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Boundedness of the Discrete Square Function on Nondoubling Parabolic
Manifolds with Ends

Hong Chuong Doan

Abstract. Let M be a nondoubling parabolic manifold with ends. In this study, we
will investigate the LP boundedness of the discrete square function in terms of the
Littlewood-Paley decomposition. It should be pointed out that, in our setting, the
doubling condition of the underlying space and the regularity estimate of the kernel

are missing.

1. Introduction

We first recall some basic facts about the parabolic manifolds with ends which have been
studied in [11]. Let M be a complete noncompact Riemannian manifold and K ¢ M
be a connected compact subset of M with nonempty interior and smooth boundary such
that M \ K has k noncompact connected components F1, Ea, ..., Ep. We refer to each E;
(i=1,...,k) as an end of M and K as its central part.

In many cases, each F; is isometric to the exterior of a compact set in another manifold

M;; therefore, we refer to M as the connected sum of My, Mo, ..., M} and write
M = M Mot - - - § M.

For a fix integer N > 0, take an arbitrary integer m € [1, N]. The manifold R is defined
by

RI=R. xSVt and R™=R™ x S¥"™ for all m > 2.
For these manifolds, their topological dimension are N but their “dimension at infinity”

could vary from 1 to N, that is, dimension at infinity of R™ is m in the sense that

V(x,r) =~ r™ for all r > 1. Thus, we can construct a finite connected sum of the R™’s:
M =R™ER™Y .- - fR™*,

where my,ma,...,mg € [1, N].
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Let us recall that a manifold is called parabolic if any positive super-harmonic function
on M is constant. This implies that mq, mo,...,mg < 2. For other equivalent definitions
of parabolic manifolds, we refer the readers to |10, p. 164] and [11} p. 5].

For the sake of simplicity, we narrow down our study to the case M = R'#R?. However,
the result is still valid on other settings, for example R'4R"4R?, with a slight modification.

For x € M, we set

2| = sup d(z,y)
yeK

where d is the geodesic distance in M and K is the central part of M. It can be verified
that z is separated from 0 on M and |z| &~ 1 + d(z, K). The notation “a~” means that
there exist constants ¢ and C such that ¢(1 + d(z, K)) < |z| < C(1 + d(z, K)).

We denote by B(z,r) the geodesic ball centered x with radius r and V' (x, r) the measure
of B(x,r). It can be easily checked that the manifold M is a nondoubling space based on

the following properties:
(a) V(x,r) ~r? for all z € M, when r < 1;
(b) V(x,r) ~r for B(z,r) C R, when r > 1; and
(c) V(z,r) ~r? for either z € R'\ K, r > 2|z| or z € R%, r > 1.

Let A be the Laplace-Beltrami operator acting on M. Consider a dyadic partition of unit,
ie., vo € CP(R) and ¢ € C§°(0,00) such that suppe C [1/2,2] and supp g C [0,2],

goébH)(O) =0 for all v > 0 and

L=po(N)+ ) 02" N =) ex(N)
k>0 k>0
for all A > 0, where ¢(A\) = ©(27%)) for all k& > 0.
In this study, we are interested in studying the estimates of the square function defined
by

1/2
(1.1) Saf = <’¢0(\/Z)f’2 +) \90(2_’“\/5)1"\2) :
k>0

This problem has been a topic of interest in harmonic analysis with a great deal of atten-
tion. The foundations of this subject can be found in [12]. Other versions (with different
square functions) can be found in |15, Chapter 4]. For more examples, see [5]/13] and the
references therein.

Although the theory of Littlewood-Paley inequalities is well developed and understood,
most of previous results require either the doubling condition (see [5/13]) or the regularity

estimate for the heat kernels (see |1]). Recent progress has been made in [2] in which the
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two necessary conditions above are not satisfied. Inspired by that work, we would like
to investigate the Littlewood-Paley inequality on nondoubling parabolic manifolds with

ends. More specifically, we obtain the following result:

Theorem 1.1. Let A be the Laplace-Beltrami operator on the manifold R*R? and Sa
the discrete square function defined by (L.1). Then

(1.2) 1Saflle = || f]Le
foralll <p < .

It should be noted that the standard Calderén-Zygmund decomposition cannot be
applied to the case where variables lie in different ends due to the blowing up effect of
nondoubling volumes of balls. Furthermore, the heat kernels upper bounds depend heavily
on both the distance of variables from the central part K and the modulus of variables
against the value of the time scaling ¢. For example, if z € R, y € R?, |z|,|y| < vt and
t>1, vi

1 || t
pi(z,y) = n <1 + Vi log |y>
where p;(z, %) denotes the heat kernel of the heat semi-group e ** acting on R'§R>.

Therefore, to achieve the desired estimate , we had to separately investigate the
heat kernel upper bounds and carry out a subtle decomposition. The approach taken here
is derived from the sharp heat kernel estimates in [11] and the ideas in [2,3,18].

Our result can be extended for the non-negative self-adjoint operators L € L2(M)
which satisfy the similar heat kernel upper bounds in [11].

The paper is organised as follows. In Section [2, we address some needed kernel esti-
mates based on the heat kernel estimates in [11]. The proof of our main results will be

shown in Section [Bl

2. Kernel estimates

The following estimates are taken from [11].

Theorem 2.1. [11] Let A be the Laplace-Beltrami operator acting on the manifold R'§R2.

—tA

The heat kernel pi(z,y) associated with the heat semigroup e satisfies the following

estimates

(1) Ift <1, then

for all x,y € R'R2.
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(2) Ift > 1, then

(i) forzx,y e K

C _d%@w
Pt(ﬂfvy)%?e b
(ii) forx € R?\ K andy € K
(i) Jz| > VA,
C @y
pi(z,y) = e P
(ii2) Ja] < VA,
C
pt($>y) ~ ?

