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Independent Sets in Tensor Products of Three Vertex-transitive Graphs

Huiqun Mao and Huajun Zhang*

Abstract. The tensor product T(G1, G2, G3) of graphs G, G2 and G35 is defined by
VT(G1,G2,Gs) =V (G1) x V(G2) x V(G3)
and
ET(G1,Ga,G3) = {[(u1,uz,u3), (v1,v2,03)] « {72 (us, vi) € E(Gi)}| = 2}

From this definition, it is easy to see that the preimage of the direct product of two in-
dependent sets of two factors under projections is an independent set of T'(G1, G2, G3).

So
OéT(Gl, GQ, G3) Z max{a(Gl)a(G2)|G3|, a(Gl)a(G3)|G2|, Oé(GQ)Oé(Gg)‘Gﬂ}

In this paper, we prove that the equality holds if G; and G5 are vertex-transitive
graphs and G is a circular graph, a Kneser graph, or a permutation graph. Further-
more, in this case, the structure of all maximum independent sets of T(G1, Ga, G3)

is determined.

1. Introduction
Let G and H be two graphs. The direct product G x H of G and H is defined by
V(Gx H)=V(G) x V(H) ={(a,u) :a € V(G) and u € V(H)}

and
E(G x H) ={[(a,u), (b,v)] : (a,b) € E(G) and (u,v) € E(H)}.

It is an interesting problem to determine the independence number of the direct product of
two graphs G and H. Clearly, the preimage of I under projections is an independent set of
G x H if I is an independent set of G or H. Hence, a(G x H) > max{«a(G)|H|,a(H)|G|},
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where a(G) denotes the independence number of G and |G| denotes the order of G. A
natural question is whether the equality holds or not. Jha and Klavzar [6] proved that
the equality cannot always hold if one of the two graphs is non-vertex-transitive, where a
graph G is said to be vertex-transitive if for every pair vertices u and v of GG, there exists f
of the automorphism group of G such that f(u) = v. So Tardif [11] proposed the following

problem.
Problem 1.1. (Tardif [11]) Does

o(G x H) = max{a(G)|H],a(H)|G]}
hold for vertex-transitive graphs G and H?

Furthermore, if the equality holds, then there is another interesting problem as follows.

Problem 1.2. If o(G x H) = max{a(G)|H|,a(H)|G|}, is every maximum independent

set of G x H the preimage of an independent set of one factor under projections?

An independent set of G x H is called regular if it is the preimage of an independent
set of one factor under projections. We say that the direct product G x H is MIS-normal
(maximum-independent-set-normal) if every maximum independent set of G x H is regular.

There are many results on these two problems. Frankl [4] and Valencia-Pabon and
Vera [12] solved Problem for Kneser graphs and circular graphs, respectively. Larose
and Tardif [10] characterized the structures of maximum independent sets in powers of
circular graphs, Kneser graphs and truncated simplices. Ku and Wong [9] showed the
structure of maximum independent sets in direct products of permutation graphs. Wang
and Yu [14] proved that both Problems[l.1]and[L.2] have positive answers if one of G and H
is a bipartite graph. Recently, Zhang [17] gave an affirmative answer to Problem and
showed the structure of maximum independent sets in direct products of vertex-transitive
graphs G and H. (See also [1,5,8/16] for related results on Problems and [1.2])

For a graph G, let S(G) denote the set of all independent sets of G. A fractional
coloring of G is a mapping f from S(G) to [0,1] such that > cgcq) f(S) = 1 for
every u € V(G). The total weight w(f) of a fractional coloring f of G is defined by
w(f) = sese f(5). We call the minimum total weight of a fractional coloring of G the
fractional chromatic number x¢(G) of G. It is well-known that x7(G) = |G|/a(G) if G is
vertex-transitive. In [18], Zhu proved that the equality x (G x H) = min{x¢(G), xy(H)}
holds for all graphs G and H.

Before stating the results, we introduce some notation. For a graph G, let I(G) denote

the set of all maximum independent sets of G. Given a subset A of V(G), define

Ng(A) ={be V(G): (a,b) € E(Q) for some a € A},
Ng[A] = Ng(A)UA and Ng[A] =V(G)\ Ng[A].
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The following two results, which can be deduced from the so-called “No-Homomorphism”
lemma of Albertson and Collins [2], are useful to get bounds on the sizes of independent

sets.

