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Quasi-periodic Solutions of Wave Equations with the Nonlinear Term

Depending on the Time and Space Variables
Yi Wang* and Jie Rui

Abstract. This article is devoted to the study of a wave equation with a constant
potential and an z-periodic and t-quasi-periodic nonlinear term subject to periodic
boundary conditions. It is proved that the equation admits small amplitude, linear
stable and t-quasi-periodic solutions for any constant potential and most frequency

vectors.

1. Introduction
In this paper, a wave equation with an z-periodic and t-quasi-periodic nonlinear term
(1.1) Upt — Ugg + pts + eg(wt, z)u® =0, z € 0,27]
under periodic boundary conditions
(1.2) u(t,z) = u(t, z + 2m)

is considered, where p > 0; € is a small positive parameter; m > 2 is an integer; w =
(w17w27 e 7wm) € [Q7 2Q
g(¥,x), (V,z) € T™ x [0,27], is real analytic in (¢,x) and quasi-periodic in t. We aim

| is a frequency vector with o > 0; and the function g(wt,z) =
to explore that whether these equations have analytic and linearly stable quasi-periodic
solutions.

The existence of quasi-periodic solutions for nonlinear wave equation has been studied
by many authors. Currently there are relatively less method to find a quasi-periodic
solution of nonlinear wave equations. Since the quasi-periodic solutions constructed via
the KAM method can provide some dynamics information, such as linearly stability and

zero Lyapunov exponent, we apply the KAM method in this paper.
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In the 90’s, the KAM theory has been successfully extended to infinite dimensional
settings, including the wave equations. In [8[11,/15], the KAM theory has been generalized
to prove the existence of quasi-periodic solutions for the nonlinear wave equations subject
to Dirichlet or Neumann boundary conditions. Chierchia and You [4] showed that non-
linear wave equations with periodic boundary conditions admit quasi-periodic solutions.
Yuan [16] considered the existence of quasi-periodic solutions of the completely resonant
nonlinear wave equation. In [17], he proved there are many quasi-periodic solutions for the
nonlinear wave equations with a prescribed potential. Bambusi, Berti, and Magistrelli [1]
dealt with degenerate KAM theory for lower dimensional elliptic tori of infinite dimen-
sional Hamiltonian system. An application to nonlinear wave equation was given in [1].
Geng and Ren [7] proved that the nonlinear wave equation admits quasi-periodic solutions
with b-dimensional Diophantine frequencies. In particular, these Diophantine frequencies
are the small dilation of a prescribed Diophantine vector. Zhang and Si [18], and Si [13]
proved existence of quasi-periodic solutions for non-autonomous, quasi-periodically forced
nonlinear wave equations. Berti, Biasco, and Procesi [2] considered the existence and
stability of quasi-periodic solutions for reversible derivative wave equations. Gao, Zhang,
and Ji [6] obtained the existence of quasi-periodic solutions for nonlinear wave equation
under the general boundary conditions.

For the research about the existence of quasi-periodic solutions for nonlinear wave
equations, Berti and Bolle [3] considered a wave equation with a quasi-periodic-in-time
nonlinearity. In [3], the condition ker(—A + V' (z)) = {0} was supposed and they obtained
the C* solutions not analytic solutions, where V' is the potential. Montalto |9], Corsi and

Montalto [5] researched forced Kirchoff equations

Opv — <1 —I—/ |Vo|? dx) Av = f(wt, z)
Td

with periodic boundary conditions, where § > 0 is a small parameter, w is a parameter
vector, f is a sufficiently smooth function with zero average, and f is not dependent of
v. The existence of quasi-periodic solutions were proved and the problem of multiple
eigenvalues is overcome. The proofs in [3,5,9] are based on Nash-Moser iterative schemes
not the KAM method. In this paper, we suppose that the potential is a positive constant,
and the nonlinear term u? depends on wt and z. We use the KAM method to study the
wave equation, find out real analytic quasi-periodic solutions, and give the expression of
solutions.

Factually, in order to use the KAM iteration, it is required to transform the Hamil-
tonian into its Birkhoff normal form. To find real analytic quasi-periodic solutions, this
symplectic transformation should be real analytic. This transformation can be constructed

through the time-1-map of the flow of a Hamiltonian vector-field.
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Unfortunately, the Hamiltonian contains small divisors. It is necessary to ensure that
the measure of parameters making the denominators zero is small. Since the nonlinear
term depends on the space variable, one must estimate the measure of infinitely many
small divisors. The reference [2] remarked that when the nonlinear term of a PDE is
z-independent, “all the monomials of the corresponding vector field X have momentum
equal to zero”. In [2], it is introduced a weighted majorant norm for vector fields to
overcome the “non-conservation of the momentum” problem. While in this paper, we
only assume ¢ is bounded.

To overcome the multiple spectrum problem, we construct the even solutions and
separately calculate the Oth-eigenvalue part. But the estimate of measure is still meticulous
and complex, which is the main work of this paper. In addition, since the equation is
forced, the symplectic transformation is variant-coefficient. It is difficult to prove the
regularity of the symplectic transformation. We introduce a symmetry integer set, divide
the vector-field into the mean value part and the other part, and deal with the two parts
in different ways.

The paper is organized as follows. In Section [2| we give the main result and transform
the equation to an infinite dimensional Hamiltonian system. Section [3| is devoted to
a Birkhoff normal form. In Section [ we state a KAM theorem for nonlinear partial
differential equations. Using this theorem, we complete the proof of our main theorem.

Two lemmas are proved in the last section.

2. Main result and Hamiltonian setting
For £ = 0, the equation (1.1)) becomes
(2.1) Uy — Ugy + pu = 0.

The operator A = —% + p with periodic boundary conditions has eigenvalues {\; =

42+ p,j € 7} and the corresponding eigenfunctions

ﬁcoij if j >0,

¢;(z) = ﬁsinjx if j <0,
\/% if j =0.

Since the eigenfunctions ¢;(z) (j > 0) are a completely orthogonal basis of the subspace

consisting of all even functions of L?[0,27], we restrict ourselves to find some solutions

which are even in x so that we can avoid the trouble caused by the double eigenvalues.

Every solution of the linear wave equation ([2.1)) can be written as a super-position of
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the basic modes ¢;, namely, for any subset J of Z,

u(t,r) =Y qi(t)di(x), q;(t) = I cos(y/Ajt + 4))
JjeJ
with amplitudes /; > 0 and initial phases go?.

We first make some assumptions and give some notations. Define Dq(o1) = {9 |
| Im | < o1}, D2(2a) := {z | [Imz| < 2a}, [9(9, )| D, (01)x Da(2a) = SUPW,2)e D1 (01)x Da(2a)
lg(9, )] and [g(Y, )| py(24) = SUPzeD,(2q) |9(V, )| for every fixed ¥ € Dy(o1). Throughout
this paper, we suppose that

(Hy) g even extends to a 2m-periodic function in & whose Fourier series satisfies g(¢, x) =
90 + X kezm\ {0} ge(z)eF9 0 #£ gy € R, where i = v/—1 and (-,-) is the standard

inner product in C™.

(Hz) For some o1 > 0 and a > 0, g analytically in ¥, z extends to the domain D;(o7) X
D3(2a) and g is bounded in Dy (01) x D2(2a) with finite norm |g(9, )| p, (o,)x Da(2a)-

Theorem 2.1. Assume (Hy) and (Hg) hold. For each 1 < n < oo and each index set
J={jo< 1 <j2<-<jn} CN:={0,1,2,...} satisfying ming<;<n(jix1 — ji) < n
for any p > 0 and for any 0 < & < €%, where €* is sufficiently small, there exist a subset
Q C [0, 20]™ with meas Q > 0 and a subset . C ¥ := Qx [0, 1]"*! with meas(L\X.) < /3
which satisfies that for any § = (w1, wa, ... ,wm,gjo,gjl, e ,E]n) € Y., the boundary value
problem f has a quasi-periodic and even solution in x. Furthermore, if jo =0,

ebjo +OE) ) 3 2(ej, + O(3/3))
Jo

u(t,x) = cos @j,t cos jiz +O(e%/3),
i ji€T\ o} VA
and if jo > 0,
2(ek. 8/3
u(t,z) = Z (26 + (z(g ) cos @, t cos jix + O(e%/?),
JieT TV A
where

1,(€) — /N, | < cgr for all j; € T.
Remark 2.2. The equation (1.1)) has a large Cantor family of rotational (m + n + 1)-
dimensional tori with frequency vectors w, where w = (w1, w2, ..., Wm,Wjg, Djy, - - -, Wj, )-

Remark 2.3. The function g can be described as an analytic even function, which is
periodic in & and quasi-periodic in t. Moreover, the mean value of g is not zero. For
example, g(x,t) = 2 + cosz(cost + cos v/3t).
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Remark 2.4. To avoid the double eigenvalues, we restrict ourselves to choose an even
complete orthogonal basis ¢;(x) (j > 0), which leads to the even solution.

