TAIWANESE JOURNAL OF MATHEMATICS
Vol. 25, No. 5, pp. [005H939] October 2021
DOL: 10.11650/tjm /210304

On the Boundary Components of Central Streams

Nobuhiro Higuchi

Abstract. Foliations on the space of p-divisible groups were studied by Oort in 2004.
In his theory, special leaves called central streams play an important role. In this
paper, we give a complete classification of the boundary components of the central
streams for an arbitrary Newton polygon in the unpolarized case. Hopefully this
classification would help us to know the boundaries of other leaves and more detailed

structure of the boundaries of central streams.

1. Introduction

In [12], Oort defined the notion of leaves on a family of p-divisible groups, which are often
called Barsotti—Tate groups, to study the moduli space of abelian varieties in positive
characteristic. Let k be an algebraically closed field of characteristic p. Let S be a
noetherian scheme over k. For a p-divisible group Y over k, Oort introduced in 12}, 2.1] a
locally closed subset Cy (S) for a p-divisible group ) over S characterized by the condition
that s belongs to Cy (S) if and only if Yy is isomorphic to Y over an algebraically closed
field containing k(s) and k, see the first paragraph of Section for a review. If ) — S
is a universal family over a deformation space or a moduli space, then we call Cy (S) the
central leaf associated to Y and ).

In [12} 2.2] Oort showed that Cy (S) is closed in an open Newton polygon stratum. We
consider Cy (S) as a locally closed subscheme of S by giving the induced reduced scheme
structure. We are interested in the boundaries of leaves on the deformation space, the
problem of which will be formulated from the next paragraph. See [12, 6.10] for a question
in the polarized case (i.e., the case that p-divisible groups associated with polarized abelian
varieties).

Let us formulate the problem on the boundaries of central leaves. Fix a p-divisible
group Xy over k. Let Def(X() = Spf(T") be the deformation space of X(y. The deformation
space is the formal scheme pro-representing the functor Arty — Sets which sends R to
the set of isomorphism classes of p-divisible groups X over R such that X ~ Xg. Here
Arty, denotes the category of local Artinian rings with residue field k. Let X’ — Spf(T")
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be the universal p-divisible group. In [5, 2.4.4] de Jong proved that the category of p-
divisible groups over Spf(I') is equivalent to the category of the p-divisible groups over
Spec(T") =: Def(Xp). Let X be the p-divisible group over Def(X() obtained from X’ by this
equivalence. Oort studied Cx,(Def(Xp)), see [12, 2.7]. We are interested in Cy (Def(X))
for X #Y with ) = X. Here is a basic problem.

Problem 1.1. Let Y be a p-divisible group over k. Classify p-divisible groups X over k
such that Cy (Def(X)) # (. Here Cy (Def(X)) # () means that X appears as a specializa-

tion of a family of p-divisible groups whose geometric fibers are isomorphic to Y.

In this paper we discuss the case that the p-divisible group Y is “minimal”, as the
general case looks difficult. Oort introduced the notion of minimal p-divisible groups
in [13, 1.1]. Oort showed in [13, 1.2] that the property: Let X be a minimal p-divisible
group over k, and let Y be a p-divisible group over k. If X[p] ~ Y[p], then X ~ Y, where
X|[p] is the kernel of p-multiplication. For a Newton polygon &, we obtain the minimal p-
divisible group H (). See the third and fourth paragraphs of Section for the definitions
of Newton polygons and minimal p-divisible groups.

For Cy(Def(Xy)), if Y is minimal, then we call it a central stream. This notion is
a “central” tool in the theory of foliations. For instance, it is known that the difference
between central leaves and central streams comes from isogenies of p-divisible groups. Thus
to study boundaries of general leaves, it is natural to start with investigating boundaries
of central streams.

Let & be a Newton polygon. For the notation as above, we may treat the problem.
Problem 1.2. Classify p-divisible groups X over k such that Cpg)(Def(X)) # 0.

Let us translate this problem into the terminology of the Weyl group of GLj. Let
W = W} be the Weyl group of GLy. We identify this W with the symmetric group &,
in the usual way. We define J = J. by J. = {s1,...,8,} — {sc}, where s; is the simple
reflection (i,i+1). Put d = h—c. Then there exists a one-to-one correspondence between
the isomorphism classes of BT1’s of rank p" and dimension d over k and the subset /W of
W, see Section Let X be a p-divisible group. Let w € /W. We say w is the (p-kernel)
type of X[p] if the BT1 X[p] corresponds to w by this bijection.

In Proposition we will show that for p-divisible groups X and Y over k with
X[p] = Y[p], if Cy(ey(Def(X)) # 0, then Cpe)(Def(Y)) # 0. Thanks to this proposition,
Problem [I.2] is reduced to

Problem 1.3. Classify elements w of YW such that

there exists a p-divisible group X over k such that

1.1
(1) w is the type of X[p] and Cpy(¢)(Def(X)) # 0.
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As it seems difficult to answer Problem [I.3] generally, we want to formulate a problem
which is a little more restricted than this problem. For this, we recall the notion of
specializations of p-divisible groups. Let X and Y be p-divisible groups over k. We
say X is a specialization of Y if there exists a family of p-divisible group X — Spec(R)
with discrete valuation ring R in characteristic of p such that X is isomorphic to Y over
an algebraically closed field containing L and k, and Xj is isomorphic to X over an
algebraically closed field containing K and k, where L is the field of fractions of R, and
K = R/m is the residue field of R. Note that X is a specialization of Y if and only if
Cy (Def(X)) # 0 holds. For a p-divisible group X, we define the length ¢(X|[p]) of the
p-kernel by the length of the element of the Weyl group which is the type of X|[p]. It is
known that for the p-divisible group Xy, the length ¢(Xg[p]) is equal to the dimension of
the locally closed subscheme of Def(X() obtained by giving the induced reduced structure
to the subset of Def(X() consisting of points s € Def(Xy) such that X/ [p] is isomorphic to
Xo[p] over an algebraically closed field, see [15], 6.10] and [8], 3.1.6]. We say a specialization
X of Y is generic if {(X[p]) = £(Y[p]) — 1 holds.

In this paper, we treat the following problem.

Problem 1.4. Classify w € /W satisfying that (x) and £(w) = £(H (£)[p]) —1 for arbitrary
Newton polygons £.

We often call w € /W satisfying ¢(w) = €(H(&)[p]) — 1 generic specialization. The
terminology “generic” is justified for the following reasons. Let Xy be a p-divisible
group. Let w be the type of Xy[p]. We denote by S, (Def(Xy)) the reduced subscheme
of Def(Xy) = Spec(I') consisting of s satisfying that X,[p] is the type of w. Then
dim S, (Def(Xp)) = ¢(w), see |15, 6.10] and [8, 3.1.6]. This justifies the terminology
“generic” for elements w of JW.

A complete answer to this problem will be given by combining Theorems and
below. In [3], we solved Problem for Newton polygons & consisting of two slopes
satisfying that one slope is less than 1/2 and the other slope is greater than 1/2. In this
paper, our proof reduces Problem to the case of [3].

For an arbitrary Newton polygon £, we denote by B(£) the set

(1.2) B(&) = {types of X[p] | X5 = H(§) and ¢(X,[p]) = ¢(Xz[p]) —1 for some X — S},

where S = Spec(R) for a discrete valuation ring (R, m), s = Spec(x) and 77 = Spec(K)
with k = R/m and K = frac(R). Problem[I.4]asks us to determine the set B(¢). The first

result is

Theorem 1.5. Let{ =Y. (my,n;) be a Newton polygon. Let & = (my, n;)+(mit1, niy1)

be the Newton polygon consisting of two adjacent segments of & fori=1,...,z — 1. For
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any w € B(&;), the direct sum weu) @Gw belongs to B(§), where weq) is the type of H(¢W)[p]
with ¢V = (my,ny) + - 4 (Mi_1,mi-1) + (Miy2,Niy2) + --- + (mo,n.). Moreover, the
obtained map

z—1

| | B(&) = B()

i=1

sending w to weu) S w is bijective.

This theorem implies that the determining problem of boundaries of central streams
is reduced to the case that the Newton polygon consists of two segments. Moreover, for

the two slopes case, we will show the following result.

Theorem 1.6. Let & = (my,n1) + (M2, n2) be a Newton polygon satisfying that ny/(mq +
n1) > no/(mg + ng) > 1/2. Put €€ = (my,ny — m1) + (ma,na — ma). Then the map
sending w to w|g1 . n,4n,} gives a bijection from B(§) to B(£°).

For a Newton polygon & = (mq,n1) + (ma,na), we set 2 = (na,ma) + (ny,m1). By
the duality, it is easy to see that the map sending w to the map i — | — w(l — 7), with
I = my +ny +ma +na + 1, gives a bijection from B(£) to B(€P). Using repeatedly this
duality and Theorem [1.6) we can reduce Problem to the case of [3]. There results give
a complete answer to Problem

Let us state next problem. Let & and ( be Newton polygons. We write ( < £ if each
point of ¢ is above or on £. Moreover, we say that ( < £ is saturated if there exists no

Newton polygon 7 such that ¢ 2 n 2 . We consider next problem.

Problem 1.7. For a Newton polygon £ and a generic specialization X of H (), show that
there exists a Newton polygon ( such that

H(() appears as a specialization of X, and ¢ < ¢ is saturated.

Moreover, determine this (.

If we denote by np(X) by the Newton polygon of X, then as ¢ < £ is saturated, we
see that np(X) = ¢, see 6, 2.3.1] and [12, Theorem 2.2]. See also [3, Lemma 2.2].

We use the notation of the paragraph after Problem Let we denote the element
of YW, which is the p-kernel type of H(&)[p]. We can translate Problem |1.7|to a problem
with respect to the terminology of the Weyl group of GLj, and we prove the problem.

