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Boundedness of Log Canonical Surface Generalized Polarized Pairs

Stefano Filipazzi

Abstract. In this paper, we study the behavior of the sets of volumes of the form
vol(X, Kx + B+ M), where (X, B) is a log canonical pair, and M is a nef R-divisor.
After a first analysis of some general properties, we focus on the case when M is
Q-Cartier with given Cartier index, and B has coefficients in a given DCC set. First,
we show that such sets of volumes satisfy the DCC property in the case of surfaces.
Once this is established, we show that surface pairs with given volume and for which
Kx + B+ M is ample form a log bounded family. These generalize results due to
Alexeev [1].

1. Introduction

The study of the volume of log pairs plays a crucial role in the understanding of varieties of
log general type and the proof of their boundedness. In particular, we have the following

result by Hacon, M°Kernan and Xu.

Theorem 1.1. [11, Theorem 1.9] Fiz a set A C [0, 1] which satisfies the DCC. Let © be
a set of simple normal crossings pairs (X, B), which is log birationally bounded, such that,
if (X, B) €D, then the coefficients of B belong to A.
Then the set
{vol(X,Kx + B) | (X,B) € ®}

satisfies the DCC.

The above theorem is a crucial result in the proof of the boundedness of varieties of log
general type. Recall that Fge(n, A, d) denotes the set of projective semi-log canonical pairs
(X, B) of dimension n such that Kx + B is ample, (Kx + B)" = d, and the coefficients
of B lie in A C [0,1]. Hacon, M°Kernan and Xu proved the following.

Theorem 1.2. [12 Theorem 1.2.1] Fizn € N, a set A C [0, 1]NQ which satisfies the DCC
and d > 0. Then the set Fge(n, A, d) is bounded; that is, there is a projective morphism
of quasi-projective varieties m: X — T and a Q-divisor B on X such that the set of pairs
{(X,By) | t € T} given by the fibers of m is in bijection with the elements of Fsc(n, A, d).
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It is relevant to point out that versions for surfaces of Theorems and [I.2] were first
proved by Alexeev [1].

Recently, Birkar and Zhang introduced the notion of generalized polarized pair [5].
This kind of pair arises naturally in certain situations, such as the canonical bundle for-
mula [9]. Furthermore, these generalized polarized pairs play an important role in recent
developments, such as the study of the litaka fibration [5], and the proof of the BAB con-
jecture |3,4]. Therefore, it is interesting to further investigate the properties of generalized
polarized pairs.

In the hope that a program in the spirit of |[12] could be accomplished in the setting
of generalized polarized pairs, we start investigating the properties of volumes in this new

context. In particular, we are motivated by the following fact shown in [5].

Proposition 1.3. [5] Let A C [0,1] be a DCC set, and let d, r be positive integers. Then
there exists a number B > 0 depending only on A, d, r such that, if

e (X, B) is projective log canonical of dimension d;
o the coefficients of B are in A;
e M is a nef Cartier divisor;
e Kx + B+ M is a big divisor,
then vol(X,Kx + B+ M) > .

The above statement is not explicitly formulated in [5], and just a weaker version is
presented in [5, Step 7, Proposition 3.4]. On the other hand, Proposition is equivalent
to the following.

Theorem 1.4. [5, Theorem 1.3] Let A C [0,1] be a DCC set, and d, r positive integers.

Then there is a positive integer mg depending only on A, d, r such that, if
e (X, B) is a projective log canonical pair of dimension d;
e the coefficients of B are in A;
o M is a nef Cartier divisor;
o Kx + B+ M s big,

then the linear system |m(Kx + B+ M)| defines a birational map if m is a positive integer

divisible by myg.

Remark 1.5. Given an R-divisor D, by the linear series |D| we denote the linear series of
the divisor | D], i.e., [[D]|.
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This hints that the above set of volumes of generalized polarized pairs could satisfy
the DCC property. In this paper, we prove the following, which is a generalization of [1}
Theorem 8.2].

Theorem 1.6. Let A C [0,1] be a DCC set, and let r be a positive integer. Then the set
Y = {vol(X,Kx + B+ M) | (X, B) is lc surface, B € A, rM is nef and Cartier}
satisfies the DCC' property.

The statement of Theorem and the constructions performed in its proof lead us
to a more interesting statement concerning boundedness of surfaces. Before presenting
the related statement, which generalizes [1, Theorem 9.2], we need to introduce some

terminology.

Definition 1.7. A generalized (semi) log canonical model (X', B’ + M') is a projective
generalized (semi) log canonical generalized polarized pair (X', B’ + M’) such that Ky +
B’ + M’ is ample. Fix positive integers d and r, a positive number w and a set A C
[0,1]. Then, we denote by Fgsic(d, w, A, 7) the set of all d-dimensional generalized semi-log
canonical models (X’, B'+ M) such that the coefficients of B’ belong to A, rM’ is Cartier,
Kx: + B' + M' is Q-Cartier and (Kx/ + B’ + M")¢ = w.

Theorem 1.8. Fiz A C [0,1]NQ a DCC set, a positive integer r and let w be a positive
number. Then, the set Fgec(2,w, A7) is bounded. That is, there is a positive integer
N = N(2,w,A,r) such that if (X', B'+ M') € Fesic(2,w, A, 1), then N(Kx/ + B + M’) is
very ample. In particular, the coefficients of B’ belong to a fized finite set Ag C A.

Remark 1.9. In view of Proposition we conclude that the pairs (X', B’) appearing in
Theorem are bounded. Furthermore, since we can write N(Kyx: + B’ + M') ~ H for
some very ample divisor that deforms along the bounding family, we conclude that M’ is

bounded as well up to Q-linear equivalence.

As the first step, we consider a special case of Theorem We study the behavior of
the volume of higher models of a fixed generalized polarized pair. The techniques involved

are a generalization of the ones used in [12].

Theorem 1.10. Let A C [0,1] be a DCC set, and let (Z, D) be a simple normal crossing
pair where D is reduced, and M is a fized R-Cartier R-divisor on Z. Let ® be the set of
all projective simple normal crossing pairs (X, B) such that coeff(B) CA, f: X — Z is a
birational morphism and f.B < D. Then, the set

{vol(X,Kx + B+ f"M) | (X,B) € ©}

satisfies the DCC.
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Remark 1.11. Since we are interested in volumes of the form vol(X, Kx + B + M) where
M is nef and (X, B) is a log canonical pair, the simple normal crossing assumptions in
the statements are not restrictive. Indeed, we are free to take a log resolution of (X, B),
take as new boundary the strict transform of B plus the reduced exceptional divisor, and

pull back M. This process preserves the volume, as shown in Lemma [2.10]

Once a result concerning a single birational class is established, one would like to
control volumes in families. By perturbing the nef part by a small ample divisor and
using continuity of the volume function, we can apply the well known result for usual

pairs [12, Theorem 1.9.2] and get a statement about deformation invariance of volumes.

Theorem 1.12. Let (X,B) — T be a log-smooth family, where T' D {x;};>1. Denote by
(Xi, B;) the log pair cut by B over x;. Assume that

o 0 < B < Bred;
o there is an R-divisor M on X such that M; == M|x, is nef for every i.
Then, we have vol(X;, Kx, + B; + M;) = vol(X}, Kx, + Bj + Mj) for every i,j € N.

Once Theorems and are established, the proof strategy for Theorem
becomes clear. Arguing by contradiction, there is a sequence {(X;, B; + M;)}i>1 as in
the statement of Theorem such that {vol(X;, Kx, + B; + M;)};>1 forms a strictly
decreasing sequence. Using the techniques in [12], it follows that the pairs {(X;, B;)}i>1
are log birationally bounded. Let (X,B) — T be a log smooth bounding family, and X;
the birational model of X;. Without loss of generality, the birational maps g;: X; --+ X
are actual morphisms. Assume that we can also produce a divisor M on X that bounds
the numerical class of the g; «M;’s, and M; = g;g;+«M;. Then, by Theorem the
volumes of the birational models dominating the X;’s satisfy the DCC. Thus, deformation
invariance of volumes allows us to compare the DCC sets living over different fibers and
conclude that they agree, providing the required contradiction.

The key parts of the above argument are the construction of M and assuring that the
condition M; = g} g; «M; holds. In the surface case, there are some further techniques that
can be applied to achieve these goals. Relying on the fact that the intersection matrix
of the exceptional curves in a birational morphism between normal surfaces is negative
definite, we can produce a natural candidate for M. Then, the second condition is related
to the following questions. Given a morphism f: X — Y and a nef divisor M on X, when
does M descend to Y? How high of an intermediate model carries all the information

relative to M7 In the case of surfaces, we prove the following effective statement.

Theorem 1.13. Let f: Y — X be a birational morphism of smooth surfaces. Let My
and M be nef Cartier divisors on'Y and X respectively. Assume f My = M, and that
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M2 = M? —k. Then, there exist a smooth surface X', a nef divisor M’ on X', morphisms
g:Y = X" and h: X’ — X such that:

e f=hog;
o hoM' = M:
o g*M' = My;

o X' is obtained from X by blowing up at most k points.

Furthermore, such an X' is obtained by blowing-down all f-exceptional (—1)-curves until
M - E >0 for all exceptional (—1)-curves.

Theorem plays an essential role in the proof of Theorem In particular, it
allows us to reduce to the case where we can apply Theorem [1.10

In order to prove Theorem |1.8) we can reduce to the case when the semi-log canonical
models are disjoint unions of log canonical ones. Indeed, once this partial result is estab-
lished, the full statement of Theorem follows by an effective basepoint-free theorem

for semi-log canonical surfaces due to Fujino [8]. Then, the key result is the following one.

Theorem 1.14. Fiz A C [0,1]NQ a DCC set, a positive integer r and let w be a positive
number. Let Fgic(2,w, A, ) be the set of generalized polarized surface pairs (X, B + M)
that are disjoint union of generalized log canonical models (X;, B; + M;), where rM is nef
and Cartier, coeff(Bj) C A and (Kx + B+ M)? = w. Then Fgc(2,w,A,r) is bounded.

