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High Spatial Accuracy Analysis of Linear Triangular Finite Element for
Distributed Order Diffusion Equations

Lin He and Jincheng Ren*

Abstract. In this paper, an effective numerical fully discrete finite element scheme
for the distributed order time fractional diffusion equations is developed. By use of
the composite trapezoid formula and the well-known L1 formula approximation to
the distributed order derivative and linear triangular finite element approach for the
spatial discretization, we construct a fully discrete finite element scheme. Based on
the superclose estimate between the interpolation operator and the Ritz projection op-
erator and the interpolation post-processing technique, the superclose approximation
of the finite element numerical solution and the global superconvergence are proved
rigorously, respectively. Finally, a numerical example is presented to support the
theoretical results.

1. Introduction

In this paper, we are concerned with the following distributed order fractional diffusion

equations:

Diu(w,y,t) = Au(x,y,t) + g(x,y,t) if (z,y) € Q, t € (0,77,
(1.1) u(z,y,0) = u(z,y) if (z,y) € Q,
u(x7y)t)|8Q:0 ift e [O7T]7

where Q0 C R? is a bounded, convex domain with Lipschitz boundary 9 and [0, T] is the
time interval. The symbol A denotes the Laplacian operator. The given functions g(z, y, t)

and u°(x,y) are assumed to be smooth. The distributed order fractional derivative under
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consideration is defined by [10] as follows:
1
Dpu(e.y.t) = [ w(e)§Du(e,v.) da.
0
1
w(a) >0, / w(a) do = wp > 0,
0

#ft(t—s)_amds ifo<a<l,
Do) = { T ot~
ot if a = 1.

Equation was obtained to improve the modeling accuracy of the single-term
model for describing problems in mathematical physics and engineering [1,2,|10}/15,22].
Due to their extensive development of fractional partial differential equations (PDEs) in
engineering and science, there has been significant interest in constructing some numerical
schemes for their solutions. Liao et al. [8] obtained a Du Fort-Frankel type explicit scheme
for solving the distributed order subdiffusion equation by combining the L1 formula of
Riemann-Liouville derivative with the midpoint quadrature of the weighted integral. Us-
ing the weighted and shifted Griinwald formula proposed in [21], Deng et al. established
some effective difference schemes for solving one-dimensional and two-dimensional dis-
tributed order fractional PDEs. Gao et al. [4] investigated the unconditional stability
and convergence of the obtained schemes for distributed order fractional PDEs with the
energy method. In recent work [5], a rigorous numerical analysis of two fully discrete
schemes for the distributed-order time fractional diffusion equation with nonsmooth ini-
tial data was presented. An implicit difference scheme for the time distributed-order and
Riesz space fractional diffusions in bounded domains was discussed, and its stability and
convergence was analyzed in [23]. Chen et al. [3] studied a fully discrete spectral method
for the distributed order time fractional reaction-diffusion equation on an unbounded do-
main. Recently, Ren et al. [12] considered an efficient algorithm for the evaluation of the
Caputo fractional derivative and the superconvergence property of fully discrete finite ele-
ment approximation for the time fractional subdiffusion equation. Later, they presented a
fully discrete scheme for the diffusion-wave equations in [11]. The unconditional stability
and superconvergence error estimates of the obtained schemes are investigated using the
integral identities and postprocessing techniques. The optimal time accuracy O(737%)
(1 < a < 2) is obtained.

Recently, Shi et al. [17-19] considered some finite element methods for solving the
fractional PDEs. As we all know, the superconvergence analysis is widely applied to
the classical PDEs for different finite element schemes, to the best of our knowledge, it
seems that there are few studies focusing on the superconvergence error estimates of the
triangular finite element for the fractional PDEs with distributed order. This gap in the

research literature is the motivation for our work. Based on the relationship between Ritz
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projection and the interpolated operator of linear triangular element, the unconditional
stability priori estimate and the global superconvergence estimate of the FEM scheme for
are proved rigorously.