Remark 2.5. The function g can be defined in any strip Ds(a) as long as @ > a. The fixed

e

positive a is used to define the Hilbert space below.

Remark 2.6. Theorem 2.1] holds true for m = 1.

We comment on the result as follows:

1. z-dependence. The nonlinearity g in can explicitly contain the space variable
x, which implies that this equation is variant under z translations. Thus the so-
called “compact form” condition or “zero momentum” condition are not satisfied.
The measure estimate is more complex than that in [2,[7,|13,|16,/18]. The decay

property plays an important role, e.g. (2.6)).

2. quasi-periodical forcing. The equation (l.1)) is quasi-periodically forced. So a
quasi-periodic symplectic transform is required (see the proof of Proposition (3.6)),

which can transform the Hamiltonian into its normal form.

3. The frequency @ of the solution. Since extra parameters are added in the proof,
we obtain quasi-periodic solutions with additional frequencies but not those with

the same frequency w as g.

4. The parameter u. The result holds true for all ;4 > 0. In addition, the discussion

about the completely resonant wave equations (namely x4 = 0) may be more complex.

In this paper, C' denotes a universal constant if we do not care its value. We rewrite
the wave equation (|1.1)) as follows:

(2.2) du=uv, 0w+ Au= —cg(wt,z)u,

where A = —d?/dx? + u, t € R. Tt is well known that the equation (2.2]) can be studied
as an infinite dimensional Hamiltonian system with coordinates u and v = Od;u. The
Hamiltonian for (2.2) is then

1 1 2
H= i(v, v) + i(Au,u) + &7/ X(u, z,wt) dz,
0

where X (u,z,wt) = Tg(wt, z)u?, and (-,-) denotes the scalar product in L2[0, 27].

We introduce the coordinates ¢ = (qo, ¢1, 42, --..) and p = (po, p1, P2, ...) by setting

u(t,r) = Qj(t)-x v(t,T) = Nip; ().
(t7 ) = <1//\7j¢]( )> (tv ) jg)\/?pj(t)gbj( )
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The coordinates are taken from some Hilbert space {“*® (s > 1/2) of all real valued infinite

sequences

[85 — %S (R)

=9 q=(q0,91,42,-- )G €R,i > 05.8. (lgllas)® = laof* + D |ai|***e** < o0
i>1

Thus, we obtain the Hamiltonian H = A + G, where

1 1 g;(1)
A=y T VA ) and o= [Ty | 2000 |
255 Y 4o =0 VA

The corresponding equations of motion are

OH OH oG
2.3 li=—=——=+\/Aipj, Di=——5—=—VNqg —e—,
(2.3) qj ap; iPj»  Pj dq; 34 dq;
with respect to the symplectic structure Y dg; A dp; on %% x [*. According to [11,/13], u
is a classical solution of ([L.1) and the following lemma holds true.

Lemma 2.7. IfI C R is an interval and a curve I — (p(t), q(t)) is a real analytic solution

of ([@3), then
q;(t)

=0 VA

is a classical solution of (1.1) that is real analytic on I x [0, 27].

u(t, z) = i)

By introducing a pair of action-angle variables (J,9) € R™ x T™ (T™ := R™/2xZ™),
one can obtain an equivalent Hamiltonian that does not depend on the time variable t.
So an autonomous formulation of our problem is reached as follows:

OH OH : . oG O [ x d
'~:7, ‘-:—77 >0’ 0: s J:—7:—077
G p PT T 7T v o0 - ° o
which is a Hamiltonian system (with respect to the symplectic structure dd AdJ + 3 dg; A
dp;) with the Hamiltonian

(24) H = (0. 0) + 5 S VR +5) +6Gla, 9),
Jj=>0

where (-,-) is the standard inner product in C™.
To continue our investigation for the Hamiltonian (2.4)), we need to establish the reg-

ularity of the nonlinear Hamiltonian vector field X associated to G. Let l% and L2,
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respectively, be the Hilbert spaces of all bi-infinite, square summated sequences with com-
plex coefficients and all square-integrable complex-valued functions on [0,27]. Suppose
that

1 ,
F: lg — L% g Fq= Nor queljm
J

is the inverse discrete Fourier transform, which defines an isometry between the two spaces.
The subspaces lg’s C lg consist, by definition, of all bi-infinite sequences with the finite

form
(gl = laol* + > lail *li]* .
i

Through F they define subspaces W®#*[0,2n] C L2[0,27] that are normed by setting

1 Fdlla,s = llalls.s-
The following lemma has been proven in [11] and we only give the result.

Lemma 2.8. The space ZZ’S 1s a Hilbert algebra with respect to convolution of the sequences

(g*p)j =1 qj—kPr, and

g *pllas < cllallaslpllas

where the constant ¢ depends only on s. Consequently, W* is a Hilbert algebra with

respect to multiplication of functions.
Using the above lemma, we prove the following result.

Lemma 2.9. The gradient 0,G is real analytic as a map from some neighborhood of origin
in 1%% into 1% with |0,Glas+1 = O(|qla,s)?-

Proof. Let q € [%*. Consider as a function on [0, 27], u = ijo M@(w) is in Wast1/2

VX
with

(2.5) lul

ssr1/2 < Clllas.
For every ¢ € Dq(01), we expand ¢ in a Fourier series g(d,z) = \/% > g;(9)elie. By
using of Lemma A.1 in [12], for every j € Z,
(2.6) lg; (V)| < C’|g(19,$)’D2(2a)672a|j|
holds. So
(gl sr12)* = lgo (@[> + Y 1g; (@) 2L+ e2el]
J#0
< CY g0, 2) |5, gaye WV []P 2]

< Clg(0, )| D 01)x Da(2ay Y € VIHH < o0
J
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Therefore, g € W»s+1/2(0, 2]. Tt follows from that, by Lemma and the analytic-
ity of g and u?, the function g(, z)u? also belongs to W»*+1/2[0, 27] with ||g(9, z)u®||} s41/2
< C(||qlla.s)? in a sufficiently small neighborhood of the origin, where C' depends on s, a,

o1 and g. On the other hand, since

19$U¢J()

8q] \F

the components of G, are the Fourier coefficients of g(¥, x)u3, so G4 belongs to [“*, with

(0, 2)u 3||a st1/2 S C(llglla, )7,

where the last ' depends on s, a, u, o1 and g. The regularity of G, follows from the

regularity of its component and its local boundedness. O

3. Partial Birkhoff normal form

Since x(u,z,9) = 1g(d,z)u* and u =Y ¢j, we find that

Y

1 1 27
== —— [ g0, 0)6i650a01 deigsquar
) 4 Z 4 )‘i>\j)\d)\l /O g( JJ)¢ ¢]¢d¢l 24459491

,7,d,l
From (H;)
(3.1) Z Ciga T 1i%94 t+ . > Memﬂ)%%@d%
= AN T IR LD ewy

where

27
(3.2) Gijai = 90 Gipjpacy d

0
and

27

(3.3) Ghrijdi —/0 gk(x)Pipjdadydx, |k| > 1.

An easy computation shows that G;jq = 0 unless ¢ £ j £ d £ 1 = 0 for at least one

combination of plus and minus signs. In particular, we have
1 ifi=j+#0,
(2—1—(5,]) where §;; =10 ifi=j=0,
0 ifi#j.