Lemma 1.3. (Cameron and Ku [3]) Let G be a vertex-transitive graph and A C V(G).

(Ca
Then a(‘A[‘ D > I(G(T)' The equality implies that |S N Al = «a(G[A]) for every mazimum

independent set S € 1(G).

Lemma 1.4. (Zhang [16]) Let G be a vertex-transitive graph. Then, for every independent
set A of G, |N|A[|A” < % The equality implies that |SNNg[A]| = |A| for every S € I(G),
and in particular A C S for some S € 1(G).

An independent set A in a graph G is said to be imprimitive if |A| < a(G) and % =
%. The graph G is called IS-imprimitive if G has an imprimitive independent set.
Otherwise, G is called IS-primitive. Clearly, a vertex-transitive graph is IS-imprimitive if
it is disconnected. So an IS-primitive vertex-transitive graph must be connected. But an
IS-imprimitive graph is not necessarily disconnected. In [17], Zhang obtained the following

result.

Theorem 1.5. (Zhang [17]) Let G and H be two vertez-transitive graphs with % >
#. Then
a(G x H) = a(G)[H|,

and exactly one of the following holds:

(i) G x H 1is MIS-normal,

(11) a(G) o(H)

TG = A and one of G or H is IS-imprimitive,

o a(G) _ a(H)
(iii) > Tm

and H s disconnected.

Note that when condition (ii) holds, the direct product G x H is not MIS-normal. In
fact, if A is an imprimitive set of G, then S = A x V(H)UNg[A] x I is an independent set
of G x H and |S| = a(G)|H|, where I € I(H). It is clear that the direct product G x H
is not MIS-normal when condition (iii) holds.

For three graphs G1, G2 and G3, their direct products G; x Go x G3 with vertex set

V(G1) x V(G2) x V(G3) and edge set
E(Gl X GQ X Gg) = {[(U1,UQ,U3), (1)1,1}2,1)3)] : (ui,vi) S E(Gl)}

Recently, Tardif generalized it and gave the definition of tensor product T(G1, G2, G3) of
G1, G2 and G3, which with the same vertex set as G; X G5 X GG3 and edge set

ET(Gl,GQ,Gg) = {[(ul,uz,ug), (’(11,’()2,’03)] : |{Z : (ui,vi) € E(GZ)H Z 2}.
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Clearly, F(G1 x G2 x G3) C ET(G1,G2,G3) and the tensor product is also commutative
and associative.

For i =1,2,3 and A; C V(G)), let A1 x A x A3 = {(u1,u2,u3) : u; € A;}. Clearly,
Iy x Iy x Gs, I} x G x I3 and G x Iy x I3 are independent sets of (G, Ge, G3) if I; is an
independent set of G;, i = 1,2,3. So the inequality

aT(Gy1,Ga,G3) > max{a(G1)a(G2)|Gs|, a(G1)a(G3) |G|, a(G2)a(G3) |G|}
holds. It is natural to ask the following problem.

Problem 1.6. For three vertex-transitive graphs G, G2 and Gg, does
(1.1) aT(Gl, GQ, Gg) = max{a(Gl)a(Gg)\Gg\, a(Gl)a(Gg)‘Ggl, Oz(GQ)Oz(Gg)‘Gl ’}

hold? Furthermore, if the equality holds, is every maximum independent set of T'(G1, Ga,
G3) the preimage of the direct product of two independent sets of two factors under

projections?

In fact, the equality does not always hold for non-vertex-transitive G, G2 and
Gs. For example, in Figure[L.1] let S = {v1} x {vg} x {v10, v11, vi2}U{v1} x {vs, v6, v7, 8} X
{vip}. Clearly, a(G1) =1, a(G2) =2, a(G3) = 1 and max{a(G1)a(G2)|Gsl, a(G1)a(G3)
|Gal, a(G2)a(G3)|G1|} = 6. But S is an independent set of T(G1, G2, G3) of size 7.

V9
Vg
,Ulv/ug, Vs Vg V1o vvﬂ
V2 Ve v7 V11
G Go Gs

Figure 1.1: Graphs Gy, Ga, G3s.