(iii) forz € R'\ K andy € K
(iiiy) |z| > V¢,
logt 2 (@)
pe(x,y) ~ 0%6_#%-

(ilip) |z| < V¢,

C x 4 (2,y)
pr(x,y) =~ " <1 + %10gt> e

(iv) forx e R*!\ K andy € R?\ K
(iv1) [yl >V,

C _,d%@w
pt(x7y) ~ ?6 b t .

(iv2) ], Jyl < V4,

C || Vit
pe(z,y) =~ — <1+ — log —
t N
(ivs) |z| >Vt > |y|,
C. Vit _,lew
pi(x,y) ~ ?log me b ’

(v) forz,y e R"\ K
(vi) [zl [yl < V2,

C T x| + _d2 ()
pt(az,y)%t<1+|\%/’+| ‘\/E’mlogt)e b

(va) |z > vt >yl
dQ(tLy)

(ly| + logt)e™

C
pt(xv y) ~ ?

(vs) |y| > vVt > |z,

C _d2 ()
pt(w,y)%;(lxlﬂogt)e aa
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(va) |z, lyl > V1,
(z,y) =~ Ee_bde(ffD’y)
pe\T, Yy \/E .

(vi) forz,y e R?\ K
C _ @y
p(z,y) ~ e

We recall here a version of Phramén-Lindel6f Theorem (see [6, Proposition 2.2]).

Lemma 2.2. [6] Suppose that function F is analytic in {z € C : Rz > 0} and satisfies

the following estimates
|F(2)] <a forallze Cy and |F(Rz)| < 56”%267%

for some o, 8,6 >0 and v > 0. Then

IF(2)] < ae %2

for all z € C,.

Next, we will investigate the estimate of the heat kernel of the operator e ** with
z € Cand Rz > 0.

Proposition 2.3. Let z :=t +is wheret > 0 and s € R. Let 0 = argz. The kernel of

28 satisfies the following estimate:

11\ 2w
‘pz(x7y)| S <\/£ —‘l— t) e b \z\ COS@

the operator e~

for all z,y € RYR2.

This proof is an adaption of the ideas in [2,9]. However, in practically, we had to

employed particular treatments for the cases where the log terms occurred.
Proof of Proposition 2.3l We have
N e—(gﬂ's)A —iA

(& e

This implies that

pz(l“, y) — 6*(%+is)A [p

[SIES

Col@ = [ by wlpy () duw),
RlﬁRQ 2 2
Applying Hélder’s inequality,

(2.1) Ip=(z,y)| < Hp%Jris(xv ' )H2Hp§( )l
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We now consider the following cases.
Case 1: t < 2. Applying Theorem (1) for the kernel Pt

b d? (1tu,u)

1
py(w,u) S Je

for all w,u € R'"R2. Thus

1 2w |? 1 1 2 (x,y)
oy Cowl3s [ e auwy s [ e T duu),
2 RIIR2 t t RIIR2 t
Hence
< 1 1 2
(2.2) Hp%(-,u)H2N—t for all u € R 4R".
Moreover,

Pyl w) = €52 [py ()] ),

and then it follows

s oz )y S B sy (- ), 5 s (-2l 5

Sl -

where the last inequality was implied by ([2.2)).
Substituting both estimates of Hp%( : ,u)”2 and Hp%_i_is(l‘, . )H2 into (2.1), we deduce
that

1
Ip:(z, )| < n for all z,y € RUR2.

Case 2: t > 2. It should be noted that

2 2 _ 2
Ips (- w2 = /R e P30 () = ( /R et /R ot /. ) P2 (w, ) du(w)
= I+ IT+1III.

To estimate

= w, U 2 w
S Al

let us consider the following cases.
(i1) If u € R?\ K, by Theorem [2.1(2)(vi),

d2 w,u
IS/ ‘1€_b G
rR2AK |t

2 1
dp(w) S 3
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(iz) If w € K, by Theorem [2.1)(2)(ii1) and (2)(ii2),
1 a2 |?

I= / +/ ‘pi(w,u)qu(w
lwl<vE  Jw>vE) 2
—e t

1 2
</ duw) + |
lwj<vi |t lw|>vE | T

" dp(w)
=11 + 5.

Similar to (i1), we get that
1
I < -
2 S t

Since |w| < v/t and w € R? \ K, it can be verified that

1
h= [ duws
lw|< Vi

(i3) Ifu € R\ K and |u| < |w),

= w,u 2 w) =: .
- </w<¢z+/w|>ﬁ> (o due) = o+ s

Applying Theorem [2.1)(2)(ive) for I3,

1 |ul Vi
I 5/ <1+10g >
P Jwevi |t Vil

1 Vit
< du(w —|—/ log dp(w
/|w|<\[t (w) \w\<\/t |wl (w)

b [t Ydutw) (since [u] < fu] < V)
lw|<vi 1 [w]

| =

2

dp(w)

=: I31 + I3o + I33.

Similar to I;, we have that

—_

I3 S -

~

~+~

As for 132 and 133,

j+1 lemj+l
sy | | dutw) < 3L
J J

. 2
2-G+D)i<|w|<2-ivi ¢

and

(j +1)? I (+1)°
I33 5 Z/Q T d,u(w) 5 E Z SO
j

~UHD Vi< ] <29 VE -

since |‘[| < 2+,
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: : i+l (+1)? 1 1 fs
Since both series ;45 and »_, *55— converge, I3z < ¢ and Iz3 < 7. Combining

estimates of I3y, I3o, I33,

As for I, by Theorem [2.1[2)(iv1),

It S /
|w| >/t

(i) If u € R\ K and |u| > |w,

= w,Uu 2 w) =: .
= </w>\/%+/wlﬁx/i> Py, dyutw) = Is + I

2
1 d2 (w,u)
Zeb T
t

~+ | =

1 1 2 (w,u)
dutw) S [ e du(w) 5
t |w|>+/t t

As for I,

1 2w, |? 1
B [ et duw) s 3
|w|>Vt t t

As for Ig, we consider the following cases:

(a) If |u| > V1,
1 t % (w.w)
Is 5/ —log VE pu(w)
PENA L

1 t d?(w,u) 1
S / — log® Vi dp(w) < -
lwl<vz t t

The last inequality is argued similarly to I33.
(b) If |u| < V/t, using the same arguments as those of I3, we have

= Jhl<vi

2
|u )
-1+ —%=log+—
t ( Vi 8 Tl
Combining all the above cases,

1
dp(w) < n

~+ | =

Next, we investigate the integral
2
1= [ oyt du(w)
RNK 2

(iil) IfuekK,

1l = / +/ |p;(w,u)‘2d,u(w) =11 + I]5.
>Vt Jwl<vi)
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Applying Theorem [2.1)(2)(iii; ),

II § /
|w| >Vt

logt _ 2w |2 11 2t 2(u.0)
logt e ™ ) ) < / Log™t e 4 )
|w

¢ svit ot
1/ 1 d?(w,u)

<= —e 7 du(w)  (since logt < tY/%)
t Jlwl>vi Vi

<1

~t

Applying Theorem [2.1)(2)(iiiz),

ITy < / E <1+| |logt> b : dp(w)
23 —
|w|<\f \/>
1 |w] _opd?(w.u)
< 1+logt> e 2 du(w).
/|w|<\/t ( \[
Using the same technique as those for 11y,
1
Il < -.
233

(iip) If w € R?\ K and |w| < |ul,

IT = / +/ pe (w,w)|* du(w) =: IT3 + 1.
lw>ve  Jwl<vt) 2

As for I13, applying Theorem [2.1] - (ivy),

1 a2 |? 1
Il 5 / e () S 5
|w|>\/f t t
As for 11, we consider the following cases:
(a) If |u| > V1,
1 ydtww|? 1
11, S/ Sttt G du(w) < —.
jw[>vE | T t
The last inequality is argued similarly to I1s.
(b) If Ju| < V4,
2
1 |, Vi
II4</ (1+10g> dp(w
lwl<vi |t vVt (w2)
1 t 2
5/ 2<1+wlog*/+‘w1 2‘/>d(w)
ol < T Vi T ul ot Jul
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Since logt <t a > 0 and |u| < V/t, we get

I, <

ﬁ-\H

(ii3) If w € R?\ K and |w| > |ul,

IT = / +/ pe (w,w)|* dp(w) =: TT5 + I
lwi>vE  Jw|<vi) 2

As for 11, by Theorem [2.12)(iv2),
1
<1 + M1 og \ﬂ)

Ils < /
\w\<\f \/7E ”U,‘

Using the same arguments as in the estimate of 11y,

1
1l S —.
6~ 7

2
dp(w).

As for 115, we consider the following cases:
(a) If |u| > V¢, by Theorem. )(iv1),

2w,u
g [ et dutw) <
|w|>/t t?

&+ | =

(b) If |u| < Vvt < |wl|, by Theorem. )(ivs),

II5 </ 1 2 \/> *de (wu) d,u(w)
~ |w|>\[t |u|

Again, using the inequality logt < t* and the assumption |u| < v/,

I < / L g <
lw|>vi tVE

(iig) If u € R'\ K and |u] < |w],

Il 5 / +/ |p£(w,u)‘2d,u(w) =: 117 + I1s.
lwlsve  Jw>vE) 2

By Theorem [2.1{(2)(v1),

1 Jwlul  |w|+ |ul 2 _opd2ww)
11 SJ/ -+ + logt e t du(w).
" i<y (t tvt N u(w)

By a straightforward calculation we get that

~+ | =

1 Jwllu] | Jwl + Juf, 1

,_i_ .
t tVt t/t t
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Thus )
IT; < / S dp(w) < —.
lwl<vi t t

As for I1g, we consider the following cases:

(a) If |u| > v/, by Theorem (2)(V4),

1 d® (w,u) 1
Iz < / e dp(w) S —.
fwl > ¢ vt

(b) If |u| < v/t, by Theorem 2)(v3),

logt\ 2 2 (wyu) 1 2 (w,u)
IIs < / ('“'+°g> e 2 du(w) < / Ze DT dpu(w).
lw|>vi \ ¢ t w|>vi t

The last inequality was obtained by using the same arguments as in II;. Hence,

1
Ilg < —.

SN\/E
(ii5) If u € R'\ K and |u| > |w],

lw|<vt |w|>V/t 2\

Due to the symmetry of p%(w7 u), the estimates for IIg and 1119 can be done similarly to
those in case (ii4); therefore, we omit details.

We note that the estimate of the last integral

III:/K‘p;(w,u)’Qdu(w)

can be done similarly to cases I, I; and I1s; hence,

117 <

| =

Combining all the above estimates, we obtain that

1 1
< -4z
p=(z,y)| < it
for all z,y € RUR? and z = t + is with ¢ > 0.
We now set
-1
(2:3) F(2) = pa(a,y) () 72+ (R2)7Y]

Then from (2.3)),

(2.4) |F(2)] <1 forall ze€Cy.
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By a simple calculation we can obtain the upper bound of the heat kernel p;(x,y):

1 1\ 4@y
el s (41 ) et

for all z,y € R'YR? and t > 0.
This implies that

d2(z

(2.5) IF()] < e 7 forallt > 0.

Combining (2.4), (2.5) and then applying Phragmén-Lindel6f Theorem (see Lemma
we get that

d?(z,y)

1 1\ —
et 5 (5 47 )

for all 2,y € R'R2. O

We denote by KF(\/Z) (z,y) the kernel of F(v/A). By the same approach as those
in [2], we obtain the following estimates (Lemmas and [2.5). Details, therefore, are

omitted.

