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Optimality Conditions for Quadratic Programming Problems in Hilbert

Spaces

Vu Van Dong

Abstract. In this paper, we give optimality conditions for the quadratic programming
problems with constraints defined by finitely many convex quadratic constraints in
Hilbert spaces. As special cases, we obtain optimality conditions for the quadratic

programming problems under linear constraints in Hilbert spaces.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and the induced norm || - ||. In

this paper we will study the following optimization problem

min £ (z) = £ (#,Qa) + (e, )
(QCQP) |
st. xeH: gi(x):= §<x,Q1x> +{ci,x)+a; <0, i=1,2,...,m,

where H is a Hilbert space, Q: H — H is a continuous linear self-adjoint operator, @Q); is
positive semidefinite continuous linear self-adjoint operator on H, ¢,c¢; € H, and «; are

real numbers, i = 1,2,...,m.

The constraint set of (QCQP) is denoted by
1
F = {x EH ‘ gi(x) = §(x,Qix> + (¢i,z) + ; <0 for all i = 1,...,m}.

If Q; are zero operators for all ¢ = 1,...,m, then we say that is a quadratic
programming problem under linear constraints and denote it by (QPL). Note that if @ and
Q; are zero operators for all i = 1,...,m, then becomes a linear programming
problem and will be denoted by (LP).

Quadratic programming problems (QP problems, in short) have been studied fairly
complete in the setting of Euclidean spaces, see [8] and references therein. For infinite

dimensional spaces, it was extended to Hilbert spaces. Existence of the solutions for
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QP problems in Hilbert spaces have been investigated extensively in various versions,
see [1,3L/4}7,10-12] and references therein.

Optimality conditions for nonlinear programming have been intensively studied in
literatures, such as [69] and therein reference. Optimality conditions for (QCQP]) are well-
known in [2]. For first and second-order necessary conditions, the proof techniques and the
conclusions are the same for the finite-dimensional and the infinite-dimensional situations.
However, this changes completely when trying to establish sufficient optimality condition.
Borwein |2 gave the second-order sufficient condition by assuming that constraint set F' is
finite-dimensional. Bonnans and Shapiro [1, Theorem 3.130] gave necessary and sufficient
conditions for the quadratic programming problems under linear constraints in Hilbert
spaces.

The purpose of this paper is to give optimality conditions for the quadratic program-
ming problems with constraints defined by finitely many convex quadratic constraints
in Hilbert spaces. Our result is established without requesting finiteness dimension of
constraint set.

This paper is organized as follows. Some preliminaries are given in Section[2} Section 3]
is devoted to discuss the first-order optimality conditions for . Second-order
optimality conditions for are derived in Section Finally, we conclude the
paper by emphasizing the results that have been obtained.

2. Notations and preliminary results

In this section we recall some notations and known results which will be used in our
analysis. For details, we refer to [1].
In this paper, dist(z, S) = infycg ||z — y|| stands for the distance from the point € H
to set S € H. The norm of a continuous linear operator (): H — H shall be defined
_ Qx|
1l = sup {121 | 2 £ o).

The following cones will be important for the formulation of our optimality conditions.

Definition 2.1. (see, e.g., |1, p. 45]) Let = € F be a feasible point of problem (QCQP))
and denote by I(x) = {i € {1,2,...,m} | gi(z) = 0} the set of inequality constraints

active at x, as well as by

Tp(x) ={h € H | dist(x + th, F) = o(t),t > 0}

where 7(t) = o(t) mean that @ — 0 as t = 0, the tangent cone of F' at x. Later on, we

will also use the critical cone of the problem (QCQP) at x:

C(x)={h € Tp(z) | (Qx + ¢, h) = 0}.
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Finally, the radial cone to F' at x is
Rp(x)={heH|It" >0,Vte[0,t],x+th e F}.

Definition 2.2. (Mangasarian-Fromovitz constraint qualification, see, e.g., [1, p. 71])
Consider problem (QCQP)|). The feasible point  is called regular if

dheH: (QiT +c¢i,h) <0, Viel().

Remark 2.3. Note that if T € F' is regular, then Tp(T) is formulated as follows (see |1,
Example 3.39])

Tr(@)={h e H | (QiT +c¢,h) <0,Viel(T)}.

