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General Decay Rates for a Laminated Beam with Memory

Zhijing Chen, Wenjun Liu* and Dongqin Chen

Abstract. In previous work [23], Mustafa considered a viscoelastic laminated beam

system with structural damping in the case of equal-speed wave propagations, and

established explicit energy decay formula which gives the best decay rates. In this

paper, we continue to consider the similar problems and establish the general decay

result for the energy, to system with structural damping in the case of non-equal wave

speeds and to system without structural damping in the case of equal wave speeds,

respectively. For the first case, we use the second-order energy method to overcome the

difficulty of estimating the non-equal speeds term. For the second case, we construct

an appropriated perturbed functional to estimate ‖wt‖22 so as to overcome the absence

of structural damping.

1. Introduction

In previous work [23], Mustafa considered the following viscoelastic laminated beam sys-

tem with structural damping

(1.1)



ρϕtt +G(ψ − ϕx)x = 0 (x, t) ∈ (0, 1)× (0,∞),

Iρ(3w − ψ)tt −G(ψ − ϕx)−D(3w − ψ)xx

+
∫ t

0 g(t− s)(3w − ψ)xx(s) ds = 0 (x, t) ∈ (0, 1)× (0,∞),

Iρwtt −Dwxx +G(ψ − ϕx) + 4
3γw + 4

3βwt = 0 (x, t) ∈ (0, 1)× (0,∞)

under initial conditions

(1.2)

ϕ(x, 0) = ϕ0(x), ψ(x, 0) = ψ0(x), w(x, 0) = w0(x) x ∈ (0, 1),

ϕt(x, 0) = ϕ1(x), ψt(x, 0) = ψ1(x), wt(x, 0) = w1(x) x ∈ (0, 1)

and boundary conditions

(1.3) ϕx(0, t) = ϕ(1, t) = ψ(0, t) = ψx(1, t) = w(0, t) = wx(1, t) = 0, t ∈ (0,∞),

where ϕ denotes the transverse displacement of the beam which departs from its equilib-

rium position, ψ denotes the rotation angle, w is proportional to the amount of slip along

Received August 8, 2018; Accepted November 11, 2018.

Communicated by Eiji Yanagida.

2010 Mathematics Subject Classification. 34B05, 35L05, 93C20, 93D20.

Key words and phrases. general stability, laminated beam, memory, energy method.

*Corresponding author.

1227



1228 Zhijing Chen, Wenjun Liu and Dongqin Chen

the interface at time t and longitudinal spatial variable x, 3w− ψ represents the effective

rotation angle. Moreover, the third equation of (1.1) describes the dynamics of the slip;

ρ, G, Iρ, D, γ, β are positive constant coefficients and denote the density of the beams,

the shear stiffness, the mass moment of inertia, the flexural rigidity, the adhesive stiffness

of the beams, and the adhesive damping parameter, respectively. If β 6= 0, the adhesion

at the interface supplies a restoring force proportion to the interfacial slip. If β = 0, the

third equation of (1.1) describes the coupled laminated beams without structural damping

at the interface. In that paper, the author established the general decay result under the

equal-speed wave propagation case: G/ρ = D/Iρ. As for the previous results and develop-

ments of the viscoelastic laminated beam system, the authors have stated and summarized

in great detail [23], thus we just omit it here. The readers, for a better understanding

of present work, are recommended to see [1, 6, 10–13, 16, 20, 25–27, 29] and the references

therein.

Apart from studying the laminated beam system itself, many people have been inter-

ested in the relationship between the laminated beam and the thermal conditions. For

example, Liu and Zhao [18] considered the stabilization of a thermoelastic laminated beam

with past history as

(1.4)



ρϕtt +G(ψ − ϕx)x + θx = 0 (x, t) ∈ (0, 1)× (0,∞),

Iρ(3w − ψ)tt −G(ψ − ϕx)−D(3w − ψ)xx

+
∫∞

0 g(s)(3w − ψ)xx(x, t− s) ds− θ = 0 (x, t) ∈ (0, 1)× (0,∞),

Iρwtt −Dwxx +G(ψ − ϕx) + 4
3γw + 4

3βwt = 0 (x, t) ∈ (0, 1)× (0,∞),

kθt − τθxx + ϕxt + (3w − ψ)t = 0 (x, t) ∈ (0, 1)× (0,∞),

in which, g is assumed to satisfy, for a positive constant ξ and 1 ≤ p ≤ 3/2,

g′(t) ≤ −ξgp(t), ∀ t ≤ 0.

For system (1.4) with structural damping and without any restriction on the speeds of wave

propagations, they obtained the exponential and polynomial stabilities. For system (1.4)

without structural damping, they established the exponential and polynomial stabilities

in case of equal speeds and lack of exponential stability in case of non-equal speeds. In the

recent work [20], Apalara investigated a laminated beam with structural damping under

Cattaneo’s law of heat conduction, and proved the exponential and polynomial stability

results depend on a stability number. However, the case of the absence of structural

damping was left as an open problem. We refer the reader to [3–5,7–9,14,15,17,19,24,28]

for some other related results.

In this paper, we first investigate the general decay rate of the solutions for prob-

lem (1.1)–(1.3) with structural damping (β 6= 0) in the case of non-equal wave speeds:
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G/ρ 6= D/Iρ. For our this purpose, we use the second-order energy method to overcome

the difficulty of estimating the non-equal speeds term. We then consider system (1.1)–

(1.3) without structural damping (β = 0), and prove the general stability in the case of

equal wave speeds G/ρ = D/Iρ by using the perturbed energy method. To overcome

the absence of structural damping (β = 0), we shall construct an appropriated perturbed

functional J(t) (see Lemma 5.1 below) to estimate ‖wt‖22.

This paper is organized as follows. In Section 2, we give some assumptions. In Sec-

tion 3, we state and prove some technical lemmas that are useful in the entire work. In

Section 4, we state and prove decay result for system (1.1)–(1.3) with structural damping

in the case of non-equal wave speeds. Finally, Section 5 is devoted to proving the decay

result for system (1.1)–(1.3) without structural damping in the case of equal wave speeds.

2. Preliminaries and main results

In this section, we give some assumptions and state some main theorems. We use c > 0 to

denote a positive constant which does not depend on the initial data. First, we consider

the following assumptions as in [23]:

(A1) g : R+ → R+ is a non-increasing differentiable function such that

g(0) > 0, D −
∫ +∞

0
g(s) ds = l > 0.

(A2) There exists an non-increasing differentiable function ξ : R+ → R+ and a C1 function

H : [0,∞) → [0,∞) which is either linear or strictly increasing and strictly convex

C2 function on (0, r], r ≤ g(0), with H(0) = H ′(0) = 0, such that

g′(t) ≤ −ξ(t)H(g(t)), ∀ t ≥ 0.

Remark 2.1. [23, Remark 2.8] (1) From assumption (A1), we deduce that

g(t)→ 0 as t→ +∞ and g(t) ≤ D − l
t

, ∀ t > 0.

Furthermore, from the assumption (A2), we obtain that there exists t0 > 0 such that

g(t0) = r and g(t) ≤ r, ∀ t ≥ t0.

The non-increasing property of g gives

0 < g(t0) ≤ g(t) ≤ g(0), ∀ t ∈ [0, t0].