Lemma 2.4. Let R > 1. There exists a constant C' > 0 so that for any Borel function F
supported in [0, R], we have

2 2 2
K (z,y)|" dp(z) < CR7||F||7
[ ot e
for all y € R'R2.
Lemma 2.5. Let R > 1. For any s > 0 there exists a constant C > 0 such that

/'Rlﬁ’R? ’ler% ($ay)‘2(1 + Rd(l’,y))25 d,ll(l‘) 5 R2(1 + ’7_|)25+2

R
for all y € R'YR? and T > 0.

The result below is a technical tool in the proof of our main result. For references on

other analogous versions, see [2, Lemma 2.5] and [9, Lemma 4.3].
Lemma 2.6. Let s >0 and R > 1. Then we have

(i) For any € > 0 there ezists a constant C = C(e) such that
2 s
[ (e )1+ R, ) dnte) < R0 F s,

for all y € RMR? and all Borel functions F supported in [R/4, R).
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(ii) For every e > 0 there ezists a constant C' = C(€) such that
2 2s 2
K 1+d d < [ F|5yee
/| e VS @0 (0 o) i) S 1,
for ally € RYR? and all smooth functions F supported in [0, 2] with FZ*+1(0) = 0

for allv > 0.

The proof of this lemma can be done similarly to that in [2]; therefore, details are not

provided here. We then use this lemma to get the following estimates.
Lemma 2.7. Let s > 2 and 0 < X\ < 1. Then we have
(i) For any e > 0 there exists a constant C' = C(s,€) such that

C d(z,y)\ °
(2.6) }KF(M/E)(w,y)\S)@G%— (A )> [ Fllwes,

for all x,y € RMR? and all Borel functions F supported in [1/2,2].
(ii) For any € > 0 there exists a constant C = C(s,€) such that
(2.7 1K v (2:9)] < CC+ d(e,0) | Flwss,,

for allz,y € R'R? and all Borel functions F supported in [0, 2] with FZ*+1(0) = 0
for allv > 0.

Proof. (i) Let ¢ € C*°(R) such that supp¢ C [1/4,4], ¢(x) > 0 and ¢(z) = 1 for all
x € [1/2,2]. Then we have

FOOWA) = FOVA)$(AVA)

which implies that

Kpowm(©:y) = /Rlﬂnz Kpove (@ 2) Ky m) (2 y) dulz).

Applying Hoélder’s inequality, we get that

1/2 1/2
K T,y S[/ K T,z 2d z] [/ K zZ,9Y 2d z]
} F(A\/E)( )’ RlﬁR2‘ F(A\/Z)( )| 1(z) - | qb()\\/Z)( )’ p(z)

< (1 252) [l (14 52) " o)

d(z’ ) 2s 1/2
X [/73111722 ‘K¢(A\/Z)(Zay)‘2 <1+ )\y > dﬂ(z)]

lﬂRQ
1/2
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Using Lemma [2.6{1i), we obtain

C d(z,y)\ "’
[Krowa @) < 32 (1+ (/\ )) 1Flws Iolhwz.

This gives ([2.6]).
(ii) Let ¢ € C*°(R) be an even function such that supp ¢ € [-3,3], ¢ > 0 and ¢ = 1
on [—2,2].

Let us consider

We then have

KF(\/Z) (z,y) = /

K xz,2)K z,y) du(z).
RIR? F(\/Z)( ) ¢(\/Z)( ) dp(z)

Applying Hélder’s inequality, we get that

1/2 1/2
9 2
‘KF(\/Z)(m’y)‘ = |:/thiR2 ‘KF(\/Z)(QC’Z)‘ dﬂ(z)} {/R ‘K‘b(\/ﬁ)(z’y)‘ du(z)]

1 ti'Rz

1/2
<o) | [ Km0+ de ) duta)

lﬁRz
x [/72111722 |K¢(\/Z)(Za y)‘Q(l +d(z,y))* du(z)}

Applying Lemma (ii),

1/2

1K pymy (@ y)| < (14 d,y) I F lwgs, N ollwgs, -

Thus, (2.7) holds. O

3. The Littlewood-Paley inequality
Proposition 3.1. Let s > 1. If F' is a smooth function such that
(3.1) I llwge o,21) + S‘ili) 17695 F'l|wee < 00
J>

where 0 F = F(t-) for allt > 0 andn € C°(0,00) is a fized function, not identically zero.
Then the spectral multiplier F(v/A) is of weak type (1,1), and hence F(v/A) is of weak
type (1,1) and is bounded on LP(RYR?) for all 1 < p < oo.

Proof. Let ¢ € C§°(R) and ¢ € C§°(0,00) such that supp ¢o C [—2,2], suppp C [1/2,2]
and

L= o\ + @270 =3 ¢i(V)

Jj=21 J=0
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where p; = ©(277)) for all j > 1.

Hence,
=Y @iWFM) =Y F(N)

Jj=0 Jj=0
So
VA) =) F(VA
Jj=0
Moreover, from ,
(3.2) [ Follwee < 0o and |[|0g; Fjllwee < 00, Vj>0.

Let f € L'(X) and A > 0. We have

where fi(z) = f(x)xra\k» fa(¥) = f(@)xri\k and f3(z) = f(z )XK
It can be observed that if each of terms above is bounded by § SISl r1gRr2), the weak

type (1,1) of the operator F(v/A) is fully satisfied.

