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The Nonlinear Steepest Descent Approach for Long Time Behavior of the

Two-component Coupled Sasa-Satsuma Equation with a 5 x 5 Lax Pair

Xiu-Bin Wang* and Bo Han

Abstract. Under investigation in this work is the coupled Sasa-Satsuma equation,
which can describe the propagations of two optical pulse envelopes in birefringent
fibers. The Riemann-Hilbert problem for the equation is formulated on the basis
of the corresponding 5 x 5 matrix spectral problem, which allows us to present a
suitable representation for the solution of the equation. Then the Deift-Zhou steepest
descent method is used to analyze the long time behavior of the coupled Sasa-Satsuma
equation.

1. Introduction

It is well-known that the standard nonlinear Schrodinger (NLS) equation is a key integrable
system in the field of mathematical physics. There are many physical phenomenon where
the NLS equation appears. For instance, the NLS equation describes slowly varying wave
envelopes in dispersive media from water waves, nonlinear optics, and plasma physics.
In particular, the NLS equation can be used to model the soliton propagation in optical
fibers where only the self-phase modulation effects and the group velocity dispersion are
discussed. However, for ultrashort pulse in optical fibers, the effects of the self steepening,
the third-order dispersion, and the stimulated Raman scattering should be taken into
account. Because of these effects, the dynamic behaviors of the ultrashort pulses can be
described by the higher-order NLS equation (also called Sasa-Satsuma equation) [25,[26],
39,43.|45]

1 )
a7 + 5axx + g +ie{axxx + 6lql*ax + 3q(|g]*)x } =0,

where ¢ = q(X,T) is a complex-valued function. In addition, to model the propagations
of two optical pulse envelopes in birefringent fibers well, some coupled Sasa-Satsuma

equations were proposed and discussed [23.24,30,38|. In this work, we therefore focus on
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a coupled Sasa-Satsuma (CSS in brief) equation

. 1
T + 5 axx + (lq1® + |2/
+ie{qixxx +6(la1]* + |2 arx + 31 (a1 |* + |¢2[*)x } =0,

. 1
igor + Sa2xx + (a1 > + |21 g2

+ief{gaxxx + 6(|q1* + |g2[*)@ox + 3a2(|a1|* + |2[*) x } =0,
which can be rewritten in the following form [24]
up + e{Ugge + 6(|ul® + |[v]*)ug + 3u(ul* + v}z } =0,
(1.2) v + €{Vgza + 6(|ul* + [0*)vy + 3v(|ul® + |v]?)s } =0,
u(z,0) = ug(z), v(z,0)=vo(x),

by introducing the gauge, Galilean and scale transformations

i T
) = g (X.T i ix-o L
o) = (e |- (X 0]
i T
U(.’L’,t) - qQ(XvT) €xXp |:_66 <X - ].86>:| )
T
—x_ T
. e Th

where (ug,vg) lie in the Schwartz space, € is the ratio of the width of the spectra to the
carrier frequency, and the last three terms in the left-hand side of stand for the third-
order dispersion, self-steepening, and stimulated Raman scattering effects, respectively.
Besides, ¢1 = ¢1(X,T) and ¢ = ¢2(X,T) are two complex functions of variables X, T,
The CSS equation is still completely integrable. Additionally, the CSS equation
has also been investigated via Darboux transformation, Darboux-Béacklund transformation
and Hirota method etc. Recently, we have studied the long-time behavior and rogue
wave solutions of the integrable three-component coupled nonlinear Schrédinger equation
[33,135]. In this paper, we will consider the long-time asymptotics of the CSS equation
on the line. In the following, we let e = 1 for the convenience of the analysis.

In recent years, there are many investigations on long time asymptotics and exact
solutions of nonlinear evolution equations [8-10,/16,|19-21,127,|28|,32}34,36,/41]. It is also
known that the Deift-Zhou steepest descent approach is a powerful approach to analyze
the long time behavior for integrable nonlinear wave equations [4-7,|[11H14L/17,/18} 22} 29,
31,140,/42]. However, since contains a 5 X 5 matrix spectral problem, the long time
asymptotics for is rather complicated to consider. The research in this direction, to
the best of our knowledge, has not been conducted before. The main purpose of the present
article is to analyze the long time asymptotics of by utilizing the Riemann-Hilbert
problem (RHP) via the Deift-Zhou steepest descent method.
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The structure of this paper is given as follows. In Section [2] we derive a 5 x 5 matrix
RHP and find that the solution of (1.2) can be given by the solution of this RHP. In
Section [3| we obtain the main conclusion of this work by using the Deift-Zhou steepest
descent method. Finally, the last section summarizes the main results of this article.