(3.4) Gij’ij e
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We switch to the complex coordinates
Lo Gt G —ip
K \/i b K3 \/i
that live in the now complex Hilbert space {** = [**(C). Then, the Hamiltonian (with
respect to the symplectic structure d A dJ +1), dz; A dz;) is given by

(3.5) H=A+¢G,

where
4

1 [ 2 + Z;
I+ VAiziz, G:/ 9(0,2) | Y == ei@) | de.
- 4 Jo = VAN

Moreover, from (3.1} and , we have

1 Gijal _ _ _
G = m Z ——2 (2 + %) (25 + %) (2a + Za) (21 + Z1)

6 &/
i,j,d,l it j+d+1=0 AidjAd i

1 G
toe O = (a4 2) (5 + 7)) (2 + Fa) 2 + R,

6 k[>1,3,5,d,1 VA AN

Next we transform the Hamiltonian (3.5)) into some partial Birkhoff form of order four
so that it may serve as a small perturbation of some nonlinear integrable system in a
sufficiently small neighborhood of the origin.

Assume Z' = {...,—-2,-1,-0,0,1,2,...} and 1 < n < oo fixed. Let £, = {(4,4,d,1) €
2'* - min(|i, 5], |d, |I]) < n} and N, C L, be the subset of all (i,4,d,1) = (p, —p,q, —q)-
That is, they are of the form (p, —p, ¢, —q) or some permutation of it. We write

)\; = sgni : )\M
Remark 3.1. In the set Z’, we set 0 and —0 to be two different indices, which can prevent
zp and Zo from applying the same coordinate symbol in the proof of Proposition

The following lemmas are necessary and important. We use them to prove Proposi-
tion[3.6] The proofs of Lemmas[3.3]and [3.5|can be found in [14]. The proofs of Lemmas3.2]
and [3.4] are shown in Appendix.

Lemma 3.2. If (i,5,d,1) € L,/N,, and

(3.6) il £ 15] £ [d £ ]I} = 0,

then there exists a constant ¢ depending on p and n such that
(3.7) N+ N A+ N = e>0

holds for every compact p-interval in (0, 00).
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Lemma 3.3. There is a subset Q C [p,20]™ such that every w € Q satisfies that

0el/3

> 5
k)| > i

for all0#keZ™

and measQ > (1 — Clel/S)Qm, where the constant C depends on m and meas denotes

Lebesgue measure for sets.

Lemma 3.4. Assume that (i,7,d,l) € L, and k # 0. Then, when ¢ is small enough, there
is a subset Q C [o,20]™ satisfying that, for any w € Q and \; + AN+ A+ N #£0,

0el/3

/ / !/ /!

Moreover, meas 2 > o™ (1 — 0261/3), where Cy is a constant depending on n, m, o and L.

Lemma 3.5. For z;, € C and k € Z™, if the series Y, [k]*™ ™ |zk|* converges, then the
inequality | >, xkf < e[k zg|? holds, where [k] = max{|k|, 1}, |k| = |k1| + |k2| +

o+ |km| and c is a constant depending on m.

Consider the Hamiltonian (3.5). For each fixed subset £, and p > 0, the following
Proposition holds. In the following, & (I%%,1%%) denotes the class of all real analytic

maps from some neighborhood of the origin in %% to (5.

Proposition 3.6. When ¢ is small enough, there exists a subset Q C [o,20|™ with
meas{) > 0 and for every w € Q, there is a real analytic, symplectic change of coor-
dinates W which can transform the Hamiltonian (3.5)) into its Birkhoff normal form, i.e.,

HoWU =A+eG+eG + 2K,

where X s, Xa, Xk € A(193, 1951 |G| = O Z]|as)"), 51/3\K| = O((||z]la.s)®) and

-1 =
(38) G(Z,Z) = 5 Z Gij\zi|2|zj|2

min{z,j}<n

with uniquely determined coefficients

390 o .
s well AESFE

(3.9) Gu= g% di=i#o,
oL ifi=j=0.

Here Z = (zp41,2n+2,-..) and z = (zo,21,22,...). Moreover, the transformation ¥ is
defined in a complex neighborhood D1(01/2) := {9 | |Im Y| < 01/2} of the tour T™ and a

neighborhood of the origin in 1%,
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Proof. For convenience, we introduce another coordinates (...,w_g,w_1,w_g, wg, Wi, wa,

R ) inA?bl’S by letting zo = wo, Zo = w—_g, 2; = wj, Z; = w—j (j > 1), where the space
" =17°(C) = {(...,w_1,w_0,wo, w1,...),w; € Cs.t. (||w\|38)2 < oo} and (||w\|gs)2 =

|w_o|? + [wo|? + Y255, [wil?[i[**e**!il. So we have
€ ’
H = <w, J) + Z \/ )\jij_j + Tﬁ Z GijdlW; Wjwqwy

j=0 i,j,d,!
[é|£15]£|d|£[1|=0

€ ¢ i(k,9
+E E E gijare P wiwjw g,
k|>14,j,d,1
where

Gl a1 _ Grjiflian

gijdl = T o~ 9kijdl — T oY
VA Ay VA AL Al Al

and the prime symbols indicate that the subscripted indices run through Z'. Since Gijar =

(3.10)

0 unless i + j +=d +1 = 0 for at least one combination of plus and minus signs,
(3.11) gijar = 0 unless |i| £ [j| £ |d| £ |I| = 0.
Step 1. We construct the symplectic transformation. Consider a Hamiltonian function

/ ! .
F=c¢F = 82 Fl-jdlwiijdwl +¢€ Z Z Fk,ijdl€1<k’ﬂ>wiijdwl

bdl k| > 14,51
with coefficients
e ok i (.)€ Lo \ Ny and Ji] || £ [d] £]1] =0,
155dl =
0 otherwise,
and for k # 0,
16,07 if (i,5,d,1) € Loy Xj+ X; + X+ A =0 and [k > 1,
Fhsjar = \ Toog Sexaeayy i (0 d1) € Loy Nj+ X+ X+ A 0 and [k > 1,

0 otherwise.

Let ¥ = X% be the time-1 map of the vector field of the Hamiltonian F. Expanding

at ¢ = 0 and using Taylor’s formula we obtain

Ho\p:H+{H,f}+/1(1—t){{H,f},f}oX}dt

(3.12) 0 )

:A+5G+5{A,F}+52{G,F}+52/ (1—-t){{H,F},F}o X%dt.
0
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Now we compute G + {A, F'}. If we let

1
Iijdl = [169110” ()\I + )\/ + )‘d + >‘l) Zjdl:| W; W WqwW]

and
1 .
[k,ijdl = [169k igdl — ()\; + )\; + )\:1 + /\; + <k, w>)Fk7ijdl] el<k”9>wiw]~wdwl,
then, from (3.11)),
!/ /
G+{AF} = > Lja+ Y Y Tnija
1,5,d,1 |k|>114,5,d,l
|i| %]+ |d|£[2|=0
/ / /
(3.13) = > Lja+ > Lijar + > Lija
(4,5,d,1)ENG (4,5,d,1) €L \NR (4,5,d,1)¢ L
li| ]| d|£[1]=0 li|£ 1 |d|£[2|=0
/ /
2 D That D D Tk

By using of the definition of F', we have that

/ /
(3.14) > Ljg= Y, Y Ieyja =0,
i 5] £|d|£|L|=0
1 ..
Lijq = 16 I Wit Way, (4,7,d,1) & Ly,
and

1 ..
Iyijar = 169k yae' Fwwiwgw,  (4,5,d,0) & Lo, k| > 1

hold. The last two equalities yield that

Z/ Lijai + Z/ ka,ijdl

(4,5,d,1)¢ L (4,5,d,1)ELn [k|>1
|é[ ||| d|£[I[=0
3.15
( ) = Z z gkl]dle >wzw]wdwl
(4,5,d, )¢ Ln \k\>1
=G,

where we define go ;jq := gijai- So, it derives from (3.13)), (3.14) and (3.15] that

(3.16) G+{AF}=G+G,
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where

é = Z, Iijdl-

(7’7]7d7l)€Nn

From (3.10) and (3.4)), (3.8) and (3.9) are satisfied. Therefore, using (3.12)) and (3.16)),
1
HoVW = A+5G+5C¥+52{G,F}+52/ (1-t){{H,F},F}o X%
0

holds true.