Remark 1.15. In general, given a generalized polarized pair (X', B’ + M’), the divisor
Kx: + B’ is not necessarily R-Cartier. On the other hand, in the case of surfaces we
can compute its discrepancies numerically |14, p. 112]. If (X', B’ + M') is generalized
log canonical, the Negativity Lemma [14, Lemma 3.39] applied to M and the numerical
pullback of M’ implies that (X', B’) is numerically log canonical. Thus, (X', B’) is honestly
log canonical [7, Proposition 3.5], and then M’ is R-Cartier. Then, Lemma and
Remark imply that M’ is nef. Therefore, when dealing with surfaces, it is not restrictive
to consider a log canonical pair (X', B’) decorated with a nef divisor M on a birational
model X in place of a generalized polarized pair.

Although the statement of Theorem talks about boundedness for the base model
of a generalized polarized pair, i.e., what we usually denote by (X', B+ M’), it is relevant
to point out how this, together with Theorem also implies boundedness for the nef

part living on a higher birational model.

The proof of Theorem builds on the constructions made for Theorem Again,
we argue by contradiction. Thus, there is a sequence {(X;, B;+M;)}i>1 asin Theoremm



818 Stefano Filipazzi

for which there is no uniform N such that N(Kx, + B; + M;) is very ample for all i >
1. By Theorem we may assume that all the X;’s are irreducible. Then, by the
proof of Theorem the sequence is log birationally bounded by a log smooth family
(X,B+ M) — T. By techniques developed in [12], we can reduce to the case where the
birational maps ¢;: &; --+ X; are actual morphisms. Furthermore, we may assume that
the g;-exceptional divisors deform along certain components of B that are independent of
1. This implies that the Cartier index of X; is uniform with respect to ¢. In particular,
this guarantees the existence of a positive integer [ such that I(Kx, + B; + M;) is integral
and Cartier for all i. Since Kx, + B; + M; is ample and M; is nef, we can then apply an
effective basepoint-free theorem for semi-log canonical surfaces by Fujino [8]. In particular,
we show that 12](Kx, + B; + M;) is very ample, and the required contradiction follows.

In the last section of the paper, we consider some examples of generalized polarized
pairs that show how good properties of pairs do not, in general, extend to this new setup.
First, we show how Theorem [1.12]is somehow optimal: Indeed, we provide an example of a
family as in Theorem [I.12] for which deformation invariance of plurigenera does not hold.
Then, we show that for a general fiber of such a family the generalized pluricanonical
ring R(Y, Ky + B + M) is not finitely generated, although (Y, B) is log canonical and
Ky + B+ M is nef and big.

2. General properties

In this section we introduce a few properties of generalized polarized pairs that hold in

any dimension. Also, we recall some facts and fix our notation.

2.1. Background and notation

In this paper we work over the field of complex numbers C. In particular, all the con-
structions and statements have to be understood in this setting. Now, we recall a few
properties and definitions that will be relevant in the following.

First, we include the usual definition of boundary and log pair.

Definition 2.1. Let X be a normal projective variety. A boundary B is an effective R-
divisor such that Kx + B is R-Cartier. A log pair (or simply a pair) (X, B) is the datum

of a normal projective variety and a boundary.

Now that we have fixed our notation, we can introduce the definition of generalized

polarized pair, and compare it with the usual notion of pair.

Definition 2.2. A generalized polarized pair consists of a normal variety X', equipped

with morphisms X i> X' — Z, where f is birational and X is normal, an R-boundary
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B’, and an R-Cartier divisor M on X which is nef over Z and such that Kx: + B' + M’
is R-Cartier, where M’ := f,M. We call B’ the boundary part and M’ the nef part.

Remark 2.3. The notion of generalized polarized pair is a generalization of the usual notion

of log pair. Indeed, we recover the latter in the case in which X = X', M = M’ = 0.

Now, consider a log pair (X, B), and let f: Y — X be a proper birational morphism

from a normal variety Y. Then, we can write

n
Ky + f7'B=f"(Kx+B)+> ap,(X,B)E;
i=1

where by f~!'B we denote the strict transform of B, the E;’s are the f-exceptional divisors,
and the coefficients ag, (X, B) are the discrepancies of the E;’s with respect to the pair
(X,B). We say that a pair is log canonical, in short lc, (respectively Kawamata log
terminal, in short klt) if ap(X, B) > —1 (respectively ap(X, B) > —1) for any exceptional
divisor over X.

In [5], Birkar and Zhang introduce a generalization of these measures of singularities.
Consider a generalized polarized pair (X', B’ + M'), and let E be a prime divisor on any
birational model of X’. As we are free to replace the model X with a higher one, we may

assume that E is a prime divisor on X. Then, we can write

n

Kx+ f'B+M=f*(Kx +B +M)+> ag(X',B' + M)E;,
i=1
where E = Ej for some 1 < j < n, and the coefficients ag, (X', B'+ M’) are the generalized
discrepancies of the E;’s with respect to the generalized polarized pair (X, B). We say that
(X', B'"+ M) is generalized log canonical, in short gle, (respectively generalized Kawamata
log terminal, in short gkit) if ap(X’', B'+ M') > —1 (respectively ap(X', B'+ M') > —1)
for any such FE.

In view of a possible development of a moduli theory of generalized polarized pairs, it
seems reasonable to try to formulate an analog of the notion of semi-log canonical singu-
larities (see |10, Definition 3.13]) in the context of generalized polarized pairs. Consider
a demi-normal variety X', together with R-divisors B’ and M’ such that Ky, + B’ + M’
is R-Cartier. Further assume that B’ is effective and its support is not contained in the
singular locus of X’. Then, we say that (X', B'+ M) is generalized semi-log canonical, in
short gslc, if (Y/, §/+M,) is generalized log canonical, where X' denotes the normalization
of X', and K + B + M is the pullback of Kxs + B’ + M’ to X .

Since we are working over the field of complex numbers C, Hironaka’s resolution of
singularities holds [14, Theorem 0.2]. In particular, given a pair (X, B), we can take a log

resolution f:Y — X of it. This is a proper birational morphism from a smooth variety Y
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such that f; !B + Ex(f) is a divisor with simple normal crossing support. In particular,
for our purposes it will be useful to arrange families of simple normal crossing pairs. This

is made precise by the following definition.

Definition 2.4. Let X — T be a morphism of varieties, and let (X, B) be a pair. Then,
we say that (X, B) is log smooth over T' if X is smooth, B has simple normal crossing

support, and every stratum of (X, B) (including X)) is smooth over 7.

2.2. Facts about the volume of a generalized polarized pair

Before proving our first results about the volume of generalized polarized pairs, we need

one more definition.

Definition 2.5. Let X be a normal variety, and consider the set of all proper birational
morphisms 7: X, — X, where X is normal. This is a partially ordered set, where 7’ > 7

if 7’ factors through m. We define the space of Weil b-divisors as the inverse limit

Div(X) := l'ngiV(Xn)a

where Div(X) denotes the space of Weil divisors on X,. Then, we define the space of
R-Weil b-divisors as Div(X)g := Div(X) ®z R.

For a more detailed discussion of b-divisors in this setting, see [12]. Here, we will just
recall one construction that will appear subsequently. Consider a log pair (X, B). Since
a b-divisor D is determined by its corresponding traces Dy on each birational model
Y — X, we can define b-divisors Mg and Lg as follows. For every birational morphism
m:Y — X, define By by Ky + By := 7*(Kx + B). Then, we declare

MB,Y = 7T*_IB+EX(7T), LB,Y := By V0.

Here V denotes the maximum between two divisors; similarly, we will use A to denote
the minimum between two divisors. The b-divisor Mg encodes the information of the
strict transforms and the exceptional divisors on all higher models, while L records the
effective part of the log pullback of B on any higher model.

Now, we are ready to state the following lemma, which is a generalization of [12,
Lemma 1.5.1].

Lemma 2.6. Let f: X — W and g: Y — X be birational morphisms of normal projective
varieties, D an R-divisor on X, and M an R-Cartier R-divisor on W. Then the following

statements hold.

(1) vol(W, f.D) > vol(X, D).
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(2) If D is R-Cartier and G is an R-divisor on'Y such that G —g*D > 0 is effective and
g-exceptional, then vol(Y,G) = vol(X, D). In particular, if (X, B) is a projective log

canonical pair and f:Y — X a birational morphism, then

vol(X,Kx + B+ N) =vol(Y,Ky + Lpy + ¢*N)
=vol(Y,Ky + Mpy + ¢g*N),

where N s any R-Cartier R-divisor on X.
(3) If D >0, (W, f.D) has simple normal crossings, and L = Ly, p x, then

vol(X, Kx + D+ f*M) = vol(X,Kx + D A L+ f*M).

(4) If (X, B) is a log canonical pair and X --+ X' is a birational contraction of normal

projective varieties, then
vol(X', Kx' + Mp x/) > vol(X, Kx + B).
If, moreover, f: X — W and h: X' — W are morphisms, then we have
vol(X', Kx/ +Mp x/ + h*M) > vol(X,Kx + B + f*M).

In addition, if the centre of every divisor in the support of B A\ Ly, p x is a divisor

on X', and (W, fB) has simple normal crossings, then we have the equality

vol(X', Kxr + Mp x/ + h*M) = vol(X, Kx + B+ f*M).

Remark 2.7. In part (4), Mp x/ is constructed as follows: We take a common resolution
X", dominating both X and X’. Then, Mp x/ is the pushforward of Mp x» to X'.

Proof of Lemma 2.6 As for (1) and (2), see [12, Lemma 1.5.1]. As for (3) and (4), the
proof is a slight generalization of what is in [12, Lemma 1.5.1].

Now we will prove (3). One has the obvious inclusion
HY(X,0x(m(Kx 4+ D + f*M))) D> H*(X,Ox(m(Kx + D A L+ f*M)))
for all m > 0, which leads to the inequality
vol(X,Kx + D+ f*M) > vol(X,Kx + DAL+ f*M).