Theorem 1.8. Let ¢ be any Newton polygon. Let w € "W be a generic specialization of
we. Then there exists a Newton polygon ¢ such that

(i) ¢ < ¢ is saturated, and
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(ii) we C w,

where we say w' C w if there exists a discrete valuation ring R of characteristic p such
that there exists a finite flat commutative group scheme G over R satisfying that Gz is a
BT, of the type w', and G is a BTy of the type w, where L (resp. k) is the fractional
field of R (resp. is the residue field of R).

Thanks to Theorem the case that the Newton polygon £ consists of two slopes is
essential. In fact, for a Newton polygon £ = Y 7, (m;,n;), take a generic specialization w
of we. Then we have the corresponding generic specialization w’ of we, by the bijection of
Theorem with & = (my,n;) + (myr1,ni41). Let ¢’ be the Newton polygon satisfying
(i) and (ii) of Theorem for & and w’. Then the required Newton polygon ( satisfying
(i) and (ii) for £ and w is obtained by

C=(my,m1)+- -+ (mi—1,ni-1) + ¢ + (Miyo,niso) + -+ (mz, ny).

This paper is organized as follows. In Section [2| we recall notions of p-divisible groups,
Newton polygons and truncated Dieudonné modules of level one. We review the classifi-
cation of BT’s. Moreover, we introduce the definition of arrowed binary sequences which
is the main tool to show the main results. In Section |3, we treat central streams corre-
sponding to arbitrary Newton polygons, and we show some properties of arrowed binary
sequences and Newton polygons. The goal of the section is to give a proof of Theorem
In Section[d] we treat central streams corresponding to Newton polygons consisting of two
slopes, and give a proof of Theorem In Section |5, we determine the Newton polygon
of each generic specialization of the minimal DM; for any Newton polygon, and solve
Problem by showing Theorem

2. Preliminaries

In this section, first we recall the notions of p-divisible groups, leaves and Dieudonné
modules. In Section we review the definition of truncated Barsotti—Tate groups of
level one (BT;) and a classification of BTy’s. Moreover, in Section we introduce
arrowed binary sequences as a generalization of classifying data YW of BTy’s, which are

the main tool to show the main theorems.

2.1. p-divisible groups and Dieudonné modules

In this section we fix a prime number p. Let h be a non-negative integer. Let S be a
scheme in characteristic p. A p-divisible group (Barsotti-Tate group) of height h over

S is an inductive system (G, iy)v>1, Where G, is a finite locally free commutative group
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scheme over S of order p*", and for every v, there exists the exact sequence of commutative
group schemes
- U
0— Gy~ Guy1 2= G

with canonical inclusion i,. Let X = (G,,i,) be a p-divisible group over S. Let T be
a scheme over S. Then we have the p-divisible group X7 over T, which is defined as
(Gy xg T,i, x id). For the case that T is a closed point s over S, we call the p-divisible
group X, the fiber of X over s. Let k& be an algebraically closed field of characteristic p.
Let Y — Spec(k) be a p-divisible group, and let J) — S be a p-divisible group. In |12, 2.1]
Oort defined a leaf by

Cy(S) = {s € S| Vs is isomorphic to Y over an algebraically closed field},

as a set, and showed that Cy(S) is closed in a Newton stratum (cf. [12, 2.2]). We regard
Cy (S) as a locally closed subscheme of S by giving the induced reduced structure on it.

Let K be a perfect field of characteristic p. Let W (K) denote the ring of Witt-vectors
with coefficients in K. Let o be the Frobenius over K. We denote by the same symbol
o the Frobenius over W(K) if no confusion can occur. A Dieudonné module over K is a
finite W (K )-module M equipped with o-linear homomorphism F: M — M and o~ !-linear
homomorphism V: M — M satisfying that F oV and V o F equal the multiplication by p.
For each p-divisible group X, we have the Dieudonné module D(X) using the covariant
Dieudonné functor. The covariant Dieudonné theory says that the functor ID induces a
canonical categorical equivalence between the category of p-divisible groups over K and
that of Dieudonné modules over K which are free as W (K )-modules. In particular, there
exists a categorical equivalence from the category of finite commutative group schemes
over K to that of Dieudonné modules over K which are of finite length.

Let {(m;,n;)}; be finite number of pairs of coprime non-negative integers satisfying
that A\; > \; for ¢ < j, where \; = n;/(m; + n;) for each i. A Newton polygon is a lower

convex polygon in R?, which breaks on integral coordinates and consists of slopes \;. We

> (mi,ni)

)

write

for the Newton polygon. We call each coprime pair (m;,n;) segment. For a Newton

polygon & = )" .(m4, n;), we define the p-divisible group H (&) by
H(g) = @ Hmi,nia

where H,, ,, is the p-divisible group over F,, whose Dieudonné module is given by

m-+n

D(Hpn) = EP W (Fp)e;
=1
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with the operations F and V satisfying that Fe; = €;_,, Ve; = e;—p, and €;_ (1) = pé;.
Note that H,,, is of dimension n, and its Serre-dual is of dimension m.

We say a p-divisible group X is minimal if X is isomorphic to H () over an algebraically
closed field for a Newton polygon £. For a p-divisible group X, the p-kernel X [p] is obtained
by the kernel of the multiplication by p. It is known that the Dieudonné module of H(§)[p]
makes a truncated Dieudonné module of level one (abbreviated as DM;) D(H (€)[p]). A
DM; over K of height h is the triple (N, F, V) consisting of a K-vector space N of height h,
a o-linear map F and a o~ '-linear map V from N to itself satisfying that ker F = im V
and imF = ker V.

Let £ = > ,(m4,n;) be a Newton polygon. We denote by N¢ the DM, associated to
the p-kernel of H (). Then N¢ is described as

Ne = @Nmimw

where Ny, p, is the DM corresponding to the p-kernel of H,, .
We use the same notation as Section[I] The following proposition would be well-known
to the specialists, but as any good reference cannot be found, we have give a proof for the

reader’s convenience. A proof in the polarized case is given in [11} 12.5].

Proposition 2.1. Let & be a Newton polygon. Put Y = H(E). Let X and X' be p-
divisible groups over an algebraically closed field of characteristic p. If Cy (Def(X)) # ()
and X[p] ~ X'[p], then Cy (Def(X")) # 0.

Proof. Let h and c be positive integers such that X[p] is the type of w € W with W = W},
and J = J.. Put d = h—c. Let F (resp. V) denote the o-linear map (resp. o~ !-linear map)
of the DM; D(X[p]) = D(X)/pD(X) with o the Frobenius. We take a basis Zgy1,...,2h
of the image of V, and choose Z1,...,Z4 € D(X|p]) so that Z1, ..., 7 is a basis of D(X|[p]).
We choose lifts 21, ...,z of Z1,...,Z, to D(X). Then {z1,...,z2,} is a basis of D(X). We

write

A B
C D
for the display of X with respect to the basis z1, ..., zp, where A is the d x d matrix, and
D is the (h — d) x (h — d) matrix. See [10] for the construction of the display. Then for
the Dieudonné module D(X) of X equipped with the operations F and V, we have
A pB
C pD

(Fr,... F2p) = (.-, 20)

and

pa pB
(Vzl,...,Vzh):(zl,...,zh) s

v 4
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where (f: ’g ) is the inverse matrix of the display of X. The operations F and V on D(X [p])
satisfy that

A0
0

(Ffl,... ,th) = (51,... ,Eh)

Ql

and
0.71

B - _ _ 0 0
(Vz1,...,Vzy) = (Z1,...,21)

¥ 0
For the p-divisible group X — Spec(R) corresponding to the universal p-divisible group
over Spf(R), the display of X induces that

B B 3 _ [A+TC 0
(le,...,th)Z(Zl,...,Zh .
C 0
and
o1
B - _ B 0 0
(VZz1,...,Vzy) = (Z1,...,Zn) o ,
vy —WT—F(S

where T is an (h — n) x n matrix on R.

Choose an isomorphism from X[p] to X'[p]. Let €& be the element of D(X’[p]) cor-
responding to z; € D(X|[p|) via the isomorphism. Then {ej,...,e,} gives a basis of
D(X'[p]) = D(X’)/pD(X’). We have then

5 . 5 N
(Fey,...,Fey) = (e1,...,en)

and
0 0
(Ver,...,Vep) = (€1, @) -
)
Choose a basis ey, ..., e, of D(X) which are lifts of €;. Let
a b

c d

be the display of X with respect to eq,...,e,. Note that @ = A and ¢ = C. Let Y be the
p-divisible group having
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as its display, where T is a matrix with 7" mod p = T. Then for the display of V[p], we see

a+Tc 0
(Fél,...,Féh) = (él,... ,éh)
c 0
and
0.71
0 0
(Vél,...,VEh):(él,...,éh) L ,
¥y AT+
whence ) belongs to Cy (Def(X")). O

2.2. Classification of BTy’s

In this section, we work over an algebraically closed field k. Let us review the classification

of truncated Barsotti—Tate groups of level one.

Definition 2.2. A truncated Barsotti-Tate group of level one (BT1) is a commutative,
finite and flat group scheme N over a scheme in characteristic p satisfying properties

[plny =0, and

im(V: N® — N) = ker(F: N — N®),
im(F: N - N®) = ker(V: N®) — N).