Step 2. We prove that W is real analytic.
Claim. The vector-field of the Hamiltonian X is real analytic in a complex neighborhood
Y € Di(01/2) of T™ and some neighborhood of the origin in TZ’S. Furthermore, it satisfies

2 C

317 5] = sl

a,s+1

In fact, letting w € Ta’s, ¥ € Dy(o1), and from (3.2)), (3.7) and (3.10), we have that

C|go|
- (Ar)\j)\dAl)l/"f

Grijdl
160X, + X, + A, + X))

(3.18) | Frjarl =

holds for all r,j,d,l € Z', where the constant C' depends on g, n and . On the other

hand, we can get the Fourier expansion of gg, i.e.,

(3.19) ge() =Y gre™.

TEL

So, fixing r, j, d and | € Z', it follows from ({3.3]) that

2m
Gl = D_ 9 /0 " Dy P11 Bl d

TEL

(3.20) .
=D 4 / COS TLr| || D|a| Py -

TEL 0

Easy computations show that
2m
(3.21) / oS TZP|y | B|j| PPy dr = 0 unless 7+ |r| & [j] £ [d| £ [I| =0
0

holds for at least one combination of plus and minus signs and
2w 9
(3.22) ‘/0 COS T$¢|r|¢|j|¢|d|¢|l\ dx < ;

holds for all 7 € Z and r, j,d,l € Z'.
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According to Lemmas and now we suppose that Q = QN Q. It is obvious that
meas ) > o™ (1 — C1el/3 — 0251/3). So meas{) > 0 when ¢ is small enough. Therefore,
when w € €, by the definition of F}, jq, from Lemmas and for |k| > 1,

k‘m+3
| Pl rjar] < W!Qk,rjdz\-

It follows from (3.10) that
|k|m+3
(ArAjAaA) /4

which together with (3.20)), (3.21)) and (3.22)) yield that

| Frrjarl < O3 |G el

|k’m+3

73 : 1 Z ‘gl:”
eP(ArAjAaNi) || ]| £ld] £]l|=0

(3.23) | Frjar] < C

where C' is dependent on g and p. In addition, supposing that

/ ! .
k9
For = Z Frjawjwqw;| and  Fy, = Z Z Frrjare*" wjwaw]

Jrd;l |k|>1 j,d,l
|r|]5]=|d|£!|=0

it is clear that

2
< O(For)? + C(Fyr )2

(3.24)

oOF
ow,

Now we calculate (Fp,)? and (F1,)2, respectively.
First, we estimate (Fp,)2. From (3.18)),

' |wjwaw|
oy <C —_—
Or = Z ()\r)\j/\d)\l)1/4

]7 )
|r| 17| £ld|£[1|=0

When r = 0 or —0, we have that

C / |wjwqwy|
Foo, Fo—o < —71 E L
= 1/4 . 1/4
0 i aAad)
+j]=[d|£(l|=0

C | Jwol® + lw—o|® + 3|lwiw—o| + 3lwow? | [wo| + |w—o|
= 11/4 3/4 +3 1/4
o Jwjwal A ]
X e s e
. 1/4 . 1/4
j,d#0 and —0 (AjAa) j,d,1£0 and —0 (AjAaA) Y
+{jlld|=0 )7l d]£l1|=0
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[wo| + |w_o 3+ lwo| + |w_o Z’ [wjwl
(AjAq)/4

1/4 1/4
Ao Ao j,d#0 and —0
£14]+|d|=0

C

! |wjwqw|
5,10 and —0 (AjAan)Y

+|j]|d|£[1[=0
So
[ (Iwo! + Iwol>6+ (Iwol + IWO|)2< Z’ |wjwdl >2
00>+0-0 = 11/2 1/4 1/4 )\ \1/4
)\o/ )‘0/ )‘0/ j,d£0 and —0 (AjAa)!/
£|j|£|d[=0
+ ( Z' |wjwqwi| )2]
. 1/4 :
j,d,l#£0 and —0 (Mg A
E[j1E|d|E(l|=0
Assume
~ o |wjl ey
(3.25) Wy = % j €.
A
J
Clearly, w € lZ’sH/z. It follows that
2 2
R R (D S N (D S ]
C e~ SO
(3.26) =5 [ + W (W * W) + (W * @ * w)3]
A

0
C o ~ ~ ~ ~ ~ o~

= NE (o |® + |@o|?|(w * @)o|* + | (W * w * w)o|?].
0

When r # 0 and —0, we have that

C_ | (lwol® + Jwol® + 2fuwow_ol 1wyl
fr < e (5 >
v )\0 j#0 and —0 >\j
rl£]l=0
”LUO‘ + ’U)_0|> , ’ijd|
' <14 2 Do
A/ it o o iAa) /
|r|£]4]£|d|=0
/ |w’wdwl|
> ﬂ] |
; 1/4
it —o AAaA)Y

Ir|£l5]%|d]£[1|=0

643
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So, by using of (3.25)),

C |wo|—|—|w0|>4< b w2
FO2 < < Z lwj|
T2 1/4 1/4
/\T/ )\0/ j#0 and —0 )‘ /
|7|£]4]=0
|wo| + |w0])2< / lwiwg] \2
+<14 > oA
/\0/ j,d£0 and —0 (AjAa)'/
(3.27) ESFERE
2
! |wjwqw|
+ < J)
j,d,z;eoza:nd 0 (AjAgh) /4 ]
|7|£5]£|d|£|1]=0
< NG [[@o|*|@, % + @0 || (@ * @), + | (@ * @ * @), |?].

Second, we estimate F2. By using of Lemma

g2
FE.<C Z mE Z Fy i’ * M wjwqw)

|k|>1 4,
2
/ .
<C Z [k]2m+1 Z |Fk,'rjdl| ‘61<k:,19) ’ ’ijdwl
|k|>1 7,d,l
2
i 2 !
e Z [k]2m+1|e (k,ﬁ>‘ Z | Fyo.rjar||wiwawy
|k|>1 Jidil
It follows from ({3.23)) that
(3.28)
) / |w;wgwy|
F12r < 52/3 1/2 Z 4m+7‘e (k ‘ Z Z |gl7€-‘ ()\’;\d)\l>1/4
k[>1 Gl r ]| dl£]1]=0 ’

However, when » = 0 or —0,
S g
gp|—
AjAg )4
5l T rE|r|£]j|£|d|£|I|=0 ( 2

3 2
lwo| + [w—o| | | o lwo| + |w—o| |wj]
- ( VLA 91| + \L/A Z Z |9k~ 572 1/4

0 0 Jj#0 and —0 7,7+|j|=0

[wo| + [w—o| ' 1 |wjwdl
o(lmlel) s s,
0 4,d#0 and —0 7,74|5|£|d|=0 4
' 7 |wjwqw]
+ Z Z ‘gk|()\j)\d)\l)l/4

4,d,10 and —0 7,7 || £|d|£|1|=0
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holds. Thus, it follows from (3.28)) that

(3.29)

) T [ i)
Fio, P = 1/2 Z el ‘
2307 =1

wol + [w_o|\°® o2 (|wol +w_o|\* ;|\
( \1/4 |9x:I” + N1/ Z Z 951772 1/4
0 0

j#£0 and OTTi|j| 0

Jwol + |w_o|\? ' -1 lwjwdl

j,d#0 and —0 7,7-|5|<|d|=0

! o lwjwgwn] \?

,d 10 and —0 7,7 || || £[[|=0

We define g := |gf| + |g;, 7| for 0 # 7 € Z, g)) := 2|g})|, and
gk = {"'7§£7§£17§27§i7§27"'}

for every 0 # k € Z™. For every 0 # k € Z, by Lemma A.1 in [12], from (H;), (H2) and

EI9).