To obtain our results, we will need the following lemma, which is an extension of a

Hoffman estimate for the distance to the set of solutions to a system of linear inequalities.

Lemma 2.4. (see |5, Theorem 3]) Let H be a Hilbert space. Let xf € H,i=1,2,...,m,

be given, and consider the set
S={xeHH]|(z,z) <0,i=1,2,...,m}.

Then there exists a constant k > 0 such that for any x € H,

dist(z,S) <k <Z<x;‘,x>+) ,

i=1
where [a]4+ := max{a,0}.
3. First-order optimality conditions

In this section we will establish first-order necessary and sufficient optimality conditions

for (QCQP).
Theorem 3.1. Let T be a feasible point of the problem (QCQP)).

(i) If T is a local solution of this problem, then

(3.1) (QT+c,x —T) >0 for every x € F.

(ii) The point T is a local solution of (QCQP) if

(3.2) Qi=0, YielI(®) and (QT+c,x—7) >0, Yze F\{T}.
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Proof. (i) Let T be a local solution of (QCQP)). Choose p > 0 such that
fly) = () 20, Vye FNB(@,p.
Given any x € F'\ {Z}. Since F' is a convex set, it follows that there exists § > 0 such that
T+tlx—7)=te+(1—-t)x
belonging to F' N B(Z, u) wherever ¢ € (0,9). Hence

_ o J@+ 7)) - f(T)
(Qx+c,x—x>—lgirol ;

>0 forevery x € F.

Property (3.1]) has been established.
(ii) On the contrary, suppose that (3.2) is valid, T is not a local minimum for (QCQP)).

Then there exists a sequence of feasible points x;, converging to T, such that

Flap) < (@) for all k.

The sequence {H’;’;;x

75”} is bounded and hence it has a weakly convergent subsequence.

There is no loss of generality in assuming that the sequence {%} converges weakly
to some h € H. We have

Flow) = (@) = (@F + ¢ 05— ) + 3 (o~ T, Qg — 7)) <0, V.
Diving the last inequality by ||z; — Z|| and taking the limits as k — oo, we obtain
(3.3) (QT + ¢, h) <0.
Since Q; =0, Vi € I(T),
gi(zr) — gi(T) = (ci,x, — T) <0, VielI(T).

Therefore (c¢;, h) = limp_00 (¢4, Hiki> <0, Vi€ I(Z) and hence ¢;(T + th) < 0 for every

||

i € I(z) and t > 0. Obviously, there exists t* > 0 such that ¢;( + th) < 0 for every
i ¢ I(z) and t € (0,t*). Consequently, T + th € F for every t € (0,t*). Substituting
x =T + th into gives (QT + ¢, h) > 0 which contradicts (3.3)).

The proof is complete. O

The following example shows that (3.1]) is necessary but not sufficient for T to be a

local solution of (QCQP)).

Example 3.2. Consider the programming problem

1
(3.4) min f(z) = 5(:5, Qz) subject to x € R*: gy(x) = (c1,2) + a1 <0,
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where Q: R? — R? is defined by Qz = (—1,0), ¢; = (1,0) and oy = —1.
Let

F={r=(x1,29) €R?*| g1(x) <0} = {x = (x1,20) €R? | 21 — 1 < 0}.

For 7 = (0,1) we have T = (0,1) € F and Q7 = 0. It follows that the condition (3.1) is
satisfied.

Taking 2° = (g,1), where € is a positive number such that € < 1, we have z° € F and
£2
f(zf) = -3 < 0= f(z).

Hence 7 = (0, 1) is not a local solution of (3.4).

The following example shows that the assumption @; = 0, Vi € I(T) cannot be dropped
from assumption of Theorem [3.1(ii).

Example 3.3. Consider the following programming problem
(3.5)

where Q: R? — R3? is defined by Qz = (—z1,0,0), Q1: R® — R3 is defined by Qiz =
(0, z9 — 3, —x2 + x3), c = (0,1,0), c2 = (0,—1,0) and ay = 1.
For Z = (0,1,1) we have T € F, ¢1(Z) =0, Q1 # 0 and

(QT+c,x—T) =20 —1>0, VaoeF\{z}

Taking 2° = (g,1, 1), where ¢ is a positive number such that ¢ < 1, we have z¢ € F' and

2
fa) =S +1< 1= f(@).
Hence T = (0,1, 1) is not a local solution of ({3.5]).