The plan of this paper is as follows. In Section[2] some notations and auxiliary lemmas
are presented. In Sections [3] and ] a fully discrete scheme for the distributed order time
fractional subdiffusion equations is developed and the unconditional stability as well as
the superconvergence of the scheme are proved, respectively. In Section [5] some numerical
results are provided to verify our theoretical analysis. Throughout, the notation C denotes
a generic constant, which may not be the same at different occurrences, but it is always

independent of the mesh size h, the time step size 7 and Aa.

2. Preliminaries

In this section, some useful notations, lemmas and formulae will be prepared for the
forthcoming work.

Let &, = {K} be a be a family of uniform triangular meshes, hx = diam{K} and
h = maxgeg, hi. Then over the triangulation 3y, we define a continuous piecewise linear

finite element space V} by
Vi = {vn € HY(Q),vp| ¢ is a linear function,V K € 3y}
Moreover, let Ry : H}(2) — Vj, be the Ritz projection operator defined by
(V(u— Rpu),Vup) =0, Vo, € V.
Then, from the projection error estimates, there holds
(2.1) |u — Rpull + h||V(u — Rpu)|| < Ch?|ullz, Yu € H*(Q)N H(Q).

For the finite difference discretization of the fractional derivative, let 0 = ty < t1 <
.-+ <ty =T be the equidistant partition of time interval [0, 7] with step size 7 = T /N
for some positive integer N. We divide the interval [0, 1] into 2.J-subintervals with Aa =
1/(2J) and oy = A, 1 =0,1,2,...,2J. Let u" denote the solution u(z,y,t) at t = t,.

The L1 approximation of the Caputo fractional derivative is approximated by [20]:

k=1 .t i+1 j
1 J+1 qd — 1
Cnha
D NS
ot U(.’L',y,t]g) P(l _ Oé) jg()/tj T (tn - S)a s
(2.2) L[ o, kz_l (0) (@) Yy _ ()
= W |:CL0 u — (ak—j—l o k—j)uj B ak—lu0

T
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where pu(®) = 7°T(2 — @), aéa) =1, a,(ca) = (k+ 1)@ — k'~ The local truncation error
of (2.2)) is of the order O(72~%) when the function u is twice continuously differentiable.

To describe the numerical approximation, the following lemma is useful.

Lemma 2.1. Let s(a) € C?[0,1], then we have

1 2 )2
/0 s(a)da = Aachs(al) — (A12) s"(€), €€(0,1),
1=0

where co =coy =1/2, g =1,1=1,2,...,2J — 1.

3. Stability of the fully discrete finite element scheme

This section is devoted to the study of the stability of the fully discrete finite element
scheme.

Suppose that w(a) € C?[0,1] and §Dfu(z,y,t) € C%[0,1], then by Lemma
and , we have

2J
(3.1) Diu(z,y,tr) = Aa Y cw(og) DIuF(z,y) + O(r + (Aa)?).
=0

We construct the fully discrete finite element for the problem (1.1)) as: Find ufl eV,
such that

(3 2) Aa le:]O Cl’LU(Oél)(D?lUfL,'Uh) + (VU;CL,V’U}L) = (gkvvh)v V’Uh € th 1<k< Nv

ug = Rpu.

Now, we focus on the stability analysis of the fully discrete scheme (3.2)). Using the
similar arguments of [13,|14,/24], we can can obtain the result of Theorem Since the
following estimates will play a key role in the error analysis of the FEM approximations,

we give some hints of the proof.

Theorem 3.1. The fully discrete finite element scheme (3.2)) is unconditionally stable

with respect to the initial value ug and the inhomogeneous term g, i.e.,

1
k2 012 lo" k|2
V <||V + - 'l —a)l m 1<kE<N.
[Vug[” < [[Vu| 40§3§1{ ( @) }1§ka§XNHg 1%, SRS

Proof. Choosing v, = Aa Y27 cyw(ey) D2l in (B3:2)), it follows that

2. 2. 2J
<Aa Z qw(a) D uf, A Z cnu(oq)fo%ﬁ) + <Vui, A Z cmv(aﬂDﬁ”Vui)

=0 =0 =0

2J
§ (gk’ﬂazczwwwflu%) 1<k<N
=0
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(Oéz) () (eu) iy
Noticing that a;"; and (ak_j_l — ak,_j) are positive, we have for all 1 < k < N,

2
Aachw (o) D21l || + Aa Z awl) |Vl |2
p

??‘
>_.