A combination of this with the continuity of H, for two constants a, d > 0, yields

a ≤ H(g(t)) ≤ d, ∀ t ∈ [0, t0].
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Consequently, for any t ∈ [0, t0], we get

g′(t) ≤ −ξ(t)H(g(t)) ≤ −aξ(t) = − a

g(0)
ξ(t)g(0) ≤ − a

g(0)
ξ(t)g(t)

and, hence,

(2.1) ξ(t)g(t) ≤ −g(0)

a
g′(t), ∀ t ∈ [0, t0].

(2) If H is a strictly increasing and strictly convex C2 function on (0, r], with H(0) =

H ′(0) = 0, then it has an extension H, which is a strictly increasing and strictly convex

C2 function on (0,∞). For example, if H(r) = A, H ′(r) = B, H ′′(r) = C, we can define

H, for any t > r, by

H(t) =
C

2
t2 + (B − Cr)t+

(
A+

C

2
r2 −Br

)
.

Next, we introduce the vector function

U = (ϕ, 3w − ψ,w, ϕt, 3wt − ψt, wt)T

and

U0 = (ϕ0, 3w0 − ψ0, w0, ϕ1, 3w1 − ψ1, w1)T .

Then, we consider the following Hilbert spaces

H0 = H̃1
∗ (0, 1)× (H1

∗ (0, 1))2 × (L2(0, 1))3

and

H1 =
{
U ∈H0 | ϕ ∈ H̃2

∗ (0, 1), 3w − ψ,w ∈ H2
∗ (0, 1), ϕt ∈ H̃1

∗ (0, 1),

3wt − ψt, wt ∈ H1
∗ (0, 1), ϕx(0, t) = 0, ψx(1, t) = wx(1, t) = 0

}
,

where

H1
∗ (0, 1) = {η | η ∈ H1(0, 1), η(0) = 0}, H̃1

∗ (0, 1) = {η | η ∈ H1(0, 1), η(1) = 0},

H2
∗ (0, 1) = H2(0, 1) ∩H1

∗ (0, 1), H̃2
∗ (0, 1) = H2(0, 1) ∩ H̃1

∗ (0, 1).

For completeness, we state, without proof, the following global existence and regularity

result which can be easily proved by the standard Galerkin method.

Theorem 2.2. [13] Let U0 ∈H0 be given. Assume that g satisfies hypothesis (A1). Then

problem (1.1)–(1.3) has a unique weak solution

ϕ ∈ C(R+; H̃1
∗ (0, 1)) ∩ C1(R+;L2(0, 1)),

3w − ψ,w ∈ C(R+;H1
∗ (0, 1)) ∩ C1(R+;L2(0, 1)).
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Moreover, if U0 ∈H1, then the solution satisfies

ϕ ∈ C(R+; H̃2
∗ (0, 1)) ∩ C1(R+; H̃1

∗ (0, 1)) ∩ C2(R+;L2(0, 1)),

3w − ψ,w ∈ C(R+;H2
∗ (0, 1)) ∩ C1(R+;H1

∗ (0, 1)) ∩ C2(R+;L2(0, 1)).

Now, we introduce the following energy functional:

E(t) =
1

2

(
ρ‖ϕt‖22 + Iρ‖3wt − ψt‖22 + 3Iρ‖wt‖22 +G‖ψ − ϕx‖22

+

(
D −

∫ t

0
g(s) ds

)
‖3wx − ψx‖22 + 3D‖wx‖22 + 4γ‖w‖22

)
+

1

2
(g ◦ (3wx − ψx))(t),

where, for any v ∈ L2(0, 1),

(g ◦ v)(t) =

∫ 1

0

∫ t

0
g(t− s)(v(t)− v(s))2 dsdx.

The following lemmas play an important role in the proof of our main results.

Lemma 2.3. [13] The following inequalities hold:(∫ t

0
g(t− s)((3wx − ψx)(t)− (3wx − ψx)(s)) ds

)2

≤ g0(t)

∫ t

0
g(t− s)((3wx − ψx)(t)− (3wx − ψx)(s))2 ds,(∫ t

0
g′(t− s)((3wx − ψx)(t)− (3wx − ψx)(s)) ds

)2

≤ −g(0)

∫ t

0
g′(t− s)((3wx − ψx)(t)− (3wx − ψx)(s))2 ds,

where g0(t) =
∫ t

0 g(s) ds.

Lemma 2.4 (Jensen’s inequality). Let P : [c, d] → R be a convex function. Assume that

the functions f : Ω→ [c, d] and h : Ω→ R are integrable such that h(x) ≥ 0 for any x ∈ Ω

and
∫

Ω h(x) dx = k > 0. Then,

P

(
1

k

∫
Ω
f(x)h(x) dx

)
≤ 1

k

∫
Ω
P (f(x))h(x) dx.

Lemma 2.5. [13] Let (ϕ, 3w − ψ,w) be the solution of (1.1)–(1.3). Then

d

dt
E(t) = −4β‖wt‖22 −

g(t)

2
‖3wx − ψx‖22 +

1

2
(g′ ◦ (3wx − ψx))(t) ≤ 0.
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In [23], Mustafa presented the following general decay result for problem (1.1)–(1.3)

with structural damping (β 6= 0) in the case of equal wave speeds:

Theorem 2.6. [23] Let U0 ∈ H0. Assume that (A1) and (A2) hold and G/ρ = D/Iρ.

Then, there exist positive constants k1 and k2 such that the energy functional associated

to problem (1.1)–(1.3) satisfies

E(t) ≤ k2H
−1
1

(
k1

∫ t

t0

ξ(s) ds

)
, ∀ t > t0,

where H1 is given by H1(t) =
∫ r
t

1
sH′(s) ds and t0 = g−1(r).

We are now in a position to state our the first general decay result for problem (1.1)–

(1.3) with structural damping (β 6= 0) in the case of non-equal wave speeds.

Theorem 2.7. Let U0 ∈H0. Assume that (A1) and (A2) hold and G/ρ 6= D/Iρ. Then,

there exist positive constants k1, k2 and t1 > t0 = g−1(r) such that the energy functional

associated to problem (1.1)–(1.3) satisfies the estimate

E(t) ≤ k2(t− t0)H−1
2

(
k1

(t− t0)
∫ t
t1
ξ(s) ds

)
, ∀ t > t1,

where H2 is given by H2(t) = tH ′(t).

Remark 2.8. Assume H(s) = sp, 1 ≤ p < 2 in (A2), then by simple calculations, we see

that the decay rates of E(t) is given by, for constants C and k,

(2.2) E(t) ≤


C

(
1+

∫ t
0 g(s) ds∫ t

0 ξ(s) ds

)
if p = 1,

k(t− t0)1−1/p

(
1∫ t

0 ξ(s) ds

)1/p

if 1 < p < 2.

Remark 2.9. Note that the estimate (2.2) was obtained by Li et al. in [13].

The second general decay result for problem (1.1)–(1.3) without structural damping

(β = 0) in the case of equal wave speeds reads as follows.

Theorem 2.10. Let U0 ∈H0. Assume that (A1) and (A2) hold, β = 0 and G/ρ = D/Iρ.