—\k\ale—2a|r\

9% < 19(0,7)[ D) (01)x Da(20)€

is always true for r € Z. Hence, for all (¢, x) € D1(01) x D2(2a),

2
(”nga s+1/2 gk: + Z 2a|1”\’,,,‘28+1
[r|>1

2 _ _
< (1909, 2) |y (o) x Da2ay) € 2MT {1 Y el
|r[>1

Since the series Z|r\>1 e~ 20l |251 is convergent, the above inequality is bounded and

~ 2 _
(3.30) (IGkl1} 051 /2)" < Ce™ 2Kl

holds, where the constant C depends on g, o1, a and s. Thus, for fixed k € Z, g;, € la +1/2

It derives from and - that
(3.31)

F1207F12—0 = 2/3>\1/2 Z 4m+7’€ ,“9‘ [|w0| |gk| Wo’ﬂ@k*@)o‘z
[k|>1

+ |Wo|?|(Gk * @ * W)o|* + |(Gk * @ * w * w)o|*].
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When r # 0 and —0,
Z/ Z ‘gT| |ijdwl|
k . 1/4
Gl || || d] 1] =0 (AjAar)Y

3 2

[wol + |w—ol "y lwol + |w—ol ' 1 wj]

- ( \L/4 Z 97| + \L/4 Z Z 195 1/4
0

T |r|=0 0 j#0 and —0 7,7 %|r||j|=0 j

|wo + [w—o ' |wjwal
e(mlsel) s s e,
0 4,d#0 and —0 7,7+ |r|+|j|£|d|=0 J

/ £ lwjwaw]
> 2 95 (AjAa) /4

J,d 170 and —0 7,7=£|r|£|j|%|d|%|[|=0

It follows from ([3.28)) and (3.25)) that

6 2
F] 47| i0k9) |wol + |[w—ol " or
s o S (ML (5

|k|>1 ro£|r|=0

+ |w0| + |w*0| ! Z’ Z ‘gT| |wj‘ 2
! o

j#0 and —0 7,7 %|r|%]j|=0

|w0|+|wo|>2< / . ijwd\>2

j,d#0 and —0 7,7£|r|L|j|£|d|=0

' 1 lwjwgw| \?
+ < Z Z ’gk‘()\j)\d)\l)l/Zl) ]

j,dyl#0 and —0 7,7 £|r|£|j|%|d| 1| =0

(3.32)

C

< o 2 WINPTl G + 1ol @+ @)l
€

|k|>1
~ 2~ o~ 12 ~ o~y 2
+ |wo|“|(gr * W * W), |* + [(gr * W * W * W), | )

Third, we calculate (|| Fyla.s+1)?. On one hand, from (3.26) and (3.27), we obtain that

2 2 2 [,.125+2 2alr|
Foo + Fo—_o + E Fo|r| e
[r[>1

<C {!@016 + |@ol?| (@ * @)ol* + |(@ * @+ @)ol* + [wo|* Y i [*|r[*+ el
Ir>1

+ |w0’ Z | w*w | ”f’|28+1 2alr| + Z ’ ’ |T‘28+162alr|:|

[r|>1 |r|>1

- C |@0|4<|{EO|2 + Z |,[Uvr|2‘r|2s+162ar|>

Ir[>1

+ !@0120(@* @ol* + D (@ = w)r|2r|25+1e2alr>

r[=1
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+ <\(@ %W+ W)o|? + Z |(w * w @)r\2]r|25+162a|7">]

Ir>1

_ _ 2 o 2
=C [|w0] (Il s+1/2) + ‘w0|2(”w*w”as+1/2) + (||w*w*w||¢11,s+1/2) }
holds. By using of Lemma [2.8] it follows that

Foo+ F-o + Z Fg,|r|?s+2e2el]
r[>1
3.33 o ~ 2~ - 6
B33 <@l 180 g10)” + TP (1T s1/2)* + (150 g11/2)°]
< (I35 1172)° < Cllw]2,)°
On the other hand, from (3.31)) and (3.32), we obtain that
Fio + Fiog+ ) Fiylr[* e
Ir|>1

i(k,9)
< 2/3 Z 4m+7}e( ‘ [|w |6<|gk’ + Z I |2 2a|7"|,r|25+1>

k|>1 r|>1

i |wo|4(r<§k @l + 3 |G w>r|2e2“'r'|rr%+l>

r|>1

+|wo|2(r< G TP + 3 |G » @ D), Pe 2“'rr|28+1)
[r|>1

i <‘(§k £ @ W W)ol” + Y (e x @+ wx @), P !T\28+1>]

r[>1

< 5 S TS 1l (Gl g 1j0) + Lol (15 B 1)
k|>1

~ - 2 o e 2
+ ’w0’2(Hgk * W * wHi,3+1/2) + (Hgk Wk W * wH(lz,erl/Q) } :
By using of Lemma we get

2 2 2 2542 2alr
Fio+ Fi o+ ZFNM el
[r|>1

> 62/3 Z 4m+7|€ (k9) ‘ {|w0| (Hngas-f-l/Q) +|@0|4(||§kH 5+1/2Hw||a5+1/2)2

IE|>1

- 2
+ [0l (11x I3, 013 51/2 11Dl 51/2)

~ 1 1 2
(1918 121 12 1T 12BN 172)°]

It follows from (3.30) that, for all (J,z) € D1(01/2) x D2(2a),

s alr C ~ 6 m o1 —2lk|lo
(3.34) Fiy+F{_ o‘*‘z FyrPot2erelrl < 2/3(” la,s41/2) <Z[k]4 Telklon. =2kl

Ir|>1 |k|>1

647

)
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However, it is well known that the number

(3.35) tHlkezZ™: k| =1}y <2™™ ', ezt :={1,2,...}.

Thus, by using of the convergence of the series 2(1>0<| k|=1 omdm+6e=lor

o
Z [k]4m+7e|k|01 _6—2\19\01 < Z 2mlm—1l4m+7e—lal < 07
|k[>1 1<|k|=l
where C' is a bounded constant depending only on o; and m. It derives from (3.34) that
(336)  Fhot Flo+ Y ERIPe < S (4 0)° < (el
. 10 1-0 = 2/3 a,s+1/2) = 62/3 a,s)

r|>1

where the constant C' depends on o, u, g, 01, n, a, m and s. By using of (3.24)),
2

2 2
OF
= +)
<H a5+1> ‘811)0

7| >1
< 0B+ B+ Bto+ Flo+ 3 (R + FL e
r|>1

— (R + o+ X (R

r[>1

e <F120 FE gt 3 (ER )
r|>1

OF [

T

62a|r\ ’7“28+2

OF
8w_0

holds true. It follows from ( and (| - that (HgFHaerl 2

the constant C' depends on g, n, u, g, o1, a, m and s. Therefore, (3.17)) is true. The

analyticity of Fy, follows from the analyticity of each component function and its local

= 520/3 (Hw||g,,s)6a where

boundedness. This completes proving the Claim.

Similarly, we can prove that, for all (9,z) € Di(01/2) x D2(2a), |G| < C(||Z]|as)*,
where C depends on u, g, 01, a and s.