2J
crw( ozl o a ; quw(aq)
= A« Z a](g_l;_l a; l;)(Vuil,Vui) + Aozz o ( %(V h,Vuh)
1 =0

J

2J
+ (gk, Aa Z clw(al)Dfluf;)

1=0
2J k—1 i2 k1|2
crw (o) (o) (ay IV 1= + ([ Vg
< AO‘Z 7 (akljfl - akfj) 9
1=0 j=1
2
VAl |2+ |Vub|2 1 <
+ Aa chw Oél (al H uh” ‘;H uh” Z||gch2_'_ AO[ZC['U)(OZ[)D?ZUZ
1=0
Noticing (L.2), we get
ey 2J )k—l ) :
1 1

Aa Z | vuf P < D (@ =TIV

(3.3) = 7=t
< quw(ay)
+AaY = Sla™ B, 1<k <N,
1=0
where .
= [|[Vud ||* + = (1 — )T 2
— [V ? + 7 masx {T(1— )T} max [lg"]*

Then, using mathematical mductlon, we have
(3.4) [Vuf|? < B, 1<k<N.

According to (3.3)), (3.4) is obviously true for k¥ = 1. Assume that (3.4) is valid for
k=2,...,1—1, then we obtain

cw
Aa Z wln) ) k|2

—j—1

ll
qw(h () (a1) 9 qw(ag) (ay)
< Ao }: LN (0 — o)) [V | +A§: o a\®) B
j=1 =0

l 1 2J
< Aa Z Y )y )5+ da Y S o)
=0

j=1

— Ao chwalB

Therefore, we get the desired result. O
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4. Superconvergent error estimate for the fully discrete finite element scheme

In this section, the superclose estimate of ||V(Rpu* — uf)|| is deduced unconditionally
through the relationship between the interpolated operator I, and the Ritz projection
operator Ry, then the superconvergent error estimate for the scheme is derived.

For convenience, we employ the following splitting of the error
¥ = (u¥ — RpuF) + (Rpuf —uff) = p& + 0",

Then subtracting ([1.1)) from the problem (3.2)), we get the error equation for 1 < k < N
that

(4.1)

2J
(Aa Z cw(ag) D", vh) + (VO Vuy,)
1=0
2J 2J
= - (Aachw(al)D‘T’lpk,vh> + (Aachw(al)Dﬁ‘luk - Df’uk,vh> , Yo, €V

=0 1=0

Theorem 4.1. Suppose that {Dgu € C%([0,1]; H2(Q)NH(Q)), u and uf are the solutions
of (1.1) and (3.2)), respectively. Then we have the following superclose estimate for 1 <
E<N,

k k C
|Rpu® —uflli < C(7 + (Aa)* +h?) [ 1+ jnax, llo D u(s)||2
0<a<l
Proof. Taking vy, = A« ZIQ;IO qw(ay)DXO* in (&) yields
2

Aanw (o)) D210%| + Aa ZC”: al)|| VoF|2

k 1
CAn Z crw( Oél S a,(ﬁ;_l _ a,‘;ﬁ;)(vm,vw)

7j=1

(4.2) +Aa ZC””( ) o) (v6°, Vo)

( achw ) Dalp Aachw oy Da10k>

=0

2J
< achw (o) DS'u D;”uk,Aochlw(ozl)Dfle> .