3.1. Estimate of I

We will adapt some ideas in [2,3,[8] to our present situation. Since f; is supported in
R?\ K which is a homogeneous space (in the sense of Coifman and Weiss, [4]), we can

employ the Calderén-Zygmund decomposition to decompose the integrable function

f1:g1+b1:g1+Zbu

i

such that
(a) suppgr C R*\ K and |g1(z)| < A\ for almost all x € R? \ K;

(b) there exists a sequence of balls Q1 ; so that suppb; C Q1,; C R?\ K and

/ b)) diy) < Ma(@u):
R2AK

(€) i m(@Qra) S 5 Jrovi W dp(y) < 3l LRy i)
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( ) Z Xle ~
We then have

I<upu ({x € RUR? : |[F(VA)gi(2)| > A}) + ({x € RMR? : |[F(VA)b (z)| >

6

| >

)

=11 + 5.
By using the L? boundedness of F(v/A) and the fact that [g;(z)| < A,

) 1
LS 5loiliamag) S Sllgllmev)-

Conditions (b) and (c) imply [|g1]/21(r2\k) S I f1ll21(r2\ k) Hence,

1
I S <\ fllzrrrgre)-

In order to estimate the term I, we decompose

=Y F(VA)(I—e blH’ZF =
where 7; is the radius of the ball Q1 ;.
Hence,
A
L <u <{:c € RUYR?: ZF(\/K)(I — efT?A)bLi(:ﬂ) > 12}>

Z F(\/Z)G_T%Ablﬂ'($)

i

+ p ({x e RUYR?:

=: Ia1 + I2o.

For the term I5;, by condition (c),

In1 S ZM(QM) + % Z/le?\cg | |F(VA)(I - e—T?A)bM} du(z)
S §\|f||p w300 [ (B (VB dute)

i >0 7 RUR\Qu

(3.3)

where F}j . (X) = F;(A)(1 — e~"i**) for each j > 0.
Taking s’ with s > s’ > 1, for each ¢ and j > 0, by Holder’s inequality,

/’RlﬁRQ\Q |KF]7TZ(\/Z)(CC,Z/)‘ d,Uz(l')
1,2

1/2
2 ; 2’
S Kp z, )2 (1 + 27d(z,y)* du(z
</R'1ﬁ722\Q1,i‘ FJyTi(\/Z)( )‘ ( ( )) ( )

1/2
RUYR2\Q1,
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A straightforward calculation gives

1/2
(ﬁ;mAQ<1+wa%w>%ﬂmm) < 29(1 4 27r) '
1,6

On the other hand, since supp Fo,, C [0,2] and supp Fj,, C [2/71,27] with j > 0,
applying Lemma

1/2
2 ; s’ .
(A;WAQ Mﬁm@@ﬂ%yﬂ(r+ﬁﬂmy»2dmm> < 2|8y Fjy [l
1,i

Similar to the previous arguments,

1/2
2 s
(/RluRQ\Q ‘KFO»TZ'(‘/Z) (x’ y)l (1 + d(x’ y))2 du(x)> 5 ||F0,7"i HWSOO
1,i

Fix k > s. Observe that, by (3.2,

2. 2 .
H52ij:ri Wgoo S "52]F]”W$O"62](1 - 6”2)HCI€([1/471D 5 (1 +;3TZ> 9 ] > 0

T 2
oo < L .
W~ <1—|—’I"1)

: 2
2y : ,
Kj,,(VA)(z,y)|du( - 14 29p)t—s > 0.
/RlﬂRQ\Q“‘ ]’TZ( .%‘ Y } M <1 —|—237“Z) ( TZ) » I =

and

”FO,H

As a consequence,

This, along with condition (b), implies that for each j > 0,

i 2
27 T .
: 1+ 27r)t
<1+mm)( ri)

(125 ) (2@
7

A

/ }Fjﬂ"i (\/K)bl,z(:c) } d#(x) (R2\K)
RUYR\Q1,4

N

Substituting this into (3.3)),

2
2 T . e
121 N ||f”L1 RlﬁRQ + E E (1 —|—2.Z77" > 1 +2jri)1 s )\M(QLz)
i

S XHfHLl(RlﬁRQ) + Z)\M(Ql,i) N *HfHLl(RlﬁR?)

where condition (c) was applied for the last inequality.

We now turn to estimate Ip. For x € R'$R? and i we consider the following cases.
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Case 1: 0 <r; <1. By Theorem [2.1[1),

» 1 by
e bu(x)\g/ e [buiy)l duly).
1

Using triangle inequality,

_pdi@) _pd2e.2)
(3.4) sup e i < inf e i
Zte,i ZEQl,i
Combining with condition (b) and the fact that u(Q1,) ~ r?

7

_2A 1 _bdQEgy)
e~ 8by 4(z)] < /Q LT buay)| duly)
1,2

d2(x,;
—b (ﬂgy)

1
7'26 " XQ1,i (y) dﬂ(?J)'

This implies, for u € L?(R'4R?),

2 1 —pLGw)
(e 20 S0 [ xaul) [ e T @ dut)dnt) S MMu X,
1,0 i

Since the Hardy-Littlewood maximal function M is bounded on L?(R'§R?),

2
Z e_T?AbLi ZXQM
7 1

where the third inequality was achieved by condition (c).
Case 2: r; > 1. To get the estimate of H > e*’”izAbu

2
SN
L2 ('Rl ﬁ'R2)

SA (Z M(Ql,i)) S A Sl rigr2)
) 7

L2(R2\K

H L2(R14R2)’ it suffices to show

that the following 3 cases are held.
2
2
(3.5) ‘ D e Ry S Al rigr2)s
L L2(R2\K)
2
2
(3.6) Ze by S M Sl rigr2)
% L2(R\K)
and
2
2
(3.7) Ze by S Sl r1gr2)-
7 LQ(K)

(ii1) Estimate (3.5): It is noted that in this case € R?\ K and y € Q1,; C R*\ K.
Applying Theorem [2.1)(2) (vi),

—r2A 1 ~b* E«gw
b < [ e )l datw)
1,2

Q1 Ti
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Since the right-hand side of the above estimate has the same form as that in Case 1, we

get that
1 —b d2(z,y)

—'I‘.2 4
|6 lAbl,i($)} <A —€ : XQl,i(y) du(y).
Q1 Ti
This implies that for u € L?(R?\ K),
2n 1 —pEaw
(e 0| $3 [ o) [ e (@) du@)dn(y) S MM xa )
Q1 RAK T;

Hence,

<|u|, Z e_T?Abl,i> SA <Mu> Z XQl,i> :

Since the Hardy-Littlewood maximal function M is bounded on L?(R?\ K),
Z B_T?Abl,i 5 z? Z XQ1,

7 L2(R2\K) 7

which shows (3.5]).