Similarly, we say that an independent set of T'(G1, G2, G3) is regular if it is the preimage
of the direct product of two independent sets of two factors under projections, and the
tensor product T'(G1, G2, Gs) is called MIS-normal if every maximum independent set of
T(G1,G2,G3) is regular.

Let n > 2r. The well-known circular graph K. has the vertex set [n] = {1,2,...,n},
and for any 4, j € [n], they are adjacent if and only if r < |i — j| < n —r. It is easy to see

that K., is vertex-transitive, and o(Kp.,.) = r by the well-known result of Katona [7].
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In [15], the authors proved that the equality

XfT(G7 H7 Kn:’/‘) = mln{an(G)/T', an<H)/T7 Xf(G)Xf(H)}

holds for all graphs G and H. That is, the equality (|1.1)) holds if one of G1, G2 and Gj is
a circular graph.

In this paper, we will characterized the structures of maximum independent sets of
T(G1,G2,G3) if one of G1, Gy and Gy is a circular graph.

The following theorem is the main result of this paper.

Theorem 1.7. Let G and H be two vertex-transitive graphs with % > % and K.,

be a circular graph. Then
oT(G, H, Ky.r) = max{a(G)a(H)n,a(G)r|H|},
and exactly one of the following holds:
(i) T(G1,G2,G3) is MIS-normal,

r O‘(G)} > ‘)]T}? and H is disconnected,

(iii) = > . = o end G or H is IS-imprimitive,
(iv) Tar > o= T and H s IS-imprimitive,
I el and one of them is IS-imprimitive.

Similarly, it is clear that T'(G1, G2, G3) is not MIS-normal when one of conditions (ii)—

(v) holds. Indeed, when max {Ci(GGll‘), al(GGj) } < ﬁgi), T x I3 is a maximum independent set

of T(G1,G9,Gs) if T is a maximum independent set of G x G, where I3 is a maximum

independent set of Gs.
The rest of this paper is organized as follows. In the next section, we present some
preliminary results. Then we will prove Theorem [I.7] and give some results on Kneser

graphs and permutation graphs in Section

2. Preliminary results

Let A C V(G), U C V(H), I C V(Kp;), and S be a maximum independent set of
T(G,H, Kp.). For simplicity, let (a,u) x I = J;c;(a,u,4) for a € A and v € U. Define

Oau(S)={i€n]:(a,u,i) € S}
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for a € G and u € H. In the sequel, let I be a fixed maximum independent set of K.,.
A(S) is defined as a subset of VT'(G1,G2,G3) such that, for (a,u) € V(G) x V(H),
Oau(D(S)) =11 0 < |0qu(S)] <n and 0,4 (A(S)) = 0au(S) otherwise. Clearly,

A(S) ={(a,u) x I:0<[044(5)] <n}U{(a,u) X [n]:]04.(5)| = n},

and A(A(S)) = A(S). In the following, we will prove that A(S) is also a maximum
independent set of (G, H, K.,). We first introduce a result in [5].

Lemma 2.1. (Geng et al. [5]) Let Ji, Jo C V(Kpn.). If (j1,j2) € E(Kny) for every pair
j1 € J1 and ja € Jo, then |J1| + |J2| < 2r.

Lemma 2.2. Let S be a mazimum independent set of T(G1,G2,G3). Then A(S) is also
a mazimum independent set of T(G1,G2,G3).

Proof. Let
Oc.u(S) ={(a,u) € V(G) x V(H) : 05,u(S) # 0},
D1 = {(a,u) € 0g,u(S) : |0a,u(S)| = n},
Dy = {(a,u) € 0g,u(S) : 7 < [04,u(S)] < n}
and
D3 = {(a,u) € 0g,u(S) : 0 < |0qu(S)| < r}.
Then,

A(S) ={(a,u) x [n] : (a,u) € D1} U{(a,u) x I : (a,u) € Dy UDs}.