The following example is constructed to show that (3.2 can guarantee T to be a local

solution, but it is not a global solution.
Example 3.4. Consider the following programming problem

min f(z) = %@3, Qz) + (c, z)

st. o €R2: gi(x) = {o1,2) <0, ga() = (e1,2) <0,

(3.6)

where Q: R? — R? is defined by Qz = (21, —972), ¢ = (—1,3), ¢1 = (1,—2) and ¢ =
(07_1)'
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Let
F={zeR?|gi(z) <0,g2(z) < 0}.

Taking T = (0,0), we have T € F. It is a simple matter to check that
QT+ c,x —T) = (c,x) = —x1+ 302 > 22 >0, VzeF\{T}

Let € be a positive number such that ¢ < 1/2 and let U: be neighborhood of Z. Put
Nz =UEN F. Then, for all z € Nz we have

Fz) = %(;gl — 329) (21 + 322 — 2) > 0 = £(0)

for all z € Nz. Hence T = (0,0) is a local minimum of (3.6)).
Note that if Z = (0,1), then Z € F and f(Z) = —3 < f(z) = 0. Therefore 7 is not a
global solution of ([3.6)).

Remark 3.5. If @) is a positive semidefinite continuous linear self-adjoint operator, then

(3.1)) is sufficient condition for T to be a global solution of (QCQP]|). Indeed, by positive

semi-definiteness of @, it follows that f(x) is a convex function. For every z € F' we have
0<(QT+c,z—7) < f(z) - f(@).
Therefore T is a global solution of (QCQP).

The following theorem is just a special case of nonlinear programming with smooth

data. However, for the sake of completeness, we give the complete proof here.

Theorem 3.6. If T € H is a local solution of problem (QCQP) and if T is reqular, then
there exists X\ = (A1,..., \pm) € R™ such that

fo—l—c—i— Yo N(QiT 4 ¢) = 0,
3(T, QiT) + (i, T) + i <0,
Xi(3(T, Qi) + (ci,T) + ;) =0,

\)\iZO, 1=1,...,m.

Proof. Suppose that T € H is a local solution of problem (QCQP|) and T is regular. Then,
by regularity of Z we have

TF(E) = {h cEH | <Qlf+ ¢, h> <0,Vie I(E)}
It follows from [1, Lemma 3.7] that ~ = 0 is an optimal solution of the linearized problem

(3.8) 211171_[1<QT+ ¢, h) subject to (QiT + ¢, h) <0, i€l(T).
€
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The problem (3.8]) is a linear programming problem with a finite (equal zero) optimal
value. By Theorem 2.202 in [1], we have that the set of optimal solution of the dual

problem of
(3.9) r)\r_laXO subject to QT +c+ Z Ai(QiT +¢;) =0
= icl(T)
is nonempty.
Put \; =0 for all i € I\ I(Z) (where I = {1,2,...,m}), and A = (A1,..., \p). From
we obtain the first equality in (3.7). Since Z € F and X;(1(Z, Qi%) + (¢;,T) + ;) = 0
for each i € I, the other conditions in are satisfied too. The proof is complete. [

Remark 3.7. If T € H is a local solution of problem (QCQP]|) and if Z is regular, then (3.7))

is equivalent to following condition
(3.10) (QT +c,h) >0 for all h € Tr(T).

Indeed, (3.10) implies (3.7]) follows immediately from the proof of Theorem 3.6, It remains

to prove that (3.7)) implies (3.10). Suppose that (3.7) is satisfied. Then, for every h € Tr(T)
we have (Q;T + ¢;,h) <0 for all ¢ € I(T) and

QT+ ¢, h)y =~ > M\(QiT +ci,h) > 0.
iel(z)
Hence (3.10) is satisfied.

The following example shows that the conclusion of Theorem [3.6|fails if the assumption

on the regularity of T is omitted.