2. Riemann-Hilbert problem

System ([1.2)) is still completely integrable. Its Lax pair yields [24]

Yo(, 65 N) = idap(z, ;) + U, t; M) (2, 1 A),

(2.1)
i, 1 N) = 4N op(x, 6 X) + V(z, 6 (@, 1),
where
o — I4><4 0 7 U= 04><4 U 7 U — u , u— u , v— v
0o -1 -ut o v u ]
with

V(z,t,\) = 4\*U — 2i\o (U, — U?) + (U, U — UU,) — U,, + 2U3.

Here the overbar represents the complex conjugation and “f” represents Hermitian of a
matrix.

In the following, introducing a new matrix function by
/(/J(.’IJ, t, )\) — M<$’ t, )\)ei(/\x+4)\3t)o"

the spectral problem ({2.1)) then gives

pe(, 15 X) — 4iX°[o, (i, 4 M)

Uz, t)u(z, t; \),

(2.2)
Vi(z, t; Np(x, t; N).

We next present two eigenfunctions pg(z,t;\) of x-part of (2.2) by the following

Volterra type integral equations
(23) pe =T+ [ PO sl 0] de

where & represents the operators which act on a 5 x 5 matrix Q by ¢ = [0,{]. Here

e? = e?Qe’. Then we rewrite i (z,t;\) as

Ni(x7 t; )‘) = (M:I:L(:Ev t; )‘)7 M:ﬁ:R(xa t; )‘)))
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where the first fourth columns of p (z,t; \) and fifth column are expressed by pir(x,t; A)

and pyg(x,t; ), respectively. From (2.3)), we know that uir, p—g and p_r, pyg are
analytic in C_ and C,, respectively. Furthermore

1

(M-‘:—L(xat; )\),M_R(Ji,t,)\)) =7+0 <>\> ) AeCo — 00,
1

(/’L—L(l'at; )‘)7M+R($at7)‘)) =740 <)\> ) A€ (C+ — 0.

The solutions of the equation of differential equation (2.2]) can be related by a matrix

independent of  and t. As a result
2.4 p_(z, t; N) = pa(x,t; A IATHANDT )
+

Evaluation at ¢ = 0 arrives at

_ : —i\xo .
(25) S()\) - 1‘11)51-1006 ,LL_(JJ,O,A)’
ie.,
+OO . ~
(2.6) s(\) =T+ / e~ AU (z,0)p_(z,0; )] da.

The fact that tr(U) = 0 together with indicates
(2.7) det(ps(z,t; X)) = 1.
Therefore, we obtain

(2.8) det(s(A)) = 1.

Additionally, we know that

(2.9) Ul(z, ;) = —U(z, ), Uz, t;—\) = VU(z, £ AV,
where
01000
10000
V=]0001 0
00100
0000 1

Furthermore, it follows from ([2.1)) that

(2.10) VA, N) = (ido — Uz, t)) T2 (2, 5 )
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with ¥4 (z,t;\) = (¥ (z,£; A))T, where the superscript ‘T’ represents a matrix transpose.

Consequently, we have
(2.11) P, 6 X) = @, 15 0),  d(a, ) = Vip(a, ; —A)V.

These relations indicate that the eigenfunctions p;(z,t; A) meet

(2.12) ph(z,t2) = p (2,5 N), pl,tA) = V(s -\)V, j=1,2,

where ‘1’ represents the Hermitian conjugate. To sum up, the matrix-valued function s(\)

admits the following symmetries

(2.13) ST =s71(N), s(=)\) =Vs(\)V.
In the following, we rewrite a 5 x 5 matrix A as a block form

A Ap
Agi Ay

)

where Aj; is a 4 X 4 matrix and Ay is scalar. It follows from ([2.4)—(2.13)) that

SEQ(X) = det(sn(/\)), 811(>\) = 0'1311(—X)01,

sia(V) = —sa1adj(s11(V),  Bar(~N)o1 = sa(N),

where

(2.14) g1 =

= o O O
o = O O

1
0
0
0

o o = O

and adj(B) represents the adjoint matrix of matrix B. Because of the above expression

(2.14), we rewrite s(\) as

a(A)  —adj(a’(A))bT(N)

s = b(\)  det(at(V)

where

a(A) = ora(=N)o1, b(=N)o1 = b(N).
It follows that a(\) and b(\) satisfy

+oo
o) =T+ [ (w0 (,053) do
(2.15) oo
b\ = — / 2N (g 0) 11 (2, 0: A) da.