(a,

For (a,u), (b,v) € V(G x H), if (a,b) € E(G) or (u,v) € E(H), it follows by definition
that (i,j) ¢ E(Kp:y) for all i € 0,,(S) and j € 0, (S), and then Lemma implies
|0a,u(S)| + |0 (S)| < 2r. Therefore, by the definitions of Dy, Dy and D3, it follows that
(a,b) ¢ E(G) and (u,v) ¢ E(H) for (a,u), (b,v) € D; UD3 or (a,u) € Dy and (b,v) € Ds.
Hence A(S) is an independent set of T'(G1, G2, G3).

Now we prove that |A(S)| = |S|. If Dy U D3 = 0, it is clear that A(S) = S and then
the result holds. So we assume that Dy U D3 # (). If D3 = (), then

S = {(a,u) x [n] : (a,u) € D; UDy}

is also an independent set of T'(G1,G2,G3) with |S'| > |S|, yielding a contradiction.
Therefore, D3 # (). If Dy = (), then it follows by the definition of A(S) that |[A(S)| > |S],
and the maximality of S further implies |A(S)| = |S|. Hence it remains to verify the case
Dy # () and D3 # ().

For any (a,u) € Da, if (a,b) ¢ E(G) and (u,v) ¢ E(H) for all (b,v) € D3, then

S" = SU(a,u) x [n]
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is an independent set of T'(G1, G2, G) with |S”| > |S], a contradiction. So there exists at
least one element (b, v) € D3 such that either (a,b) € E(G) or (u,v) € E(H). For (a,u) €
D, let Np,(a,u) be the set of all (b,v) € D3 with either (a,b) € E(G) or (u,v) € E(H),
and for D C Dy, set Np, (D) = Uq,u)ep Nps(a,u). For any (b,v) € Np,(Dz), there exists
an (a,u) € Dy such that either (a,b) € E(G) or (u,v) € E(H). Then it follows from
Lemma 2.7] that

and hence
|0p,0(S)| < 7.

Let ¢t be the largest positive integer such that |Np,(D)| > |D| holds for all D C
Dy whenever |[D| < t. We now prove that [Dy| = ¢. If |Dy| > t, then there ex-
ists a (t + 1)-subset D = {(a1,u1), (a2, u2),. .., (art1,uss+1)} of Dy such that Np,(D) =
{(b1,v1), (b2, v2), ..., (bt,ve)}. Set

t+1 t

5" = (U@-,ui) < () \aai,uxS))) 0[S\ U0 % 01,0,(5)
i=1 j=1

It is easy to verify that S” is also an independent set of T(G1,G2,G3). By the well-

known Hall’s marriage theorem, we may reorder the elements of Np,(D) such that either

(ai,b;) € E(G) or (u;,v;) € E(H) for 1 <i < t. Then, by Lemmal[2.1]and n > 2r, we have

that

t+1 t
|S" = 18] = U [ (@i ui) X ([0]\ Ba,,(5)) | = | [(05,05) X 8oy, (9]

j=1

= Z Oa; u: (S)] — ’abuvz( )|) + (n - |aat+1,ut+1(‘9)|)

= Z(n —2r)+ (n B ‘8‘1t+1,ut+1(5)’) >0,

a contradiction. Hence, |Dy| = t. Now, let Dy = {(a1,u1), (a2, us2),..., (as,u)} and
Np,(D3) = {(b1,v1), (b2, v2),...,(bs,vs)} such that either (a;,b;) € E(G) or (u;,v;) €
E(H) for 1 <i <t, where s > t. Then, it follows from Lemma that

AG) = 181= 37 (r=10au(S) + D (1= 13h(S)])

(a u)eDQ (b,’v)e'Dg

s

Z Osus (9)] = 10,0, (S)]) + D (1= 19,0, (5)1)
i=1 j=t+1
+ Z (T - |ac,w(S)|)

(C,’LU) E'D3\ND3 (Dg)
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>0

)

and the maximality of S implies that |A(S)| = |S|. O

3. Proof of Theorem

We are now ready to prove the main result (Theorem [1.7)) in this paper.

Proof of Theorem [1.7 If one of G, H and K, is empty graph, the result is obvious.