Step 3. From , it follows that the time-1-map X}7 is well defined in a sufficiently

small neighborhood of the origin in {*® with the estimates

1 —id [las41 = Olwlz,),  [I1DY ot 1s = O]z o),
with the operator norm [|Al[al. s = sup,,.o H’ﬁwlT'” . Since

DY —1d [y o1 < DY —Td 004 s

DV defines an isomorphism of [%*T! in a sufficiently small neighborhood of the origin. It
follows that with Xpg € A(I%%,1%5T1), also

\I’*XH = D\I’_lXH o = XHo\II c A(lays, la’S—H).
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The same holds for the Lie bracket: the boundedness of [|[DXF||.%,, ; , implies that
[(Xr, Xu] = X py €AY, 1971,

These two facts show that Xz € A(I%%,[%**1). The analogous claims for Xz and X5 are

obvious. Suppose that
K= {G,F}+ /01(1 _O{{H, F}, F} o Xk dt.
By using of Lemma and , and from the fact that
{AF} =[G+ G~ Gl = O((lwl )",
it results

C
[wlie)” and  [{{A FLFY < 7 (llwlz,)”

C
G, FH < <75

Moreover,
{{G, F}, F| < 2/3(H wl7.5)°

and the fact that H = A+¢eG hold. Hence, |K| < Elﬁ(“w”is)(ﬂ ie., el/3| K| = (9(||w||g75)6
for [|w||2 , < 1. This completes the proof. O

Now let J = {0,1,...,n} first. The case of a more general set J really makes no

difference. We introduce the action-angle variables by setting

Ve % if0<j<n,

Zj =
Zj ifj>n+1.
The normal form becomes

A+eG = + ) VNG YV AzE + AII>+5<BI Z)

0<j<n i>n

with I = (Ip, Iy,..., 1), A = (Gij)o<ij<n, B = (GijJo<jn<i and Z = (|zns1]? |zns2l?, . . ).
Suppose that the parameter vector is & = (£;)o<j<n and the new action variable p =
(Pj)o<j<n is as follows: I; = €& + pj, & € [0,1], |pj| < €2, 0 < j < n, then the normal

form is changed into

A+eG = Z \/>pj+z\/>zjz]

0<j<n j>n
g s — > € —
t3 Z Gijpi&i + 5 Z Gij&ipj + 5 Z Gijpip;
0<i,j<n 0<i,j<n 0<i,j<n

+62 Z éi]’gi’z]"Q—Fé‘ Z éwﬁj\zﬁz

0<i<n<j 0<j<n<i
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Hence, the total Hamiltonian is

2 .
H=(wJ)+ \/)Tjﬁj“'z\/)‘»jzjzj+% Y Gupig

0<;< 1 0<4,9<
(3.37) . = =
€ ol 2 A T2
5 > Gutii+e Y Guglal + P
0<i,j<n 0<j<n<i

where P = Eé + eG + 2K and
Gl = O(p) + O Z]la,s)-

At the end of this section, we give the estimates of the perturbed term P. At first,
we introduce some notations from [10]. Assume that z = (29, 21, 22, ...) with ||z||q,s < 00;
I, is the Hilbert space of all complex sequences Z = {z; € C : j > n + 1} with
1 Z)|a,s == HZHM, Z = {z; €C,j>0},z;=0as0<j<nand z; =z asj >n+1;
=000, y=Jop, (=wd (gj)ogjgm then the phase space is

Pos =Tt it ity < 10ty 5 (2l y, Z, Z),
and
D(U77q) = {('x/ay7 Za 7) € ,Paﬂs : ‘Imxl| < g, ’y‘ < 7027 HZHC%S + ”7”‘173 < T},

where 0 = (0;)0<j<n, T™" 1 is the complexification of the usual (m-+n+1)-torus T™ 7+,

o >0 and r > 0. We define the weighted phase norms

a,s

1 1 1 =
Wh = Wiy = 2| + 518l + =11 Zlas + - 17

for W = (2',y,Z,Z) € P**, and for amap U: D(o,r)x% — P%% define its Lipschitz semi-

norm |U|~5 := SUPg_zc IA‘ggl'T, where ¥ is the parameter set 2 x [0, 1]" ™1, AgeU = U(-,€) —

U(-,(), and the supremum is taken over 3. Denote by Xp the vector field corresponding
the Hamiltonian P with respect to the symplectic structure da’ A dy + idZ A dZ, namely,
Xp = (0yP, =0y P, —iVP,iV zP). The proof of Lemma can be found in [18]. Here,

we omit it.

Lemma 3.7. The perturbation P(z',y,Z,7Z;() is real analytic for the real argument
(',y,Z,Z) € D(20,2r) and some given o, > 0. And P is Lipschitz for the parame-
ter ¢ € X. For each ( € ¥, the gradients of P with respect to Z, Z satisfy Oz P, 05P €
A(lfl’f_l,lflﬁrlﬂ). In addition, for the perturbed term P, we have the following estimates

8/3

SUPp(or)xx [ XPlr < Ced/3 and SUP (o) xx |0 X Plr < Ce®°, where o = 01 /4 andr = ¢/2.
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4. A KAM theorem with application to Hamiltonian ([3.37))

In order to prove our main result (Theorem, we apply an existing KAM theorem [8}/10]
which is stated below.

Consider the perturbations of a family of linear integrable Hamiltonian

n’ oo
Hy= 30,0y +5 > (008 +02)

j=1 j=n'+1
in n/-dimensional angle-action coordinates (z’,y) and infinite-dimensional Cartesian co-
ordinates (u,v) with symplectic structure Z?lzl dz’; A dyj + D252, duj A dvj, where
n’ > 0 is an integer. The tangent frequencies @ = (@1, ...,&, ) and normal ones Q =
(Qn/+1, Qn/+2, ...) depend on n’ parameters £ € II C R™, with IT a closed bounded set of
positive Lebesgue measure.

For each ¢ there is an invariant n’-torus 7[)"/ =T x {0,0,0} with frequencies W(§).

In its normal space described by the wwv-coordinates the origin is an elliptic fixed point
with characteristic frequencies ﬁ(f) Hence 76”' is linear stable. The aim is to prove the
persistence of a large portion of this family of linearly stable rotational tori under small

perturbations H = Hyg + P of Hy. To this end the following assumptions are made.

Assumption A. (Non-degeneracy). The map & — @&(€) is a Lipeomorphism between II
and its image, that is, a homomorphism which is Lipschitz continuous in both directions.
Moreover, for all integer vectors (k,l) € Z" x Z> with 1 < |I| < 2, meas{¢ : (k,&(€)) +
(1,Q()) =0} = 0 and (I, Q(£)) # 0 on IL

Assumption B. (Spectral asymptotics and the Lipschitz property). There exist ¢ > 1
and § < ¢ — 1 such that ﬁj(f) = S+ --- + 0(4°), where the dots stand for fixed lower
order term in j, allowing also negative exponents. More precisely, there exists a fixed,
parameter-independent sequence Q with ﬁj = j° 4+ --- such that the tails (AZJ- — ﬁj give
rise to a Lipschitz map ﬁj —Q;: I — lgf, where 15, is the space of all real sequences with

the finite norm ]w|p = sup; \wj |7P.

Assumption C. (Regularity). The perturbation P(x,y,u,v;) is real analytic for real
argument (x,y,u,v) € D(o,r) for given o,r > 0, and Lipschitz in the parameters ¢ € II,

and for each £ € I its gradients with respect to u, v satisfy

_ D> for ¢ > 1,
P, P, € A(er, 107y, =P
p>p for¢=1.

We assume that

(4.1) BIf + 19550 < M < oo, @)~ 5 < L < oo
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In addition, we introduce the notations (l)¢ = max (1, > 3°Ui|), Ak = 1+ |k[", where
7 >n/ +1is fixed. Finally, let Z = {(k,l) #0,]l| <2} C Z" x Z*°,

Theorem 4.1. [10, Theorem A] Suppose that H = Hy + P satisfies Assumptions A, B,
and C, and

(4.2) e= sup |Xplr+ sup —-|Xp|f <o,

D(o,r) <11 D(o,ryx11 M
where 0 < a < 1 is a parameter, and v depends on n’, 7, and o. Then there is a Cantor
set I, C II with meas(II \ II,) — 0 as o — 0, a Lipschitz continuous family of torus
embedding ®: T x I — P*P, and a Lipschitz continuous map &: I, — R™ | such that
for each & € 11, the map ® restricted to T x {&} is a real analytic embedding of an elliptic
rotational torus with frequencies w(§) for the Hamiltonian H at §.

Each embedding is real analytic on |Imx| < 0/2, and

o (&S
|® — ®g, + M\‘I’ —PplF < —,

~ . o . _r
N R R (R L]
uniformly on that domain and 11, where ®q: T x I — 7'0"/ 1s the trivial embedding, and
c <~ 1 depends on the same parameters as 7.
Moreover, there exist Lipschitz maps p; and Aj on II for j > 0 satisfying po = @,
Ao = Q and

~ (&% ~ ~ o ~
g =Bl + 7l = BIF <cer Ay = Qg+ 5714 — Q55 <ee,

such that TI'\ T, C UT\’%J(O&), where

RY () = {§ € T [{k, i (€)) + (L A;(8))| < O‘%} 7

and the union is taken over all j > 0 and (k,l) € Z such that |k| > K12971 for j > 1 with

a constant K1 > 1 depending only on n' and .