—0o0
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Obviously, a()) is analytic in C4..
Suppose that det(a())) admits 4N simple zeros Aq, ..., Ay in C4, where Ayy; = —\;,
j=1,2,...2N. Define

(= (N)a= (N), p+r(N)), reCy,
(nsr(N), p-r(N)/ detaf (X)), AeC-.

Theorem 2.1. Let a()\) and b(\) be determined by (2.15). Then M (z,t; ) given by (2.16)
satisfies the following matrix RHP. We find a meromorphic function M (x,t; X) with simple
poles at {\;}1N and {N\;}1V, then it admits

(2.16) M(EN) =

My(\) =M_(N)J(A), NER,
MA)=Z+0(5), A\ — 00,

and residue conditions

0 0
Res M(A) = Jim M(A) | —200002) acan) ’
det(a(N))
_ e210(M)t .adj(at(X))b(X)JF
Res M(A) = lim M()) det(at (X))
)\J‘ >\—>>\J O 0
where j =1,2,...,2N, and
(2.17) My = lim M\ +ie), v(A) =bNa"'(N\), IR,
€E—>
T+AT AN e*Piyi(X
(2.18) J(\) = VAN eI o=x(+ax).
672191‘/7()\) 1 t

Here y(\) lies in Schwartz space and satisfies

YA) =T (=N)a1,  supy(\) < oo.
AER

Let

Uz, t) = [ ] =20 Tim (AM (2, \)1o.

v A—00

Then u(x,t), v(z,t) represent the solution of the CSS equation (1.2]).

3. Long-time asymptotic analysis

According to the idea of Deift and Zhou [6], we next consider the stationary points of the
function 6, i.e., setting fil—g = 0, the stationary phase points are constructed for x > 0 as
+Xo = £+/757, Thus, 6 = 4X\(A\? — 3)\}). In what follows, we mainly focus on physically

interesting region \g € (0, C], where C' is a constant.
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3.1. Factorization of the jump matrix

We notice that the jump matrix admits two distinct factorizations

;

T e204T(N) 7z 0
(31) J= 0 1 e 20y(\) 1
' - T 0\ ((ZT+11)v(N) 0 7 oy
TR RTEVRLIEY
6721'07()\)7 1 0 1 0 1
[ERVSNWISY) I+ T (A)

Next, we consider a function §(\) as the solution of the matrix problem

(3.2) 54 (\) = @T+A0-() A <oy S\ = I, A oo
5_(\), Al > Ao

As the jump matrix (Z + ') is positive definite, the vanishing lemma gives the existence

and uniqueness of the function §(\). Moreover, we have

(14 7[%) det(5-(N)), |Al < Ao,

det(8:(A)) =
det(5_ (X)), AL > Ao,

and det(d(N) =1, A — oc.

By utilizing the Plemelj formula [1], we get

Ao t i
det(5())) _e><p{21m_/_A log(lzi(i)'y &) dg} _ (ifig) X0

where

1
- T
v 2 log (1 +v(Ao)y ()\0)> > 0,

1 1+ ()7 (6) dé
XA =55 /AO log (1 + W(AD)VT(A0)> £=X

Then we have used the following relation

1+ 7v(Ao)v (M) = 1+ 7(=X0)7 (= X0),

which can be obtained from the second symmetry condition in ([2.3)).

In addition, for |A| < Ao, it follows from (3.2)) that

lim 6(A —i€) = (T+~y(N)Iy) 7" Tim 6\ + ie).

e—0t e—0—

If we set g(A) = (5T(X))_1, we then get

9+ (V) = (T +7" (A7) g-(N).
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Thus, we know

(57 00) " =600,
Similar to [6], after a direct calculation, we obtain

|0(A)] < const < oo, |det(5(N))| < const < oo

for all A\, where we define |A| =/ (tr ATA) for any matrix A. Then we define

Introduce
M2 (z,t;\) = M(z,t; \)A(N),

and reverse the orientation for |A\| < Ao as seen in Figure

Figure 3.1: The oriented jump contour R.