Note that for each vertex-transitive graph G, either %G') =1or %G‘) < % So we suppose
max {%, %, %} < % Let T be a maximum independent set of T'(G1, G2, G3). Clearly,

IT| > max{a(G)a(H)n,a(G)r|H|}. Let S = A(T), then by Lemma 2.2 S is also a
maximum independent set and |S| = |T'|. Furthermore, by definition, A(S) = S. Let Dy,
D5 and D3 be defined as in Lemma [2.2] according to S. Then Dy = (). In the following,
we will prove that |S| < max{a(G)a(H)n,a(G)r|H|}.
Set
A1 ={a € V(G): (a,u) € D; for some u € V(H)}

and
Up={ueV(H): (a,u) € D; for some a € V(G)}.

Note that (a,b) ¢ E(G) and (u,v) ¢ E(H) hold for all (a,u), (b,v) € D1UD; or (a,u) € Dy
and (b,v) € Dy UDs. Hence, A; and Uy are independent sets of G and H respectively.

Moreover, we have that
D3 C NglA1] x Ny[Uo) U Ay x Ny[Ug] U Ng[A1] x Up.
Furthermore, by the maximality of S, we can deduce that
D1 = Ay x Uy,

and
Ng[Al] x UgU Ay x NH[U()] C Ds.

For u € V(H), define
Xy ={a € V(G): (a,u) € Ds}.

Let G[X,] be the subgraph of G induced by X,. Consider the decomposition X, =
XU X/, where X is the set of all isolated vertices in G[X,]. Clearly, X = ) and
X/u = NG'[Al] ifueUy X, =0ifu e NH(Uo); A C X, and X{L - Ng[Al] ifue NH[UO].
Set X' = U e X, then X’ C Ng[A1]. For u € Ny[Up], X is an independent set of G.
Note that X} may be equal to A;. We list all distinct X;’s as Ag, ..., As.
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Let U1, Us,...,Us be defined as follows:
U1 == NH[UO] and UZ’ == {’LL € NH[U()] : X; == Al}, 1= 2,3, e, S

Clearly, V(H) =U; UU U---UUs. By Lemma we have that

Ul |Ud| < a(H)

3.1) O~ INalto]l = JH]

For a € V(G), set
Bo={ueV(H):ae X},

and then
S| = [Diln+ |Ds|r = [Daln+ > [Xulr
ueV (H)
= |A|[Uoln+ D> 1Xilr+ D X
ueV (H) ueV (H)
(3.2)

= |A1|[Uln + ) AUl + > | Xpr
=2 ueV(H)

S
= |Ay[[Uoln + Y " |Ai||Uilr + > |Balr.
=2 acX’
For every pair u,v € V(H), if X] N X, # 0, then (u,v) ¢ E(H). Hence B, is an
independent set of H. By definition,

B, C Z U;.

IS aeﬁg[Ai}

Note that X’ C Ng[A1]. We now prove that U; C Ny |[B,] if a € Ng[A;] for 2 <i < s,
and so Ng[B,] C ). weN g4, Ui Indeed, suppose that B, # () for some a € Ng[Aj],
2 < i < s. It is clear that U; N B, = 0, hence it remains to verify that U; N Ny (B,) = 0. If
a € Ng(A;), then (a,b) € E(G) for some b € A;. Hence, (a,u) x I C S and (b,v) x I C §
for all w € B, and v € U;. Then it follows by definition that (u,v) ¢ E(H), and so
UiNNy(By) =0. Ifa € A; and U;N Ny (B,) # 0, then (u,v) € E(H) for some u € U; and
v € B,. On the other hand, since a € X/, it follows that (a,c) € E(G) for some ¢ € X],.
Hence (a,u) x I, (¢,v) x I C S. However, (a,c) € E(G) and (u,v) € E(H), contradicting
that S is an independent set of T'(G1, G2, Gs). Therefore, U;N Ny (B,) = (), and the result
holds. Hence by Lemma [1.4] it follows that

1Ba) Ba| _ a(H)

3.3) < < )
| | X aeweag Uil ~ INu(Bd]l — |H]
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By (3.2)), (3.3) and Lemma we have that

S| = [A1||Uoln + Z [ 4|[Uilr + ) | Balr

=2 aeX’
Z Z \U;|r

aeX’ aENG A]

< |A1

IHI

|A1!|Uo!n+Z|AHU\ + |H| ZING illlUilr

=2
(3.4) <|A1!|Uo!n+Z|AIIU\ + 227 |G‘ Z\N J||Uslr
=2
(3.5) < (JA1||Uo|n + a(Ng[A1])|Un|r) +Z | Al + a(Ng[Ai])) |Uilr
=2
(3.6) < (|As||Uo|n + a(Ne[Ar])|Un | +Z @)|Uilr,

where a(Ng[A;i]) denotes the independence number of the subgraph of G induced by
NelAdl.
Now, we distinguish two cases to prove that |S| < max{a(G)a(H)n,a(G)r|H|}.