=0
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Using (2.2), we have

2J
Aa Z cw(a;) DXk
=0

2

2J 2
< (Aa > Czw(al)> ma | D% B

2J 2
Wy (Aazcmal)) . (|02 — S0P+ [5DF )
1=0 ==

0<a<1

2.J 2
< (m; clw<al>> max ( max ()3 + masx D5 u(s)]3
2
< %1 §Dy
< (wo+1)7 | 1+ max f[gDiu(s)]2 |
0<a<l1
where in the last inequality we have used Lemma 2.1
For the third term on the right-hand side of (4.2]), we have by (2.1) and (4.3|) that

2J 2.7
|— <Ao¢ Z qw(ag) D p* A Z clw(al)Df.‘le) |

=0 =0

2 2

2J 2J
3 K 1 k
< 1 ‘ Aa ; quw(a;) DS p" || + 3 Aa ; qw(a;) DO
(4.4) 9 2 27 2
< Ch? Aachw(al)Dﬁquk + 3 Aachw(al)Dflﬁk
=0 2 =0
2 1 2.7 2
4 c k
<Ch* |1 —i—OglsangHODtau(s)HQ + 3 Aachw(al)Dglﬁ
0<a<l 1=0

For the last term on the right-hand side of (4.2]), using (3.1) to get

2J 2.7
l (Aa Z cqw(ag)Duk — D¥uk, Ao Z clw(al)D319k>

=0 =0
2J

Aa Z cw(ag) D *
=0

(4.5) <CO(r+ (Aa)Q)

2J
Aa Z cqw(ay) D"
=0
Then, substituting (4.4) and (4.5 into (4.2), and using the analytical method of Theo-
rem we obtain the desired result. O

< C(r+ (M)’ + %
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In what follows, we will give the estimate of ||I,u* — u¥||; with the idea of [16], where
Ij, is the associated interpolation operator over Vj,. It has been proved in [9] that for all
u € H3(Q),

(4.6) [(V(u = Tyw), Vou)| < C2lulls|[Vonll, ¥ on € Vi
With the help of Theorem and (4.6)), we can derive the following superclose result
easily.

Theorem 4.2. Suppose that u and u’fL are solutions of (L.1)) and (3.2)), respectively, u €
C%([0,1]; H3(Q) N HE(QQ)), then we have the superclose estimate for 1 <k < N that

[T —uflh < O(7 + (8a)® + 7%) | 1+ max [§Dfu(s)llz + [Julls
0<a<l1
Now we consider a coarser decomposition 15 of € into patches K such that Q =
Uz €Ty K and each patch K consists of a fixed number of element K. The decomposition
Ty, can be generated from Thy, by a regular refinement, i.e., a patch consists of four elements

(see Figure [4.1)).

Z3
Zs 4
Z1 Zg Zo

Figure 4.1: The element K.

Next we construct the postprocessing operator Ily,: C(K) — Py(K) on K as follows:
thu(Zi) = U(Z,), 1= 1, 2, NN ,6,

where P, (I? ) is the space of polynomials of degrees no more than 2 on K. One can check
that the interpolation postprocessing operator defined above is well-posed and has the
following properties (cf. |9]):

1o Inu = Tlspu, Yuée H2<Q),

ITapu — ully < Ch"|ulpp1, Yu € HTYHQ), 0<r <2,

| Hapvpll1 < Cllopl, Vo € Vi

Thus we can obtain the following superconvergent result.
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Theorem 4.3. Under the assumptions of Theorem [£.2], we have the superconvergent result
for1 <k <N that

i — okl < C(r + (Aa)? +4%) [ 1+ max [§DFu(s)] + [lull
0<a<1

Remark 4.4. The main contribution of this paper is to obtain thee superconvergence error
estimates for linear triangular finite element with the relationship between I, and Ry.
Here, it should be pointed out that if we choose Ipu instead of Rpu in Theorem
then the regularity of solution {Dfu € C2([0,1]; H2(Q) N HL(R)) must be replaced by
u € C%([0,T]; H3(Q) N H (Q)).