Then, there exist positive constants k1 and k2 such that the energy functional associated

to problem (1.1)–(1.3) satisfies

E(t) ≤ k2H
−1
1

(
k1

∫ t

t0

ξ(s) ds

)
, ∀ t > t0,

where H1 is given by H1(t) =
∫ r
t

1
sH′(s) ds and t0 = g−1(r).
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Remark 2.11. Assume that H(s) = sp, 1 ≤ p < 2 in (A2), then by simple calculations, we

see that the decay rates of E(t) is given by, for constants k1, k2 and k3,

E(t) ≤

k1 exp
(
−k2

∫ t
0 ξ(s) ds

)
if p = 1,

k3

(
1 +

∫ t
0 ξ(s) ds

)−1/(p−1)
if 1 < p < 2.

3. Technical lemmas

In this section, we establish several lemmas needed to prove our main results. For our

purpose, we will adopt the functionals introduced in [23] with some modifications.

Lemma 3.1. Assume that (A1) and (A2) hold. Then, the functional F1(t) defined as

F1(t) = −ρ
∫ 1

0
ϕϕt dx

satisfies, for any ε1 > 0,

(3.1) F ′1(t) ≤ −ρ‖ϕt‖22 +Gε1‖ψ − ϕx‖22 +
G

2ε1
‖3wx − ψx‖22 +

9G

2ε1
‖wx‖22.

Proof. By differentiating F1(t) with respect to t, using (1.1) and integrating by parts, we

obtain

F ′1(t) = −ρ‖ϕt‖22 −G
∫ 1

0
ϕx(ψ − ϕx) dx.

Note that

−G
∫ 1

0
ϕx(ψ − ϕx) dx ≤ Gε1‖ψ − ϕx‖22 +

G

2ε1
‖3wx − ψx‖22 +

9G

2ε1
‖wx‖22.

This completes the proof.

Lemma 3.2. Under the conditions (A1) and (A2), the functional F2(t) defined by

F2(t) = Iρ

∫ 1

0
(3w − ψ)(3wt − ψt) dx

satisfies, for any ε2 > 0,

F ′2(t) ≤ −(l − ε2(G+ 1))‖3wx − ψx‖22 + Iρ‖3wt − ψt‖22

+
G

4ε2
‖ψ − ϕx‖22 +

D − l
4ε2

(g ◦ (3wx − ψx))(t).
(3.2)

Proof. It follows from (1.1) and integration by parts that

F ′2(t) = Iρ‖3wt − ψt‖22 +G

∫ 1

0
(3w − ψ)(ψ − ϕx) dx−D‖3wx − ψx‖22

−
∫ 1

0
(3w − ψ)

∫ t

0
g(t− s)(3w − ψ)xx(s) dsdx.

Using Young’s inequality and Lemma 2.3 with ε2 > 0, we obtain (3.2).
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Lemma 3.3. Assume that (A1) and (A2) hold. Then, the functional F3(t) defined by

F3(t) = Iρ

∫ 1

0
wwt dx

satisfies the estimate

F ′3(t) ≤ −
(

4

3
γ − ε3

(
G+

4β

3

))
‖w‖22 −D‖wx‖22

+

(
Iρ +

β

3ε3

)
‖wt‖22 +

G

4ε3
‖ψ − ϕx‖22,

(3.3)

where ε3 > 0.

Proof. Differentiating F3(t) with respect to t, using the third equation of (1.1) and inte-

grating by parts, we obtain

F ′3(t) = Iρ‖wt‖22 −G
∫ 1

0
w(ψ − ϕx) dx− 4γ

3
‖w‖22 −

4β

3

∫ 1

0
wwt dx−D‖wx‖2.

Next, it follows from Young’s inequality that

F ′3(t) ≤ −
(

4γ

3
− ε3

(
G+

4β

3

))
‖w‖22 −D‖wx‖22 +

(
Iρ +

β

3ε3

)
‖wt‖22 +

G

4ε3
‖ψ − ϕx‖22,

which completes the proof of Lemma 3.3.

Lemma 3.4. Assume that (A1) and (A2) hold, after fixing ε4 > 0, the functional F4(t)

defined by

F4(t) = −Iρ
∫ 1

0
(3wt − ψt)

∫ t

0
g(t− s)[(3w − ψ)(t)− (3w − ψ)(s)] dsdx

satisfies the estimate

F ′4(t) ≤ −Iρg0(t)

2
‖3wt − ψt‖22 +

Gε4

2
‖ψ − ϕx‖22 +

Dε4

2
‖3wx − ψx‖22

− Iρg(0)λ0

2g0(t)
(g′ ◦ (3wx − ψx))(t)

+ (D − l)
(
Gλ0

2ε4
+

D

2ε4

)
(g ◦ (3wx − ψx))(t),

(3.4)

where g0(t) =
∫ t

0 g(s) ds.

Proof. Taking the derivative of F4(t) with respect to t and using the second equation of

(1.1), we get

F ′
4(t) = −G

∫ 1

0

(ψ − ϕx)

∫ t

0

g(t− s)[(3w − ψ)(t)− (3w − ψ)(s)] dsdx
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+

(
D −

∫ t

0

g(s) ds

)∫ 1

0

(3w − ψ)x

∫ t

0

g(t− s)[(3w − ψ)x(t)− (3w − ψ)x(s)] dsdx

+

∥∥∥∥∫ t

0

g(t− s)[(3w − ψ)x(t)− (3w − ψ)x(s)] ds

∥∥∥∥2
2

− Iρ
(∫ t

0

g(s) ds

)
‖3wt − ψt‖22

− Iρ
∫ 1

0

(3wt − ψt)
∫ t

0

g′(t− s)[(3w − ψ)(t)− (3w − ψ)(s)] dsdx.

Now, we estimate the terms on the right-hand side of the above equation.

Using Young’s inequality, Poincaré’s inequality ‖u‖22 ≤ λ0‖ux‖22 with λ0 > 0 and

Lemma 2.3, we obtain, for 0 < ε4 < 1,

−G
∫ 1

0
(ψ − ϕx)

∫ t

0
g(t− s)[(3w − ψ)(t)− (3w − ψ)(s)] dsdx

≤ Gε4

2
‖ψ − ϕx‖22 +

G

2ε4

∫ 1

0

(∫ t

0

√
g(t− s)

√
g(t− s)[(3w − ψ)(t)− (3w − ψ)(s)] ds

)2

dx

≤ Gε4

2
‖ψ − ϕx‖22 +

Gg0(t)

2ε4
(g ◦ (3w − ψ))(t)

≤ Gε4

2
‖ψ − ϕx‖22 +

G(D − l)λ0

2ε4
(g ◦ (3wx − ψx))(t).

Also, we have, for 0 < ε4 < 1,(
D −

∫ t

0
g(s) ds

)∫ 1

0
(3w − ψ)x

∫ t

0
g(t− s)[(3w − ψ)x(t)− (3w − ψ)x(s)] dsdx

≤ (D − g0(t))ε4

2
‖3wx − ψx‖22 +

(D − g0(t))(D − l)
2ε4

(g ◦ (3wx − ψx))(t)

≤ Dε4

2
‖3wx − ψx‖22 +

D(D − l)
2ε4

(g ◦ (3wx − ψx))(t)

and ∥∥∥∥∫ t

0
g(t− s)[(3w − ψ)x(t)− (3w − ψ)x(s)] ds

∥∥∥∥2

2

≤ (D − l)(g ◦ (3wx − ψx))(t).