Example 3.8. Consider the programming problem

min f(z) = %(x, Qx) + (¢, z)
(3.11)

1
subject to = = (21,22) € R*: gi(z) = i(a:, Qiz) <0,

where Q: R? — R? is defined by Qz = (21,0), ¢ = (0, —1) and Q1 : R? — R? is defined by
Q17 = (z1 — T2, —71 + T2).
Let F = {z = (z1,72) € R? | g1(z) < 0}. We have

F={z=(z1,12) € R?| (1 — x2)? <0}

For # = (1,1) € R? we have T € F and ¢1(Z) = 0. Since (Q17,h) = 0 for all h € R?, we
have 7 is irregular.

Since z1 = 2, we have f(z) = 23—y = $(z1—-1)?—1 > —3 forallz = (z1,22) € F.
It follows that T = (1, 1) is a local solution of . Since QT +c¢ = (1,—1) and Q17 = 0,
we see that there exists no A; > 0 such that QZ + ¢+ A\ Q17T = 0. Hence the first equality
in does not hold.
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4. Second-order optimality conditions

In this section, we shall establish second-order necessary and sufficient condition for Z to
be (a strict) a local solution of problem (QCQP)). For this, we will need the following

assumption
(H) (h€Tr(@), (QT+c,h) =0, (QiT+c,h)=0) = ((h,Q;h) =0), Vie I(T).
It is easily seen that the assumption is satisfied if one of the following conditions holds:
(i) Q; =0 for all i € I(Z),
(ii) (QT + ¢, h) > 0 for all h € Tr(7) \ {0},
(iii) (QiT + ¢i,h) <0 for all h € Tp(Z) \ {0} and for all ¢ € I(T).

Theorem 4.1. Let T be a feasible point of the problem (QCQP|) and let T be regular.
Suppose that the assumption 18 satisfied. Then, T is a local solution of (QCQP) if

and only if the following two conditions are satisfied:

(4.1) (QT +c,h) >0 forall h € Tp(T),
(4.2) if h € Tp(Z) and (QT + ¢, h) = 0 then (h,Qh) > 0.

Proof. Since T is regular, it follows from Remark [2.3] that
Tp(z) ={h e H|(QiT +ci,h) <0,YieI(T)}.

Necessity. By Remark assertion (4.1)) holds.
Suppose that there exists h € Tr(T) such that (QT + ¢, h) = 0 but (h,Qh) < 0. Let
us first show that there exists t* > 0 such that

(4.3) T+theF, Vte (0,t).

For i € I(Z), we have g;(Z) = 0. Since (Q;T + ¢;, h) < 0 and by the assumption (H)), there
exists t] > 0 such that

2
(4.4) gi(f—i- th) = gl(f) + t<Qif+ ¢, h> + 5<h, QJL) <0, Vte (0,%).
For i ¢ I(Z) we have ¢;(T) < 0. Since g;(T + th) = ¢;(T) + t(Q;T + ¢;, h) + %(h, Q;h) is a
quadratic function (in the variable ¢) with g;(Z) < 0 and §(h, Q;h) > 0, there exists t5 > 0

such that

(4.5) gi(T+th) <0 forallte (0,t3).
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Let t* = min{t},?5}. From (4.4) and (4.5 we obtain (4.3).

Consequently,

2 t2

P+ th) — F(T) = HQT + ) + = (h, Qh) = = (h, Qh) <0, Vi€ (0,6°).

This contradicts our assumption that x is a local solution of (QCQP|). Hence, asser-

tion (4.2)) holds.
Sufficiency. On the contrary, suppose that the conditions (4.1]), (4.2 are satisfied, but

7 is not a locally optimal solution of (QCQP|). Then there exists a sequence of feasible

points x, converging to T such that
(4.6) f(zr) < f(z) for all k large enough.

Set ty, := ||z — T|| and hy = z’;k_f We have t; > 0, ||hg]| =1 and

(OF + 3, hy) = tlk {gi(xk) (@) — %@;k — 7 Qi — x))} <0 foricI(@).

Put C(z) = {h € H | (QT + ¢,h) = 0,(QiT + ¢;,h) < 0,i € I(z)}. It follows from
Lemma [2.4] that

dist(hy, C(7)) < B | (QT + ¢, hi)]+ + Z (QiT + ci, b))+ | = BQT + ¢, )]y ),

i€l (@)
where [ > 0 depends on Q7 + ¢ and Q;T + ¢;.
By and
f(@r) = f(T) =t (QT + ¢, hy) + 2%<hk7 Qhi),
it follows that

2
(4.7) t(QT + ¢, hi) < —%k<hk, Qhi).