Theorem 3.1. The M*? admits the following RHP

M2 (z,t;0) = M2 (z,t; \)J2 (2, A), A ER,

M2 (z,t;\) — I, A — 00,

where
A z 0\ (T (detdi(N))e* 5, (N)p(N)
J ()‘) = —2it0 (%) 5—1 ,
e *pT (N7 (N) 1 0 1
det 6—(A)
and the vector-valued function
G UCY I A < Ao,

p(A) = { TN’
'), Al > Ao
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3.2. Analytic approximations of p(\)

Our next purpose is to deform the contour, but we need to discuss the decomposition of
p(N). Take

L:{)\:/\o—i-)\oae%:—oo<a§\/§}u{)\:—/\o+)\oae%:—oo<a§\/§},
and
Le:{)\:)\g—i-)\oae%:e<a§\f2}u{)\:—)\o+/\oae%:e<a§\/§},
where 0 < € < V/2.

Lemma 3.2. [6] As 0 < Ao < C, there exists decomposition for the function p(\):
(3.3) p(A) = hi(A) + ha(A) + R(A), A€R,

where R(\) is analytic in the complex plane and ha(\) is analytically and continuously
extended to L. Additionally, R(X\), h1(\) and ha(N) satisfy

yeW ’\)h M| <t A ER,
= AEL,
‘62”9()‘)]%()\)()\)‘ SJ 671652)\8’ \e L,
where positive integer | is free. It follows from the Schwartz conjugate representation of

B3) that

pf (%) = I (X) + b (X) + RT(V),

we obtain the similar estimates for 6_2it0()‘)hJ{ \), e‘ziw()‘)h;@) and e= 2N RT(X) on the
contour R U L.

3.3. Contour deformation
We rewrite J2(x,t;A) as JA = (b_)"'by, where by = T + wy, wi = w9l + wl,
by = Db = (T4 w))(T +w)
T det5(N)e25(Nhi(N)) [T det 6(N)eX05(N)(ha(X) + R(N))

0 1 0 1
b =20 = (T — w®)(T — w)

[1>

z 0 7 0

_ ORI (00 =200 (R (N)+RT(N)) 51 () .
det 6(A) - det 5(N)

A
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Lemma 3.3. Take

MA(N), A€ QUQ,
MAO) = MAW(B2)~1, AeQ3UQUQs,
MA()\)(bi)_l, A€ QU Q7 UQs.

As aresult, the function M*#(\) admits the RHP on the contour ¥ = LULUR displayed
in Figure [3:2]

Figure 3.2: The oriented jump contour X.

MEO) = MEO)JEY), e,

(3.4)
M T, A\ — 00,
where
()71, AER,
J=0) T 2, ael,
(b)'Z, MeL.

The above RHP (3.4) can be obtained (see [3]). Take
wh = wh +wi, wfb = :l:bg,E FI

In the following, the Cauchy operators Cy for A € ¥ are denoted by

BRI
CofO) = 5 [ 5

where f € £?(%). Define

(3.5) Cutf = Cy (fwh) + C_(ff).
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Theorem 3.4. [3] Assume pf(z,t;\) € L2(X) + . L2(X) satisfies
P =T+ Cupit

ME(N) IJr/“ﬁ

represents the solution of the RHP (]3.4]).
Theorem 3.5. The solutions (u(x,t),v(x,t)) for the CSS equation (1.2) are expressed by

Thus

Uz, t) = =2i lim (AM*()))

A—00

( /Z (1 () (€) d) dé) §

- ((/Zu - Cwn)_lf> ()w*(&) dé) .

Proof. The similar result is provided in [6]. O

12

3.4. Contour truncation

As seen in Figure take ¥ = L(RU L. U L) with the orientation. We plane to replace
the RHP on ¥ with the truncated contour ¥’ by error control.

Figure 3.3: The oriented contour ¥’ = ¥/, U ¥/5.

Take
.
0 det5(N)eX¥5(\)ha(X
et
! NeR 0 0
w? G )
wa: wb: O 0 —
0, otherwise, =203} ()51 () 0 , AEL,
det 5(\)
0, otherwise,
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0 €29 det S(A\)S(N)R(A
At SONVRN
0 0
w’ = 0 0 _
e—QiteRt(X)(;—l()\) 0 ) A € Lﬁv
det 6(N)
0, otherwise.

b

Define w’ = wf — w® — wb — w® so w’ = 0 on the contour ¥\ ¥'. Thus, w’ is supposed on

contour ¥’ and related to R(\) and Rf(X).

Lemma 3.6. [6] For sufficiently small €, as t — oo, we obtain

-1 b -1
HwaH!f‘X’(R)ﬂfl(R) SJ t, Hw ||$<>O(Luf)m$1(Luf) S t,
_ 2 _ —
ol oo (poTynzr oz S €T W ey ST W g SV
where T = Agt.