A DM, appears as a Dieudonné module of a BTy. Let W = W}, be the Weyl group
of the general linear group GLj. This W can be identified with the symmetric group &y,
We denote by s; the simple reflection (i, + 1) in &, = W. Set Q = {s1,...,8p-1}. We
define J = J. by J. = Q — {s.}. Put d = h — c. For the set W; := W, x Wy, let /W
be the set consisting of elements w of W), such that w is the shortest element of YW - w,
see [1, Chap. IV, Ex. §1(3)]. Then we have

Theorem 2.3. There exists a one-to-one correspondence
TW «— {BT\’s over k of height h of dimension d}/=2 .
Moreover, running over all d, we have

| |7W «— {o,1}".
d
Kraft [7], Oort [11] and Moonen-Wedhorn [9] show that there exists a one-to-one
correspondence
{0,1}" «— {DM,’s over k of height h}/= .
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For v € {0,1}", we construct the DM; D(v) as follows. We write /(i) for the i-th
coordinate of v. Put N = key & - - - ® kep,. We define maps F and V as follows:
Fe, — ej j=#{l|v(l)=0,1<i} for v(i) =0,
0 otherwise.
Let j1,...,Jc, with j; < -+ < j., be the natural numbers satisfying v(j;) = 1. Put
d=h —c. Then a map V is defined by
ej, l=1i—dfori>d,
Ve, =
0  otherwise.
Therefore D(v) is given by D(v) = (N, F, V). Thus we can identify DM;’s with sequences
consisting of 0 and 1.

For w € W, we define v(j) = 0 if and only if w(j) > ¢ for j = 1,...,h, and we
obtain the element (v(1),v(2),...,v(h)) of {0,1}". This gives a one-to-one correspondence
between /T and the subset of {0,1}" consisting of elements v satisfying #{j | v(j) =
0} = d. Thus we obtain a bijection between W and the set of isomorphism class of DM;’s
over k of height A and dimension d.

We say that w' is a specialization of w, denoted by w’ C w, if there exists a discrete
valuation ring R of characteristic p such that there exists a finite flat commutative group
scheme G over R satisfying that Gx is a BTy of the type w', and Gy is a BTy of the
type w, where L (resp. k) is the fractional field of R (resp. is the residue field of R). A
generic specialization w' of w is a specialization of w satisfying ¢(w’) = ¢(w) — 1. Here, we
show a lemma used for the construction of generic specializations. We define x € W by
(i) =i+dif i <cand x(i) = i — c otherwise. Let 6 be the map from W to itself defined
by 0(u) = zuzr~!. By [14, 4.10], we have w’ C w if and only if there exists u € W such
that u~tw'0(u) < w with the Bruhat order <. Let us recall [3, Lemma 2.7].

Lemma 2.4. Let w € 'W. Let w' be a specialization of w. If w' is generic, then there
evist v € W and u € Wy such that

(i) v =ws for a transposition s,
(i) £(v) = f(w) = 1,

(iii) w' = uvh(u=t).

2.3. Arrowed binary sequences

In order to classify the types of generic specializations of H (), we introduce a new notion

arrowed binary sequence which is slightly more generalized than the notion of binary
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sequences {0, 1}". This notion of arrowed binary sequences is useful for classifying generic

specializations of minimal p-divisible groups.

Definition 2.5. An arrowed binary sequence (we often abbreviate as ABS) S is the
triple (T, A,II) consisting of an ordered symbol set T = {t; < t3 < --- < t,}, a map
A:T — {0,1} and a bijection II: T — T. For an ABS S, let T'(S) denote the ordered
symbol set of S. Similarly, we denote by A(S) (resp. II(S)) the map from T'(S) to {0,1}
(resp. the map from T'(S) to itself). For an ABS S, we define the length ¢(S) of S by

US) = #{(t,¢) € T(S) x T(S) | t < t' with A(S)(t) = 0 and A(S)() = 1}.

Remark 2.6. Let N = (N,F,V) be a DM;. We construct the arrowed binary sequence
(A, 0, ) associated to N as follows. Let v be the element of {0,1}" corresponding to N.
For an totally ordered set A = {¢;,...,t5}, let : A — {0,1} be the map which sends t;
to the i-th coordinate of v. We define a map m: A — A by 7 (t;) = t;, where j is uniquely
determined by

Fe; =e; if0(t;) =0,

Ve; =e; otherwise.

We say an ABS S is admissible if there exists a DM; such that S is obtained from this
DM; as above.

Remark 2.7. For the DMy Ny, corresponding to the p-divisible group H,, ,, we get the
ABS S as follows. Set T'(S) = {t1 < -+ < ty4n}. The map A(S) is defined by A(S)(t;) =
1if ¢ < m, and A(S)(¢;) = 0 otherwise. The map II(S) is defined by II(S)(t;) = t;y, if
i < m and II(S)(t;) = t;—ym, otherwise.

Let S be an ABS. Put § = A(S) and = = II(S). The binary expansion b(t) of t € T(S)
is the real number b(t) = 0.b1by. . .., where b; = §(7(¢)).

Proposition 2.8. Let S be an admissible ABS. For elements t; and t; of T(S) = {t1 <
to < .-+ <tp}, the following holds.

(i) Suppose A(S)(t;) = A(S)(t;). Then t; < t;j if and only if IL(S)(t;) < II(S)(¢;).
(i) Suppose b(t;) # b(t;). Then b(t;) < b(t;) if and only if i < j.

Proof. (i) follows from the construction of admissible ABS’s. Let us see (ii). Put § = A(S)
and 7 = II(S). By the construction of admissible ABS’s, for elements ¢ and ¢’ of T'(.S), if
d(t) =1 and 6(t') = 0, then n(t') < w(t). First, assume b(t;) < b(t;). Then there exists a
non-negative integer u such that §(7="(t;)) = 6(7~"(¢;)) for non-negative integers v with
v < uwand §(77U(t;)) = 0, §(m“(t;)) = 1. We have then 7= “1(t;) < m=%T1(t;), and

the assertion follows from (i). Next, assume i < j. To lead a contradiction, we suppose
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that b(t;) < b(t;). Then there exists a non-negative integer u such that §(7~"(t;) = 0
and 6(m~"(t;)) = 1, and for non-negative integers v satisfying v < u, we have (77" (¢;) =
§(m(t;)). This implies that 7=“*1(¢;) < 77%*1(t;). We have then t; < ¢; with i < j. By

(i), this is a contradiction. O

We denote by H'(h,d) the set of admissible ABS’s whose corresponding DM, ’s are of
height h and dimension d. We shall translate the ordering C on /W via the bijection from
W to H'(h,d), and we obtain an ordering on H’(h, d) as the notion of specializations of
admissible ABS’s.

We shall give a method to construct a type of the specializations of ABS’s. It will
turns out to correspond to specializations w’ C w with v = ws < w and w' = wvd(u~1),

where s denotes a transposition and v € W;. From S € H/(h,d), we construct a new
admissible ABS .

Definition 2.9. Let S be an ABS with T'(S) = {t1 < --- < t5}. Let i and j be natural
numbers satisfying that A(S)(t;) = 0 and A(S)(¢;) = 1 with i < j. We define an ABS S(*)
as follows. We set T(SV) = {t; <’ --- <t} } to be t, = ty,) for f = (i,7) transposition.
Let A(S(®) = A(S). For a natural number z with z < h, we denote by g(z) the natural
number satisfying I1(S5)(t.) = t,(,). We define I(S©): 7(5©) — 7(S©) by

to if 2 =1,
9(4)

H(S(O))(t;) = t;(l) if z = J
t’g ) otherwise.

Thus we obtain an ABS S(©). We call this ABS small modification by (t;,t;).

Definition 2.10. Let S be an ABS. Let S(® be the small modification by (t;,;). Put
T(SO) = {t; < --- < t,}. We define an ABS S as follows. Let T(S") = T(S®) as sets.
Let <’ denote an ordering of T'(S’). Put A(S") = A(S®) and I1(S') = II(S®). We say
that the ABS S’ is a specialization of S by (t;,t;) if for elements t, and t, of T'(S’),

ty <'t, = b(ty) <b(ty).
We say a specialization S’ of S is generic if £(S") = £(S) — 1.

Note that for the small modification S(9, in general the specialization S’ is not unique.
However, the DM; obtained by the pair (T'(S”), A(S")) is unique. See Example

Remark 2.11. Let S € H'(h,d). Let S’ be the specialization of S obtained by exchanging
(ti,t;) with T(S") = {t| <’ --- <"t} }. We denote by w the element of /W corresponding
to S. Put s = (4,7) transposition. Maps II(S) and II(S’) can be regarded as elements of
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W. We have then II(S) = zw. For the small modification S(© with T(S(©®) = {tgo) <
e < tgzo)}, we define e € W to be t) = t’a(z). Since b(tgo)) <0.1if z <d and b(tgo)) > 0.1
otherwise, € stabilizes {1,2,...,d}. Put v = ws. Then w' = uvf(u~!) corresponds to S’
for u = 27 e~z € W;. The map I1(S’) is obtained by e~ '1I(.S)se.

Next, in Definition below, we introduce the direct sum of admissible ABS’s. The

construction of the direct sum is induced from the direct sum of corresponding DM, ’s.

Definition 2.12. Let S; and S; be admissible ABS’s. We define the direct sum S =
S1 @ So of S; and Sy as follows. Let T'(S) = T'(S1) UT(S2) as sets. We define the map
A(S): T(S) — {0,1} to be A(S)|r(s,) = A(S:) for i = 1,2. Let TI(S) be the map from
T'(S) to itself satisfying that I1(S)|r(s,) = II(S;) for i = 1,2. We define the order on 7'(S5)
so that for elements ¢ and t' of T'(.9),

(i) if b(t) < b(t'), then t < ¢/, and
(ii) ¢t <t if and only if II(S)(¢) < II(S)(¢') when A(S)(t) = A(S)(t').

Notation 2.13. Let N¢ be the minimal DM; of a Newton polygon & = >°7 | (m;, n;).
Let S be the ABS associated to N¢. Then S is described as S = @le S;, where S; is the
ABS associated to the DM; Ny, »,. If an element ¢ of T'(S) belongs to T'(S;), then we
denote by t" or 7" this element ¢ with 7 = A(S)(¢). If we want to say that the element ¢"
is the i-th element of T'(S,), we write ¢] for the element ¢". Furthermore, we often write
7] for the element t] of T'(S) with 7 = A(S)(t]). Moreover, we describe the map II(.S) by

arrows:

Example 2.14. Let us see an example of constructing a specialization. Let £ = (2,7) +
(3,5), and let S be the ABS associated to Ng. Then S is described as

Let S denote the specialization obtained by (0},12). Then S’ is described as

D\ RSN

S'= 1} o) 11 13 of 12 0} of o} 03 12 02 of 0 02 0% 03.
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One can see that these S and S’ satisfy ¢(S") = £(S) — 1, i.e., this S’ is a generic special-

ization of S.