(iiz) Estimate (3.7): We first consider the case z € K and |y| > r;. Applying Theo-
rem [2.1)(2) (i1 ),

2 2

SA (Z M(Ql,z‘)) S A Sl rigr2)

L2(R?\K)

_T.QAb < 1 7bd25~§’y) b d
[Tl [ e T Ihy)ldudy)
1,

)

Using the similar approach used in Case 1 together with the Gaussian upper bound of
|e*”i2Ab1,i(x)}, we then get

(3.8) ‘<|u!, ZeTz‘QAbLi>

for any u € L?(K).
For the case z € K and |y| < r;, by Theorem [2.1|(2)(iiz),

<A <Mu, Z XQ1,¢>

] [ bl dut).

1,6 '

So for any u € L*(K),

2 1
(ke 2001 3 | xau ) [ @) du@)dn) £ MM xa)

1,7

Then,

(3.9) '<|uy, Ze—rfﬁbl,i>

SA <Mu, Z XQl,z‘> .
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Combining (3.8)) and (3.9), we get (3.7]).

(ii3) Estimate (3.6): We note that

(ule 0| = [ @)l due)
RINK

= ( / + / + / )eTfAbl,i(xﬂu(:cﬂdﬂ(x)
lyl>re Szl lyl<rs  Jlyl<ri<|a|

=: By + Ey + Es.

As for Ey, applying Theorem [2.1] - (iv1),

1 ,bd2<g,y)
By < /| | / Lo i) dn(y) ) fuo)] du(e).
Y| >r; 1,4 z

It should be noted that the estimate (3.4]) still holds for this setting; therefore,

d(ry)
B <A / / 7 ows ) du()|u(@)| du(z)
y|>7"z 1,0 i
1 —pf@w
< /Q Xow, (1) /| LT ule) dute) du(y)
1,2
S /\<Mu7 XQl,i>'

As for E5, by Theorem [2.1)2)(iv2),

B < /|| ( | ) - [1+’“" ,yd by )\du(y)> fu(er)| du(a).

By observing that |z|,|y| < r; and logr; < ré for all a > 0,

~ "1

By < / ( / L) du(y)> ()] dps(z)
x|, |ly|<rs Q1,i T

1
< / xow: (¥) / L (@) du) dputy)
Q1,i ||,y <y T
S /\<Muv XQl,i>'

As for Ej, by Theorem [2.12)(ivs),

i _pdiewy)
E35/| < ||</ glospie 7 b du(y) | fu(@)] du().
y|IS<ri<ljx lzi
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Again by |y| < r; and logr; < 7;, we have

1 7bd2(12,y)
By S /| o /Q S o)l dity) ) ()] dut)
y|<ri<|x 1,4 ' ¢

1 _pd (zzyy)
<A /Q xow: (¥) / L () dule) duy)
1,i

S )‘<Mu7 XQ1,i>'

Combining all estimates of E1, Fo and F3, we obtain

|<|u|, Z e‘T?Ab1,z’> SA <Mu, ZXQM>

for all uw € L2(R' \ K). This implies (3.6].
Hence, from the L? boundedness of F(vA),

2
1 _
122 S ﬁ ZF(\/K)G T?Abl,i
i L2(R14R2)
2

< 1 —r2A < 1

"BV D ey, S XHfHLl(RlﬁR?)-
i L2(R24R?2)

Thus,
1
Iy < <1 fllp(rigr2)-

This combined with the estimate of I; induces that

1
IS <o rigre)-

3.2. Estimate of I7

We first note that

=1+ 11>.

To estimate II;, we note that the standard Calderén-Zygmund decomposition on nonho-
mogeneous spaces such as in |14}/16] cannot be applied since, in that decomposition, we
only know the existence of a sequence of Calderén-Zygmund cubes instead of their exact

positions.
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Thus, to deal with this case, we use a Withney type decomposition of the level set
Q and then we make clever use of the upper bounds to handle the weak type estimates,
without enlarging those cubes, which avoids the case of nondoubling measure. The genesis
of this approach is an adaption of an idea from [14]. See [3] for a similar use of this idea.

We now split R! \ K into two parts according to function f» as follows:
Fi={yeR'"\K: Msfo(y) <A} and Q:={yeR'\K: Mafay) > A}

where My is the Hardy-Littlewood maximal function defined on R! \ K.
Then we define

for(y) = fo()xr(y) and f3(y) = fo(y)xay)

for all y € R!\ K. Then we have

I < Ha: € R2\ K : [F(VA) for(x)] > 2}’

+ Hx € R*\ K : [F(VA)f2(z)| > A}‘

=: 1111 + I1qs.

(=)

As for 11y, by using the L? boundedness of F(v/A), we obtain that

1
Ihi S F||f2,>\||%2(7zl\1<) S XHfHLl(RIﬁRQ)v

where we use the fact that |fox(y)| = |f2(y)|xr(y) < [Mafa(y)xr(y) < A

As for IT12, we consider the function f3'. We now apply a covering lemma in [4] (see
also |7, Lemma 5.5]) for the set  in the homogeneous space R! to obtain a collection of
balls { Q2 := B(yi,ri) 1y € Qi = QW2 5 — 12} such that

(i) @=U; Q2
(i) {B(vi, %) };’il are disjoint;
(iii) there exists a universal constant C such that ), xq, ,(y) < C for all y € Q.