Lemma 3.7. [6] In the case 0 < \g < C, as T — 00, the inverse (1 —C,,)~1: L*(X) —

L%(X) ewists, and has uniform boundedness

(1= Cr) M sy S 1.
Besides
H(l - Cwﬁ)ilnw(z) SL

Lemma 3.8. The integral equation has estimate as T — 00

, 1
/Z (1= Ce)'T) (O (€) d¢ = /E (1= Cw) ') (&' (£) dE+ O <,> :

-
Proof. After a simple calculation, we find

(1= wH ') = (1 - Cw) D)W + w® + (1 — W) "H(CueT) )
+ (1 =) HCYI))w + (1 = Cur) " Cle (1 — Cup) ") (C e T)w.

Then from Lemma we have

w21z < lwll 21wy + Hwijl(LeUfe) ST
(0= G D)o a3y < 1 = Co) gy T

22(%) g2(2)”wﬁ||$2(2)
< ol 22 lofll 22(s)
(1 - Cw’)_l(cw’z))we“zl(z) <[a- Cw’)_IH.z?(E)HCW’I”«W(E)Hweuﬂ(z)

< 'l g2 ol ey S 714,
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1((1 = Cu) 7 Ce (1 = Cot) ™) (Cot D 1,

= ||(1 = Cr) M2y | Cue L 22y || (1 = Ce) ™
< t_l_1/2.

2 |CutTll 2 || 2 s
S Nwfll ooy o3z s

This finishes proof of Lemma [3.8 O

Lemma 3.9. The solution admits the following asymptotics, as T — o0

t
e = (20 ) = (/ (1= C)'T) (2, 1:€)0 (2,1, ) df) o <1z> '
) m\w +o(;
Proof. The lemma follows by Theorem [3.5] and Lemma [3.8] O

Here take L' = L\ Lc and ¥ = L’ UL’ Let i/ = (1 — C,y)"*Z. Then
1 / /

271 E— A
meets
M (N =M_(N)J'(N), XeX,
M'(\) = T, A — 00,
where

J =0, =1, xel,

, T 0
by = 2it(\)
e det(6(N))R(N) 1
_’Z' _e—2it6(/\)5—1()\)RT(X)
V=17, b = detot , el

o

1

3.5. Noninteraction of disconnected contour

Choose w' = w/, + w’, where w} = %V, — FZ. Let the contour ¥’ = ¥/, UXp and
Wy =wy, +wg,, where wy  (\) =0 for A € X, wy, (), wy, (A) =0 for A € ¥ Give
the operators Cy, and C @ #>(¥') + J2Y) = Z%(Y) asin (3.5).

Lemma 3.10. [6]

/2

= [[Cupcy 2y S 207!

C., Cur

CwB’ /
(3.6) H “ A
< AT / .

HC%C%||/°°(E’)—>f?(2’)7 T (S F2(5)

Proof. Together with Lemmas and we obtain (3.6]). O
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Lemma 3.11. As 7 — oo,

[ (a-corpewie i

(=)D e

+ / (1= Cup) ' T) (' (€) dg + O <1> |

B
Proof. From the following relation

(1= Coy - A

-1 -1
ng)(l"i_cw;\(l_cw ) +Cw;3(1_cw’) )
=1-Cy,Cu, (1 -Cy )_1 —Cu, Cur . (1= Cyy )_la

B YA A A YB

we find

/
A

-1 -1 -1 -1
(1_Cw’) _(1+Cw/) —1+wa,\(1_0w ) +Cw;3(1_0 )

+ (1 + Cw"A(l - ng)_l + Cw%(l - Cwé)_l)
X (1 - ngcwk(l - Cw:,_\)il - ngcw;?,(l - Cw' )71)_1
X (Cwéng(l - Cw;&)_l + wacwg(l - ng)_l).

Together with Lemmas and we obtain Lemma [3.11

Note. We also write the restriction ka\ 72(s,) 88 Cw%

Lemma 3.12. As 7 — oo, we have

u 1
Uz, t)

Y (/E ((1—Cw;J‘lI)(x,t;f)wA(:c,t;&)df)

12

I ( / 33 (1= Cup) ') (2, t; §wp (@, £:€) d5> } +0 (i) .