Now, we have
Kx+ L+ f"M=f"(Kw+ f.D+ M)+ E,
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where LA E =0, L > 0 and E > 0. Furthermore, E is f-exceptional. This guarantees
HY(X,0x(m(Kx + D+ f*M))) C f*H*(W, Ow (m(Kw + f.D + M)))

= H°(X,0x(m(Kx + L+ f*M))),

where the first inclusion follows from (1), and the second equality from (2). Thus, sections
of HY(X,Ox(m(Kx + D + f*M))) vanish along D — D A L, so the claim follows.

Now, we are left with proving (4). The first part of the statement is proved in [12,
Lemma 1.5.1]. The second part follows from the first one, and part (2). As for the third
part of the statement, set B’ := Mp x/, and let X” be a resolution of indeterminacies of
X --» X'. Then, the proof of [12, Lemma 1.5.1] provides us with

(21) MB/7X/I /\Lh*B’,X” = MB,X” /\Lf*B,X”-
Therefore, we have

VOI()(7 KX + B + f*M) = VOI(X”,KXN =+ MB,X” AN Lf*B,X” -+ f*M)
= VO].(X//,KX” =+ MB’,X” AN Lh*B’,X” + f*M)
=vol(X',Kx: + B+ h*M),

where the first equality follows from (2) and (3) together, the second one from iden-
tity (2.1), and the third one from (2) and (3) again. O

Now, we can deal with the volume of birational models living over a fixed simple
normal crossing pair. In particular, we are ready to provide the proof of Theorem

which is a generalization of |12, Theorem 2.1.2].

Proof of Theorem [1.10] Suppose, by contradiction, that there exists an infinite sequence
{(Xi, Bi)}i>1 C D such that vol(X;, K x, +B;+ f; M) is strictly decreasing. By Lemmal[2.6]

we know that
vol(X;, Kx, + Bi + fif M) <vol(Z,Ky + fi«Bi + M),
and in case of strict inequality, there is some F C Ex(f;) such that
multg(Kx, + Bi + fi M) < multp(f; (Kz + fi.Bi + M)),
which is equivalent to
(2.2) multp(Kx, + Bi) < multg(f; (Kz + fi«Bi)).

As discussed in the proof of [12, Theorem 2.1.2], E defines a toroidal valuation with

respect to the toroidal structure of (Z, D). Notice that for every i, there might be more
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than one divisor with the property in equation (2.2)). As all of these divisors define toroidal
valuations over (Z, D), we can extract all of them with a toroidal morphism f/: X! — Z.
Define B] := Mg, x;. Then, by Lemma (4), we have

vol(X;, Kx, + Bi + f{ M) = vol(X], Kx, + B} + fI"M).

Therefore, up to extending the set of coefficients A to AU{1}, and replacing (X;, B;) with

(X/, B}), we may assume that the morphisms f;: X; — Z are toroidal. Furthermore, as

there are countably many toroidal valuations over (Z, D), and the set A satisfies the DCC
property, by a diagonalization argument, we may replace (X;, B;) with a subsequence such
that the Mp,’s form a non-decreasing sequence of d-divisors converging to B := lim Mp,.

By [12, Lemma 2.1.1], there is a reduction (B’,Z’) of (B, Z) such that B’ > Lp/ ,.
Furthermore, by construction of a reduction |12, pp. 22-23] and Lemma 3), we have
the equality

VO](Z/, Ky + B/Z’ + f*M) = VOI(Z,,KZ/ + Bz + f*M)

Since the boundaries B; in the varieties X; are log canonical, up to replacing (X;, B;)
with a higher model, we may assume the f;’s factor through Z’.

For i sufficiently large, we may assume Mp, 7+ < Bz, since the coefficients are in a
DCC set and the support is fixed on the model Z’. Thus, we have

VOI(XZ‘, KX'L + B; + fz*M) < VOI(Z,, Kz + MB-L-,Z’ —+ f*M)
< VOI(Z,, KZ/ + BZ’ + f*M)
= VOI(Z,, KZI + B/Z’ =+ f*M),

where the first inequality follows from Lemma [2.6](1).
Since the volumes vol(X;, Kx, + B; + f/M) form a strictly decreasing sequence, for
any ¢ > 1 there is € > 0 such that

VOl(Xj,KXj + B; + f]*M) < VO](XI', KXi + B; + fz*M)
< VO](Z,7 Kz + (1 — E)BIZ/ + f*M)

for any j > i. Now, let Z"” — Z be a toroidal morphism that extracts all divisors E with
ap(Z',(1 —¢€)B'z) < 0. Then we have

Mp; z7 =2 L_eB 27

for 7 > 0, which implies

Mp; x; 2 La-oB ;. x;-
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Therefore, we get

vol(Xj, Kx; + Bj + f;{ M) > vol(X;, Kx; + La_gm . x, + [; M)
— VOI(Z”7 KZ// —+ L(l*G)B'Z/,Z” + g*M)
=vol(Z', Ky + (1 —€)B'z + f*M),

where g: Z"” — Z. This provides the required contradiction. O

Now, we can proceed with the proof of the second major general statement, namely

the deformation invariance of volumes in the case of generalized polarized pairs.

Proof of Theorem [I.12]. We need to compare the volumes pairwise. Therefore, after base
change, we may assume that 7" is a smooth curve containing z; and x;, for some fixed
1,7 € N. Now, let H be an ample divisor on X. Then, A, := M + %7—[ is ample over x;
and ;. Thus, by openness of such a property in families, we can find z;,2; € T,, C T
open such that A, is relatively ample over T;,.

Hence, up to the pullback of a sufficiently ample class on T;,, the divisor A, can be
considered ample. After shrinking 7T,,, we may assume A,, is ample itself.

If we choose D,, = A, generically enough, we may assume that B + D,, has simple
normal crossings, and, over an open subset U,, C T}, containing x; and z;, (X, B+ D)) is
log smooth. Therefore, by [12, Theorem 1.9.2], we have invariance of plurigenera over U,,.

In particular, as n varies, we have
VOI(XZ', Kx, + B; + An|X1) = VOl(Xj,KXj + Bj + -An‘X]-)~

As n — 400, we have that A, — M in the Euclidean topology of N!(X)g. This implies
Anlx, = M; and A,|x;, — M; in the Buclidean topologies of N'(X;)r and N'(X;),

respectively. Therefore, by continuity of the volume, we have
VOl(Xi, KXz' + B; + Ml) = VO](Xj, KXj + Bj + M])

Repeating this argument for all pairs 4, j € N leads to the conclusion. O

2.3. Some facts towards the DCC property

In this subsection, we collect some technical statements that are used to prove Theorem|1.6
yet are already phrased in the more general setting of arbitrary dimension.

Now, we are interested in showing that a particular set of volumes satisfies the DCC
property, and we have a tool that allows us to compare volumes in families, namely
Theorem [1.12] Therefore, the natural strategy is to put the log pairs of interest in a

family, which will be made more precise with the following definition.
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Definition 2.8. Let © be a set of log pairs. We say that © is bounded (respectively log
birationally bounded) if there is a log pair (X, B) with B reduced, and there is a projective
morphism X — T, where T is of finite type, such that for every log pair (X,B) € ©
there are a closed point ¢ € T and a morphism f: Ay — X inducing an isomorphism
(X, Brea) = (X, By) (respectively, a birational map such that the support of B; contains

the support of the strict transform of B and of any f-exceptional divisor).

Remark 2.9. By a standard Chow varieties argument (see [16] for an example), a set of
log pairs © is bounded if for any (X, B) € © there is a very ample divisor H such that
HIMX < C and Byeg - HU™X~1 < O for some constant C' [12, Remark 1.10.3]. Further-
more, this provides us with a strategy to show that a set of log pairs is log birationally
bounded. Indeed, assume that for any log pair (X, B) € © there is a birational morphism
f: X — Y induced by a free linear series |H|. Then, bounding the intersection products
HYIMX and Byeq - H™ X1 is equivalent to bounding AY™Y and f,Breq - AT™Y ~1 where
H = f*A and A is very ample on Y. Bounding the latter products is equivalent to saying
that the pairs (Y, f.B) are bounded; since there are no exceptional divisors for ¥ --» X

the last condition implies that ® is log birationally bounded.

On the other hand, we will see that, in the setting of generalized polarized pairs, the
concept of boundedness is more complicated, since the best we can hope for is to have a
divisor M on the bounding family X such that M; ~q M; (or even M; = M), where M;
is the nef class living on A;.

In view of Theorem [1.4] we have natural candidates for the maps f that will lead to
the construction of a log birationally bounded family. Since we are interested in volumes
of log canonical pairs, we can always resolve the indeterminacies of the map going to a
higher model, and create a new pair having the same volume. We make this precise in the

next statement.

Lemma 2.10. Assume that (X,B + M) is a generalized polarized pair such that M is
R-Cartier, and X = X', M = M', and (X, B) is log canonical. Furthermore, assume that
||mo(Kx+B+M)|| defines a birational map. Then, there exist a smooth birational model
f:Y = X and a boundary D such that (Y, D) is log canonical, ||mo(Ky + D + f*M)|]

defines a birational morphism, and
vol(X,Kx + B+ M) =vol(Y, Ky + D+ f*M).
Furthermore, we have that coeff(D) C coeff(B) U {1}.

Remark 2.11. Since the nef part in the higher model is just the pullback f*M of M, in

case M is Q-Cartier, the Cartier index of the nef part remains unchanged.
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Proof. Note that, since Kx + B + M is R-Cartier, and M is R-Cartier, then Kx + B
is R-Cartier. Thus, it makes sense for (X, B) to be log canonical. Now, let Y be a log
resolution of both (X, B) and |[mo(Kx+B+M)||. Let D := Mpy. Then, by Lemma/2.6}
we have

vol(X,Kx + B+ M) =vol(Y,Ky + D + f*M).