Case 1: |(H|) < .. By inequality ., we have that

(3.7) |A1[|Uoln < [Aq]|Uy|r,

and so ]AlHUo\n + a(Ng[A)|Ui|r < (JAi| + a(Ng[A1]))|Ui|r. Then, by (3.6) and
Lemma [I.3] it follows that

S| < (JA1] + a(Ng[As ]U1|T+Z \U|T<Z G)|Us|r = o(G)|H]r.
Case 2: alH)

IH‘I '
Uil

o<
n
Subcase 2.1: ‘1) < . By (3.6) and Lemma we can derive that

15| < (\A1!+04(NG[A1]))\U1|?"+Z G)|Uilr
(3.8) =2

< Z Q) |Us|r = a(G)|H|r < a(G)a(H)n.

Subcase 2.2: % >
follows that

(3.9) Uo| + Z Uil = [Uo

2<i<s

Note that Us U --- U Us = Ng[Up]. Then by Lemma [1.3] it

r
o

a(H) 5=

N lUol] < o).
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By (3.6), (3.9) and Lemma we obtain that

151 < ([Al[Toln + a(NalA)IUIr) + 3 a(G)IUilr

< (|A1] + a(Ng[A1])) |Uo|n + Z Q) |Usi|r

=2
a(G)|Uo|n + a(G)r Z Uil
(3.10) < a(@)|Up|n + (G |H| Z\U\
_ a(H)
=a(G)n (IUoH TH Z\UI>

(3.11) < o(G)a(H)n.

Therefore, |S| = max{a(G)a(H)n,a(G)r|H|}. Now we distinguish two cases to prove
that either T is regular or one of (ii)—(v) holds.

Case 1: T =S.

Subcase 1.1: Uy = 0. In this case, Uy = . By the maximality of S and ({3.6)), it follows
that |S| = a(G)r|H|. In this case, max{a(G)a(H)n,a(G)r|H|,a(H)r|G|} = a(G)r|H]|,
and so we have that min { a‘(g“ , 7’;} > O“Sﬁ)

If A; # 0 for all 2 < i < s, then the equalities in , and imply that

|(G‘) = |(If‘) and A; is imprimitive if Ng[A;] # 0 for some i. That is, (iii) or (v) holds.
So we suppose that Ng[A;] = 0 for all i. Then the maximality of S implies that each A;
is a maximum independent set of G. In this case, S = (Aa x U U--- U Ay x Ug) x I. If
s = 2, then S is regular. Otherwise, it is easy to verify that H is disconnected and one of
(ii)—(v) holds.

If A; = 0 for some 7, then the equality in implies that O“(CST) = |Sﬁ) and X' = V(G).
Thus, the equality in implies that B, is a maximum independent set of H or B, is

an imprimitive set of H for every a € V(G). If B, is a maximum independent set of

H every a € V(G), in the similar way, we can prove that either S is regular or G is
disconnected; and, if B, is an imprimitive set of H for some a € V(G), we can prove that
H is IS-imprimitive. That is, (iii) or (v) holds.

Subcase 1.2: Uy # 0. When N y[Ug] = 0, it is easy to see that Us U--- U U = (), and
the maximality of S implies that S = Ay x Uy x [n]UNg[A1] x Ug x I. If Ng[A1] = 0, then
S = Ay x U x [n]. Otherwise, R = Ay x [n]UNg[A;] x I is a maximum independent set of
G x K,.-. Hence, the product G x K,,.,- is not MIS-normal, and the maximality of R implies
8§ =& = {oi That'is, G is IS-imprimitive. By |S| = max{a(G)a(H)n, a(G)r|H|},

it follows that |(G‘) = a‘%) . Then (v) holds.
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When Ny[Up] # 0, if £ < o) then |S| = a(G)a(H)n. In this case, if [l < z,

[H] U1
then it follows by (3.8) that |S| < a(G)a(H)n; and, if IgOI > . then one of the strict
inequalities in (|3.10|) and (3. 11|) hold, and so S| < a(G)a(H)n. Therefore, = > %
H) _ v _ _ |U o TaLs o
Then equalities in and (3.7) imply & i H\ == Waal and so H is IS-imprimitive.