Example 2.15. Next, let us treat a Newton polygon consisting of three segments. Let
£=1(2,7)+(1,2) + (3,5). Then the ABS S corresponding to N¢ is

For this S, the specialization S’ obtained by exchanging 0} and 13 is

AV oS - "SNNNN

T Hwog
We see that this S’ is not generic.
Example 2.16. Let { = (3,4) 4+ (3,2). Then the ABS S corresponding to N¢ is described
as
1§ 13 13 05 17 13 03 0§ 07 13 07 0F.
Let us consider the specialization obtained by 0} and 1%. For elements t of the small

modification 7'(S(?)), binary expansions b(t) are obtained by
0.010101--- if A(S)(t) =1,
0.101010--- otherwise.

Thus in this case, the specialization is not unique. However the DM; corresponding the
specialization is uniquely determined as N¢ with ( = 6(1,1).

For certain Newton polygons £, the ABS associated to N¢ is described as follows:
Lemma 2.17. Let N¢ be the minimal DMy of £ = (mq,n1)+ (ma, n2) with Adg < 1/2 < Ay,

For the above notation, the sequence S associated to N¢ is obtained by the following:

1 1 1 1 42 2 0l 1 42 2 2 2
111y, Oy oo O 13212 0 g w0y 12y ee12 02, -+ 07,
—_———— ~—

mi ni—mai no mi ma—no no
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Proof. See |2|, Proposition 4.20. O

In Definitions [2.18] and [2.19] below, we introduce sequences of sets, which are called
A-sequences and B-sequences, to construct specializations S’ of S combinatorially. Using
this method we can calculate lengths of specializations, and classify generic specializations.
For instance, in Proposition [3.12| and Corollary using this construction, we give a

necessary condition for a specialization to be generic.

Definition 2.18. Let S be the ABS of a minimal DM;. Let S©) he the small modification
by (07, 1;1.). Set 6 = A(S®) and 7 = TI(S©). For non-negative integers n, we write o,
for 77(07). We define a subset Ay of T(S() to be

Ag={t e T(SD) |t < ag and a; < 7(t) in T(S®)), with §(t) = 0}

endowed with the order induced from T(S®). Let n be a natural number. We construct
an ABS S and an ordered set A, by the ABS S(™=1 and the set A,_; as follows. Let
T(S™) = T(S 1) as sets. We define the order on T(S™) so that for t < ' in S~V
we have ¢t > t' if and only if a;, < t/ < 7(tmax) and ¢ = a,, in S=1) " Here t,,., is the

maximum element of A, 1. We define the set A, by
A, ={teT(S™) —T(S,) | t < an and anyq < 7(t) in T(S™) with 6(t) = 6(an)}

endowed with the order induced from S, Thus we obtain the ABS S = (T'(S(), 4, )
and the set A,,. We call {4,} the A-sequence associated to S, 0] and 1?.

Proposition [3.8] implies that if the specialization obtained by a small modification is
generic, then there exists a non-negative integer a such that A, = (). Now we suppose

that there exists such an integer a. Then we can define the following ABS’s and sets.

Definition 2.19. For the ABS S corresponding to a minimal DM;, let S(© be the small
modification by (07, 1%). We write d for A(S®) and 7 for II(S©). Put 8, = 7"(1%) for
non-negative integers n. Assume that there exists the minimum non-negative integer a

such that A, = ), and we define a set By by
By ={teT(5)| By <tand n(t) < By in T(SV) with 6(t) = 1}

endowed with the order induced from T'(S(®)). For the ABS S(®+"~1 and the set B,,_1, we
define an ABS St as follows. Let T(S(@+7)) = T(S(@+n=1)) a5 sets. Let A(S(@H)) =
A(S@tn=1)y and T1(S@+™)) = T1(S@+?=1). The ordering of T(S(t™) is given so that for
t <t in S©@t=1 we have t > ¢ if and only if T(tmin) < t < B and t' = B, where tyin

is the minimum element of B,,_1. We define an ordered set B,, as

B, ={t e T(S“") | B, < t and 7(t) < Bny1 in T(S@) with 6(¢) = §(8n)}
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with the ordering obtained from the order on S(“*™ . Thus we obtain the ABS S(@*t") and
the set B,. We call {B,,} the B-sequence associated to S, 0 and 1.

For a small modification by (0, 1‘;) if there exists non-negative integers a and b such
that A, = () and B, = {), then we call the ABS S+ the full modification by (0F, 19). In
Proposition|3.10] we will see that if the specialization is generic, then for the above sets B,,,
there exists a non-negative integer b such that B, = (), i.e., every generic specialization
is obtained by the ABS S for some integers a and b. The small modification in
Example is an example where the number b does not exist. The specialization of the

ABS S of Example is obtained by S©).

Example 2.20. Let £ = (2,7) 4 (3,5). Let S be the ABS of N¢. The small modification
SO by (0}, 12) is described as

XN RRRTTT

SO — 11 11 ol 12 0o} 12 0} of 0F 12 02 02 0% 0) 02 02 02.

For this S(©), we have sets Ag = {01} and A; = (). The ABS SV is obtained by

/\

S =11 o} 13 123 o} 1} of of o} 13 07 02 0% 0§ 0% 02 0.

O

By the above By = {12}. We have By = {02} with the ABS

A

Clearly By = (). Hence we see a = 1 and b = 1. One can check that the full modification
SG) is equal to S’ of Example

Example 2.21. Let £ = (3,10) + (5,2). The ABS corresponding to the DM; N¢ is

described as
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_ 11 1 1 1 1 1 1 1 1 1 2 2 1 1 1 2 2 2 2 2
S = 11 12 13 O4 05 06 07 08 09 O10 11 12 O11 012 013 13 14 15 06 07 :

Let us treat the small modification S(©) obtained by (0§,13). Then S(© is

O
WX

0
SO = 1j 15 15 0} 05 0f 0} 13 05 0fy 1f 0 0f; Ofy Ojy 13 13 12 0F 07.

We have then Ag = {03,0},}. The ABS SU) is

K

S® =1} 13 1 01 0} 0} 08 13 0§ 0l 17 0470}, 0}y 0fs 13 1f 13703 03
We have A; = {0§,0%}. The ABS 5@ is

2
S =1} 1§ 0 15 0F 0F 05 13 0§ 0fy 1f 0 0f; O}, Ojy 13 13 12 0F 07.

0.
X

The set As is {11}. Similarly, we have A3 = {013}, A4 = {0},}, A5 = {0}} and Ag = 0.
The ABS S is

SO = 11 0} 1513 05 0} 0} 13 oly 0 137040}, ol ol, 13 13 120303
=00

with By = {12}. By definition, we have By = {13}, and the set By is an empty set. Thus
we obtain @ = 6 and b = 2, and the full modification S® is described as

O-

8
S® = 1f 0} 13 15 07 0f 0f 13 0y 05 1f 0 0f, Ofy 0f, 13 13 07 12 07.

\/
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One can see that this full modification satisfies that £(S®)) = £(S) — 1.

See also Example for an example of constructing a full modification.

3. The case of arbitrary Newton polygons

Let £ be a Newton polygon. In this section, we will prove Theorem and reduce
Problem to the case that £ consists of two slopes. Let S be the ABS corresponding
to the minimal DM; N, and let S’ be the specialization of S obtained by (07, 1%) with
r < q. The key statement is that S’ is generic only if the r-th segment is adjacent to the
g-th segment, i.e., ¢ = r 4+ 1, see Corollary Moreover, to show this, we give some
necessary conditions for a specialization to be generic in Propositions and

3.1. Euclidean algorithm for Newton polygons

We denote by NP the set of Newton polygons satisfying that the segments of a Newton
polygon are not all the same. Let NP*P be the subset of NP consisting of Newton polygons
>oiii(mi,ng) with ny/(m, +n.) < 1/2 < ny/(m1 4+ n1). In this section, we introduce a
map from NP to NP*P. In Proposition using this map, we show a property of ABS’s
corresponding to minimal DM;’s. Moreover, thanks to this map, to solve Problem we
may assume that the Newton polygon belongs to NP*P and consists of two segments, see
Section 4] To introduce the map, first, we define two operations of Newton polygons. Let

¢ =57 (mi,n;) be a Newton polygon. We define the Newton polygon ¢P by

z

= (neir1, maiga).
i=1
We call this &P the dual of £&. Moreover, if & satisfies m; < n; for all 4, we define the
Newton polygon £€ by

z

9= (mi,n; —my),

i=1
and we call this £© the curtailment of €.

For the Newton polygon &, we define the height of & by ht(§) = m1 +ny + mg +ng +
<o+ +my + n,. Let £ belong to NP. Let us define a map ¢: NP — NP*P by induction
on the height of £. First we assume z = 2. If £ belongs to NP*P, then define ®(&) = &.
Note that the segments (m;, n;) are different from each other by the definition of NP. So
for at least one segment (m;,n;), we have m; < n; or n; < m;. If m; < n; for i = 1,2,
then we define the image ®(£) of ¢ to be the image of ® of €. On the other hand, if
m; > n; for i = 1,2, then we define the image ®(£) to be the image of ® of ¢PC. Let us
see that this operation ends in a finite number of times. It is obvious that ht(¢°) < ht(¢)
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and ht(£P) = ht(€). Since ged(m;,n;) = 1 for all 4, we see that the height of ¢ is greater
than one. If ht(§) = 2, then, since £ has at least two types of segments, we see that £ is
uniquely determined by £ = (0,1) + (1,0).