Since |(hy, Qhi)| < |QIl|Ih]|®> = [|Q]l, it follows that —%(hy,Qhy) — 0 as k — oo.
Combining this with we have that t,((QT + ¢, hg)) < o(tx), and hence there exists a
critical direction Ay, € C (%) such that T — hye — 0, and hence ||?I\k|| =1.

Observe that

(e, Q) — (e, Qhx) = (i, + hae, Qe — b)) < [ + Rl | Q[ Fox — .
From this and ||y, — kx| < B({(QT + ¢, hy)]+) we deduce that

(4.8) (e, QM) — (e, Qi) < 281 QI(QT + ¢, b))
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Consequently, since for the function f(-) the second order Taylor expansion is exact,

we have by (4.8) that
t2
flan) = @)+ tu(QT + ¢, he) + i, Q)

2 ~ ~
> () + (84QT + ¢ ) — EIQUIQE + e, i) ]1)) + 2 (e, Q)

Since (QT + ¢, h) > 0 for all h € Tr(T), we have that (QT + ¢, hy) > 0 for k large enough.

Hence for k large enough, we have

_ _ _ o~
flar) — @) > (t(QT + ¢, hie) — 8] QI(QT + ¢, hy)]+)) + f(hk;, Qhy) >0,
a contradiction with (4.6)). The proof is complete. O

The following example shows that Theorem [4.1]is an extension of Theorem 3.130 in [1]

for the quadratic programming problems in Hilbert spaces.

Example 4.2. Let ¢?> denote the Hilbert space of all square summable real sequence,
co 2

2 = {1‘ = (21,22, Tny...) | D opoq @ < 00,2, € Ryn = 1,2,...}. The scalar product

and the norm in ¢ are defined, respectively, by

(z,y) = Z$nym ||l = <Z l‘?L) .
n=1 n=1

Consider the following programming problem

min f(z) = %(:c, Qz) + (¢, x)
(4.9)

1
st wel?: gi(r) = 5(%@1@ +{c1,2) <0, ga(z) = (c2,2) <0,

where Q: (2 — (% is defined by Qz = (z1, —x2,73,...), Q1: £2 = (? is defined by Q12 =
(21,0,0,...),c=(-1,1,0,0,...), c1 = (1,—1,0,0,...) and c2 = (—1,0,0,...).
Let
F={zel’|g(r)<0,gs(x) <O}

Forz = (0,...,0,...) € F and h = (hy, ha,...) € 2. It is a simple matter to check that =

is regular and

TF(f) :{h€£2 | <Q1f—|—€1,h> < 07 <C27h> SO}
={hel®|hy—hy<0,h; >0}

Since (QT + ¢, h) = ha — hy, it follows that (QZ +c¢,h) > 0 for all h € Tp(Z). If h € Tp(T)
and (QT + ¢, h) = ha — h; = 0 then

(h,Qh) = h3 —h3+h3+--->0.



Optimality Conditions for Quadratic Programming Problems in Hilbert Spaces 1083

Note that if h € Tp(Z), (QT + ¢,h) =0, (Q1T + c1,h) =0, (c2,h) =0, then hy = ha =0
and (h, Q1h) = h3 = 0. Therefore the assumption is satisfied.

Let ¢ be a positive number such that € < 1 and let V2 be neighborhood of Z. Put
Nz = VENF. By taking 2 = (25,25,...) € Nz, we have 25 < 1 for all i =1,2,..., and
x5 > 2§ > 0. Since

1

1 1
f(ﬂC):5(931—962)(961+x2—2)+§x§+§xi+...7

we have f(zf) >0

(9).

f(0) for all 2* € Nz. Hence T = (0,...,0,...) is a local solution of

The following example shows that the assumption cannot be dropped from the
assumption of Theorem

Example 4.3. Consider the programming problem

min f(z) = %(:c, Qx) + (c, )
(4.10)

1
subject to z € R?: gi(z) = §<x,Q1x) + (c1,2) + a1 <0,

where Q: R? — R? is defined by Qz = (—x1,0), Q1: R? — R? is defined as Qiz = (z1,0),
c=(0,1), ¢; = (0,—1) and oy = 0.