Hence, we can further decompose
A
= Z J 21(3/)
i

XQs ;)
where f2A,z< )= Zkiz%k(y)fz( )
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Applying Lemma [2.7 we have

[FVA) fra(@)] = | D B (VA) fo(w

j>0
_Z/ ‘KF(\F)xnyzz ) du(y)
j>0
L))
<;/ o (14 522 8wl auty)

where s > 2.
Since d(z,y) ~ |x| + |y| for all z € R?\ K and y € R' \ K,

FORBOISY [ st A

7>0

NZ/QM‘MMHM)

7>0

which implies that

FVABE@IEY [ Al dat)

7>0

<Z-/MWMM
~ 2 2 2,1
|| >0 2% Q2,i

1
< 1AWl

Hence,

FVAR@I S IFVRIAEI S S [ 1AW ) €

This implies that
9 2 1 < 1 < 1
Ihy <p(qz € REN\K : |2 < Sl fellpmigrey ¢ ) S XHfQHLl(RlﬁR% S XHfHLl(leﬂ@)-

As for Iy, we note that the underlying space R! is a homogeneous space; therefore, we can

employ the Calderén-Zygmund decomposition to decompose fo into two parts as follows:

f2292+b2292+zb2,i

i
such that

(a’) suppge C R and |g2(z)| < A for almost all z € R';
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(b") there exists a sequence of balls By ; so that suppbs; C Ba; C R and

[ ool o) (B

(c') > m(Bai) S %fnl |f2(y)du(y) S %”f2HL1(R1)§

(d) 2ixB., S L.

We then have
I < <{x eR': |[F(VA)ga(2)| > 2}) + ({x € R': [F(VA)ba(2)| > 2})
—: IIy, + I,

By using the L? boundedness of F(v/A) and the fact that |go(x)| < A,

1 1
IRESIS ﬁ”92||2L2(R1) S yllg2llnrry)-

Conditions (b) and (c’) imply [|g2|z1(r1) S || f2llL1 (1 Hence,

1
Il S XHfHLl(RlﬁRQ)'

In order to estimate the term Il>5, we decompose

\/K by = Z F(\/K) (I — efTiQA)bQVZ‘ + Z F(ﬁ)efr?AbZi

where 7; is the radius of the ball By ;.
Hence,
Il < p ({l‘ ERl :

—|-,u<{x€'R1:

=: 11y + I1999.

Using the same arguments as those for Is; we can show that

1
Ioo < <l fllzrrigr2)-
For the term 11992, we consider the following cases.
Case 1. If 0 < r; < 1, we can use the same arguments as those in Case 1 of I since
the heat semigroup has the Gaussian upper bound. Hence

B Ab2z S ALy rigr2)-

L (R'R?)




Discrete Square Functions on Parabolic Manifolds with Ends 327

Case 2. If r; > 1, we will investigate the following inequalities

2
2
(3.10) ‘ D e iRy, S Az rigr2)
i L2(RI\K)
and
2
_r2
(3.11) Ze iBby S Al rigr2)-
i L2(K)

We now estimate (3.10). We first split the following integral into 4 parts noting that
r,y € R\ K.

[(lule 00| = [ e @) ula)| du(o)

RN\K

= (/ +/ +/ —I—/ >B_T§Ab2,i($)|u($)|du($)
jaldyl>r Jlallyl<r Jlgigri<iol - Jiylsrizlal

=:Hy + H> + Hs + Hy.

As for Hy, by Theorem [2.1(2)(v4), we have

1 7bd2(127y)
ms [ AL e T bl ) ) )
z),|Y|>Tq 2,4 't

Using the same technique as that in the estimate F;, we have

Hl SJ )\<MU, XBQ7¢>-

As for Hy, by Theorem [2.12)(v1), we have

1 T x| + _pdiw)
ms/u<<é 2Q+”W+WWmmﬁe T b ()] duly) | Ju(@)] dula).
T|Y|IST 2,4

Ty i T

Since |z|, ly| < r; and logr; < rf* for all a > 0,

~ "1

1 _bdQ(ng
ms/|< Lo bl dut) ) @)l duto)
z|,|y|<r; 2,4 v

1 _bd2(gvy)
5A/ mmw/ L ) dua)dpty)
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Similarly,

d2(z,y)

1 J—
H; §/|< y (/B T—2(|y|+logr§)e & \bzi(y)\du(y)) u(@)| du(x)
y|I<r;<|z 2,4 '@

1 _bdQ(ﬂ;,y)
S/ / —e " [bei(y) du(y) | lu(@)| du(x)
ly|<ri<|z| \/Ba,; Ti
1 _bdQ(Eyy)
<A / XB2:(¥) / —e T Ju(@)|dp(z)duy)
Ba,i ly|<ri<|z| T

S )‘<Mua XBQ,i>'

For the last term Hy, we also get the same conclusion.

Hence, by combining the estimates of Hy, Ho, H3 and Hy, we get that

‘ <|’LL‘, Z e—T,'ZAb27i> <A <MU, Z XB2,¢>

for all uw € L2(R' \ K). This implies that

2
‘ § :6 riAbQ’i
7

2

S AMfll rigrz)-
L2(R1\K)

The estimate (3.11]) can be obtained by the same approach. So details are omitted.

Hence,

2

Z F(\/Z)efr?Abzﬂ'

L2(R14R2)
2

< 1

S XHf”Ll(thiRQ)-
L2(R1$R2)

1 2
Sz ||Doe T b
)

This implies
1
I S <l (rigr2)-

The estimate of 111 can be done similarly to I; therefore, we omit details.