Theorem 4.2. [10, Theorem D] Suppose that in Theorem the unperturbed frequencies

are affine functions of the parameters. Then there is a constant ¢ such that

N / ~ 1 or¢ > 1,
meas(IT \ I1,) < ¢(diam I1)” ~a¥, 1= ; 4

i@ fors=1,
for all sufficiently small o, where @ is any number in [0, min(p — p, 1)), and in the case

0,0, ey
- =1+0("), i > j uniformly on IL.

¢ =1, Kk is a positive constant such that

Remark 4.3. By Remarks in [16], ¢ = ¢; L™ M™ ! where ¢, is an absolute constant.
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In order to apply the above theorems to our problem, we need to introduce a new
parameter . For any w_ €  fixed and w € Q = {w € Q | |w —w_| < €}, suppose
w=w_+¢ew, w € [0,1]™. The Hamiltonian (3.37]) becomes

(4.3) H=@(),y) + (), 2) + P,

where

(44) B =wen, AU =F+eBE

B = (Gij)o<jn<i, © = @ + €2 AE, A = = (Gijlo<ijen, £ =W D &7 = (lznn1 lzngal ),

sz@ﬁ?&:(\/T7\/xa \/7 and/B \/TH’\/TH"" SOW] 0<j<n)
can be written as
390 . . .
. ~ 471'\/?)\]' lf ? # ]7
@ =X+ Al and A = 5% ifi=j#0,

390 e
Sras ifi=45=0.

Furthermore, we calculate and get that

detA_Zlﬂ')\()il (14—2@1 ) ao—l)(al—l)--'(an—l)#o,

where ap = 1/2 and a; = 3/4 (1 <i < n). The proof of the following lemma is as same as
Lemma

Lemma 4.4. Setting IL = [0, 1] we have Xp € A(l}7};, lfl_i”flﬂ), SUDP p (o) x11 | X Plr <
Ced/3 and SUP p (o) x11 [0 X P|r < Ce8/3.

We introduce z; = %(uj ivj). The normal form (4.3) becomes

%(ﬁ({),u2+02> L p

(4.5) H = (w(&),y) +
with respect to the symplectic structure > oo, i, A2 Adyj + 355,41 duj Advj. We
only need to verify Assumptions A, B, and C for .

Note that det A # 0 and ming<;<n [ji+1 — Jji| < n. According to the same method
in |18, p. 2205], the Assumption A is verified. Assumption B is fulfilled for Q with § = —
and ¢ = 1. Assumption C holds by using of Lemma letting p = s+ 1/2 and p = s.
Furthermore, from ({4.4)), is satisfied letting M = Ce and L = Ce!. Setting o = &2
and by Lemma the smallness condition is verified. Due to k = 2, we can take
o =24/35.

Applying Theorems and for Hamiltonian , the proof of Theorem is

completed.
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5. Appendix

Proof of Lemma [3.2] When i, j, d, [ are all non-zero integers, from [11], holds true.
Thus we only discuss the case that at least one of 7, j, d, [ is zero. Without loss of generality,
we assume that |i| < |j| < |d| < |l|. Then, reduces to |i| — |j| — |d| + |I| = 0 and
il + |5+ |d| = I] = 0. Now we distinguish 6 = A + A} + \); + A} according to the number of
minus signs. For convenience, we let for example 644+ = —i-\/m + m + \/W - \/W .
It is similar for all the other combinations of plus and minus signs.

Case 1. All of 4, j, d, I are 0 or —0. Since (4,7,d,1) ¢ Ny, (i,5,d,1) #Z (0,—0,0,—0).
So [N + X + Ay + N = 4/ or 2/p1.

Case 2. Three of 4, j, d, [ are 0 or —0. This case can reduce to Case 1 because of .

Case 3. Two of 4, j, d, [ are 0 or —0. Without loss of generality, we assume ¢ and j
are 0 or —0.

Case 3.1. When (4, j) = (0,0), |d| = [I| because of (8.6). When d = —I, [X; + X} +
N, + N =2/ Whend=1>0, |)\’»+)\9+)\Zl+)\ﬂ > 2/t +2y/1+ p. When d=1<0,
X+ N+ N+ N > 2T+ =2/

Case 3.2. When (i,5) = (-0, -0), |d| = |I| because of [B.6). When d = —I, |\ + X} +
Mg+ Al =2yp When d=1>0, [\] + X, + Aj + N| > 2T+ p—2,/u. Whend=1<0,
N+ N+ A+ N > 2+ 2T +

Case 3.3. When (i,j) = (—0,0), |d| = |I| because of (3.6). Since (i,5,d,l) ¢ Ny,
d # —l. So we only consider the case d = 1. When d = [, [X; + X + A\j + N| = 22+ p >
2y/1+ p.

Case 4. When one of i, j, d, [ is 0 or —0, without loss of generality, we assume

(5.1) i=0or —0, and 0= <1<]|j]<|d|l <]l
By using of (5.1)), (3.6) reduces to
(5.2) || = [7] + |d.

Now we discuss § according to the number of minus signs.
Case 4.0. No minus sign. 64444 > /o +3y/pu+ 1.
Case 4.1. One minus sign. It is clear that §4 44,0444+ > 1+ —i—\/ﬁ and 0_4 44 >

2y/T + g hold. The remaining is 44 —. We consider the function do (1) = /++/5% + p+
V@ + p— /12 + p, where j,d > 1. From (5.2), 65(0) = 0 and

5/()_1 L—i‘ 1 4 1 _ 1 > 1 >0
M Te\vE VR VEra Viradres) e

Hence, d2(p) is strictly monotone increasing in p and we have that

62(#):/;55(#)65#2/#2\[ 4= Vi
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Case 4.2. Two minus signs. Since d_4_4,d__44 > d4— 4, |04y | = [6_4—4],
|044——| = |0——44| and |d_44+—_| = |64——4+], it suffices to discuss the case d;__;. From
B2, 61—+ == V1P + 1= VI + p+ /(5] + [d))? + p, where j,d < —1.

We suppose that fy(z) := /(z +|d])? + p— /22 + p for x > 0, where d < —1 is fixed.
So

(Id] +2)v/2® + p— 2/(d] + 2)° +
V[ +2)? + p/a? +

Now we compare (|d| + z)/2? + p with z+/(|d| + z)? + p. Since
[(|d] + 2)v/22 + ] = [2v/(d] + ©)2 + 1] " > pd® > p >0,
(|d| + z)v/2% + p > xz+/(|d| + x)? + p holds true. This yields that f; > 0 for > 0. So,

fa is strictly monotone increasing as x > 0 which implies that fy(|j]) > fa(1) > f4(0) if
j < —1. It follows that fq(|7]) — fa(0) > fa(1) — f4(0) > 0, which means

falx) =

(5.3) Sg——g = fa(l]) = £2(0) = V/(ld] + 12+ p— /T4 p— V]dP? + p + /1.

In addition, we assume that fi(z) = \/(z + 1)2 + g — /22 + p. Similar to the above
discussion, we can prove that f; is strictly monotone increasing as x > 0. Thus, we have
that f1(|d|) > f1(1/2) > f1(0) as d < —1. So fi(|d]) — f1(0) > f1(1/2) — f1(0) > 0 which

means that

V0 + 102 4 = I+ p = V]aP + e+ Vi
>V (3/22 + = V(1/22+p— 1+ p+/u>0.

Therefore, it is derived from (5.3)) and (5-4) that 64— > 1/(3/2)2 + pn— /(1/2)2 + p —
Vi+p+/u>0.

Case 4.3. Three minus signs. This case can be reduced to Case 4.1.