Exploiting Young’s inequality, Poincaré’s inequality and Lemma 2.3, we obtain, for any

0 < ε4 < 1,

− Iρ
∫ 1

0
(3wt − ψt)

∫ t

0
g′(t− s)[(3w − ψ)(t)− (3w − ψ)(s)] dsdx

≤ Iρg0(t)

2
‖3wt − ψt‖22 +

Iρ
2g0(t)

∥∥∥∥∫ t

0
g′(t− s)[(3w − ψ)(t)− (3w − ψ)(s)] ds

∥∥∥∥2

2

≤ Iρg0(t)

2
‖3wt − ψt‖22 −

Iρg(0)

2g0(t)
(g′ ◦ (3w − ψ))(t)

≤ Iρg0(t)

2
‖3wt − ψt‖22 −

Iρg(0)λ0

2g0(t)
(g′ ◦ (3wx − ψx))(t).

A combination of all the above estimates gives the desired result.
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Lemma 3.5. Assume that (A1) and (A2) hold. Then for any ε5 > 0, the functional F5(t)

defined by

F5(t) =
Dρ

G

∫ 1

0
ϕt(3wx − ψx) dx− Iρ

∫ 1

0
(3wt − ψt)(ψ − ϕx) dx

− ρ

G

∫ 1

0
ϕt

∫ t

0
g(t− s)(3wx − ψx)(s) dsdx

satisfies the estimate

F ′5(t) ≤ −G‖ψ − ϕx‖22 +

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3wxt − ψxt) dx

+ 18ε5Iρ‖wt‖22 + Iρ

(
2ε5 +

1

4ε5

)
‖3wt − ψt‖22

+
ε5ρ

G
(1 + g(0))‖ϕt‖22 +

ρg(t)

4ε5G
‖3wx − ψx‖22 −

ρg(0)

4ε5G
(g′ ◦ (3wx − ψx))(t).

(3.5)

Proof. Taking the derivative of F5(t) with respect to t and using (1.1), we have

F ′5(t) = −D
∫ 1

0
(ψ − ϕx)x(3wx − ψx) dx+

Dρ

G

∫ 1

0
ϕt(3wxt − ψxt) dx

−G
∫ 1

0
(ψ − ϕx)2 dx−D

∫ 1

0
(3wxx − ψxx)(ψ − ϕx) dx

+

∫ 1

0
(ψ − ϕx)

∫ t

0
g(t− s)(3wxx − ψxx)(s) dsdx− Iρ

∫ 1

0
(3wt − ψt)(ψ − ϕx)t dx

+

∫ 1

0
(ψ − ϕx)x

∫ t

0
g(t− s)(3wx − ψx)(s) dsdx

− ρ

G

∫ 1

0
ϕt

∫ t

0
g′(t− s)(3wx − ψx)(s) dsdx− ρg(0)

G

∫ 1

0
ϕt(3wx − ψx)(t) dx.

Next, making use of Young’s inequality, Lemma 2.1 and integrating by parts, we deduce

that (3.5) (see [13] for details). This completes the proof.

As in [22], we use the functional

K(t) =

∫ 1

0

∫ t

0
f(t− s)|(3wx − ψx)(s)|2 dsdx,

where f(t) =
∫∞
t g(s) ds.

Lemma 3.6. [22, Lemma 3.6] Under conditions (A1) and (A2), the functional K(t)

satisfies the estimate

K ′(t) ≤ −1

2
(g ◦ (3wx − ψx))(t) + 3(D − l)‖3wx − ψx‖22.
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Lemma 3.7. The functional L defined by

L(t) := NE(t) + F1(t) +N2F2(t) +N3F3(t) +N4F4(t) +N5F5(t)

satisfies, for a suitable choice of N,N2, N3, N4, N5 ≥ 0,

L(t) ∼ E(t)

and the estimate

L′(t) ≤ −c1
[
‖ϕt‖22 + ‖3wt − ψt‖22 + ‖wt‖22 + ‖wx‖22 + ‖w‖22 + ‖ψ − ϕx‖22 + ‖3wx − ψx‖22

]
+ c2(g ◦ (3wx − ψx))(t) +N5

(
Dρ

G
− Iρ

)∫ 1

0

ϕt(3wxt − ψxt) dx, ∀ t ≥ t0,
(3.6)

where c1 > 0, c2 > 0 and t0 has been introduced in Remark 2.1.

Proof. Let g0(t) =
∫ t

0 g(s) ds ≥
∫ t0

0 g(s) ds = g1 ≥ 0 for any t ≥ t0. According to (3.1)–

(3.5), we have

L′(t) ≤ −Iρ
(
N4g1

2
−N2 −N5

(
2ε5 +

1

4ε5

))
‖3wt − ψt‖22 −

(
ρ− N5ε5ρ

G
(1 + g(0))

)
‖ϕt‖22

−
(

4Nβ −N3

(
Iρ +

β

3ε3

)
− 18N5ε5Iρ

)
‖wt‖22 −

(
N3

(
4γ

3
−Gε3

)
−N3

4βε3
3

)
‖w‖22

−
(
N5G−Gε1 −

GN2

4ε2
− N4Gε4

2
− N3G

4ε3

)
‖ψ − ϕx‖22 −

(
N3D −

9G

2ε1

)
‖wx‖22

−
(
g(t)

(
N

2
− N5ρ

4ε5G

)
+N2(l − ε2(G+ 1))− G

2ε1
− N4Dε4

2

)
‖3wx − ψx‖22

+ (D − l)
(
N2

4ε2
+N4

(
Gλ0
2ε4

+
D

2ε4

))
(g ◦ (3wx − ψx))(t)

+

(
N

2
− N4Iρg(0)λ0

2g0(t)
− N5ρg(0)

4ε5G

)
(g′ ◦ (3wx − ψx))(t)

+N5

(
Dρ

G
− Iρ

)∫ 1

0

ϕt(3wxt − ψxt) dx.

(3.7)

At this point, we need to choose our constants very carefully. First, we choose

ε1 = G, ε2 =
1

N2
, ε3 =

1

N3
, ε4 =

1

N4
, ε5 =

G

2N5(1 + g(0))
,

and (3.7) becomes

L′(t) ≤ −ρ
2
‖ϕt‖22 − Iρ

(
N4g1

2
−N2 −

N2
5 (1 + g(0))

2G
− G

1 + g(0)

)
‖3wt − ψt‖22

−
(

4Nβ −N3

(
Iρ +

N3β

3

)
− 9IρG

1 + g(0)

)
‖wt‖22 −

(
4N3γ

3
−
(
G+

4β

3

))
‖w‖22

−
(
N5G−

GN2
2

4
− GN2

3

4
− G

2
−G2

)
‖ψ − ϕx‖22 −

(
N3D −

9

2

)
‖wx‖22
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−
(
g(t)

(
N

2
− N2

5ρ(1 + g(0))

2G2

)
+N2l −

(
3

2
+G+

D

2

))
‖3wx − ψx‖22

+ (D − l)
(
N2

2

4
+N2

4

(
Gλ0

2
+
D

2

))
(g ◦ (3wx − ψx))(t)

+

(
N

2
−N4

Iρg(0)λ0

2g0(t)
− N2

5ρg(0)(1 + g(0))

2G2

)
(g′ ◦ (3wx − ψx))(t)

+N5

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3wxt − ψxt) dx.