Now, since f*||mo(Kx + B+ M)|| defines a birational morphism, and f*||mq(Kx + B+
M)|| = ||mo(Ky + D+ f*M)]|, we are done. O

Now, we can make a first step towards the log birational boundedness of the pairs
involved in the statement of Theorem In particular, the following shows how to
bound the boundary part B.

Proposition 2.12. Let (X, B) be a log canonical pair with X smooth, and M a nef R-
Cartier R-divisor on X. Assume that ||mo(Kx + B+ M)|| = |H|+ F defines a birational
morphism. Furthermore, assume that B € A, where A C [0,1] and AN (0, 1] has a positive

minimum 6. Then, we have

1) +2 n
Brea - H™ ! < (2 <mO(”§)+ +2(2n + 1)mo + 2)) vol(X, Kx + B + M),

where n = dim X .

Proof. By [12, Lemma 1.10.6], we have
|Kx + (n+1)|mo(Kx + M+ B)|| # 0.

Also, we have that 0B,eq < B. Furthermore, since M is nef and Kx + M + B is big, the
divisor Kx + 2M + B is big, and then we have

(2.3) Kx+2M+B~g E>0

for some effective R-divisor /. Therefore, there exists an effective R-divisor C > 0 such
that

mo(n+1)+2

(2.4) Breq + C ~gr 5

(Kx + M + B).
Therefore, we have the following chain of inequalities

Brea - (2(2n +1)H)" !
< 2"vol(X, Kx + Breqa +2(2n+ 1)H)

n+1)+2

< 2" vol (X, Kx + (mO( : +2(2n + 1)m0> (Kx + M+ B)>
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mo(n+1) +

2
§2”vol(X,KX+B+< 5 +2(2n+1)m0> (KX+M+B))

mo(n+1)+2
4]

< 2" vol (X, 2K x +2M+2B+< +2(2n + 1)m0> (Kx +M+B)>

= 2" vol (X, <m°("§1)+2 +2(2n + 1)mg + 2) (Kx + M + B))

1 2 "
- <2 (mO(n;H +2(2n 4 1)mo + 2)) vol(X, (Kx + M + B)),
where the first inequality follows from [12, Lemma 1.10.5], the second one from equa-
tion ([2.4)), and the third one from equation ({2.3]). O

3. Some facts about surfaces

As previously mentioned, the morphisms coming from Theorem will be the ones to
provide the log birational boundedness of the log pairs of interest. On the other hand,
there are several subtleties to be aware of in dealing with the nef part M.

Consider a birational morphism f: X — Y of normal projective varieties, and let M
be a nef R-Cartier divisor on X. As a first problem, there is no guarantee that f.M
is R-Cartier. More importantly, even assuming that f.M is R-Cartier, we do not know
whether f,M is nef as well. Assuming the latter condition, the best we can say is that,
by the Negativity Lemma [14, Lemma 3.39], f*f.M — M is effective and exceptional.

From this perspective, there are a few reasons why there is a more explicit way to
tackle our problem in the case of surfaces. First of all, most of the time, we can work in
the smooth category, where birational morphisms have a very explicit characterization |2,
Theorem I1.11]. Furthermore, even in the case that the target is not Q-factorial, we can still
make sense of the pullback of Weil divisors, since the intersection matrix of the exceptional
curves is negative definite |14, Lemma 3.40]. Also, as we will recall in Lemma if X
and Y are smooth surfaces and M is nef, then f,M is nef as well. Last but not least,
with Theorem [1.13| we have an explicit way to determine how high over Y the difference
between M and f.M lives.

3.1. Towards the proof of Theorem |1.13

Now, we will recall a few facts that will be important in the proof of Theorem [1.13

Lemma 3.1. Let X be a smooth surface, and M a nef Cartier divisor on X. Let X' :=
Bl,X, for some closed point p € X. Denote by m: X' — X the induced morphism, and
by E the m-exceptional divisor. Then, 7*M — E is nef if and only if M - C' > mult, C' for
any irreducible curve C C X through p.
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Proof. Let D be an irreducible curve on X’. If DN E = (), then D = n*w,D. Therefore,
(7*M — E)-D = M - m.D > 0. On the other hand, we have (7*M — E)- E = —E? = 1.

Now, consider an irreducible curve C’ C X’ such that C' N E is a finite set. Also, write
C := 7, C’". Then, we have 7*C' = C’ 4 (mult, C)E. Thus, we have

(T*M —E)-C'=(7*M — E) - (v*C — (mult, C)E) = C - M — mult,, C.
The statement follows. O

As an immediate consequence of Lemma [3.1] we get the following statement.

Corollary 3.2. Let X be a smooth surface, and M be a nef Cartier divisor. Assume there
is an irreducible curve C such that M -C = 0. Then, for any p € C, 1, M — E, is not nef,
where mp: X, — X is the blow-up at p of X and E, is the m,-exceptional divisor.

Now, we will start to compare the volume of nef divisors living on different models.

Lemma 3.3. Let m: X1 — X be a birational morphism of smooth surfaces. Assume there
are nef Cartier divisors M on X and My on Xy such that m .My = M. Then, we have
7*M = Mj + E, where E is effective and w-exceptional. Furthermore, M? = M? if and
only if E = 0.

Proof. Since m,My = M, we have that 7*M = M+ E, where F is a m-exceptional divisor.
Since —FE ~, My is m-nef, by the Negativity Lemma [14, Lemma 3.39] FE is effective. Now,
we know that the intersection matrix of the m-exceptional curves is negative definite [14,
Lemma 3.40]. Therefore, E? < 0, and E? = 0 if and only if £ = 0. Furthermore,
M} = (*M — E)? = M? + E?. This, together with the analysis of E?, concludes the
proof. O

Next, we recall the well known fact that the pushforward of a nef divisor remains nef

in the case of smooth surfaces.

Lemma 3.4. Let f: Y — X be a birational morphism of smooth surfaces, and let M be
a nef divisor on Y. Then, f,M is nef on X.

Proof. Since f: Y — X factors as finitely many blow-downs of (—1)-curves |2, Theo-
rem II.11], we may assume Y = B[, X for some p € X. Now, let E be the f-exceptional
divisor. Then, E? = —1. Furthermore, since M is nef, by the Negativity Lemma [14]
Lemma 3.39|, f*f.M = M + aF for some a > 0.
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Now, let C' C X be an irreducible curve. Then, f*C' = C' + (mult, C')E, where C’ is

the strict transform of C'. Also, we have that C’ - E = mult, C'. Therefore, we have

C-fiM=f°C-f*fiM
= (C" + (mult, C)E) - (M + aE)
=C" M+ (mult, C)E - M
> 0.

This concludes the proof. O

Observation 3.5. The proof also shows the following facts. First, if C is disjoint from
the centers of the blow-ups, then C - f,M = C’ - M. Furthermore, consider the setting
of one simple blow-up m,: Bl,X — X, and assume that M - E > 0. Then, for C C X
through p, we have that C - m, .M > C"- M.

Remark 3.6. The statement of Lemma [3.4] goes through in the case the varieties X and Y
are just normal, assuming that f.M is Q-Cartier. By continuity, we may assume that M
is ample. Then, a multiple of f,M is semiample off a finite set of points. Therefore, by a

Theorem of Zariski [15, p. 132], such a multiple is honestly semiample, and hence nef.

Now, we can combine Corollary [3.2] with Lemma [3.3] to get the key tool for the proof
of Theorem [L.13]

Proposition 3.7. Assume we have a birational morphism f: X' — X between smooth
surfaces, and let M' and M be nef divisors on X' and X respectively such that f,M' = M.
Also, assume there is an irreducible curve C C X such that M -C =0. Then M'-E =0
for any f-exceptional curve such that f(E) € C.

Proof. By the structure theorem for birational morphisms between smooth surfaces |2,
Theorem I1.11], we have that X’ is obtained from X by a finite sequence of blow-ups.
Also, blow-ups of distinct points (i.e., not infinitely close) on X do not interfere with each
other: We can blow them up independently. Therefore, by induction on the number of
centers of the blow-up, we may assume that X’ is obtained blowing up one closed point
p € X and points infinitely close to it.

Suppose that we blow up in order the points p; := p, p2, ..., pn. We inductively define
surfaces X; and morphisms m; as follows: Let Xy := X, and denote by m1: X1 — X the
blow-up of Xy at p;. Then, X;+1 and m;41 are defined by the blow-up mj41: X;41 — X;
of X; at p; € X;. In particular, we have X,, = X’. Also, denote by fi: X' — X;
and g;: X; — X the morphisms naturally induced by this construction. Finally, define
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M; = f; «M'. In particular, we have My = M. The picture is summarized as follows.
(X' = X, M' = M) —T— (X, M)

M;_1)

gi—1

(X = Xo, M = M)

Now, assume p € C, where C is an irreducible curve, and M - C = 0. We prove
the statement by induction on the number of blow-ups n. More precisely, after the above
reductions, we will prove that M’ = f*M. If n = 1, this follows by the proof of Lemma
Notice that in this case M; = g{M holds. Then, assume this holds for m < n, and
we will show it holds for n as well. In particular, the inductive hypothesis applies to
(Xn—1,Mp—1) = (X, M). Therefore, we have M,,_1 = g;;_ M, which implies M,,_;-E =0
for any g,—1-exceptional curve. Since p, € F for some g,_1-exceptional curve E, we are
in the setting of Corollary Therefore, M' = f* M, = f*M, and this concludes
the proof. O

Now we are ready to prove Theorem [1.13

Proof of Theorem [I.13] We can proceed by induction on M?, the base of the induction
M? = 0 being provided by Lemma Since f is a birational morphism, we know
that Y is obtained by blowing up finitely many points on X, possibly infinitely close [2,
Theorem I1.11]. Therefore, there is at least one f-exceptional (—1)-curve E. If My -E = 0,
we can blow E down via 7: Y — Y’. By the Negativity Lemma [14, Lemma 3.39] and
Lemma (3.1} we know that My = 7*m,.My. We can repeat this process just finitely many
times; call X’ the resulting model. Thus, either X’ = X, in which case we are done, or
all the f’-exceptional (—1)-curves E are such that My, - E > 0, where My denotes the
pushforward of My to X', and f’ is the induced morphism f’: X' — X.