(5.4)

Case 4.4. Four minus signs. This case can be reduced to Case 4.0.
All of the above, these lower bounds give the claimed estimate. The proof is completed.
O

Proof of Lemma 3.4 Assume

1/3
R?jdl,k - {w € [Qv 2Q]m : ‘)‘2 + )‘; + Aél + )‘E + <k7w>’ < ’ZEm+3}

and Q2 = U1 Uijas R?jdl?k. Consider two hyperplanes A; + A} + A + A + (k,w) =

1/3
:l:|kQ|ET+3' We have

_— 20el/3 _ Q(ﬂ)m—lmgl/?) " omel/3
3 = T R C = Y TR k]

(5.5) measR%jdlvk < m\k\_l(\@g))
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where C' depends on m.

Assume X + X + X + A\ # 0, k # 0 and (4,5,d,1) € L,. Now we let |i| =
min{|il, |j|, |d],|l|}. The other cases can be discussed in the same way. It is evident
that 0 < |7| < n.

Case 1. If j, d, [ have same sign, we can assume fjq = sgnj - (1 /A VA T A /)‘Il\)‘
Let

2,1 m ! 981/3
Riae = qw € [o:20]™ « | fja + N + (k,w)| < k[ ts

21
and 9" = U1 Ui jag Rijae- Clearly,
X + (b, w)| < 2v/n? + pu+ 2| k|w]|

by using of 0 < |i| < n. So, when |fjq| > 3v/n? 4+ p + 2|k||w|, we have

1/3

e
[+ X ()l > Uyl = Y+ Gk > Vi e 2 i

when ¢ is small enough. This implies that the set Rfji” i is empty. Therefore, we only
need to consider the case that j,d,l < 3y/n? + p + 2|k||w| in order to calculate Q*!. Tt

yields that, from and -,

27 —_
meas (2" = meas U U Rwdlk
|k|>11,5,d,l

= meas U U U Rwdlk

(k|21 O<EISn || 1] <3+/n2-+ p+2] k][]

3 CQmEI/B
<3 2(n+1) (6\/n2 ¥ 1+ 4ol k| +2) e T

|k|>1

1
1/3 1/3 —1
< Come Z E |m+1 < CgmeY Z Wlem
|k|>1 |k|=1>1
_ CQQOgl/?)Zl < Cgm 1/3
>1

where the constant C' depends on u, n, o0 and m.

Case 2. Assume j, d and [ have different signs. Without loss of generality, we let that
J, d have the same sign, and [ have the different sign. So, fjq = sgnj - ( A+ VAl —
m) = fjd + sgnl - \/m The other cases can be discussed in the same way. Now, it
suffices to consider the two cases as follows.

Case 2.1. Suppose that |i| < |I| < N,

c1/3
R?J?llk { [0.20]™ |f]d+sgnl \/ +)‘ + (k,w | |k’m+5’|l| = }
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22 _ 2,2
and Q%% = U1 U; ja1 Rijar ., Where

N =Nilkl, Ni=+/n?2+p+20+2/u+2.

‘sgnl~,/)\|l| + A\ + <k:,w>‘ < 3\ N2 4 p + |Kl|w.

When |fjd| > 41/ N2 + pu + |k||w], it follows that, as ¢ small enough,

‘fjd +sgnl - /Ay + X, + (k:,w>‘ > |fjd\ — ‘sgnl A/ A+ X+ (k,w)
= 1/3
N 0
>/ N M>N>2>’k’m+3’
which implies that the set Rfjfll i is empty. Therefore, we only need to consider the case

that j,d < 4\/ N2+ pu+ |k||w| in order to calculate Q*2. Tt yields that

22 _
meas 2° = meas U U Rl]dlk
|k|>11,5,d,l

= meas U U U U Rfjfuk

[KIZLO<i|<n 1| <N |5 1] <4v/ N2+ pa-+ ]k ||

2 m_1/3
< )(N +1) ( 8y/ N2 4olk| +2) £ =
E (n+1)(N + )( + p+ 4olk| + ) ]

k|>1

Then

1
m_1/3 m 1/3 mim—1
< Cpo"e Z ]k\mH <Cp Z lm+12 l
|k|>1 |k|=1>1
_ C2m m 1/32 < CQm 1/3’
>1

where the constant C' depends on u, n, 0 and m.
Case 2.2. Suppose that |I| > N,

c1/ -
Rijfllk—{we 0,20]™ ‘f]d—i—sgnl A+ A+ kw‘ o Jr37|l|>N}

and Q2?3 = = U1 Uijay z]dl - We divide this case into two cases (a) and (b) below.

Case (a). If |d| = I], then \/Ajg = \/A;y- We have
‘fvjd—i—sgnl-\/m—i-)\;—i- <k,w)‘ = ’sgnj- A+ i+ <k,w>‘.
If 5] > \/n2 + p+ |k|jw| + 1, then it follows that
‘}"}d—ksgnl-\/m—k)\;—k (k,w‘ > ‘N‘ — | X+ (k,w))|
> V/n? -t Kl o] + 1= v/n? + = |kl

>1>

’k‘m—h’)’
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when e small enough. So, it is sufficient to consider the case |j| < /n? + p + |k||w| + 1.
In fact,

23 _
meas 2° = meas U U U Rwdlk

K121 | <\ /n2 gt | o] +1 0< il <
Co™ 81/3

<Y 20n+1)(Vn2+ +\k|yw|+2)|k”k|m+3

|k|>1

1
m_1/3 m_1/3 mim—1
< Cp"e Z |k:|m+3 < Cp"e Z lm+32 l
[k|>1 |k|=1>1
:CQm e 1/3Zl <CQm 1/3
>1

where the constant C' depends on n, y, o and m. In the same way, we can get the same

result in the case |j]| = |I].
Case (b). Suppose that |d| # || and |j| # |I|. It is evident that

- \f\—|ll+ Eea R

> (|ld| = 11| -

[ p
+
VE+pu+ld P+ up+l]
> |[|ld] = [1l] - 2v/m].
It p=||d| — ||| > N, then

‘J?derSgnl VA A <k‘,W>‘
>\ = /N = V= 200k] > N = 2/ — /2 + 0~ 20]k]

1/3

%3
= (Vi it 20+ 204 2) K] = 20 = V0¥ = 20lk] 2 2> i,

which implies that the set RZ Lk is empty, when ¢ is small enough. In the same way, we
can get the same result if ¢ = H Jl— \ZH > N. So we only need to consider the case that
1<p<Nand1<q<N

Case (b.1). Let 1 <p < N, 1<¢< N and |d| > (2N1 + 1)|k|. It follows that

’J?jd +sgnl- /Ay + N, + <k,w>’
> \Ma = |y = | = 1 )]
> (2N1 + )[k| = (Nilk| + 2/5) = v/n? + u — 20]k|
= (Vn?+p+20+2/pn+3)kl -2y — \/n2 — 20|k|

1/3




Quasi-periodic Solutions of Wave Equations 659

which implies that the set R :3 Lk is empty, when ¢ is small enough. In the same way, we
can get the same result if 1 <p < N, 1< ¢ <N and |j| > (2N + 1)|k| hold. So we only
leave the following case.

Case (b2). Let 1 <p < N,1<qg<N,0<]|d < (2N, +1)]k| and 0 < |j| <
(2N1 + 1)|k|. In this case, it can be reduced that 0 < |I| < (3N; + 1)|k|. So,

meas 0% = meas U U U U Rudl k

[KI>1 0<|1|<(3N1+1) k| 0<|j],|d|<(2N1 +1)|k| O<Ii[<n
CQm61/3

< 3 200+ D((AN + 2k +1)* (68 + 2k + 1) s

k|>1
< Cgmel/3 Z
k|>1

1
— CQQOcfl/BZ ﬁ < C‘Qmsl/?)?

>1

1
CQm€1/3 Z = gmm—1

|k‘m+l —
|k|=1>1

where the constant C' depends on n, u, 0 and m.

In the same way, we can get the similar results in the cases |j|, |d| or || = min{|i], |j],
|d|, ]|} wherein we can construct sets similar to 021, 022 and Q%3 etc. Assume Q2 is
the union of all the sets (the number of the sets is obviously finite). Thus, there is a
constant Cy such that meas Q2 < Cy0™e/3, where C depends on pu, n, ¢ and m. Finally,
we suppose £ = [0, 20]™ \ Q2, which satisfies that meas Q > (1 — Coe'/3)9™. The proof is
completed. ]
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