Then, we select N2 large enough so that

N2l −
(

3

2
+G+

D

2

)
> 0.

Next, we choose N3 large enough so that

N3D −
9

2
> 0 and

4N3γ

3
−
(
G+

4β

3

)
> 0.

Furthermore, we select N5 large enough so that

N5G−G
N2

2

4
−GN

2
3

4
− G

2
−G2 > 0.

After that, we choose N4 large enough so that

N4g1

2
−N2 −

N2
5 (1 + g(0))

2G
− G

1 + g(0)
> 0.

Finally, let us choose N large enough so that

4Nβ −N3

(
Iρ +

N3β

3

)
− 9IρG

1 + g(0)
> 0,

N

2
− N2

5ρ(1 + g(0))

2G2
> 0,

and
N

2
− N4Iρg(0)λ0

2g0(t)
− N2

5ρg(0)(1 + g(0))

2G2
> 0.

So we arrive at, for positive constants c1 and c2,

L′(t) ≤ −c1

[
‖ϕt‖22 + ‖3wt − ψt‖22 + ‖wt‖22 + ‖wx‖22 + ‖w‖22 + ‖ψ − ϕx‖22 + ‖3wx − ψx‖22

]
+ c2(g ◦ (3wx − ψx))(t) +N5

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3wxt − ψxt) dx.

On the other hand, we find that

|L(t)−NE(t)| ≤ ρ
∫ 1

0
|ϕϕt|dx+N2Iρ

∫ 1

0
|(3w − ψ)(3wt − ψt)| dx+N3Iρ

∫ 1

0
|wwt|dx

+N4Iρ

∫ 1

0
|3wt − ψt|

∫ t

0
g(t− s)|(3w − ψ)(t)− (3w − ψ)(s)|dsdx
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+N5

[
Dρ

G

∫ 1

0
|ϕt(3wx − ψx)| dx+ Iρ

∫ 1

0
|(3wt − ψt)(ψ − ϕx)|dx

+
ρ

G

∫ 1

0
|ϕt|

∫ t

0
g(t− s)|(3wx − ψx)(s)| dsdx

]
≤ cE(t),

where c is a positive constant.

Therefore, we can choose N even large (if needed) so that the proof is completed.

4. The case with structural damping under non-equal wave speeds

In this section, we will give an estimate to the decay rate for system with structural

damping in the case of non-equal speeds of wave propagation. We give some lemmas that

is beneficial to prove the main result.

We introduce the second-order energy as

Ẽ(t) =
1

2

(
ρ‖ϕtt‖22 + Iρ‖3wtt − ψtt‖22 + 3Iρ‖wtt‖22 +G‖ψt − ϕxt‖22 + 3D‖wxt‖22 + 4γ‖wt‖22

+

(
D −

∫ t

0
g(s) ds

)
‖3wxt − ψxt‖22

)
+

1

2
(g ◦ (3wxt − ψxt))(t).

Then we give the following lemmas.

Lemma 4.1. [13] Let U be the strong solution of (1.1)–(1.3). Then, the second energy

functional satisfies, for all t ≥ 0,

Ẽ′(t) = −4β‖wtt‖22 −
g(t)

2
‖3wxt − ψxt‖22 +

1

2
(g′ ◦ (3wxt − ψxt))(t)

− g(t)

∫ 1

0
(3wtt − ψtt)(3w0xx − ψ0xx) dx

(4.1)

and

(4.2) Ẽ(t) ≤ c(Ẽ(0) + ‖3w0xx − ψ0xx‖22).

Lemma 4.2. [13] Let U be the strong solution of (1.1)–(1.3). Then, we have(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3wxt − ψxt) dx

≤ ε‖ϕt‖22 +
c

ε
g(t)E(0) +

c

ε
(g ◦ (3wxt − ψxt)− g′ ◦ (3wxt − ψxt))(t),

where c > 0 and ε > 0.

As in [21], we give the following inequality which is important to prove our main result.
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Lemma 4.3. Let U be the strong solution of (1.1)–(1.3). Assume that conditions (A1)

and (A2) hold with H being linear. Then

ξ(t)(g ◦ (3wxt − ψxt))(t) ≤ c(−Ẽ′(t) + C1g(t)), ∀ t ≥ 0

for some positive constants c and C1.

Proof. Using the non-increasing property of ξ(t) and H is linear, we obtain

ξ(t)(g ◦ (3wxt − ψxt))(t)

≤
∫ 1

0

∫ t

0
ξ(t− s)g(t− s)[(3wxt − ψxt)(t)− (3wxt − ψxt)(s)]2 dsdx

≤
∫ 1

0

∫ t

0
g′(t− s)[(3wxt − ψxt)(t)− (3wxt − ψxt)(s)]2 dsdx

= −(g′ ◦ (3wxt − ψxt))(t), ∀ t > 0.

(4.3)

From equation (4.1), inequality (4.2) and Young inequality, we have, for any t ≥ 0,

−(g′ ◦ (3wxt − ψxt))(t) = −2Ẽ′(t)− 8β‖wtt‖22 − g(t)‖3wxt − ψxt‖22

− 2g(t)

∫ 1

0
(3wtt − ψtt)(3w0xx − ψ0xx) dx

≤ −2Ẽ′(t)− 2g(t)

∫ 1

0
(3wtt − ψtt)(3w0xx − ψ0xx) dx

≤ −2Ẽ′(t) + g(t)
[
‖3wtt − ψtt‖22 + ‖3w0xx − ψ0xx‖22

]
≤ −2Ẽ′(t) + g(t)

(
2Ẽ(t)

Iρ
+ ‖3w0xx − ψ0xx‖22

)
≤ c(−Ẽ′(t) + c1g(t)),

(4.4)

where c and C1 are some fixed positive constants.

Combining (4.3) and (4.4), we obtain the desired result.

Now, we turn to prove Theorem 2.7.

Proof of Theorem 2.7. Our proof starts with the observation that, for any t ≥ t0 and

m > 0,

L′(t) ≤ −c1

[
‖ϕt‖22 + ‖3wt − ψt‖22 + ‖wt‖22 + ‖wx‖22 + ‖w‖22 + ‖ψ − ϕx‖22 + ‖3wx − ψx‖22

]
+ c2(g ◦ (3wx − ψx))(t) +N5

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3wxt − ψxt) dx

≤ −mE(t) + c2(g ◦ (3wx − ψx))(t) +N5

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3wxt − ψxt) dx

≤ −(m− ε)E(t) + c2(g ◦ (3wx − ψx))(t)

+
c

ε
g(t)E(0) +

c

ε
(g ◦ (3wxt − ψxt))− (g′ ◦ (3wx − ψx))(t),
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which are derived from (3.6) and Lemma 4.2. After fixing ε small enough, we arrive at

L′(t) ≤ −m1E(t) + c(g ◦ (3wx − ψx) + g ◦ (3wxt − ψxt))(t) + cg(t)E(0)− cE′(t),

where m1 is a fixed positive constant. Taking F(t) := L(t) + cE(t), which is obviously

equivalent to E(t), to get, for any t ≥ t0,

(4.5) F ′(t) ≤ −m1E(t) + c(g ◦ (3wx − ψx) + g ◦ (3wxt − ψxt))(t) + cg(t).

We consider the following two cases relying on the ideas present in [22].