3.6. The model Riemann-Hilbert problem

Extend ¥/, and Xj to the following contours

Ak:{)\:*A()‘F)\OO[@%:OZER}, i%:{A:—)\oJr)\oae%:aER},

respectively, and give & , O on Xy, X5 as

S Wi, (A), A€Xy, S wg, (A), A€ ZXp,
AL — ~ By — Fa
o, Ae S\ T, = o, Ae S\ S
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Let XA and Yp denote the contours {\ = XoaetT a € R} shown in Figure H The
scaling operators Na and Np is given by

Na:22Sh) = 22N, ) (Naf)N) = f <4 ng - >\0>,

No s 2 (S) 5 FHED) FO) s (N0 = F (1 ).

and take
~/ ~/
wA = NaWwy,, wB = NBWg.

353 5252
) S

z,(Eg)

1,51
4 s z,(Z)
):A(ZB)/ AVB

Figure 3.4: The oriented contour ¥ 4 or Xp.

A simple replacement yields
Ca, = Np'CupNa, Cyy = Ng'C,,\Na,

where C,,, : _Z%(Xa) = #?(ZA) is bounded, similar to C,.
On the other hand, we infer that

0 (Nas1)(N)
WA = WA+ = 0 )

on
La = {)\ — add/Bhote T —e<a < +oo} ,

and
0 0

WA = WA- = )

(NASQ)()\) 0
on LA, where

e—QiG(A)tRT (X)é(}\) -1
det 6(N) '

s1(A) = det SN eZPNIEANR(N),  s2(N) =
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Lemma 3.13. As A € La and t — oo, we have

(3.7) [(Na)SV] St
where
(3.8) 5(A) = XPN[§(N) — det S(\)Z] R(N).

Proof. Tt follows from (3.2)), (3.1) and (3.8]) that

04 (\) = € F(A) + 5 (M) (1+ [y PR), Al < Ao,
5(\) — 0, A — 00,
where
FO) =6 (v R = PR) ().
By using Plemelj formula, the solution g(/\) reaches to
500 = X\ Ao p2it0(€)f(€) & X Lo 1+|’y s)l a
= _— R = 627” —A0
a0 XH(O(E =)
From
T 2p _ A 2
VYR =R =~"Y(R—p) = (R-p),
we obtain f(A) = O((A2=A3)!). Then we decompose f(A) two parts: f(A) = f1(A)+ f2(N),

where fa(\) is analytically and continuously extended to L; and meets

{6211%0 AONES Wid?)t“ A ER,

‘€2it9(/\)f1()\)‘ S th)t” A E Lt,

where

. 1
Ly A= )\oze3m/4:0<a<f}
! {0 =0 = Va2t

A= o/t — Ao+ Apae™*:0< a < V2 — }
{ o/ 0+ Ao 7o

is shown in Figure

—7\0 10/1—7»0 A

Figure 3.5: The contour L.
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When A € La, we have

(Nab)(N) =T1 + Ip + I3,

with
Ao/t=20 £ (©)] Mov3ro
|Il|§/ dfgt_llog‘l—oo 515—1—1/27
~Xo €+ X — N4/3thg M1
Ao 2i6
172 S / SR g < 1Y 90, aosty <11,
Xo/t=20 &+ Ao — A/4V/3tho Ao

with the help of Cauchy’s Theorem, the original integral interval (Ag/t — Ag, \g) in Z3 can
be replaced by contour L;. Following the similar way, |Z3| < t~'*!, we can easily obtain
Lemma O

Similarly, we have
(Na®)(V)| St AeLa, t—oo,

where

5(\) = e HOVRI(X) [§(N) ! = [det 6L (N)]Z].

Take JA” = (T — wpo_ ) (T — waoy ), where

0 —(5a)2(=\)200aiN 241 (_ )
BAPCN 0
(3.9) ’ 0
’ WAL = WAOL = N2 T(—
2(_)\)2veir?/2_2'(=Ao)
0 ((SA) ( )\) e 1+|7(_>\0)‘2 ’ A c 22 :
0 0
and
(310) OA = 6X(—)\0)—8i7(1927_)—iv/27
with
’ 0 e x?
_(5A)—2(_)\)—21’1}6—1')\2/2,7(_)\0) 0 ’ < ’
(3'11) WAOD = WAO_ =
" ! Aexl
—2iv ,—i\? = ) A
(54)2(~N) a2 A g

It follows from ({3.7]) and [6] that

lwa — waoll s=(Sa) N 721 (Sa) N _7%(Sa) S Aot'/*log(t).
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Therefore

(1= Cop ) T'T) () (8) dE

/
A

\M\

Nl

(1= Cyr ) ') (O)Da (€) €

A

)