Claim. The X’ above constructed satisfies the claims of the thesis.

The claim is obvious when X’ = X. Now, in the case that X’ is not isomorphic to X,
there exists a point p € X such that f factors through m,: Bl,X — X. Call h the map
h: X" — Bl,X. Also, write M), := h,Mx:. By the Negativity Lemma [14, Lemma 3.39],
M, = 7, M — aE}), where a > 0 and E}, is the my-exceptional divisor. If a > 0, then Mg <
M? — 1. In such a case, the inductive hypothesis applies to h: (X', M') — (Bl,X, M,).
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Now, we are going to show that a = 0 is not admissible. Notice that the assumption
a = 0 together with M’ - E > 0 for all f’-exceptional (—1)-curves implies that h is not an
isomorphism.

Call C,, := h;1E,, and notice that, in this setting, M, = m,M. Also, we have that
M' = h*M, — F, where F > 0 is h-exceptional. In particular, the supports of C}, and of
F have no common components.

First, assume C), is a (—1)-curve. Then, h~! is an isomorphism in a neighborhood of

E,. Therefore, the supports of C}, and F' are disjoint. Thus, we have
M- C,=(hM,—F) - C,=h"M,-C,= f*M-C,=0.

On the other hand, by construction, M’ is positive against all the f’-exceptional (—1)-
curves. In particular, we must have M’ - C), > 0. Therefore, this setting is not possible.
The last case we have to rule out is the following: There exists an h-exceptional (—1)-
curve L such that h(L) € E,. Since we are assuming a = 0, by Proposition we
have that M’ is trivial against any curve mapped to E,. This leads to a contradiction.

Therefore, the case a = 0 is not admissible, and this concludes the proof. O

Remark 3.8. We have the freedom to slightly loosen the hypotheses of Theorem In
particular, in case the divisors My and M are just Q-Cartier with given Cartier index
r, we can apply Theorem to My and rM. Thus, the corresponding model X’ is
obtained by blowing up at most r?k points, where k = M? — M%

3.2. Some bounds in the surface case

Here we include a couple of results that go in the direction of bounding suitable represen-
tatives of the pairs in the statement of Theorem [I.6] First, we consider the intersection
product between the nef part M and a general element of the free part of the linear series

defining a morphism as in Theorem [T.4]

Proposition 3.9. Let X be a smooth surface, B > 0 a boundary divisor, and M a nef
Cartier divisor. Assume there is mo € N such that ||mo(Kx+B+M)|| = |H|+ F defines

a birational morphism. Then, we have
H- (M +3H) < (6mg + 1)?vol(X, Kx + B+ M).

Proof. Since |H| is basepoint-free, its general element is smooth; also, we may assume
that such an element is not contained in any given finite set of curves. This being said,
assume that C' € |H| is such a general element. Also, since M is nef and H is nef and big,
we have that M + kH is nef and big for any k& > 0.
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Now, let k € N and N be any nef Cartier divisor. We consider the following short

exact sequence
0— Ox(Kx +N+kH) S Ox(Kx + N+ kH + H) — Oc(K¢ + Ne + kHe) — 0,

where N and H¢ denote the restrictions of N and H to C. Since H?> > 1, and N-H > 0,
then
deg(K¢ + No + kHe) > 29(C) — 2 + k.

Therefore, by Riemann-Roch, Oc (K¢ + No + kH¢) is free for k > 2, and it is very ample
for k > 3. Furthermore, by Kawamata-Viehweg vanishing, we have H'(X, Ox(Kx + N +
kH)) =0 for k > 1. Therefore, H*(X,Ox(Kx + N + kH)) # 0 for k > 2. In particular,
letting N = 0, we have |[Kx + 3H| # (.

Now, pick an element D € |(m — 1)(Kx + 3H)|; we may assume that the supports
of D and C share no components. Then, multiplication by D leads to the following

commutative diagram

Ox(Kx+m(M+3H)+H)

Oc(Kc +m(Mc + 3Hc))
-D -Dlc

Ox(m(Kx +M+6H)—2H) —— Oc(m(K¢c + Mo+ 5H¢e) — 2He)

where m € N. By construction, the induced maps

HY(C,0c(Kc+m(Mc +3Hg))) = HY(C,Oc(m(Kg + Mc +5Hg) — 2H))
and

HY(X,0x(Kx +m(M +3H) + H)) — H*(X,Ox(m(Kx + M + 6H) — 2H))
are injective. Also, by Kawamata-Viehweg vanishing, we have

HY(X,0x(Kx +m(M +3H))) = 0.
Therefore, the map
H(X,0x(Kx +m(M +3H) + H)) — H°(C,Oc(Kc +m(Mc + 3Hc)))

is surjective. Thus, by commutativity of the above diagram, we get

RO(Ox(m(Kx + M +6H) —2H)) — h°(Ox(m(Kx + M + 6H) — 3H))
= dimIm(H*(Ox(m(Kx + M + 6H) — 2H))
— HY(Oc(m(Kc + Mc + 5He) — 2Hc)))
> h2(Oc(Kc +m(Mc + 3He))).
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Now, we notice that
m(Kx + M +6H) —3H = (m — 1)(Kx + M + 6H) + Kx + M + 3H.
Since |[Kx + M + 3H| # 0 and H is effective, we get

R(Ox(m(Kx + M + 6H))) — k2 (Ox((m —1)(Kx + M + 6H)))

(3.1) .
> h(Oc (K¢ +m(Mc + 3Hc))).

Now, define P(m) := h%(Ox(m(Kx + M + 6H))), and analogously set Q(m) :=
R (Oc(Kc +m(Mc + 3He))). Thus, inequality (3.1]) can be rephrased as

P(m)—P(m—1) > Q(m).

The difference P(m)— P(m—1) is a linear polynomial in m up to a periodic bounded per-
turbation [15, p. 171], while Q(m) is honestly linear in m. The two (almost) polynomials
have leading coefficients vol(X, Kx + M +6H) and (M + 3H) - H, respectively. Thus, we
get

vol(X, Kx + M + 6H) > (M + 3H) - H.

Now, since Kx + M < Kx + B+ M, and H < mo(Kx + B + M), we have

H- (M +3H) < vol(X, (6mg + 1)(Kx + B+ M))
= (6mg + 1)*vol(X, Kx + B+ M),

and this concludes the proof. O

The next statement takes care of the volume of the nef divisor M.

Proposition 3.10. Let (X, B) be a log canonical pair, where X is a smooth surface and
B € A, where A C [0,1] is a DCC set. Also, let M be a nef Q-Cartier divisor such that
rM is Cartier, where r € N. Assume that Kx + B+ M is big. Then, there is a constant
C such that

M? < Cvol(X,Kx + B+ M).

Proof. Without loss of generality, we may assume 1/r € A. By [5, Theorem 8.1], there is
e € (0,1), depending just on A, such that Kx +eB +eM is big. Write Kx +eB+eM ~p
A+ E, where A is ample and F is effective. Then, we have

vol(X,Kx + B+ M) =vol(X,Kx +eB+eM+ (1—¢e)B+(1—e)M)
>vol(X, A+ (1 —e)M)
> (1 —e)?M2

Thus, we can pick C := (1 —e)72. O
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We conclude this section bounding the intersection product between the support of an

element in a linear series as in Theorem and the free part of the same linear series.

Proposition 3.11. Let (X, B) be a log canonical pair, where X is a smooth surface and
B € A, where A C [0,1] is a DCC set. Assume that M is a nef R-Cartier R-divisor,
and ||[mo(Kx + B+ M)|| = |H| + F defines a birational morphism. Then, we have the
inequality

Greq - H < 2(14m0 +2)2vol(X, Kx + B+ M),

where 0 < G ~ |mo(Kx + B+ M)].

Proof. By [12, Lemma 1.10.5], we have

IO(Gred . H) <4 VOI(X, Kx 4+ 10H + Gred)
<4 VOI(X,KX + 11m0(KX + B —|—M))

Now, as discussed in the proof of Proposition |Kx +2M + 3H| # (). This, together
with B > 0, provides us with

10(Grea - H) < 4 vol(X, Kx + 11mo(Kx + B+ M))
<4 vol(X, (14my + 2)(Kx + B+ M)),

and this concludes the proof. O

4. DCC for volumes of surfaces

In this section, we prove the first main result, i.e., Theorem The proof strategy is as
follows. We proceed by contradiction, and assume there is a sequence {(X;, B; + M;)}i>1
as in the statement of Theorem such that {vol(X;, Kx, + B; + M;) };>1 forms a strictly
decreasing sequence. The idea is to put these log pairs in a family and use Theorems
and [L.I0] to derive a contradiction.

Since the sequence of volumes is decreasing, it is bounded. By Theorem we may
assume there is a positive integer mq such that [mo(Kx, + B; + M;)] defines a birational
morphism for all 7. In view of Lemma and Proposition the log pairs (X;, B;)
are log birationally bounded. Thus, we obtain a bounding family (X', B) — T', which we
may assume to be log smooth over the base.

The main difficulty of the proof is to produce some divisor M on X in order to bound
the M;’s and be able to apply deformation invariance of volumes. In general, we have no
control on the way a nef divisor is represented as linear combination of prime divisors. In
particular, a nef divisor with given volume may have arbitrarily large coefficients, both in

the positive and negative directions. Our strategy is to represent the M;’s as a difference
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of divisors we have control upon. Since the linear series of |mo(Kx, + B; + M;)| defines
a birational morphism, we can pick an effective divisor G; ~ |[mo(Kx, + B; + M;)].
Thanks to Proposition we can bound the G;’s as well. Therefore, we can write
moM; ~ G; — moKx, — [moBi].