Finally, we treat the case z > 2. For the Newton polygon n = (m1,n1) + (mz,n;), let
W be the word of C and D such that ®(n) = 1"V. We define the image ®(&) of ¢ by ¢W.

Remark 3.1. By the above construction, the Newton polygon ®(&) is described as ®(§) =
£ Q2Qm where Q; is either the operation C or the operation D for every i. Thus by the
duality, if Theorem is true, then for all Newton polygons & consisting of two segments,
we obtain a bijection from B(§) to B(®(&)).

Example 3.2. Let & = (5,13) + (7,16). Then ®(¢) is obtained by ®(¢) = ¢CCPC =
(2,5) + (3,2).

Let S (resp. R) be the ABS of N¢ (resp. Nec). Next, we describe a relation between S
and R. In the following lemma, we show that the set T(R) can be regarded as a subset of
T(S) as ordered sets. This relation is used for the proof of Proposition Lemma
and Theorem [I.6]

Lemma 3.3. Let £ = (mq,n1)+ (ma,ng) be a Newton polygon consisting of two segments
with m; < n; for i = 1,2. Let S and R be the ABS’s corresponding to N¢ and Nec
respectively. Put T(S) = {t1,...,tp} and T(R) = {t},...,t},} with h = mi+n1+ma+ny
and h' = ny+ny. We regard T(R) as a subset of T(S) as ordered sets by the map sending

# to t;. Then we have

(3.1) {te T(R) | AR)(t) =1} = {t € T(S) | A(S)(t) = 1}

as ordered sets, and

(3.2) T(S) — T(R) = {II(S)(t) | t € T(S) with A(S)(t) = 1}.
Let t be an element of T(R). We also regard t as an element of T(S). Then

H(S)(t) if A(R)(E) =0,

(33 1 = I1(S)2(t) otherwise

holds.

Proof. Recall that for the i-th element t] of T'(S,), with S, the ABS corresponding to the
DM;i Ni, n,, we have T1(S, ) (t7) = 7, if A(S,)(t;) = 1 and I1(S,)(t]) = t;_,, otherwise.
Since ¢ = (my,n1 —m1) + (ma, ng —ms), it is clear that T(R) is a subset of T(S) as sets,

and we have the standard one-to-one correspondence between {t € T(R) | A(R)(t) = 1}
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and {t € T(S) | A(S)(t) = 1} as sets. Let t and s be elements of {t € T(R) | A(R)(t) = 1}.
Let ¢ and s’ be the elements of {t € T'(S) | A(S)(t) = 1} corresponding to ¢ and s
respectively by the standard one-to-one correspondence. Considering binary expansions,
one can see that b(t) < b(s) if and only if b(t') < b(s). Indeed, the value replacing 1 with
01 for b(t) is equal to b(t"). Put b(t) = 0.b1b2 ... and b(s) = 0.6} .... We have b(t) < b(s)
if and only if there exists a non-negative integer v such that b; = b for | < v and b, < by,.
Hence clearly we have b(t') < b(s’). Thus we obtain the equality as ordered sets, and
this implies that T'(R) is a subset of T'(S) as ordered sets. We immediately obtain the

equalities (3.2]) and (3.3). O
Note that all elements t of T'(S) — T'(R) satisfy A(S)(t) = 0. Example [3.4 below is an

example of Lemma (3.3

Example 3.4. Let £ = (2,7) + (3,5). Let S and R be the ABS’s corresponding to N
and Neo respectively. We have then

BV RN SN

R= 1} 13 0} o} of 12 12 o} 0of 12 02 02.

One can easily check that the equations (3.1f), (3.2]) and (3.3) of Lemma hold.

Thanks to the map ®: NP — NP*P_ we can partially describe the construction of the
ABS corresponding to N¢ for a Newton polygon £. We state it as follows:

Proposition 3.5. Let S be the ABS of a minimal DMy N¢ with & =Y ;_,(mj,n;). For
natural numbers r and q with r < q, we have
() 17 <19, (i) o

q cee Vs q
Myr~+Ny < qu—i-nqa (111) OmTJrl < qu+1

in the ordered set T(S).

Proof. To show the proposition, it suffices to deal with the case z = 2. Note that (iii)
follows from (i) since 07, ., and 0, ., are the inverse images of 17 and 1{ by II(S)
respectively. For a Newton polygon &, let P(£) denote the assertion: The ABS associated
to the minimal DMy N¢ satisfies (i) and (ii). By Lemma if ¢ satisfies that Ay <
1/2 < A1, then P(€) holds. To show that P () is true for all Newton polygons &, we claim
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(A) If P(¢P) holds, then P(£) also holds;
(B) If m; < n; for all i and P(£°) holds, then P(¢) also holds.

The claim (A) is obvious by the duality. Moreover, by Lemma we see that (B) holds.
In fact, let R be the ABS corresponding to Nec. Clearly 1} < 12 holds in T(S) by

Lemma Moreover, in T'(S), the inverse images 0;, ,,, and 02, of 0} and 02,
respectively by II(S) satisfy that 0}, ., < 0%, since in T(R) we have 0, < 02 . For

a Newton polygon &, we have the Newton polygon ®(§) satisfying Ao < 1/2 < A; using
the map ®: NP — NP®*P_ whence the assertion of the proposition follows from (A) and
(B). O

3.2. Combinatorial construction of generic specializations

In this section, using A-sequences and B-sequences defined in Definitions and
respectively, we construct a full modification, which is a specialization constructed combi-
natorially, for a given small modification.

We use the notation of Notation [2.13] Furthermore, we fix the following notation.
Let S be the ABS associated to N¢. Let S(® be the small modification by (07, 1?) with
r < q. Then we obtain arrowed binary sequences S1), S ... and the A-sequence {A,} by
Definition Put § = A(S©®) and 7 = II(S©®). We set a,, = 7"(0}) and 3, = 77”(1?)

for non-negative integers n.

Proposition 3.6. Let a’ be the natural number satisfying that ag = By. Let n be a natural

number with n < a’. The set A, is equal to
(3.4) {m(t) |t e Ap_1,m(t) € T(Sq) and §(m(t)) = d(own)}-

Proof. Note that, for elements ¢ and t' of T(S™), with n < o/, we have t < t' and
7(t') < w(t) with §(¢) = 0(¢') if and only if t € A,, and ¢ = «,,, or t = By and ¢’ € B,
where B} = {t € T(S©)) | By < t and 7(t) < By in T(S©)) with §(t) = 1}. First, take an
element 7(t) of the set (3.4). Let us show that this m(¢) belongs to A,. We describe the

part of S~V ag
7RI

ant1 ® w(n(t)) an o w(t) e t ap_q.
Since t belongs to A,_1, we see o, < 7(t) in T(S™ V). As §(n(t)) = 6(cy,), this induces
i1 < m(m(t)) in T(S™V). To construct S, we move the element a, to the right side

of the maximum element of (A, ;). By construction, the part of S can be described

as
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ant1 ® w(n(t)) o mw(t) o, ® t ap_q.

We have then 7(t) < ay, and a1 < 7(7(t)) in S™. Hence we see that 7(t) belongs to
Ap.

Conversely, take an element ¢’ of A,,. There exists the element ¢ of T(S(™) such that
t'" = 7w(t). It suffices to show that ¢ belongs to A,_1. This t satisfies that 7(t) <
and a1 < m(w(t)) in T(S™) by the definition of A,. Since &(n(t)) = §(cv,), we have
ni1 < m(m(t)) and o, < 7w(t) in T(S™~D). On the other hand, to lead a contradiction,
suppose ay,_1 < tin T (S(”_l)). Then for the maximum element ¢, of A,_1, since
ap < T(tmax) < w(t) in T(SM™D) we have a,, < 7(t) in T(S™) by the construction
of A,. This is a contradiction. Thus we have shown that ¢ < a,_; in T(S™ 1), and t
belongs to A,_1. Hence we see that ¢’ belongs to the set . O

Proposition 3.7. Let n be a non-negative integer. A, does not contain elements oy, for

m <n.

Proof. Note that for every non-negative integer n, by the definition of A,, the set A,, does
not contain the inverse image a_1 of g by TI(S®) as a_; is an element of T(S,). Here
Sy is the ABS corresponding to the DMy Ny, . Let us show the assertion by induction
on n. The case n = 0 is obvious. For a natural number n, to lead a contradiction, suppose
that A,, contains a, for a non-negative integer m with m < n. By Proposition [3.6] then

A,_1 contains ;1. This contradicts the hypothesis of induction. ]

Proposition 3.8. If there ewists no non-negative integer a such that A, = (), then the

specialization S is not generic.

Proof. First, let us construct the specialization combinatorially in this case. Let a’ be the

minimum number satisfying a, = Bo. Let B}y be the subset of T(S(®)
By ={teT(SD) | By < tand 7(t) < B in T(SV) with §(t) = 1}.

A part of the ABS S(@~1) can be described as

T

Bo s w(t) n(s) P m(t) t Qg .

Suppose that 7(Ag—1) is contained in Bj). Then, since t’ < [y and 7(¢") < p1 in
T(5(@)) for all elements ¢ of w(Aq_1), there is no element s € T(S@)) such that s < g
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and ag 11 < w(s), i.e., Ay is empty. This is a contradiction. Thus there exists an element
t' of Ay_y such that By < w(t) and B < 7w(w(t')) in T(S@~V) with §(8) = d(x(t')).
Then for all elements s of By), we have s < w(t'). In fact, if 7(¢') < s, then 7(¢') < s and
7(s) < w(mw(t')) holds with §(s) = §(m(¢')), and this is a contradiction. Thus there exists
no element u of T(S()) such that Sy < u and 7(u) < f;. This implies that elements ¢
and t' of T(S(@)) with t < t' satisfy (t') < m(t) if and only if # = a and t € A,. By
hypothesis, there exists a non-negative integer m such that |A4,,| = |Am+1]| = ---. By the
definition of the sets A, for n > m, all elements ¢ of A,, have the same value 6(¢). For
this number m, the elements of T'(S (m)) are ordered by binary expansions by 7. Let S’ be
the admissible ABS associated to (5(t1),...,68(t,)) with T(S(™) = {t; < --- < t;,}. Then
S’ is a specialization of S. Note that £(S") = £(S(™).