(NA(1 = Clp) ""NAT) )@y (€) dé

(1 = Cup) M) (€ + X0)4V/3EAGNAD) ((€ + No)4V/3tNo) dE

m\m\
— >

’
A

B 4\/375)\ Sa (@

— Cua) ' I)(E)wa(§)

- Clp) T) a6+ 0 (B

4\/315)\ EA

Together with a similar computation for B yields

[ ul=,t) 11 B . e
u<x,t><vw)) e WEo ( / (1-Cu) ' D)® A(S)d§>12

- 71T4¢;,Tot < /E (1= Clogo) ' T) ()wpo (€) d€) +0 (ltgt) .

For A € C\ X4, let

Then MA° admits

Particularly
A? M L
then
MA =~ L[ (=0l ) (Ewan(€) de
1 271 A A0

A similar RHP for BY on Xg reads
MB°(\) = MB (A\)JB’(\), X e g,
{MBO(A)%I, A — o0.
Utilizing f and wpgo, one has
JA(N) =7 (B (M)
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By uniqueness

and

Consequently, we have

u(z, 1) i 0 AT 0
Uz, t) = v(%; :m(MlA — oy (MP ))12+o<ltgt>.

3.7. The final transformation

To solve for (MIAO)12 explicitly, it is worthy considering the following transformation

B = HO) (1) e HO) = 6a) MR ) (B
Therefore
W) = T_(No(=Xo), v=(—A\)"Te N/ (54)7 A",
Because of the jump matrix is independent of A, we have

AV, (\)  d¥_(\)
. dk

U(—)\()).

Since dq;f\)‘) and ¥ have the same jump matrix along any of the rays, it follows that
dq:l—g\’\)\ll_l()\) is holomorphic in the complex plane and admits a polynomial dependence

on A at A — co. In reality

dT(N) i

'

A AN y-1y) = —17yy W -1 -1
™ U()\) 5 H(MNoH ™ (\) 3 H(MNocH (M) + o\ H (N
iA i 1
=50~ §5AU[J, Mfo]dga +0 (}\) .
Thus,
dU (A iA
(3.12) dg\) = 50\11(/\) + BY(N),
where
. Y 0 b2
B=—50a[o. MP]5," =
P21 O
Particularly

(MP")12 = i(54)2Bra.
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Let

It follows from (3.12)) that

dQﬁlz)\\I’;l()\) = <521512 + 0.5t — /\22> B21P11(A),
dQIICIlié()\) = <,321ﬁ12 — 0.5t — T) Waa(A),
() = 5 (PR - Raawn )
anto(n) = T2 | Py,

As is well known that
g(C) = ClDa(O + C2Da(_C)a

admits the solution of Weber’s equation [11}/18,37]

70+ (a+ 35 ) ot0) =0

where D, (() is the standard parabolic-cylinder function, and admits the following relations

D4Q) + 5 Dal€) ~ Do 1(C) =0,
. [e—tma/2
Do(#¢) =T(a+ 1)e™/2D_, 1 (£iC) + WD_l_a(:mg).
We know that as { — oo [37]
C“e_42/4 <1+O<C%>), |arg (| < %TW’

Dy(¢) = § ¢re ¢/ (1 +0 <C%>> — P/ eami¢*/4 (1 +0 (C% ) , G <arg(<?f,
e M (140 (&) - et (140 (L)), - <ag¢<-F,

Z

S

where I' is the Gamma function.

Let a = —if391 812, we have

B21V11(A) = 1D, (637”/4)\) + oD, (e—m‘/4)\)’
Wya(A) = csD_a (e ™/4N) + csD_o (e7/4N).

It follows from arg A € (2%, m) U (—m, —2F) and A — oo that

Ui (N)(=A)"We 4 S T Wap(A)(—A) e/t 51,
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and
Bo1 W11 (N) = Bore ™/ 4D, (e37/4N), v = —Barfra, Wan(N) = e T/AD_ (e 3TAN).
Thus

A

—7v/4 ) ) . .
. Bare (D:l(e3m/4>\) _ 2Da(63m/4)\)> _ ﬁ2167r(2+v)/4Da71(637”/4)\),

Vo (\) = ——5—
21( ) BZlﬁl?
Wy = 6771'1)/4 (D/a<€3ﬂ1/4)\) + ZQD_a(e3rrz/4)\)> — aeﬂ(zfv)/4D_a_1(6737”/4)\)'