That is, (iv) or (v ) holds

Case 2: T # S. By Case 1, it remains to verify that one of (ii)—(v) holds if 7" is not
regular but S is regular. If S = A x U X [n], it is easy to see that T'= S, and so T is also
regular. Thus, we assume that S = A x V(H) x I. By the definition of S, it is easy to see
that S = A x R for some irregular maximum independent set R of H x K,... Then the

direct product H x K., is not MIS-normal. Note that |SLI ) < % and K., is IS-imprimitive
or disconnected if and only if n = 2r > 4. By Theorem |1.5| either olf)

¥ — and one of
them is IS-imprimitive or % < + and H is disconnected. Then (iv) or (v) holds if the
former holds; and (ii) or (iii) holds if the latter holds. O

Now we consider Kneser graphs and permutation graphs.

Lemma 3.1. Let G, H and K be three vertex-transitive graphs. If there exists an induced

subgraph K' of K such that |(K,|) = a|(1§|) and

oT'(G, H,K') = max{o(G)a(K")| H|, a(H)a(K") |G, o G)o(H) | K[},
then
oT (G, H, K) = max{a(G)a(K)|H|,a(H)a(K)|G|, o(G)a(H)| K|}
Furthermore, if TT(G, H, K") is MIS-normal, then ezactly one of the following holds:
(i) T(G,H, K) is MIS-normal;

(ii) Lj(lf‘) = O“(GCT) or a|(}§<|) = ngﬁ) and K is imprimitive;

a( ) a(G a

(iii) " < min { Gl T } and K is disconnected.
Proof. The result is obvious if K is an empty graph. If one of G and H is an empty graph,
the result holds by Theorem[I.5] So we may assume that all of them are nonempty graphs.
Since T'(G, H, K) is a vertex-transitive graph and T'(G, H, K') is an induced subgraph of
T(G,H,K), by Lemma

oT(G,H,K) < oT(G,H,K") :max{a(G)a(K’) a(H)a(K") a(G)a(H)}
(G, H,K)| — |T(G, H,K)| GIIK'| " [HIK'| " |GlH]
_ max{a(G)a(K) a(H)a(K) a(G)a(H)} < oT(G,H,K)
IGIIK| * HIK|] " |GH| ] T TG H K)|
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Hence,

oT(G,H,K) oT(G,H,K") {a(G)a(K) a(H)a(K) a(G)a(H)}.

3.12 = = max , ,
G2 G 7R TG K| GIIK] ° JHIK] |G

This proves the equality in Lemma |3.1

For every o € Aut(K), where Aut(K) is the automorphism group of K, it is clear that
T(G,H,o(K')) is MIS-normal. Let S be a maximum independent set of T'(G, H, K). By
Lemma [1.3 and (3:12), SNVT(G, H,o(K")) is a maximum independent set of T(G, H,
o(K')). For every k € V(K), let

0k(S) ={(a,u) € 0g.u(9): (a,u, k) € S},

and

O (S) = {k € V(K) : 0x(5) # 0}

For each k € 0k (S), it is clear that there is a 0 € Aut(K) such that k € o(K’). Then, by
the assumption that T'(G, H, K') is MIS-normal, it follows that for k € 9k (S), Ok(S) =
Ax Hor GxUor AxU for some A € I(G) and U € I(H). We will complete the proof
in the following two cases:

Case 1: There exists an i € Or(S) such that |0;(S)| = «(G)|H| or a(H)|G|. For
symmetry, suppose 0;(S) = A x V(H) for some i € 9k (S). We now prove that for all
k€ 0k(S), 0x(S) = AxV(H) or Ax U, where U € I(H). Suppose not, then there exists
some j € Ok(S) such that 0;(S) = B x V(H) or B x U or V(G) x U, where B € I(G)
and U € I(H) with A # B.