Here, let us compare lengths of S and S’. One can see that £(S) — £(S©) = |Ag| +
|B)| + 1. Since £(S™) — £(S) < |Ag| — |Apml, we see £(S") < £(S) — 1. O

By Proposition (3.8, we may assume that there exists a non-negative integer a such
that A, is an empty set to classify generic specializations S’ of S.

In Proposition below, we will show that to classify generic specializations, it
suffices to consider the case that there exists a non-negative integer b such that By = 0.
Note that, to show Proposition [3.10, we may assume that there exists a non-negative
integer a such that A, = (). Let us see a property of the B-sequence, which is used for the

proof of Proposition [3.10

Proposition 3.9. Let n be a natural number. The set B, is equal to
{m(t) | t € Bp—1 and §(n(t)) = 6(Bn)}-

Proof. Note that the B-sequence is the “dual” object of the A-sequence. A proof is given
by the same way as Proposition [3.6 ]

Proposition 3.10. If there exists no non-negative integer b such that By, = 0, then the

specialization is not generic.

Proof. In this hypothesis, there exists a non-negative integer m such that |B,| = |Bpn+1| =
-+ +. By the definition of the sets B, for n > m, all elements ¢ of B, have the same value
§(t). Then the elements of T'(S(**™)) are ordered by these binary expansions by 7. Let S’
be the admissible ABS associated to (6(t1),...,0(ty)) with T(S©@T™) = {t; < --- < t,,}.
Then S’ is a specialization of S. Note that £(S’) = ¢(S(+m)),

Let us compare lengths of S and 5. Tt is clear that £(S) — £(S©) = |Ag| + |Bj| + 1,
where the set B|) is same as in Proposition If the non-negative integer a satisfies
a > a' with the minimum number o’ satisfying o, = By, then |By| < |B{| by the proof of
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Proposition Since £(S(®) — £(S©) < |Ag| and £(S@T™) — ¢(S@) < |By| — | By, we
see that the specialization S’ is not generic in this case. Let us see the case a < a’. For
a natural number n such that §(«,) = 1 and A,_; contains the inverse image of [y, we
see that «,, belongs to By. Let I be the set consisting of such elements c,,. We have then
By = ByUI. If a, belongs to I, then £(S™) —¢(S1) = |A,_1| - |A,| — 1 since By does
not belongs to A,. Thus we have £(S(®) — £(S©) < |Ag| — |I|. As £(Se+™)) — p(§(@)) =
|Bo| — | By | with | By,| > 0, we have

(8" <4(S) —1—|Bnl.
Thus we see that £(S”) < £(S) — 1. O

By Propositions [3.8 and [3.10] to classify generic specializations, we may suppose that
there exist non-negative integers a and b such that A, = @ and B, = () for a small
modification. For the ABS S(¢+0) if elements ¢ and ¢’ of T'(S(*+) satisfy that t < ¢’ and
5(t) = 4(t'), then w(t) < w(t') holds. Thus in this assumption, the specialization S” of S
by (07,19) is obtained by S = S(@+%) We call this ABS S(@+%) the full modification by

1777
(07, 17).

3.3. Proof of Theorem

The main purpose of this section is to prove Theorem [I.5] The notation is as above.
Let S denote the small modification by (Of,lg) with r < ¢ and 0] < 1;1. in T(S).
Using Lemma (3.11] and Proposition below, we will show that, to classify generic
specializations, we may suppose that the r-th segment of the Newton polygon £ is adjacent

to the ¢-th segment, i.e., ¢ = r + 1, see Corollary

Lemma 3.11. Let S be the ABS associated to N¢ with & = Y . (mi,n;) a Newton
polygon. Let 0" and 19 be elements of T'(S) satisfying that the r-th segment is not adjacent
to the q-th segment, i.e., ¢ >r+1, and 0" < 19 in T(S). Then there exists an element t*
of T(S) such that r <z < q and 0" < t* < 14.

Proof. For a Newton polygon £, we write Q() for the assertion: For elements 0" and 19 of
the ABS associated to N¢ satisfying that r +1 < q and 0" < 19, there exists an element t*
such that r < x < q and 0" < t* < 19. It suffices to treat the case z =3, r =1 and ¢ = 3.
If Ay = Ag (resp. A2 = A3) holds, then we immediately have the desired element ¢* since
for elements 0} < 1?, the element 07 (resp. 1?) satisfy 0} < 07 < 1? (resp. 0} < 1? < 13’)
From now on, we assume that the slopes are different from each other. We treat

Newton polygons satisfying one of the following;:

(i) )\3<1/2§)\2<)\1, (ii) )\3<)\2§1/2<)\1.
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By the duality, if Q(¢) is true for all £ satisfying (i), then Q(§) holds for all £ satisfying
(ii). Suppose that ¢ satisfies (i). Put hy = mgz + n, for all z. By Lemma in the
subset T'(S; @ S3) of T(S), there exists no element ¢ satisfying that 0}, < ¢ < 1} or
0,1L1 <t< 1%3“, where the ABS S; corresponds to the DMy N, »,,. Hence it is enough to
show that there exist elements ¢2 and ti such that 0}, < ¢2 < 17 and O}IL1 < t% < 1%3 41 in
T(S). If Xy is greater than 1/2, then these elements are obtained by 2 = 02, and t2 = 0,212.
In fact, by Proposition we have 07111 < 0,%2 and O}H < 0%2. Moreover, considering the
subset T'(S2 & S3) of T'(S), by Lemma we obtain 0%, < 1} and 0%2 <13 0 I X
equal 1/2, then the desired elements t2 and tZ are obtained by 1% and 0% respectively.
Let us show that Q(§) holds for any Newton polygons £. We claim that

(A) If Q(£P) holds, then Q(€) also holds;
(B) If m; < n; for all i and Q(£C) holds, then Q(¢) also holds.

If the claims (A) and (B) are true, then for a Newton polygon ¢ in NP, using the function
®: NP — NP*P defined in Section the proposition is reduced to the case (i) or (ii),
and we complete the proof. The claim (A) is obvious. Let us show (B). Let S (resp. R)
denote the ABS associated to ¢ (resp. £€). By Lemma we can regard T'(R) as a subset
of T'(S) as ordered sets. Let U (resp. V') be the subset of T(R) x T'(R) (resp. T'(S) x T'(S))
consisting of pairs (0%, 13) of elements of T(R) (resp. T(S)) satisfying 0! < 13. Again by
Lemma 3.3 since all elements t of T(S) — T(R) satisfy A(S)(t) = 0, we have U = V. Thus
(B) holds. O

Compare Examples and for an example of Lemma [3.11
In Proposition below, we give necessary conditions for specializations to be generic.
Moreover, by Corollary below, we see that to classify generic specializations of the

ABS corresponding to a minimal DMy, it suffices to treat specializations by pairs (0", 171).

Proposition 3.12. Let S be the ABS associated to N¢ with & = Y7 (m;,n;). For the
small modification S© by (or, 1?), if either of the following assertions

(i) the set Ay contains an element 0* with r < x, or
(ii) the set By contains an element 1° with x < q
holds, then the specialization S" by (0, 1;1-) is not generic.

Proof. Put 7 =T1(S®) and § = A(S©®). Set a,, = 7"(0]) and B, = 71'”(1?) for all n. By
Propositions (3.8 and we may assume that there exist non-negative integers a and b
such that A, = 0 and By = (. Put

B, ={teT (5| By <tand 7(t) < B1 in S with 6(t) = 1}.
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For this set, £(S) — £(S©)) = |Ag| + |B)| + 1. Define d(n) by

|An| — [Apsr| if 7 < a,

d(n) =
|Bp| — |Bn+1| ifn>a.

We have then £(S™+1)) —¢(S™)) < d(n). Clearly £(S") —£(S®) < |Ag| +|Bo| holds. First,
we show that £(S") —£(S©)) < |Ag|+|Bp|. Let I be the subset of By consisting of elements
which are of the form ,, for some natural number m. We have then |By| < |By| + |I].
Let m be a non-negative integer such that A,, contains the inverse image of 5. We have
then £(S(M*1) — ¢(S(™) < d(m) — 1 since fy is not contained in Ap,y1. If 6(mer) = 1,
then a,, 41 belongs to I. Hence we see £(S(®) — ¢(S©)) < |Ag| — |I|. Moreover, we have
0(S") — £(S®)) < |Byl|. Thus we get the desired inequality.

Let us see that in the case (i) the specialization is not generic. Let m be the minimum
number such that the set A,, contains no element t* with r < x. Take an element t* of
Ap—1 with r < z. Put t = m(t*). Note that since ¢ does not belong to A,,, the values of
t and «,, are different from each other. Now we claim that §(¢f) = 1 and d(ay,) = 0. If
d(t) =0 and d(ayy,) = 1 is true, then there exists an element 1% satisfying a,, < 1* <t in
T(S). In fact, if 1, < ayy, holds in T'(S) for all n, then we have 17, < 17, with r < z. By
Proposition this is a contradiction. Thus we see that the set A,, contains the element
1%. This contradicts the minimality of m. Hence we have §(t) = 1 and §(a,,) = 0, and it
implies that £(S(™) — ¢(S(™=1) < d(m). This induces that £(S@) — £(S©)) < |Aq| — |1].