Let F = {z € R? | gi(z) <0} = {z € R?| $2? — 25 < 0}. Since f(z) = —32% + a0 >
—123 + 12 = 0, we have that 7 = (0,0) € F is a local solution of (4.10).

It is easy to check that 7 is regular and
Tp(Z) = {h € R? | (Q1T + ¢1,h) <0} = {h € R? | —hy < 0}.

For h = (1,0) € Tr(T), we have (QT + ¢,h) = ha = 0, (Q1T + ¢1,h) = —ha = 0 and
(h,@Q1h) =1 # 0. Hence the assumption do not hold. Since (h,Qh) = —1, we have
that the condition (4.2)) does not hold.

Note that Theorem can be reformulated in the following equivalent form which

requires the use of Lagrange multipliers.

Theorem 4.4. Let T be a feasible point of the problem (QCQP|) and let T be regular.
Suppose that the assumption is satisfied. The necessary and sufficient condition for a
point T to be a local solution of (QCQP)) is that there exists A = (A1,..., A\m) € R™ such
that

(a) the system (3.7)) is satisfied, and
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(b) if h € H\ {0} is such that (Q;T + ¢;,h) =0, i € [1(T), (QiT + ¢;,h) <0, i € I(T),

where
(4.11) L(z)={1:9{(Z) =0,A >0}, L(z)={i:9(2) =0X\ =0}
then (h,Qh) > 0.

Proof. Let us first prove that if T € H, A € R™ such that the system (3.7)) is satisfied and
let I; (%) and I2(Z) be such as in (4.11)), then

{h eEH ‘ <sz+ ¢, h> =0,7 € Il(f), <sz+ c, h> <0,7 € IQ(T)}
={heH|(QiT+ci,h) <0,i€I(T),(QT +c, h) =0} =C(T).
Suppose that h € H, (Q;T + ¢;,h) =0, i € [1(T), (QiT + ¢, h) < 0,14 € Io(T). By we
have
(QT +c,h) == N(QiT + ¢, h)
i=1
= - Z Ai{QiT + ¢, h) — Z Ai{QiT 4 ¢, h) = 0.
i€l(T) i¢1(z)
Hence
{h eH | <Qif—|—ci,h> =0,1€ Il(f), <Qﬁ+ci,h> <0,z € IQ(E)} C C(f)

To obtain the reverse inclusion, suppose that h € C(Z). We need only to show that
(QiT 4+ ¢i,h) =0,14 € I1(T). From (3.7) we deduce that

0=(QT +c,h)
— _ s 7 . _ . 7 . _ . 7 . .
.Z, i QT+ ci,h) .Z, M Qe h) = > N QT+ cish)
i€l1(T) > i€l2(Z) = i¢1(T) =0

Hence (Q;T + ¢;, h) =0, i € I(T) and
{heH | {(QiT+ci,h) =0,i € L(T), (QiT +¢;,h) <0,i € [r(x)} = C(T).
Necessity. Suppose that T is a local solution of (QCQP) and 7 is regular. It follows
from Theorem and Remarkthat (3.7) and (4.2]) hold. From (3.7)), (4.2]) and
C@)={heHH|(QiT+c,h)=0,i€1(Z),(QiT+ c;,h) <0,i€ I(T)},
it follows that (b) are satisfied.
Sufficiency. Suppose that T € F' is such that there exists A € R™ such that condi-
tions (a) and (b) are satisfied. Then, by Remark [3.7 and
{heH|(QiT+ c;,h) =0,i € [1(T),(QiT + ¢;,h) <0,i € Iy(x)} =C(T),

it follows that conditions (4.1) and (4.2) are satisfied. On account of Theorem we
have 7 is a local solution of (QCQP|). This proof is complete. O
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Corollary 4.5. (cf. [1, Theorem 3.130]) Consider the quadratic programming problem

under linear constraints (QPL) (i.e., (QCQP|) with Q; =0 for alli =1,...,m). Let T be
a feasible point of the problem (QCQP)). Then, the point T is a locally optimal solution of

(QCQP) if and only if conditions (4.1)) and (4.2) are satisfied.