Remark 4.5. For the distributed-order fractional diffusion equations, we noticed that there
are some discussions on the regularity of distributed-order fractional diffusion equations,
such as Theorem 2.1 in [5], Theorems 2.1-2.2 in [7] and Theorems 1.1-1.3 in [6], but
they are not adopted to our convergence analysis as we may need some explicit bounds
on the time derivatives of the solution. We also believe that the solution of distributed-
order fractional diffusion equations may exists the weak singularity in the time direction,
it would be constructive and challenging to derive some more general regularities with
application to the analysis of some standard numerical schemes. We will go into further

investigation of this point in our future study.

Remark 4.6. The proposed method of this paper can be applied to other equations, such

as the time fractional wave equation, nonlinear Schrédinger equation.

Remark 4.7. Due to distributed order derivative is based on the composite trapezoid
formula and Ll-type formula, whereas the temporal direction convergence order is only
one. Thus, it is of practical interest to develop time higher-order schemes and provide

rigorous error analysis.

5. Numerical experiment

In this section, we will present a numerical example to confirm the theoretical analysis.
Let Q = [0,1] x [0,1], T = 0.5, w(a) = I'(4 — a) and initial condition u°(z,y) = 0 in
the problem ((1.1)), then the exact solution of the example is

u(z,y,t) = 8t sin(mz) sin(my).

Then g(x,y,t) is chosen corresponding to the exact solution.
In the computations, the domain € = [0, 1] x [0, 1] is triangulated as Figure It is
the first divided into M, x M, small rectangles (M, and M, are positive integers), and

then divide each rectangle into two triangles.
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Figure 5.1: The triangulation of domain €.

First, to investigate the numerical convergence rate of the proposed scheme in time,
we choose M, = M, = 300 and Aa = 1/200, which are large enough to render negligible
the error caused by spatial discretization. The numerical errors and convergence orders in
H' norm are given in Table From Table the first-order accuracy of scheme (|3.2)

in time is verified by the example.

T |lu" —u}|1 rate
1/2 7.8128e-2  1.00
1/4 3.9162e-2  1.07
1/8  1.8593e-2  1.09
1/16  8.7343e-3  1.10
/32 4.0747e-3

Table 5.1: Numerical errors and convergence orders in temporal direction with M, =
M, =300 and Ao =1/200 at T' = 0.5.

Secondly, the numerical accuracies of the fully finite element scheme in space is verified
by the example. Taking the fixed and sufficiently small temporal stepsizes and Ac, the
|[u™ —up|l, |u™ —uf|li and ||u™ — Iapu} |1 norm errors and spatial convergence orders of
the scheme are illustrated in Table from which, the second-order supercloseness and
superconvergence of the scheme is apparent, indicating the sharpness of our estimate
in Theorem 4.3l

Finally, we would like to investigate the numerical accuracy of the scheme in
distributed-order variable Aa. The H'-norm errors decrease as the step sizes in distribute

order are reduced. The optimal second-order convergence of A« is observed in Table
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which is consistent with our theoretical analysis.

M, x My |Ju" —up|| rate |u™—up|i rate |u"—Ilypup|i rate

4 x4 4.3339e-2  1.87 2.9753e-1 0.94 5.4440e-2 1.63

8 x 8 1.1863e-2 1.97 1.5471e-1  0.99 1.7581e-2 1.90

16 x 16 3.0358e-3 2.00 7.8128e-2  1.00 4.6980e-3 1.99

32 x 32 7.6026e-4 2.02 3.9162e-2  1.00 1.1846e-3 2.05
64 x 64 1.8699e-4 1.9593e-2 2.8659e-4

Table 5.2: Numerical errors and convergence orders in spatial direction with 7 = 1/200
and Aa =1/200 at T = 0.5.

Aa |lu™ —up|i rate
1/2 1.3117e-1  1.60
1/4  4.3335e2  1.87
1/8 1.1858e-2  1.97
1/16  3.0300e-3  2.01
1/32  7.5444e-4

Table 5.3: Numerical errors and convergence orders in distributed order with M, = M, =
300 and 7 = 1/200 at 7" = 0.5.
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