The last problem is to bound the components of GG; that are exceptional for the mor-
phism defined by |mo(Kx, + B; + M;)]. We can control them by relying on the extra
information the surface assumption guarantees us. Once all of this is set up, and we have
a divisor M bounding the M;’s, we can proceed in the fashion of Theorem

Proof of Theorem [1.6 We will proceed by contradiction. If the statement does not hold,
there is a sequence of generalized polarized pairs (X;, B; + M;) € U such that the volumes
vol(X;, Kx, + B; + M;) form a strictly decreasing sequence. By Theorem there is a
positive integer mg such that |mo(Kx, + B; + M;)| defines a birational map. Without loss
of generality, we have r | mg. By Lemma we may assume the X;’s are smooth, and
that these maps are actual morphisms.

Step 1. In this step we show that the sequence {(X;, B; + M;)}i>1 is log birationally
bounded.

Call ¢;: X; — Z; the birational morphism defined by ||mo(Kx, + B; + M;)]|. By our
assumptions, |mo(Kx, + B; + M;)| ~ G; = H; + F; > 0, where |H;| defines ¢; and is a
general element of such free linear series, and Fj is the fixed part of ||mo(Kx, + B; + M;)]|.
By Propositionsand the intersections B req-H; and G req- H; are bounded. Also,
since the sequence {vol(X;, Kx, + B;+ M;)};>1 is strictly decreasing, the self-intersections
H? are bounded. Therefore, as explained in Remark the pairs (X, B; + G;) are log
birationally bounded. Furthermore, by Propositions and the products Mi2 and
M; - H; are bounded as well.

By standard arguments, we can resolve the family that bounds the Z;’s together with
the ¢;(Bj red)’s and ¢;(Gired)’s, and obtain a log smooth family (X, B+G+E) — T, where
T is smooth of finite type over C, yet possibly reducible. Also, up to a further base change,
we may assume that the fiber of every stratum of (X, B+ G+ &) — T is irreducible. Here,
B and G are the strict transforms of the divisors that bound the birational transforms of
the supports of the B;’s and G;’s, respectively, on the original singular family, while £ is
the exceptional divisor we introduce in resolving the family bounding the Z;’s. We write
£ = 2221 &7 as sum of irreducible components. In particular, B+ & bounds the birational
transforms of the B;’s, while G + £ bounds the birational transforms of the G;’s.

Since T has finitely many components, up to passing to a subsequence, we may assume
that all of the representatives of the X;’s live over one fixed component of T'. Therefore,
up to replacing T', we may assume it is irreducible as well. By Lemma [2.10} we can assume

that all the X; --» X; are morphisms, and that the divisors B; + F; all have simple normal
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crossing support. Here X; denotes the fiber of X — T corresponding to Xj.

Step 2. In this step, we show how to build a divisor that bounds the M;’s.

On each X;, we can write moM; ~ G; — moKx, — |moB;|. Analogously, since linear
equivalence is preserved by pushforward, we have moM/ ~ G, — moKx, — |moB.|, where
the prime notation denotes the pushforward to &; of the corresponding divisors. To use
Theorem we would need to have a divisor M on X that restricts (at least numerically)
to the M/’s on infinitely many A;’s.

Since we have a smooth family, Ky 7 restricts fiberwise to the canonical sheaf of the
fiber. Hence, —moKy 7 restricts to —moKy, for all i. Furthermore, by construction,
G, — |moB]] is supported on B; +G; + &;, where B; + G; + &; := (B+ G+ E&)|x,. Therefore,
we are left with bounding the coefficient of each irreducible component of G — |moB;].
If we manage to do so, by the pigeonhole principle, there is a choice of coefficients for the
components of B+ G + & so that the corresponding divisor restricts to G, — [moB}] on X;
for infinitely many i.

Now, since the B;’s are effective with coefficients in [0, 1], the irreducible components
of |moB,| have coefficients in {0,...,mg}. Therefore, we are left with showing that the
coefficients of the G}’s live in a finite set as well. We notice that G; = H; + F;, and
H; is smooth and irreducible by Bertini’s Theorem [13| Corollary II1.10.9]. Thus, we
just have to consider the coefficients of F}, which is the pushforward of F; onto X;. By
Lemma @7 M; - H; is bounded; hence, the coefficients of the components of F; that are
not ¢;-exceptional are bounded from above, since H; is the pullback of a very ample class
on Z;. Also, notice that Fj is effective. Therefore, we are left with finding an upper bound
for the coefficients of the (X; — Z;)-exceptional components of F.

Step 3. In this step, we bound the coefficients of the (X; — Z;)-exceptional components
of the F’s.

Denote by Y; the normalization of Z;. Since X is smooth, X; — Z; factors through
Y;, and this gives the Stein factorization of the morphism [13, Corollary II1.11.5]. Call
the induced map f;: X; — Y;. By Lemma G, — moKxy, — |moB.| is nef. By |14,
Lemma 3.40], the intersection matrix of the f;-exceptional curves is negative definite.
Thus, for any Weil divisor on Y; we can define a numerical pullback on &;. Given a Weil
divisor D, its numerical pullback is fz-j*lD + Zé.:l ajé'ij , where the coefficients a; are the

unique solution to the system of equations
l .
fAD+Y a0l | g =0, 1<k<L
j=1

The numerical pullback is defined so that the divisor obtained is f;-trivial. By abusing

notation, we will denote such an operator by f;*.
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Now, assume C' is a nef divisor on &;. Then, C' — ff; .C is f;-nef. Therefore, by the
Negativity Lemma [14, Lemma 3.39], C' — f* f; .C < 0. Hence, we have

Gi —moKx, — [moBi| < f] fi(G; — moKx, — [moB;]).

Now, by the above discussion, the coefficients of the components of fi;lfi,*(G; —
moKx, — |moB,|) are bounded, since they correspond to the non-exceptional compo-
nents of G, |moB.] and Kx,. So, up to passing to a subsequence, we may assume they
are constant as ¢ varies. Also, since all the components of such divisors are obtained
restricting Ky r and B+ G + & to &;, we have a divisor D that on each AX; induces
fi;l Jix(Gr —moKx, — |moB.]). Furthermore, the exceptional divisors for the maps f;’s
are supported on the divisors &;.

Now, fix g, and let C = Zé’:l b;E7 be the divisor that restricts to the f;,-exceptional
part of f7 fi, «(Gi) —moKx, —[moBj |) on Xj,. Since X — T'is smooth, any line bundle
on X is flat over T'. Therefore, for any invertible sheaf £ on X, the Euler characteristic of
L, is independent of ¢ € T [13, Theorem I11.9.9]. Furthermore, the intersection product on
smooth surfaces is defined as the sum of the Euler characteristics of certain line bundles |2,

Theorem 1.4]. Hence, the intersection products
(D+C); - &

are independent of ¢t € T. Therefore, for each i, we have

!
(A1) £ fis(Gi = moKx, — [moBj)) = £ fis G} — moKx, — [moBj]) + > biEl.
j=1

This argument shows that the coefficients of the f;-exceptional components of the
[ fis (G —moKyx, — [moB])’s are constant. By inequality (4.1), the fi-exceptional com-
ponents of the (G} —moKx, — | moB.])’s are bounded from above. Since the coefficients of
the fi-exceptional components of the |moB.]’s and the Ky,’s are bounded, we conclude
that the coefficients of the f;-exceptional components of the F!’s are bounded from above
as well.

Step 4. In this step, we show that there is a divisor my.M that, up to linear equivalence,
restricts to moM] on infinitely many A;’s.

Since the coefficients of the | moB|’s and the G}’s are bounded, and their components
are bounded by B+ G + &, up to passing to a subsequence, we may assume that there is a
divisor N on X that cuts G, — | moB,] on each &;. Now, we define moM := N—mOKX/T.
The divisor mgM is so that mgM; ~ mOMZ-/ for every i.

Now, since there is a Q-divisor M such that M; ~gp M/ for all i, again, by flatness,
we argue that Mi’2 is independent of ¢. Since by Proposition the volumes MZ2 are
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bounded, after passing to a subsequence, we may assume that Mf is constant as well. So,
the number d := M!? — M? is independent of i.

Step 5. In this step, following the ideas in Theorem and Remark we replace
the family X — T with a new family X’ — 7" that parametrizes the blow-ups at r2d
points of the surfaces parametrized by X. In this way, we can arrange for the M;’s to
descend to the new birational models.

We can produce such a new family inductively. To start, consider X xp X with
projections p and ¢, and denote the diagonal over T" by A7. Then, we pull back along ¢
all the irreducible components of the relevant divisors on X (e.g., B, G and £). Notice

that on X x7 X these meet transversally with A7. Then, we blow up Ar. The family
obl
X = Bia, X xp X 200, 7)oy

parametrizes the blow-ups at one point of the fibers of X — T. On this new family we
have divisors B, G and €M) that correspond to the strict transforms of B, G and &.
Furthermore, we have the bl -exceptional divisor P, We iterate this process r2d times,
and we end up with divisors 8(7’2‘1), g(T2d>, £0r?d) and pL . ,P(’”Qd). Here, each P*)
denotes the strict transform of the exceptional divisor obtained at the k-th step. The
family (X(T2d), Br*d) 4 gr2d) 4 g(r?d) 4 Z’,f:dl Pk — T i in general not log smooth.
Therefore, we further base change and resolve it (if necessary), and then decompose the
base in finitely many locally closed subsets, so that each subfamily is log smooth over
the base. Notice that in this process we may introduce further exceptional divisors, say
P(TQdH), ...,P@ . By construction, we may assume that they are part of the log smooth
family.

To summarize, we obtained a family

q
(X’, B +G +&+ ZP(’“)> - T,
k=1
where T = Z:l T'(") as a union of locally closed subsets, and the family is log smooth
over each one of the 77", Furthermore, by Theorem for each 7 there is a fiber X/
such that f;: X; — A; factors through X/, and M; descends to X]. Call M; such divisor
on X/.

Now, define M’ to be the pullback of M to X”. As argued before, over each T'")| the
intersections (M})? and Pt(k)- t(l) are constant. Furthermore, the matrix (Pt(k)- t(l))lgk,lgq
is negative definite for any 7"").