As arg )\ € (%, %TW) and A — oo, we have

W () (NP N T, () (~ 1) e 1,

then
ﬁQl\Ijll()\) _ ﬁ21€37w/4Da (e—wi/4)\), \1122()\) _ €—7r11/4D7a (6—37”'/4)\)‘
So that
Bue¥™t (i A — —3r(i—v)/4 -
Vo1 (A\) = —=—— | Dy(e A) — —Dg(e A) | = Bae Dy_1(e A),
B21B12 2

/621\1’12()\) = aeﬂ‘(if’v)/4D_a_1 (67371'1'/4)\)‘
Along the ray arg A = 3w /4, we have

ya 0
WL\ = () ,
—7(=Ao) 1
lgzlew(i—v)MDa_l(€3m’/4/\) _ l8216—37r(i—v)/4Da_1(e—m'/él)\) o ’7(—)\0)6_7”}/41)_(1(e_gm/4)\),

[(—a + 1)e~T0/2 [(—a+ 1)em/?

D_a(e—?ﬂri/ll)\) — Da_l(e—ﬂi/ll)\) + Da—1(€37ri/4>\)7

V2T V2T
. v Ny ewv/26—37ri/4
621 _ F(—a + l)e—ﬂv/2637rz/4,y(_/\0) _ ( \)/% 7(_)\0).

It is clear to see that ¥~1(\) and ¥f(\) satisfy the same RHP. Due to the uniqueness, we
get
) =N,
and thus .
t oI (iv)e™/2e=mi/4
512 = _621 - \/ﬂ
It follows from B21312 = —v and I'(—iv) = ['(iv) that

oI (i) e™/? Y
var - (o)l

Summarizing the above analysis, the following theorem holds.

0'1"}/T()\0).
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Theorem 3.14. Let (ug,vo) belong to the Schwartz space S(R). Then suppose u(x,t),
v(z,t) can solve the CSS equation (1.2). As z < 0 and ‘%‘ is bounded, the solutions
u(x,t), v(xz,t) admit the following leading asymptotics

ufe,t) = 20 g (logt> () = Vas(2,1) (b@f)

Vi t Vi t
where
Uas(w,1) = \/ﬁfw\o)’ <|72(/\0)‘ei(¢+arg72(>\0)) i m(/\0)‘64(¢+arg71u0))) 7
Vas(x,t) = \/ﬁo/\z()\o)! <|fy4()\0)‘ei(¢+arg’74()\o)) + m(/\o)‘e—i(¢+arg~,3(,\0))) 7
¢ = 16t\3 + arg I'(iv) + v1log(192)\3t) + % /:\00 log <11:”,:;(§3)’|22) fj_f}\o _ %’

1
= —log(1 Aol
v=5_log(1+[v(Ao["),
and 1, Y2, Y3, 4 are the 1, 2, 3, 4-th component of the vector function ~y given by (2.17)),

Ao =+/—z/(12t), T is a Gamma function.

4. Conclusions and discussions

In this work, we have obtained a 5 x 5 matrix Riemann-Hilbert problem to tackle the
Cauchy problem for the CSS equation on the line, which can help us to obtain a
representation for the solution of the CSS equation . We then employ the approach of
the Deift-Zhou steepest descent to discuss the long-time asymptotics of the CSS equation
. Similarly to [44], starting from the CSS equation , if we impose the following

constraint
v(z,t) = u(—=x,t),

we then obtain

(4.1) up + {tgae + 6(Ju® + [u(—2,1)[*)uy + 3u(jul* + [u(—=,t)|*)s } =0,

which is a nonlocal equation of reverse-time type. If we impose the solution constraint
v(z,t) =u(—x,—t),

the coupled Sasa-Satsuma reduces to

(4.2) U + {Ugaa + 6(|uf® + [u(—z, —t)|*)ue + u(lul* + |u(—z, —t)]*)z} =0,

which is a nonlocal equation of reverse-space-time type. The two equations differ from

the other nonlocal equations of reverse-time and reverse-space-time types [2,/15] in the
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nonlinear terms. Both of our nonlocal equations and are also integrable which
have clear physical meanings.

Finally, we state that there exist several methods to derive exact solutions for the
nonlinear wave equations, such as Darboux transformation, Inverse scattering transform,
Riemann-Hilbert approach, Deift-Zhou steepest descent method, Hirota method, dressing
method, Wronskian technique etc. Consequently, it is very worthy to consider whether
the nonlocal equations and can be solved by using these approaches? These

ideas will be left for future discussions.
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