Proof. Since Q; = 0 for all ¢ = 1,...,m, the assumptions of Theorem is satisfied.

Hence the corollary follows. O

In the remainder of this section we discuss necessary and sufficient optimality condition
for = to be a strict local solution of (QCQP]). Recall that a point T is called a strict local
solution of (QCQP)) if there exists € > 0 such that

f(z) > f(x), VYxe (FNB(Te))\{z}

Of course, if T is a strict local solution of a minimization problem then it is a local
solution of that problem. The converse is not true in general.

The following theorem describes the second-order necessary and sufficient condition

for a point to be a strict local solution of (QCQP).

Theorem 4.6. Let T be a feasible point of the problem (QCQP|) and let T be regular.
Suppose that the assumption is satisfied. Then, T is a strict local solution of (QCQP))

if and only if the following two conditions are satisfied.

(4.12) (QT +c,h) >0 forall h € Tp(T),
(4.13) if h € Tp(z) \ {0} and (QT + ¢, h) = 0 then (h,Qh) > 0.

Proof. The proof of this theorem is similar to that of Theorem for completeness we
present a short proof.

Since 7 is regular, we have
Tr(@) ={heH | {(QiT +ci,h) <0,Viel(T)}.

Necessity. By Remark assertion (4.12)) holds.
Suppose that there exists h € Tp(Z) \ {0} such that (QT + ¢, h) = 0 and (h,Qh) < 0.

Using similar arguments as in the proof of Theorem we conclude that there exists a

positive number ¢t* such that
T+theF, Yte(0,t")

and

2 t2

F@+th) — F(T) = t{QT + ¢ ) + %(h, Q) = (h,Qh) <0, Vi€ (0,1).
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This contradicts our the fact that T is a strict local solution of (QCQP)). Hence, asser-
tion (4.13]) holds.
Sufficiency. Suppose that the point T is not a strict local solution for (QCQP|). Then

there exists a sequence of feasible points z, converging to T, xx # T, such that

(4.14) flax) < (7).

Set ty := ||z, — Z|| and hy, := 2. We have (Q;Z + ¢;, h) < 0 for i € I(Z) and k large

tg

enough. Then, as in the proof of Theorem [£.1] it follows by Lemma [2.4] that there there
exists a critical direction hy € C(Z) such that hy — by, — 0, ||hg] = 1,

[ — Pll < BUQT + ¢, b))

and
(A, Qh) — (i, Qhi) < 28(|Q({QT + ¢, b))

Consequently,

2
Pl = F)+ QT + i) + & (i Qh)

_ _ th _
> (@) + tk(QF + ¢ hie) + 7 (o, Qi) = B QNUQT + ¢, 7))
Since (QT + ¢, h) > 0 for all h € Tp(T), we have (QT + ¢, h) > 0 for k large enough. It

follows that for k£ large enough

2~
Flak) = 1@) = 0:{QT + ¢ hie) + < (o, Qhae) = (i BIQI QT + ¢ b)) > 0,
which contradicts (4.14)). The proof is complete. O

Theorem can be reformulated in the following equivalent form which requires the

use of Lagrange multipliers.

Theorem 4.7. Let T be a feasible point of the problem (QCQP|) and let T be regular.
Suppose that the assumption 1s satisfied. The necessary and sufficient condition for a

point T to be a strict local solution of (QCQP) is that there exists A = (A1,..., A\p) € R™
such that

(a) the system (3.7) is satisfied, and

(b) if h € H\ {0} is such that (Q;T + ci,h) =0, i € I1(T), (QiT + ci,h) <0, i € Ir(T),
where I1(Z) = {i : gi(x) = 0,\; > 0}, Ix(Z) = {i : ¢;(T) = 0,\; = 0}, then
(h,Qh) > 0.

The proof of this theorem is similar to that of Theorem [4.4] so it is omitted here.
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5. Conclusions

In this paper we consider quadratic programming problems in Hilbert spaces and propose
condition for a feasible point to be (a strict) a local solution of quadratic programming
problems whose constraint set is defined by finitely many convex quadratic inequalities
in Hilbert spaces. Our result is established without requesting finiteness dimension of

constraint set.
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