+05/M—1/6M—1/2Ra/2Hful/zn H1/2'

By combining this with (3.32) and (3.33)), and taking sufficiently small a = a(e) for
R~ Y2 <y, we obtain

H ‘eit&?feit&?g‘lﬂHLb(

’7 —1/3,,—1/6 1/2 1/2
pyy < ORI BN 0 115 g5

Therefore using (3.31)), the above is bounded by C, R—1/6+4+C".=1/2 -~ 1/GM_1/6Hf||1/2
HgH2 . Since M1 > 1, by taking ¢ < €/Cy for sufficiently large C7 > 1, we obtain .
This completes the proof of ([3.22]). O

We conclude this section by proving Theorem
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3.5. Proof of Theorem

Let € > 0. Assume that ]?, g are supported on B2(&p,r) for some 0 < r < 1 and & € int A;.
From (2.4]), we may assume that r > R~'/2. For a dyadic number ), we define a set X
by

X, = {x e B%(0,R) : Kl Uo f (2)Ung(z)| ~ A} -

It suffices to consider R~V < \ < R¢.

We cover Ny /216 (Z) with cubes Qj, j =1,..., M, of side length RY2. Since F(Uqf)
is supported on a ball of radius r, we consider smaller cubes Q' = Q'(Q;) of side length
r~1 < RY? such that Q' € Q;. We define Sy by the union of Q' contained in Bg such
that

sup |Unf(z)Uag(z)| Z A
(z,t)eQ’

and all projections of Q' onto the z-plane R? are boundedly overlapping. Clearly, we have
(3.37) [ X[ S rlSal-

For each @, the number of Q' contained in Q; is at most C(R'?/r=1)2 = C'Rr? since the
projections of (' onto z-space are finitely overlapping. Hence, by pigeonholing, we also

have
(3.38) 1Sy| < (log R)YM Rr— 1.

Now, we prove Theorem By construction, it suffices to show that
(3.39) X208 < CR 11 gl

After finite decomposition, we may assume that fand g are supported on a ball B2(ng, e7)
for some small €; and 7y € int A; since f and g have Fourier supports separated by K ~!r
such that K~! < ;. By Lemmas and with p = ¢ > 0 and & = np, we have

fo =1, 9o =7 (see BA)), and ¢, = ¢ for ¢(&) = |¢* such that ¢, € P(e) and f,
and g, have Fourier supports on a ball B?(0,) separated by eflK ~1r and concentrated
on the wave packets from Tz (e ' R™1/2F9).

By pigeonholing on the size of |[|e??< f, eP g, |12 16(Q;): We sort the fraction ~
1/(log R) of cubes @; such that

(3.40) H|eit¢€1 fe €% g, |1/ 2” 6/~ IS essentially constant.
1 ! L8(Q;)
We denote by Q the set of such cubes @);. Thus, to prove (3.39), it suffices to show that

(3.41) A8y < R

itde, itde, , (1/2]|6
€ fer €90l o g, g 0
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for some constant c;. Indeed, by (3.37), we have | X513 < r1/3]85|1/6185]1/6 and r1/3| S |1/6
< (log R)/%(r M R)'/® by (8.38). Hence, we have
A2 X513 < (log R)YO(rM R)VE (N3] Sy )16
Combining this with , we obtain
A2 X, [U3 < /6 gL/ RL/6+ed

itge, 1tpey 1/2 .
’e fele gfl‘ HLG(UQ].EQQ]')

By applying Proposition to the right-hand side, we get the desired bound (3.39)) and

hence .

It remains to show (3.41). Let Q" C Q; and let ¥ € C5°(R?) such that F(tq) is
supported on B3(0,2r) and g decreases rapidly outside @’. Since f, g are supported on
B2(&,r), we see that

FUafUag)(§;83) = F(UafUag)(§, €3) F (V) (& €3)-

Since 1¢ decreases rapidly outside a ball of radius =1, [ Uy fUag((x,t) — (y, s))%gr (y, 8)
dyds is negligible when |(y, s)| > R% ! for sufficiently small a. Hence, we have

sup [Unf(a,)Ung(,0)| §r3/ U f (2, )Ung (@, )| dadt + Ex
(z,t)eQ’ ReQ’

where Exy = O(R™Y| f|2llgll2) for sufficiently large N. By applying Lemma with
p = €1 and & = 1o, we get

(342)  |Q| sup |Uaf(@, t)Uag(z,t)] < / e fo, (z)e™ g, ()| dwdt + Ey
(z,t)eQ’ Agr

where EQ/ = AjL(R*Q"). By applying Hélder’s inequality, we have

1/3
|Ql|1/3 sup ‘Uaf(xat)Uag(xat)’ S R </v ‘eit¢€1 Ja (x)eiwelgﬂ (x)‘g dl’dt) + EN
A

(x7t) EQ/ Q/

for some constant ¢ > 1. If a is sufficiently small, then KQ/ is contained in a cube of side
length R/2; hence, we may assume that ZQ/ C ;. Taking the third power and summing
over all @’ such that EQ/ C Uj ()j and using , we have with a minor error
term Ey. This completes the proof.

Remark 3.11. Without difficulty, we can see that the result of Theorem [1.1] extends to the
solution of the general dispersive equation. Let @ > 1 and ® be a smooth function such
that [V®(&)| > C71|¢]*~! and |8g<1>(£)| < C|¢|*~M! for any + for some constant C' > 0.
The reduction to the bilinear estimate in Theorem (see Section via polynomial
partitioning is nearly identical. Since ® is positive definite, by rescaling and Lemma [3.2
we only need to consider e? for ¢ € P(eg) (see (3.42)). Then, by following the proof of
Theorem we can obtain for e™® in place of U, f.
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Remark 3.12. A modification of the proof of Theorem combined with the argument
in [12] provides (1.2)) for d > 3 whenever s > d/(2d + 2).
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