Let us treat the case (ii). In the same way as the case (i), if By contains an element
t* with z < g, then there exists a non-negative integer m such that ¢(S(™)) — ¢(S(m—1) <
d(m). In fact, for the minimum number m such that B,, contains no element t* with
x < g, take an element t* of B, satisfying < ¢. Then for ¢t = ("), we have §(t) =0
and 6(5,) = 1 since if §(¢) = 1 and 6(8,,) = 0 is true, then there exists an element 0% of
T(S) satisfying that ¢ < 0 < ,, by Proposition This implies that B,, contains an
element 0%, and this contradicts the minimality of m.

By the above, in the cases (i) and (i), we have £(S") — £(S©) < |Ag| + | B}, and by
0(S) — £(S©) = |Ag| + | Bh| + 1, it follows that £(S’) < £(S) — 1. O

Corollary 3.13. If the r-the segment is not adjacent to the q-th segment, i.e., ¢ >+ 1,

then the specialization is not generic.

Proof. Put § = A(S). For a small modification by (0",17), it follows from Lemma
that there exists an element ¢t* of T'(S) such that 0" < t* < 19 and r < =z < ¢. If
d(t*) = 0, then the element t* belongs to Ag, and the assertion immediately follows from
Proposition Let us see the case 6(t*) = 1. If the set By contains t*, then by
Proposition [3.12) we complete the proof. Let us consider the case that the element ¢* with
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d(t") = 1 does not belong to By. For the set B(, of Proposition t* is contained in By).
Thus, if t* does not belong to By, then the minimum number a satisfying A, = () must
satisfy that a > o/, where o’ is the minimum number such that a, = fy since |By| < |B{)|
only if a > @’. In this case, we have |By| < |Bj| + |I|, where the set I is the same as the
set in the proof of Proposition Clearly we have £(S) — £(S(©) = |Ag| + |Bj| + 1. As
0(S") — £(S©)) < |Ag| + | Bo| — ||, we are done. O

Example below is an example of a specialization which is not generic. This
example indicates that for the small modification S© by (0", 19), if the r-th segment is
not adjacent to the ¢-the segment, then the specialization by 0" and 19 is not generic.
Compare with Example

Example 3.14. For the ABS S of £ = (2,7)+(1,2)+(3,5), consider the small modification
by (04,13). Then the ABS S is

NN TSR

SO = 11 11 ol 13 ol 12 13 o} of ol 02 13 03 03 0% 05 0% 03 03 0F.

We have Ay = {0}} and A; = (). Thus we see a = 1. We have sets By = {12,13} and
By = {03,023} with the ABS S®

= Hwﬁ.

By the ABS S®), we obtain the set By = {03}. Similarly, we obtain Bz = {12}, By = {03}
and Bs = 0 with the ABS’s S®, S0®) and S©). Hence we have b = 5, and the full
modification S is equal to S’ of Example

Let £ = > 7 ,(ms,n;) be a Newton polygon. Let S be the ABS of the DM; N¢.
Recall that the ABS S is the direct sum S = @;_; S; of ABS’s S; corresponding to the
DM Ny, n;- Propositions [3.§ and imply that all generic specializations are given by
full modifications. Now let us show Theorem This theorem says that to determine
generic specializations of H () it is enough to deal with Newton polygons consisting of

two segments.



932 Nobuhiro Higuchi

Proof of Theorem [1.5] Let S be the ABS of N¢. Let us construct a bijection map

z—1

|_| {generic specializations of R;} — {generic specializations of S},

i=1
where R; denotes the ABS corresponding to the DM; of the two slopes Newton polygon
(mj,n;) + (Mit1,ni41). As we can regard T'(R;) as a subset of T'(S) as ordered sets, we
denote by t! (resp. t;“) the i-th (resp. the j-th) element of the first (resp. the second)
component of R,, corresponding to the segment (m,,n,) (resp. (m,+1,n,41)). By Corol-
lary it suffices to show the claim: The full modification of S by (07, 1;“) is generic

if and only if the full modification of R, by (0, 1;“) is generic. For a small modification

SO by (0F, 1;“) of S, we use the same notation as Definitions and To simplify,
set 7 = I(S©) and 6 = A(S©). Let E (resp. F) denote the subset of Ay (resp. By)
consisting of elements 0% (resp. 1Y) with x # r (resp. y # r + 1). Put R = S, & Sy41.
Let R’ be a generic specialization of R by (0, 1;“), and let S’ be the specialization of

S by (07, 1;“). For the small modifications S(® and R(®) by (07, 1;“), we clearly have
0(S) — £(S©) = ¢(R) — ¢(R©) + |E| + |F|. To show the claim, it suffices to see that

0(S) —£(S") =¢(R) — L(R). So we will show that
(3.5) 0(8") = 6(8) = ¢(R) — £(RV)) + |E| + |F).

Let m be the minimum number such that o, = 17, . Let Co,Ch, ... be the A-sequence
associated to R, 0] and 1;“. Note that as R’ is generic, there exists a non-negative integer

a’ such that Cy is empty. We show the following three claims:
(a) for every element 0% of E, we have z < r,
(b) there exists no element t* of A, such that x # r,

(c) there exists a non-negative integer a satisfying A, = ), and

(3.6) 08y — 05Oy = ¢(R“)) — ¢(RO) + |E|.

Put ¢ =+ 1. To show (a), suppose r < z. For an element 0* of Ay, we have 0% < 07 in
T(S©). So it is clear that 0 < 17in T(S). Then clearly 07, |, <O0f, 4 in T(S), and by
Proposition we have © < ¢. As r and ¢ are adjacent, this is a contradiction. We have
shown (a). To show (b), suppose that A,,_; contains an element ¢* with x # r. Then
there exists an element t& of Ag such that 7~ 1(t%) = t* by Proposition and by (a),
we see x < 1. Then 6(7(t*)) = 0. In fact, if 6(w(t*)) = 1, then we have 1}, < w(t*) < 15,
with z < r. By Proposition this is a contradiction. Since §(a,,) = 1, we obtain
(b). Let us show (c). Note that the sets C), satisfy A, = C,, U{t* € A, | x # r} for
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all n. Thus, using (b), there exists a non-negative integer a such that A, is empty. Let
n be a non-negative integer. Suppose that the set A, contains an element ¢* such that
m(t*) does not belong to A,,4+1. Note that §(a,+1) and d(7(t*)) are different from each
other by the definition of A,4;. To show , it suffices to show that d(a,41) = 1
and d(m(t*)) = 0. In fact, let E, be the subset of A, consisting of elements t* with
x # r satisfying that 7(¢*) does not belong to A,+1. If 6(apt1) = 1 and o(7(t*)) = 0
are true, then £(SM+D) — ¢(SM) = ¢(RC+1) — ¢(R™) + |E,|, and by (b), we get the
equation (3.6). To read a contradiction, suppose that d(an41) = 0 and §(m (%)) = 1.
We have then 07, . < apq1 < 7(t*) < 05, 1. As x < 7 holds by (a), this contradicts
Proposition [3.5]

Similarly, we have the “dual” of (a), (b) and (c). Let m’ be the minimum number such
that 3, = Ofnq 4+1- Then

(d) for every element 1Y of F', we have ¢ < y,
(e) there exists no element t¥ of By, such that y # ¢,

(f) we have

(3.7) 08"y — (S = ¢(R) — ¢(R“)) + |F).

By (3.6) and (3.7)), we get (3.5). Thus, for a generic specialization R’ obtained by (07, I;H),
the specialization S’ of S obtained by (07, 1%"1) is generic. In the same way, one can check

17 7]
if a specialization S’ of S by (0F, 1;“) is generic, then the specialization R’ of R by
07, 1;“) is also generic. O

Example 3.15. Let £ = (2,5) + (3,7) + (3,2). For the small modification obtained by
(02,13), the set Ap contains 0f. One can check that the specialization by (02, 1) is generic.
Moreover, for the ABS corresponding to N(3 7)1 (3.2), the specialization by (0}, 12) is also

generic.

4. The case of Newton polygons consisting of two slopes

In this section, to solve Problem [I.4] we give a proof of Theorem In Section 3] we have
seen that it suffices to deal with Newton polygons consisting of two segments to classify
generic specializations. Thus we mainly treat Newton polygons consisting of two segments
in this section. The notation is as Sections 2l and [3

For a Newton polygon &, we have a bijection from B(¢) to B(¢P), see the paragraph
after Theorem [1.6] See for the definition of B(§). Moreover, to get a bijection
between B(¢) and B(£C), we use Lemma If Theorem is true, then using the two
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bijections and the map ®: NP — NP*P defined in Section [3.1} we can reduce Problem [1.4]

into the case of [3].

Proof of Theorem [1.6 Let S (resp. R) denote the ABS associated to ¢ (resp. £¢). Let
G(S) (resp. G(R)) denote the set of generic specializations of S (resp. R). The assertion
is paraphrased as follows: There exists a map G(S) — G(R) defined by sending a generic
specialization S’ of S obtained by (07, 1j2) to the generic specialization R’ of R obtained by

(0}, 1?), and this map is bijective. The set T'(R) can be regarded as a subset of T'(S) as

ordered sets, see Lemma Again by Lemma we have
{(01,1%) € T(S) x T(S) | 0' < 12 in T(S)}
= {(0',1*) e T(R) x T(R) | 0' < 1% in T(R)}.