O

This result will be used as an instrument in the proof of Theorem We note that

this proof is quite standard; therefore, for the sake of completeness, we provide it here

(see [2,9] for references).

Proof of Theorem [L.1 Let € := {¢j};>0 be an arbitrary sequence with ¢ = +1. Let us

define
T.f = Z cjpi (VL) .

320
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Recall that @9 € C3°(R) and ¢ € C§°(0,00) are two functions satisfying supp o C [0, 2]
and LpéQVH) (0) =0forall v > 0, supp ¢ C [1/2,2]. By a straightforward calculation we can
show that the function Fe(\) = > .5 €¢;(A) satisfies condition (3.1)) in Proposition
Thus,

ITefllp < Clfllp, for 1 <p < oo,

where C is a dependent constant of e.
Combining the previous fact with Khintchine’s inequality and Fubini Theorem, we get
that

ISafI5S [ BITS@)P)de = BATAI) S 11

which yields
1Safllp < 1 llp-

For the lower bound, it is well-known that we can find functions @9 € C§°(R) and ¢ €
C§°(0,00) such that supp g C [0,2] and (5((]2”“)(0) =0 for all v > 0, suppp C [1/2,2]
and
L=Go(Mpo(N) + a2 N2 = > Gk(N)er()
k>0 k>0
for all A > 0.
This implies that

F=>"a(VA)er(VA)f.

k>0
Hence, for g € LP (R'¢R?), by Hélder’s inequality,

/thm2 f(x)g(z) du(zx) =/ > op(VA) f(2)3k(VA)g(x) dp()

RUR? 120
1/2
2 —k 2
<[l I ECRT
1/2
< [ |2o(VA)g]? + D |6 VAP | dule)

k>0
_. /RlW SafSagdu < 1SaflpISagly-

By the same approach as those in the proof of ||Safll, < || fllp, we obtain the following

estimate:
1Saglly < 1lgllp-

Combining those estimates above,

/ F(@)g(x) du(z) < 1Saflplglly
'Rlﬁ'RQ
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for all g € LV (R'$R?). This implies that

1fllp < 11Sagllp-

The proof is complete. O

Acknowledgments

The authors would like to thank the anonymous referees for their helpful and constructive
comments that greatly contributed to improving the final version of the paper. The author
would like to thank X. T. Duong and T. A. Bui for helpful advice and discussion.

References

[1] J-M. Bouclet, Littlewood-Paley decompositions on manifolds with ends, Bull. Soc.
Math. France 138 (2010), no. 1, 1-37.

[2] T. A. Bui, Littlewood-Paley inequalities on manifolds with ends, Potential Anal. 53
(2020), no. 2, 613-629.

[3] T. A. Bui, X. T. Duong, J. Li and B. D. Wick, Functional calculus of operators with
heat kernel bounds on non-doubling manifold with ends, Indiana Univ. Math. J. 69
(2020), no. 3, 713-747.

[4] R. R. Coifman and G. Weiss, Extensions of Hardy spaces and their use in analysis,
Bull. Amer. Math. Soc. 83 (1977), no. 4, 569-645.

[5] T. Coulhon, X. T. Duong and X. D. Li, Littlewood-Paley-Stein functions on complete
Riemannian manifolds for 1 < p < 2, Studia Math. 154 (2003), no. 1, 37-57.

[6] T. Coulhon and A. Sikora, Gaussian heat kernel upper bounds via the Phragmén-
Lindeléf theorem, Proc. Lond. Math. Soc. (3) 96 (2008), no. 2, 507-544.

[7] S. Dekel, G. Kerkyacharian, G. Kyriazis and P. Petrushev, Hardy spaces associated
with non-negative self-adjoint operators, Studia Math. 239 (2017), no. 1, 17-54.

[8] X. T. Duong and A. Maclntosh, Singular integral operators with non-smooth kernels

on irregular domains, Rev. Mat. Iberoamericana 15 (1999), no. 2, 233-265.

[9] X. T. Duong, E. M. Ouhabaz and A. Sikora, Plancherel-type estimates and sharp
spectral multipliers, J. Funct. Anal. 196 (2002), no. 2, 443-485.



[10]

[14]

[15]

[16]

Discrete Square Functions on Parabolic Manifolds with Ends 331

A. Grigor’yan, Analytic and geometric background of recurrence and non-explosion of
the Brownian motion on Riemannian manifolds, Bull. Amer. Math. Soc. (N.S.) 36
(1999), no. 2, 135-249.

A. Grigor’yan, S. Ishiwata and L. Saloff-Coste, Heat kernel estimates on connected
sums of parabolic manifolds, J. Math. Pures Appl. (9) 113 (2018), 155-194.

J. E. Littlewood and R. E. A. C. Paley, Theorems on Fourier series and power series
(11I), Proc. London Math. Soc. (2) 43 (1937), no. 2, 105-126.

N. Lohoué, Estimation des fonctions de Littlewood-Paley-Stein sur les variétés rie-
manniennes d courbure non positive, Ann. Sci. Ecole Norm. Sup. (4) 20 (1987), no. 4,
505-544.

F. Nazarov, S. Treil and A. Volberg, The Tb-theorem on non-homogeneous spaces,
Acta. Math. 90 (2003), no. 2, 151-239.

E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton
Mathematical Series 30, Princeton University Press, Princeton, N.J., 1970.

X. Tolsa, A proof of the weak (1,1) inequality for singular integrals with non doubling
measures based on a Calderdn-Zygmund decomposition, Publ. Mat. 45 (2001), no. 1,
163-174.

Hong Chuong Doan

Department of Economic Mathematics, University of Economics and Law, Vietnam

and

Vietnam National University, Hochiminh City, Vietnam

E-mail address: chuongdhQuel.edu.vn



	Introduction
	Kernel estimates
	The Littlewood-Paley inequality
	Estimate of 
	Estimate of 