By the Negativity Lemma [14, Lemma 3.39], r(M; — M) is an integral anti-effective

(

divisor supported on 22:1 P; ") Thus, we can write

M; = M, — Z B p k)

q
k=1
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k . k -2 .
where C,E ) € IN. Since M} - Pt( ) =0 for any k and any ¢ € 7', and (M2 —M; =dis

constant, we have the condition

q 2
(4.2) (Z é’%}’“) = —d.

k=1

As we are looking at lattice points in (1N)9, and the matrix (Pt(k) -Pt(l))lgk,lgq is
negative definite, there are finitely many g-tuples (ci,...,¢,) such that the condition in
equation is satisfied. In particular, by the pigeonhole principle, there is a choice of
(c1,...,¢cq) such that M; is the restriction (up to Q-linear equivalence) of M'—>"¢_ ¢, P(*)
to X! for infinitely many i. Furthermore, we may assume that all the X/ live over the
same T"(M)

Step 6. In this step, we use Theorems and to conclude the proof.

By the previous step, up to replacing X — T with a locally closed subset of X" — T”,
we may assume that M/? = M2, and that M; is obtained by pullback of M along X; — Xi.
Call such maps g¢;: X; — &;. Now, by the proof of [12, Corollary 2.1.3] and Lemma
we may assume that the g;’s are induced by a finite sequence of blow-ups along strata of
(X, B;). Since (X, B) is log smooth, there is a sequence of blow-ups along strata of B, say
v, ¥ X, such that X; = ygl) Call ﬂ(i) the pullback of M to x", Also, let T
be the divisor supported on the strict transform of B and the ¥()-exceptional divisors
such that Fz@ = B;. Finally, fix some i3. Then, we have

vol(X;, Kx, + By + M;) = vol(Xy, K + TV + 31"

ol Ky + T+ T

0 7 Xio 0 io

where the second equality follows from Theorem [1.12] Thus, all the volumes in our se-

quence are realized by some model (?Z(-?, Fgé) +M§Z)) living over (&Xj,, B; +M; ). Therefore,
by Theorem we get a contradiction. Hence, U satisfies the DCC property. O

5. Towards boundedness

In this section, we discuss some results related to boundedness. First, we introduce some
technical properties that hold in all dimensions. Then, we focus on the case of surfaces,
and prove Theorem

5.1. Some general facts about boundedness

The following is a generalization of [12, Proposition 4.1] in the setting of generalized

polarized pairs. It shows that, once we fix a base model (Z, D) and a volume for the
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models living above (Z, D), there exists a higher model f: Z’ — Z where divisors naturally

descend.

Proposition 5.1. Fir a positive number w, a non-negative integer d, and a DCC set
A C [0,1]. Let (Z,D) be a projective log smooth d dimensional pair where D is reduced,
and let M be a nef R-Cartier R-divisor on Z. Then, there exists f: Z' — Z, a finite

sequence of blow-ups along strata of the b-divisor Mp, such that if
e (X, B) is a projective log smooth d-dimensional pair;
e g: X — Z is a finite sequence of blow-ups along strata of Mp;
e coeff(B) C A;
e g.B<D;
e vol(X,Kx + B+ g*M) = w,

then vol(Z', Kz +Mp 7z + f*M) = w.

Proof. We can assume that 1 € A. Let B be the set of pairs (X, B) over (Z,D) that
satisfy the first four of the five hypotheses of the statement. Notice that B is a subset of
the set ® in Theorem Then, define

W = {vol(X,Kx + B+g¢"M) | (X, B) € B}.

By Theorem 2 satisfies the DCC. Therefore, there is a constant 6 > 0 such that,
if w <vol(X,Kx + B+ ¢*"M) < w+ 9, then vol(X, Kx + B+ ¢g*M) = w. Also, by [5,
Theorem 8.1], there exists an integer r such that, if (X, B) € P and Kx + B+ g*M is big,
then Kx + =1(B + ¢g*M) is big as well. Now, fix e > 0 such that (1 —€)? > w/(w + ),
and define a : =1 —¢/r.

Then, we have the following chain of inequalities

vol(X, Kx +a(B+¢g"M)) > vol(X,(1—¢€)(Kx +B+¢g"M))
(5.1) = (1—e)%vol(X,Kx + B+ g*M)
w

>
w+ 0

vol(X,Kx + B+ g*M),

where the first inequality comes from the identity

r—1

KX+a(B—|—g*M):(1—6)(KX+B+9*M)+6<KX+ (B—l—g*M))

r

and Kx + %(B + ¢*M) being big.
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Now, since (Z, aD) is Kawamata log terminal, we can obtain a terminalization f: Z' —

Z by blowing up strata of Mp. We can write
Ky +39 = f"(Kz+aD)+ E,

where U and E are effective, U A E =0, and (Z’, ¥) is terminal.

Let § denote the set of pairs (X, B) satisfying all the assumptions in the statement,
and such that the rational map ¢: X --+ Z’ is a morphism. Fix (X, B) € §, and define
By := ¢.B. Then, by construction, we have f.(aByz/) < aD. Therefore, if we write

Kz +® = f(Kz + f.(aBz)) + F,

where ® and F' are effective with ® A F' = 0, then (Z’,®) is terminal. Hence, it follows
that

VOI(Z/, Ky +aBgy + af*M) = VO](Z,, Kz +aBgr AN® + af*M)
(5.2) = vol(X, Kx + ¢; ' (aBy A ®) + ag* M)
<vol(X,Kx + B+ g¢"M),

where the first equality follows from Lemma (3), the second one from Lemma (2)
and (Z',aBz A ®) being terminal, and the last inequality from ¢, !(aBz A ®) < B and
M being nef.

Then, we get the following chain of inequalities

w+ 0

w<vol(Z',Kz + By + f*M) < vol(Z', Kz + a(Bz + f*M)) < w + 6,

where the first one follows from Lemma (1), the second one from inequality , and
the third one from inequality . Therefore, by definition of §, we have vol(Z', Kz +
By + f*M) = w.

To conclude the proof, it is enough to notice that, if (X, B) satisfies the assumptions
in the statement, then after blowing up along finitely many strata of M p and replacing B

by its strict transform plus the exceptional divisors, we may assume that (X,B) € §. O

The following is a generalization of |12, Lemma 4.3], and allows us to relate the gen-

eralized log canonical models of pairs with comparable boundary and same volume.

Lemma 5.2. Let (X, B+ M) be a generalized polarized pair such that M is R-Cartier, and
X =X', M =M, and (X, B) is log canonical. Assume that (X, B4+ M) has a generalized
log canonical model f: X --» W. If B > B is such that (X, B') is log canonical, and
vol(X,Kx + B+ M) =vol(X, Kx + B+ M), then f is also the generalized log canonical
model of (X,B"+ M).



842 Stefano Filipazzi

Proof. Up to going to a higher model, we may assume that f: X — W is a morphism. In
doing so, as boundary we take the strict transforms of B (respectively B’) plus the reduced
exceptional divisors, while as nef part we pull back M. Define A := f.(Kx + B + M).
Then, A is ample, and, as W is a generalized log canonical model, Kx + B+ M — f*A is

effective and f-exceptional. Then, for any t € [0, 1] we have

vol(X, Kx 4+ B+ M) = vol(X, Kx + B+ t(B' — B) + M)
(X, f*A+t(B - B))

(X, f*A)

=vol(X,Kx + B+ M).

> vol

> vol

Therefore, by the proof of (12, Lemma 4.3, E := B’ — B is f-exceptional. Hence, we

have

HY(X,m(Kx + B + M)) = H(X,m(Kx + B+ M)) = H(W,mA)

for all m > 0. In particular, this shows that f: X — W is the generalized log canonical
model of (X, B"+ M). O

5.2. Boundedness for surfaces

Now, we are ready to prove Theorem [I.14 The proof goes as follows. By Theorem
we can reduce to the case when our surfaces are irreducible. Arguing by contradiction,
there is counterexample sequence {(X;, B; + M;) }i>1 for which there is no uniform N such
that N(Kx, + B; + M;) is very ample for all . Then, following the ideas in the proof of
Theorem we can show that the sequence {(X;, B;+M;)}i>1 is log birationally bounded
by a log smooth family (X,B+ M) — T.

Using Proposition [5.1]and Lemma we can reduce to the case when the maps X; --»
X, are morphisms, and X; is the generalized log canonical model of (&X;, Mp, x, + M;).
Analyzing the morphisms ¢;: X; — X;, we are able to argue that there is a unique divisor
® supported on B that restricts to Mp, x, for infinitely many 4.

Therefore, up to passing to a subsequence, we are reduced to the case where the
coefficients of the B;’s are fixed, and the g;-exceptional divisors deform in family as a
fixed subset of the components of B. In particular, this shows that the Cartier index
of the X;’s is the same. This guarantees the existence of a positive integer [ such that
I(Kx, + B; + M;) is integral and Cartier for all 7. Since Kx, + B; + M; is ample and M; is
nef, we can then apply an effective basepoint-free theorem for semi-log canonical surfaces
by Fujino [8]. More precisely, we show that 12/(Kx, + B; + M;) is very ample, and the

required contradiction follows.
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Proof of Theorem [I.14. First, we notice that w = ) w;, where we set w; := (Kx, + Bj +
M;)%. By Theorem the w;’s belong to a DCC set. Therefore, there are just finitely
many admissible values for them. Thus, we can reduce to the case when X is irreducible.
Also, without loss of generality, we may assume 1 € A. Then, by Remark it is enough
to find an integer NV > 0 such that for any generalized polarized log canonical surface pair
(X, B + M) with rM is nef and Cartier, coeff(B) € A and (Kx + B + M)? = w, then
N(Kx + B + M) is very ample. Notice that in this formulation there is a hidden part of
the claim: Once we fix the volume w, the denominators allowed in coeff(B) are bounded.
This is implicit in N(Kx + B + M) being Cartier.

Step 1. Proceeding by contradiction, in this step, we build a log birationally bounded
sequence of counterexamples that satisfies certain natural properties.