Take elements 0} and 1J2~, with 0} < 1?, of T(S) such that the specialization S’ of S by

(0}, 13) is generic. Let {A,} (resp. {A},}) be the A-sequence associated to S, 0} and 1?
(resp. R, 0} and 1?), see Definition for the definition of the A-sequence. Clearly we
have Ag = Al and £(S(®) = ¢(R")). For a non-negative integer n, suppose that A,, = A/,
and £(S™) = ¢(R™). If elements t of A, satisfy that A(R)(t) = 0, then by Lemma
we see that A, 11 = A/, and £(S"FV) = ¢(RM™+D). Moreover, if elements ¢ of A/, satisfy
A(R)(t) = 1, then it follows from Lemmathat Apto = Aj and 0(SH+2)) = (R,
Note that in this case A,,+1 is not empty. Thus, as the specialization S’ of S by (0}, 1?)
is generic, it follows from Proposition and the above that there exists the minimum
number a (resp. a’) such that A, (resp. Ay) is empty. Similarly, for the B-sequence
{B,} (vesp. {B.}) associated to S, 0} and 132‘ (resp. R, 0} and 1?), we have By = B|
and £(S®) = ¢(R@)). See Definition for the definition of the B-sequence. For a

non-negative integer n, suppose that B,, = BJ,. Similarly as above, we have
Bns1 = Bl and £(S(@+n+D)) = ¢(R@Hn+D)) if A(R)(t) = 0 for t € B,
Bnio = Bl and £(S(@++2)) = ¢(R(@++1))  otherwise.
Thus we see that /(R') = ¢(R) — 1 if and only if £(S") = ¢(S) — 1. O
The following is an example of Theorem See also Example

Example 4.1. Let £ = (2,7) + (3,5). We have then ¢© = (2,5) + (3,2). Let R be the
ABS associated to N¢c. For this ABS

/KK X 20NN

R=1; 13 03 0 05 1 15 0g 07 13 0F OF,

the specialization R’ obtained by exchanging 0} and 13 is



On the Boundary Components of Central Streams 935

AV 22NN

R'=1{ 0} 1} 13 o} 12 o} o} ol 03 13 0Z.

\/

For the small modification by (0}, 13), we have sets Ay = {0}, A1 = 0, By = {17} and
By = (). Thus we have a = 1 and b = 1. Compare with Example A-sequences and
B-sequences of S and R. By Example we can regard T'(R) as a subset of T'(S5) as
ordered sets. One can check that these R and R’ satisfy ¢(R’) = ¢(R) — 1. Moreover, the
sets of pairs (0}, 13) constructing generic specializations for ABS’s corresponding to N¢
and N¢c are both

{(03,11), (03, 13), (03, 19), (05, 13), (05, 13), (07, 13)}.
5. Determining Newton polygons of generic specializations

In this section, we prove Theorem Let & = ),(m;,n;) be a Newton polygon. By
Corollary for the ABS corresponding to N¢, generic specializations are obtained by
specializations by 0" and 171

two segments in order to show Theorem

. First, we see that it suffices to deal with & consisting of

Lemma 5.1. If Theorem is true for & with two segments, then Theorem is true
for any &.

Proof. Let w € B(&). Then there exists the generic specialization w’ in B(;) correspond-
ing to w via the map obtained in Theorem for some ¢ with & = (mg, 1) + (Miy1, Nig1)-
By hypothesis, we have a Newton polygon ¢’ satisfying (i) and (ii) of Theorem for &;
and w'. Put ¢ = (my,n1) + -+ (mi—1,ni—1) + ' + (Miy2,ni12) + -+ + (mz,n;). Then
this ¢ satisfies (i) and (ii) of Theorem [1.8 for £ and w. O

The key statement for the proof of Theorem [I.8]is Theorem [5.2] below. We show the
theorem by reducing it to the case that the Newton polygon of a minimal DM consists
of two segments, where one slope is less than 1/2 and the other slope is greater than 1/2,

see [3, Section 5] for the proof in the case.

Theorem 5.2. Let £ = (my,n1) + (m2,n2) be a Newton polygon consisting of two seg-
ments. Assume many —ming > 1. For any element w of B(&), there exist a specialization
w” of w and a segment p such that

uf:w’@wp

with w' € B(£') and p = (¢, d), where & is either (my —¢,n1 —d) + (ma,n2) or (m1,n1) +

(mg —c,ng —d):
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so that the area of the region surrounded by &, & and p is one.

Proof. If & = (m1,n1) + (ma,n2) belongs to NP*P, then we have shown this fact in (3,
Proposition 5.1]. In this case, it is straightforward to see that maon; — ming = 1 if and
only if £ = (0,1) + (1,0).

Let us show the statement by induction on the height of £&. Consider the case that
& does not belong to NP*P. Then ¢ satisfies m; < n; for i = 1,2 or n; < m; for
i = 1,2. If the Newton polygon ¢ satisfies the latter, then we replace ¢ with &P =
(n2,m2) + (n1,m1). Thus it suffices to see the case that & satisfies the former. Recall
that for a Newton polygon & = (my,n1) + (mae, n2) satisfying m; < n; for i = 1,2, we set
€€ = (m1,n1 —m1) + (ma,n2 — ma), see the first paragraph of Section Put n = £C.
Let w € B(¢). We denote by w® the image of the map B(¢) — B(n) of Theorem
It is clear that the height of 7 is less than that of £&. By the hypothesis of induction,
there exist a specialization (w®)™ of w® and a segment 7 such that (w®)™ = v ® wy,
with v € B(7), where 1’ is uniquely determined by n and 7 so that the area of the
region surrounded by 7, 7’ and 7 is one. Then we construct required w™ as follows. We
denote by S (resp. R) the ABS corresponding to w (resp. w®), which is the type of N
(resp. Ng) in the notation of 3, Section 5]. By Theorem if we write {s; < --- <sp}
(resp. {s}] < --- < s},}) for the ordered set T'(S) (resp. T(R)), with h = m; +ni+ma+ns
and h' = ny + ng, then s, = ¢, for z = 1,...,h’. Moreover, if A(S)(s;) =1 for an integer
x, then T1(S)?(s,) = IH(R)(s,), see Theorem Suppose that the specialization R~ of
R by (0}, 13) corresponds to (w®)~
S by (0f,1%). If we denote by {t; <’ --- <’ tp} and {t} <" --- <’ 1},} the ordered sets
T(S™) and T(R™) respectively, then t, = ¢/, for x = 1,..., h’. Moreover, if A(S7)(t;) =1
for an integer x, then IT1(S™)2(t,) = II(R™)(t,). Thus we see that S~ corresponding to
w™ = w ® wp, with (w)® =v and p© = 7. O

= v @ w,. Let us consider the specialization S~ of

Remark 5.3. Let £ = (my,n1)+ (m2,n2) be a Newton polygon consisting of two segments.
If man; — ming = 1, then B(€) consists of only one element, and it is we with ¢ =
(my1 + mao,n1 + n2). Note that { < & is saturated. This fact is proved by reducing the
problem to the case of £ = (0,1) + (1,0) via the map ®: NP — NP*®_ in the similar way
as the proof of Theorem

Theorem follows from Theorem Indeed, this can be proven in the same way

as the proof of [3, Theorem 1.3], but we write the proof for the reader’s convenience.
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Proof of Theorem [I.8 Thanks to Lemma [5.1] we may assume that & consists of two seg-
ments. Put & = (m1,n1) + (m2,n2). Let us show the statement by induction on the value
moni — ming. The minimum value is one. We have discussed the case of the minimal
value in Remark [5.3

Suppose that man; — minso is greater than one. Then, by Theorem n, for w € B(§),
there exist a specialization w™ and a segment p such that w™ = w’ G w,, with v’ € B(¢’),
where £ = (m/,n}) + (mh,n}) is uniquely determined by & and p so that the area of the
region surrounded by &, ¢ and p is one. Note that min] —m/n} is less than maon; —mqna.
By the hypothesis of induction, there exists a Newton polygon ¢’ such that ¢’ < ¢ is
saturated, and we C w’. Then the Newton polygon ¢ = ¢’ + p satisfies that { < ¢ is

saturated, and w¢ C w. ]

Remark 5.4. Thanks to Theorems and by the same argument as the proof of |4}
Theorem 5.1], for a Newton polygon & and for a generic specialization w of wg, we obtain

a sequence
(5.1) we = w(") C w(”_l) C---C w(l) C ’LU(O) = w,

where w1 is a specialization of w®, and w® corresponds to Ng_i ® (N, ® Nop®--- &
N,i-1) in the notation of [3, Section 5], where p' is the p appearing when we apply [3,
Proposition 5.1] to £&'. Moreover, n+ 1 is equal to twice the area of the region surrounded
by ¢ and £ (cf. [4, Section 4]). Note that ¢ < ¢ is saturated. From this, for w and w™ of
Theorem we obtain /(w™) = f(w) — 1, i.e., w™ is a generic specialization of w because

otherwise (5.1]) implies £(w¢) — ¢(w¢) < n + 1, which contradicts [4, Corollary 5.2].
Here is an example of Theorems and

Example 5.5. Let ¢ = (2,7) + (3,5). Let R denote the ABS corresponding to £€ =
(2,5) + (3,2). Let R~ be the generic specialization obtained by exchanging 0} and 13.
Consider the full modification by (03,13) for R~. Then this full modification can be

NS0 N N

11 0 12 12 0} of 02 12 02 @ 13 0! ol.

The former component is a generic specialization of N 3)4(3,2), and the latter component
is associated to the Newton polygon (1,2) consisting of one segment. For the first com-
ponent, let us consider the full modification by (OZ, 1%) We have then the specialization
N(_173)+(271) @ N(1,1).- One can see that we obtain the Newton polygon ¢’ satisfying (i) and
(ii) of Theorem for ¢€© by ¢’ = 2(1,2) +3(1,1).



938 Nobuhiro Higuchi

Next, for the ABS S corresponding to V¢, let S~ be the generic specialization obtained
by exchanging 0} and 13. The specialization of S~ by 03 and 1} is described as

D/ SO 7RO VAN

11 0d 12 12 0f of 02 12 02 0} 02 02 02 @ 15 0} 0l 0f.

The former component is a generic specialization of N1 4)4(35), and the latter component
is associated to the segment (1,3). For the first component, let us consider the full
modification by (0%, 1%). We have then the specialization N(_1’4)+(2’3) @ N 2)- If we write
¢ for the Newton polygon satisfying (i) and (ii) of Theorem for £, we have then
¢ =2(1,3) + 3(1,2), and one can easily check that (¢ = ¢’.
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