Case 1: H is linear. We multiply (4.5) by ξ(t), then on account of assumption (A2),

Lemma 4.3 and estimate (4.2), we obtain, for any t ≥ t0,

ξ(t)F ′(t) ≤ −m1ξ(t)E(t)− cE′(t) + c(−Ẽ′(t) + C1g(t)) + cξ(0)g(t).

As ξ(t) is non-increasing, we have, for some fixed positive constant c3,

(ξF + cE + cẼ)′(t) ≤ −m1ξ(t)E(t) + c3g(t), ∀ t ≥ t0.

It follows immediately that

m1ξ(t)E(t) ≤ −(ξF + cE + cẼ)′(t) + c3g(t), ∀ t ≥ t0.

According to the non-increasing property of E(t) and estimate (4.2), we may now integrate

over (t, t0) to conclude that, for any t > t0,

m1E(t)

∫ t

t0

ξ(s) ds ≤ −(ξF + cE + cẼ)(t) + (ξF + cE + cẼ)(t0) + c3

∫ t

0
g(s) ds

≤ (ξF + cE + cẼ)(0) + c

∫ 1

0
(3w0xx − ψ0xx)2 dx+ c3(D − l).

Thus, we have, for some fixed positive constant c,

E(t) ≤ c∫ t
t0
ξ(s) ds

, ∀ t > t0.

Case 2: H is nonlinear. Taking account of (2.1), Lemma 2.5 and estimate (4.4), we

get, for any t ≥ t0 and c4 > 0,∫ 1

0

∫ t0

0
g(s)[(3wx − ψx)(t)− (3wx − ψx)(t− s)]2 dsdx

+

∫ 1

0

∫ t0

0
g(s)[(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)]2 dsdx

≤ 1

ξ(t0)

∫ 1

0

∫ t0

0
ξ(s)g(s)[(3wx − ψx)(t)− (3wx − ψx)(t− s)]2 dsdx
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+
1

ξ(t0)

∫ 1

0

∫ t0

0
ξ(s)g(s)[(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)]2 dsdx

≤ − g(0)

aξ(t0)

∫ 1

0

∫ t0

0
g′(s)[(3wx − ψx)(t)− (3wx − ψx)(t− s)]2 dsdx

+
g(0)

aξ(t0)

∫ 1

0

∫ t0

0
g′(s)[(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)]2 dsdx

≤ −c(E′(t) + Ẽ′(t)) + c4g(t).

Inserting this estimate into (4.5), we obtain, for any t ≥ t0 and c5 > 0,

F ′(t) ≤ −m1E(t)− c(E′(t) + Ẽ′(t)) + c5g(t)

+ c

∫ t

t0

g(s)‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22 ds

+ c

∫ t

t0

g(s)‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22 ds.

(4.6)

Now, we define the functional θ(t) by

θ(t) := −
∫ t

t0

g′(s)
(
‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22

+ ‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22
)

ds.

Clearly, we have

θ(t) ≤ −
∫ t

0
g′(s)

(
‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22

+ ‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22
)

ds

≤ −c(E′(t) + Ẽ′(t)) + c6g(t), ∀ t > t0,

(4.7)

where c6 > 0 is a fixed constant.

After that, we define another functional η(t) by, for any t > t0,

η(t) :=
γ

t− t0

∫ t

t0

(
‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22

+ ‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22
)

ds.

Now, the following inequality holds under energy functional E(t), second energy functional

Ẽ(t), (4.1), Lemmas 2.5 and 4.1 that

1

t− t0

∫ t

t0

(
‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22

+ ‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22
)

ds



General Decay Rates for a Laminated Beam with Memory 1243

≤ 4

l(t− t0)

∫ t

t0

(E(t) + E(t− s) + Ẽ(t) + Ẽ(t− s)) ds

≤ 8

l(t− t0)

∫ t

t0

[
E(0) + c

(
Ẽ(0) +

∫ 1

0
(3w0xx − ψ0xx) dx

)]
ds

≤ 8

l

[
E(0) + c

(
Ẽ(0) +

∫ 1

0
(3w0xx − ψ0xx) dx

)]
< +∞, ∀ t > t0.

Then the above inequality allows for a constant 0 < γ < 1 chosen so that, for all t > t0,

0 < η(t) < 1;

otherwise we get the following decay rate from (4.6)

E(t) ≤ c

t− t0
, ∀ t > t0.

Moreover, recalling that H is strict convex on (0, r] and H(0) = 0, then

H(sτ) ≤ sH(τ) for 0 ≤ s ≤ 1 and τ ∈ (0, r].

From assumption (A2), Lemma 2.4 and (4.6), it follows that, for any t > t0,

θ(t) = −
∫ t

t0

g′(s)
(
‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22

+ ‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22
)

ds

= − 1

η(t)

∫ t

t0

η(t)g′(s)
(
‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22

+ ‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22
)

ds

≥ 1

η(t)

∫ t

t0

η(t)ξ(s)H(g(s))
(
‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22

+ ‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22
)

ds

≥ ξ(t)(t− t0)

γη(t)

∫ t

t0

H(η(t)g(s))
γ

t− t0
(
‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22

+ ‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22
)

ds

≥ ξ(t)(t− t0)

γ
H

(
1

η(t)

∫ t

t0

η(t)g(s)
γ

t− t0
(
‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22

+ ‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22
)

ds

)
=
ξ(t)(t− t0)

γ
H

(
γ

t− t0

∫ t

t0

g(s)
(
‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22

+ ‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22
)

ds

)
.
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Since H is an extension of H (see Remark 2.1(2)), we also have

θ(t) ≥ ξ(t)(t− t0)

γ
H

(
γ

t− t0

∫ t

t0

g(s)
(
‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22

+ ‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22
)

ds

)
.

In this way, ∫ t

t0

g(s)
(
‖(3wx − ψx)(t)− (3wx − ψx)(t− s)‖22

+ ‖(3wxt − ψxt)(t)− (3wxt − ψxt)(t− s)‖22
)

ds

≤ t− t0
γ

H
−1
(

γθ(t)

ξ(t)(t− t0)

)
, ∀ t > t0.

Then, taking F1(t) := F(t) + cE(t) + cẼ(t), (4.6) becomes

F ′1(t) := F ′(t) + cE′(t) + cẼ′(t)

≤ −m1E(t) +
c

γ
(t− t0)H

−1
(

γθ(t)

ξ(t)(t− t0)

)
+ c5g(t), ∀ t > t0.

(4.8)

Let 0 < ε1 < r, we define the functional F2(t) by, for any t > t0,

F2(t) := H
′
(

ε1

t− t0
E(t)

E(0)

)
F1(t).

Then, recalling that E′(t) ≤ 0, H
′
> 0 and H

′′
> 0 as well as making use of estimate

(4.8), we have

F ′2(t) =

(
− ε1

(t− t0)2

E(t)

E(0)
+

ε1

t− t0
E′(t)

E(0)

)
H
′′
(

ε1

t− t0
E(t)

E(0)

)
F1(t)

+H
′
(

ε1

t− t0
E(t)

E(0)

)
F ′1(t)

≤ H ′
(

ε1

t− t0
E(t)

E(0)

)(
−m1E(t) +

c

γ
(t− t0)H

−1
(

γθ(t)

ξ(t)(t− t0)

)
+ c5g(t)

)
= −m1E(t)H

′
(

ε1

t− t0
E(t)

E(0)

)
+ c5H

′
(

ε1

t− t0
E(t)

E(0)

)
g(t)

+
c

γ
(t− t0)H

′
(

ε1

t− t0
E(t)

E(0)

)
H
−1
(

γθ(t)

ξ(t)(t− t0)

)
, ∀ t > t0.