If 0;(S) = B x V(H), then there exist u and v of V(H) such that (u,v) € E(H), since
H is a nonempty graph. On the other hand, since A, B € I(G), (a,b) € E(G) for some
a € A and b € B. Hence (a,u,i) and (b,v, j) are adjacent in (G, H, K). However, (a,u,1)
and (b, v, j) are both contained in the independent set S, yielding a contradiction.

If 0;(S) = B x U, then (a,b) € E(G) for some a € A and b € B and (u,v) € E(H)
for some u € V(H) and v € U, since A,B € I(G) and U € I(H). So the two elements
(a,u,i) and (b,v,j) of S are adjacent in (G, H, K), yielding a contradiction.

If 0;(S) = V(G) x U, then there exist a,b € V(G) and u,v € V(H) such that (a,b) €
E(G), (u,v) € E(H) and a € A, v € U, since G and H are both nonempty graphs.
Hence the two elements (a,u,i) and (b,v,j) of S are adjacent in (G, H, K), yielding a
contradiction.

Thus, S = Ax R for some maximum independent set R of H x K, which implies % >
min {358, GG} T 04(8) = A x V(H) for all k € dx(S), then S = A x V(H) x 9 (S),
and so S is regular. Otherwise, 0;(S) = A x U for some i € 0 (S), then R is irregular. By

Theorem either % = O“(I?') and one of them is IS-imprimitive, or % < % and




220 Huiqun Mao and Huajun Zhang

H is disconnected or |(Iﬁ) > O](I?') and K is disconnected. However, if |(H|) = C“|(K|) and H
is IS-imprimitive or |(I_§{|) < |(K|) and H is disconnected, it is easy to verify that (G, H, K')
is not MIS-normal. Hence, Cj(lﬁ) = a‘%) and K is IS-imprimitive or a‘%) > |(I§|) and K

is disconnected. That is, (ii) or (iii) holds.

Case 2: For all k € 0k(5), |0x(S)| = a(G)a(H). In this case, the maximality of

S implies that % < mm{algl),a'm } and 0x(S) = V(K). If for all k € V(K),

Ok(S) = Ax U for some A € I(G) and U € I(H), then S = A x U x V(K). That is,
S is regular. Otherwise, we list all distinct 0;(S)’s as A; x Uy, ..., As x Us (s > 2). For
1<i<s, let

={k e V(K):0(S) = Ai x U;}.
For any distinct pair elements ¢ and j of [s], since A; x U; # A; x Uj, there exist (a,u) €
A; x U; and (b,v) € A; x U; with either (a,b) € E(G) or (u,v) € E(H). If there exist
ki1 € Vi and ky € V; with (k1,k2) € E(K), then the two elements (a,u, k1) and (b, v, k)
of S are adjacent, yielding a contradiction. Thus, (ki1,k2) ¢ E(H) for all k; € V; and
ko € Vj. Hence K is disconnected, and (iii) holds. O

For the permutation group S,, we can define a graph G(S,,) with vertex set S,, and
two vertices o and vy are adjacent if and only if o (i) # (i) for all i € [n]. In |13], Wang
and Zhang proved the following result.

Lemma 3.2. K, , is IS-imprimitive if and only if n = 2r > 4, and G(S,) is IS-

imprimitive if and only if n = 3.
Combing with Theorem Lemmas [3.1] and we have the following corollary.

Corollary 3.3. Let G and H be two vertex-transitive graphs with %‘) > 2

.IfK isa
Kneser graph K, , or a permutation graph G(Sy), then

oT (G, H, K) = max{a(G)a(H)|K], a(G)a(K)|H]},
and exactly one of the following holds:
(i) T(G,H, K) is MIS-normal,
(ii) a|(GG|) > 0]%) = a&ﬁ) and one of H and K is IS-imprimitive,

(iii) o](lf‘) = O“%) = CT(G(T) and one of them is IS-imprimitive,

(iv) min{a‘(K‘ , |G| }> ) and H is disconnected,

(v) o](lf‘) > O“%) = o]((ﬁ) and one of G or H is IS-imprimitive.
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