(4.9)

We give the following generalized Young inequality

(4.10) AB ≤ H∗(A) +H(B),

where H
∗

is the convex conjugate of H in the sense of Young [2], i.e.,

H
∗
(s) = s(H

′
)−1(s)−H[(H

′
)−1(s)].
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Choosing A = H
′( ε1
t−t0

E(t)
E(0)

)
, B = H

−1( γθ(t)
ξ(t)(t−t0)

)
and combining (4.9) and (4.10), we

obtain

H
′
(

ε1

t− t0
E(t)

E(0)

)
H
−1
(

γθ(t)

ξ(t)(t− t0)

)
≤ H∗

(
H
′
(

ε1

t− t0
E(t)

E(0)

))
+H

(
H
−1
(

γθ(t)

ξ(t)(t− t0)

))
= H

∗
(
H
′
(

ε1

t− t0
E(t)

E(0)

))
+

γθ(t)

ξ(t)(t− t0)

(4.11)

and

H
∗
(
H
′
(

ε1

t− t0
E(t)

E(0)

))
= H

′
(

ε1

t− t0
E(t)

E(0)

)
(H
′
)−1

(
H
′
(

ε1

t− t0
E(t)

E(0)

))
−H

[
(H
′
)−1

(
H
′
(

ε1

t− t0
E(t)

E(0)

))]
=

ε1

t− t0
E(t)

E(0)
H
′
(

ε1

t− t0
E(t)

E(0)

)
−H

(
ε1

t− t0
E(t)

E(0)

)
≤ ε1

t− t0
E(t)

E(0)
H
′
(

ε1

t− t0
E(t)

E(0)

)
.

(4.12)

So, combining (4.9), (4.11) and (4.12), we obtain

F ′2(t) ≤ −(m1E(0)− cε1)
E(t)

E(0)
H
′
(

ε1

t− t0
E(t)

E(0)

)
+ c5H

′
(

ε1

t− t0
E(t)

E(0)

)
g(t) + c

θ(t)

ξ(t)
.

Then, if we fix ε1 much smaller (if needed), we will arrive at, for all t > t0 and m2 > 0,

(4.13) F ′2(t) ≤ −m2
E(t)

E(0)
H
′
(

ε1

t− t0
E(t)

E(0)

)
+ c5H

′
(

ε1

t− t0
E(t)

E(0)

)
g(t) + c

θ(t)

ξ(t)
.

From this, we multiply (4.13) by ξ(t) to get

ξ(t)F ′2(t) ≤ −m2ξ(t)
E(t)

E(0)
H
′
(

ε1

t− t0
E(t)

E(0)

)
+ c5ξ(t)H

′
(

ε1

t− t0
E(t)

E(0)

)
g(t) + cθ(t).

Then, using the fact that, as ε1
E(t)
E(0) < r, H

′( ε1
t−t0

E(t)
E(0)

)
= H ′

(
ε1
t−t0

E(t)
E(0)

)
and inequality (4.7)

to get, for c7 > 0,

ξ(t)F ′2(t) ≤ −m2ξ(t)
E(t)

E(0)
H ′
(

ε1

t− t0
E(t)

E(0)

)
+ c5ξ(t)H

′
(

ε1

t− t0
E(t)

E(0)

)
g(t)

− c(E′(t) + Ẽ′(t)) + c7g(t).

Since 1/(t− t0)→ 0 when t→∞, there exists t1 > t0 such that 1/(t− t0) < 1, whenever

t > t1. According to the strictly increasing property of H ′, non-increasing properties of E

and ξ, we conclude that

ξ(t)H ′
(

ε1

t− t0
E(t)

E(0)

)
≤ H ′(ε1)ξ(0), ∀ t > t1.
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Therefore, it is sufficient to prove that, for some positive constant c8,

ξ(t)F ′2(t) + c(E′(t) + Ẽ′(t)) ≤ −m2ξ(t)
E(t)

E(0)
H ′
(

ε1

t− t0
E(t)

E(0)

)
+ c5H

′(ε1)ξ(0) + c7g(t)

≤ −m2ξ(t)
E(t)

E(0)
H ′
(

ε1

t− t0
E(t)

E(0)

)
+ c8g(t).

After that, defining F3(t) = ξF2(t)+c(E(t)+ Ẽ(t)) and using the non-increasing property

of ξ(t), we arrive at, for any t > t1,

(4.14) m2ξ(t)
E(t)

E(0)
H ′
(

ε1

t− t0
E(t)

E(0)

)
≤ −F ′3(t) + c8g(t).

Moreover, it suffices to show that the map t 7→ E(t)H ′
(
ε1
t−t0

E(t)
E(0)

)
is non-increasing by the

non-increasing property of E(t) and H ′′ > 0. Consequently, we can take an integration of

(4.14) over (t1, t) yields

m2

∫ t

t1

ξ(s) ds
E(t)

E(0)
H ′
(

ε1

t− t0
E(t)

E(0)

)
≤ F3(t1) + c8(D − l).

If we multiply the above inequality by 1/(t− t0) > 0, for any t > t1, we will obtain

m2
1

t− t0

∫ t

t1

ξ(s) ds
E(t)

E(0)
H ′
(

ε1

t− t0
E(t)

E(0)

)
≤ F3(t1) + c8(D − l)

t− t0
.

Finally, define

H2(t) = tH ′(t).

It is immediate that H ′2(t), H2(t) > 0 on (0, r] by the strict convexity of H on (0, r].

Therefore, we obtain, for two positive constants k1 and k2,

E(t) ≤ k2(t− t0)H−1
2

(
k1

(t− t0)
∫ t
t1
ξ(s) ds

)
, ∀ t > t1.

This completes the proof.

5. The case without structural damping under equal wave speeds

In this section, we will take account of the general decay for system (1.1)–(1.3) without

structural damping (β = 0) in the case of equal speeds of wave propagation.

To overcome the absence of structural damping (β = 0), we need to construct a new

perturbed functional to estimate ‖wt‖22. As in [18], we consider the functional

J(t) = −Iρ
∫ 1

0
wt(ψ − ϕx) dx+ Iρ

∫ 1

0
ϕtwx dx.

Then the following result holds:
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Lemma 5.1. Let U be the solution of (1.1)–(1.3). The functional J(t) satisfies the esti-

mate

J ′(t) ≤ −3Iρ
2
‖wt‖22 +

2Iρ
3
‖(3w − ψ)t‖22 +

4γε6

3
‖w‖22 +

(
G+

4γ

3ε6

)
‖ψ − ϕx‖22,

where ε6 > 0.

Proof. Differentiating J(t) with respect to t, using (1.1) and integrating by parts, we

obtain

J ′(t) = −Iρ
∫ 1

0

wtt(ψ − ϕx) dx− Iρ
∫ 1

0

wt(ψt − ϕxt) dx+ Iρ

∫ 1

0

ϕttwx dx+ Iρ

∫ 1

0

ϕtwxt dx

= G‖ψ − ϕx‖22 +
4γ

3

∫ 1

0

w(ψ − ϕx) dx+

(
D − IρG

ρ

)∫ 1

0

wx(ψ − ϕx) dx− Iρ
∫ 1

0

wtψt dx.

Using ψt = 3wt− (3w−ψ)t, Young’s inequality and G/ρ = D/Iρ, we know that, for some

ε6 > 0,

J ′(t) = −3Iρ‖wt‖22 + Iρ

∫ 1

0
wt(3w − ψ)t dx+G‖ψ − ϕx‖22 +

4γ

3

∫ 1

0
w(ψ − ϕx) dx

+

(
D − IρG

ρ

)∫ 1

0
wx(ψ − ϕx) dx

≤ −3Iρ‖wt‖22 +
3Iρ
2
‖wt‖22 +

2Iρ
3
‖(3w − ψ)t‖22 +G‖ψ − ϕx‖22

+
4γ

3
ε6‖w‖22 +

4γ

3ε6
‖ψ − ϕx‖22

= −3Iρ
2
‖wt‖22 +

2Iρ
3
‖(3w − ψ)t‖22 +

4γε6

3
‖w‖22 +

(
G+

4γ

3ε6

)
‖ψ − ϕx‖22.

This proof is now completed.

We define a new Lyapunov function L1(t):

L1(t) := NE(t) + F1(t) +N2F2(t) +N3F3(t) +N4F4(t) +N5F5(t) +N6J(t),

where N,N2, N3, N4, N5, N6 ≥ 0 and Fi(t), i = 1, 2, 3, 4, 5 remain as defined in Lem-

mas 3.1–3.5 with the derivatives of Fi(t), i = 1, 2, 4, 5 remain the same while derivatives

of E(t) and F3(t) are given as follows:

E′(t) = −g(t)

2
‖3wx − ψx‖22 +

1

2
(g′ ◦ (3wx − ψx))(t) ≤ 0, ∀ t ≥ 0

and

F ′3(t) ≤ Iρ‖wt‖22 +Gε3‖w‖22 +
G

4ε3
‖ψ − ϕx‖22 −

4γ

3
‖w‖22 −D‖wx‖22

= −
(

4

3
γ −Gε3

)
‖w‖22 −D‖wx‖22 + Iρ‖wt‖22 +

G

4ε3
‖ψ − ϕx‖22.

Now, we are ready to prove Theorem 2.10.
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Proof of Theorem 2.10. Taking derivative about L1(t), using lemmas in Section 3 and

G/ρ = D/Iρ, we have

L′1(t) ≤ −
(
ρ− N5ε5ρ

G
(1 + g(0))

)
‖ϕt‖22 −

(
3N6Iρ

2
−N3Iρ − 18N5ε5Iρ

)
‖wt‖22

− Iρ
(
g1N4

2
−N2 −N5

(
2ε5 +

1

4ε5

)
− 2N6

3

)
‖3wt − ψt‖22

−
(
N3

(
4γ

3
−Gε3

)
− 4N6γε6

3

)
‖w‖22 −

(
N3D −

9G

2ε1

)
‖wx‖22

−
(
N5G− ε1G−

GN2

4ε2
− GN3

4ε3
− N4ε4G

2
−N6

(
G+

4γ

3ε6

))
‖ψ − ϕx‖22

−
(
g(t)

(
N

2
− N5ρ

4ε5G

)
+N2(l − ε2(G+ 1))− G

2ε1
−N4ε4

D

2

)
‖3wx − ψx‖22

+ (D − l)
(
N2

4ε2
+N4

(
Gλ0

2ε4
+

D

2ε4

))
(g ◦ (3wx − ψx))(t)

+

(
N

2
− N4Iρg(0)λ0

2g0(t)
− N5ρg(0)

4ε5G

)
(g′ ◦ (3wx − ψx))(t).

At this point, we need to choose our constants very carefully. First, we choose

ε1 = G, ε2 =
1

N2
, ε3 =

1

N3
, ε4 =

1

N4
, ε5 =

G

2N5(1 + g(0))
, ε6 =

1

N6
,

so that

L′1(t) ≤ −ρ
2
‖ϕt‖22 − Iρ

(
N4g1

2
−N2 −

N2
5 (1 + g(0))

2G
− G

1 + g(0)
− 2N6

3

)
‖3wt − ψt‖22

−
(
N3D −

9

2

)
‖wx‖22 −

(
3N6Iρ

2
−N3Iρ −

9IρG

1 + g(0)

)
‖wt‖22

−
(

4N3γ

3
−
(
G+

4γ

3

))
‖w‖22

−
(
N5G−

GN2
2

4
− GN2

3

4
− G

2
−G2 −N6G−

4γN2
6

3

)
‖ψ − ϕx‖22

−
(
g(t)

(
N

2
− N2

5ρ(1 + g(0))

2G2

)
+N2l −

(
3

2
+G+

D

2

))
‖3wx − ψx‖22

+ (D − l)
(
N2

2

4
+N2

4

(
Gλ0

2
+
D

2

))
(g ◦ (3wx − ψx))(t)

+

(
N

2
− N4Iρg(0)λ0

2g0(t)
− N2

5ρ(1 + g(0))

2G2

)
(g′ ◦ (3wx − ψx))(t).

(5.1)

Next, we select N2 large enough so that

N2l −
(

3

2
+G+

D

2

)
> 0.
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Then, we choose N3 large enough so that

N3D −
9

2
> 0 and

4N3γ

3
−
(
G+

4γ

3

)
> 0.

Furthermore, we select N6 large enough so that

3N6Iρ
2
−N3Iρ −

9IρG

1 + g(0)
> 0.

After that, we select N5 large enough so that

N5G−
GN2

2

4
− GN2

3

4
− G

2
−G2 −N6G−

4γN2
6

3
> 0.

Then, we select N4 large enough so that

Iρ

(
N4g1

2
−N2 −

N2
5 (1 + g(0))

2G
− G

1 + g(0)
− 2N6

3

)
> 0.

Finally, we choose N large enough so that

N

2
− N2

5ρ(1 + g(0))

2G2
> 0 and

N

2
− N4Iρg(0)λ0

2g0(t)
− N2

5ρ(1 + g(0))

2G2
> 0.

Combining (5.1) and the above, we deduce that (5.1) becomes, for positive constants Ci,

i = 2, 3, 4,

L′1(t) ≤ −C2

[
‖ϕt‖22 + ‖3wt − ψt‖22 + ‖wx‖22 + ‖wt‖22 + ‖w‖22 + ‖ψ − ϕx‖22 + ‖3wx − ψx‖22

]
+ C3(g ◦ (3wx − ψx))(t) + C4(g′ ◦ (3wx − ψx))(t)

≤ −C2

[
‖ϕt‖22 + ‖3wt − ψt‖22 + ‖wx‖22 + ‖wt‖22 + ‖w‖22 + ‖ψ − ϕx|22 + ‖3wx − ψx‖22

]
+ C3(g ◦ (3wx − ψx))(t)

≤ −mE(t)− cE′(t) + c

∫ 1

0

∫ t

t0

g(s)[(3wx − ψx)(t)− (3wx − ψx)(t− s)]2 dsdx.

The remainder of the proof is similar to that in the proof of Theorem 2.7 (see [22, 23]).

This completes the proof of Theorem 2.10.
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