If the claim is not true, then there exists a sequence of irreducible surfaces {(X;, B; +
M;)}is1 C Sele(2,w, A, 7) such that i!(Kx, + B; + M;) is not very ample for all 7 > 1.
By the proof of Theorem we can bound the sequence of counterexamples at least log
birationally. We get a log smooth family (X', 8+ M) — T such that for every i we have

a commutative diagram of birational maps

(}/iv MBi,Yz‘ + h;kMZ)

x

hi (‘Xiv MBi,Xi + MZ)

where ¢; is induced by ||mo(Kx, + B;+ M;)]| for a fixed mg as in Theorem and f;og;
is a resolution of ¢;, which we can assume to be factoring through X; by Lemma [2.10
Furthermore, by the proof of Theorem moM; is nef Cartier, and g M; ~q h;M,;.
Also, up to a further base change, we may assume that the fiber of every stratum of
(X,B+G+E&) — T is irreducible.

Define @gi) := M3, x,;, and let ®() be the divisor supported on B that restricts to @Ei)
on X;. Since A is a DCC set, up to passing to a subsequence, we may assume ®() < @(t1)
for all ¢ > 1. Furthermore, as in the proof of Theorem |1.6] we may assume that Mf is
constant as ¢ varies (this choice is already implicit in b M; ~q g7 M;).

Now, let W; — A& be the sequence of blow-ups along strata of Mp, constructed in
Proposition Since (X, B) is log smooth, we can assume that ) appears as fiber
of a sequence of blow-ups p: W — X along strata of Mpg. Therefore, up to replacing
(X,B+ M) with W, Mgy + p*M) and the Y;’s with a higher model, we may assume
that (X7, B1 + M) satisfies the special property in Proposition In particular, given
any higher model ()?1, E) % X} obtained by blow-ups along strata of Mg, and such that
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a,B < By, B € A and vol(&), Kf1+§+a*M1) = w, then vol(A1, Ky, +Mp o +M1) = w

Step 2. In this step, we show that vol(X;, Ky, + @Ei) + M;) = w for all i.

By construction, this is true for i = 1. Fix some ¢ > 2. Then, let &; be the finite set of
divisors E on Y; such that ap(&;, M, x,) < 0. Then, there is a finite sequence of blow-ups
7. X — X along strata of Mg such that the divisors in & are not exceptional for
Y; --» Xi(i). Let U be the unique divisor supported on Mj y) that restricts to M

Then, by Lemma[2.6(4), we have

VOl(Xi(i), Koo+ \IJZ(-i) + wgi)’*/\/{i) = vol(Y;, Ky, + Mp, vy, + gi M;) = w,

(@)

where ;7 denotes the restriction of 7@ to Xi(i). Also, notice that, by construction,
M, = <I>§z). Therefore, this leads to the chain of equalities
1
XZ X(z) + \I’Z( ) + ng)’*/\/ll)
= vol(&] ),KX(Z) + 0 4 2O )

= vol(Xy, K, + &) + M)

vol(
(
(
= vol(X;, Ky, + V) + M,),

where the second and fourth ones follow from Theorem while the third one comes
from the end of Step 1.

Also, by Lemma this computation shows that (Y;, Mm,_ .. v;+¢; M;) has the same
generalized log canonical model as (Y;, Mg, y,+h; M;), namely (X;, B;+M;). Furthermore,
the former has the same section ring as (Xj, Mg, x, + M;). Therefore, (X;, B; + M;) is the
generalized log canonical model of (X;, Mp, x, + M;). In particular, since we are dealing
with surfaces, the map from X; to X; is an actual morphism. Thus, the above diagram of

maps can be completed as follows

(Yi, M, v, + hi M;)

x

h; (Xu MBZ',XZ' + MZ)

(Xiy Bi + M;) - G > Z

Step 3. In this step, we show that the coefficients of the B;’s live in a finite set.
The previous step shows that for all j have vol(X;, Kx, + <I>§] ) + M;) = w. Once we
fix j, by Theorem [I.12] we also have

w = vol(Xj, Ky, + ) + M) = vol(X;, K, + @ + M;)
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for every i. Thus, for any ¢ and j we have vol(X;, Kx, + <I>§j) + M;) =w.

By construction, we have 0 < o) < et < B for all i > 1. Therefore, we can
define ®(*) := lim ®®). Hence, by continuity of the volume function, for all i we have
vol(X;, Ky, + %) + M;) = w.

By Lemma X; is the generalized log canonical model of (X;, Ky, + @Z(OO) + M,;),
and the difference @goo) — <I>§i) is g;-exceptional. Now, let P be an irreducible component
of B. If P; is g-exceptional for all ¢ > 1, then multp ®® = 1 for all i. Thus, we
have multp ®(>) = 1. On the other hand, if P; is not g;-exceptional for some i, the
proof of Lemma shows that multp (> = multp @@, and this is the coefficient of
an irreducible component of B;. Since ®(°) is supported on B, it has only finitely many
irreducible components. This shows that the coefficients of the B;’s live in a finite set.
Therefore, there exists n > 0 such that n(Kx, + B;) is integral Weil for all ¢ > 1.

Step 4. In this step, we show that the canonical divisors K, all have the same Cartier
index.

By definition of B, up to passing to a subsequence, we may assume that any irreducible
component P of B is either g;-exceptional for all ¢ > 1 or for no ¢. Furthermore, by the
previous step, we may assume that o = o) for all i, j>1.

In particular, the graphs of the g;-exceptional curves and the corresponding weights
are independent of 7. Thus, by |14, Remark 4.9], we know that the singularities of the X;’s
are analytically isomorphic. Therefore, the canonical divisors all have the same Cartier
index. Also, as the ¢;-exceptional divisors deform in family, there is a divisor > on X such
that (Kx +X); = ¢/ Kx;,.

Step 5. In this step, following the ideas in the proof of [6, Theorem 5.11], we show
that the divisors Kx, + B; all have the same Cartier index.

By the previous step, we know that the graphs of the g;-exceptional curves and the
corresponding weights are independent of 7. As the strict transform of B; is supported
on B;, we also have that the extended graphs and the corresponding weights of Ex(¢;) +
Supp(qij *IB,-) are independent of i. Since the coefficients of B; are independent of i, the
supports of their strict transforms deform into each other, and the numerical pullback is
computed intersection theoretically, then there exists a divisor ® < &) = ®(°°) guch that
®; = ¢f B; for all i. Hence, we have (Ky + X + ®); = ¢/ (Kx, + B;).

Now, by the classification of log canonical surface singularities |14, Theorem 4.7], we
know that B; goes through singularities that are rational, and Kx, + B; = Kx, near
the elliptic singularities. Therefore, by the previous step, we are left with controlling the
Cartier index of Kx, + B; around rational singularities.

Now, let | € N be such that [(Kx + X + ®) is integral. Then, by [14, Lemma 4.13],
I(Kx+%+4®); ~ 0in an analytic neighborhood of the g;-exceptional curves that introduce
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rational singularities on X;. Thus, ¢; «Ox,(I(Kx + 3 + ®);) is locally free in an analytic
neighborhood of the rational singularities of X;. Up to taking a multiple of [ that is
independent of i, by the previous step, we may than assume that I(Kx, + B;) is Cartier
at 6X,»,x for every closed point z € X;. Then, by [6, Lemma 5.12], [(Kx, + B;) is actually
Cartier.

Step 6. In this step, we conclude the proof.

Without loss of generality, we may assume that r | [. Thus, by the previous step, there
exists a positive integer [ such that I(K x, +B;+M;) is Cartier for all i. Since Kx,+B;+ M,
is ample and M; is nef, then the divisor A4; := 4l(Kx, + B; + M;) — (Kx, + B;) is ample.
Furthermore, we have

A2 > (BU(Kx, + B; + M;))? > 9
and
Ai-C>3l(Kx,+Bi+M;)-C>3

for every curve C'in X;. Therefore, by [8, Theorem 5.1], the linear series |41( K x, +B;+M;)|
is basepoint-free. Thus, by [8, Lemma 7.1}, 121(Kx, + B; + M;) is very ample. Hence,
there is a uniform N such that N(Kx, + B; + M;) is very ample for all ¢. This provides

the required contradiction and concludes the proof. ]

Now, we are ready to prove Theorem The statement follows from Theorem [1.14
via an application of an effective basepoint-free theorem for semi-log canonical surfaces

by Fujino [§].

Proof of Theorem [L.§. Let (X, B + M) € Fgsic(2,w, A, 7) and denote by ¢: XV — X its
normalization. Then, we can decompose (X", 9*B + ¢*M) € Fq1c(2,w, A, 7) as a disjoint
union of generalized log canonical pairs (X;, B; + M;). Furthermore, by Theorem the
generalized polarized pairs (X;, B; + M;) are bounded. In particular, there is a positive
integer N such that N(Kx, + B; + M;) is very ample.

Now, consider A :=5N(Kx + B+ M) — (Kx + B). Since Kx + B+ M is ample and
M is nef, A is ample. Also, let Y; be the irreducible component of X whose normalization

is X;. Then, by construction, we have
A? = (Y*A;)? > (4N(Kx, + B; + M;))? > 16,

where A; denotes the restriction of A to Y;. Furthermore, let C C X be an irreducible
curve. Then C C Y for some i. Also, we can represent A in a way so that A-C = A;-C'is
given by point counting. Furthermore, we may assume that these points lie in the smooth
or nodal locus of X. Therefore, the normalization is at worst 2 : 1 over the intersection

points. Thus, we have

A-C=A;-C> %(w*Ai 1C) > 2N(Kx, + Bi + M;) -y C > 2.
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Hence, by [8, Theorem 5.1], |[5N(Kx + B + M)| is basepoint-free. This, together with [8,
Lemma 7.1], implies that 15N (Kx + B + M) is very ample. Therefore there is a fixed
multiple of Kx + B 4+ M that is very ample for all (X, B+ M) € Fgec(2,w, A, 7), and the

claim follows. O

Remark 5.3. Since the boundedness in Theorem is realized via a common multiple of
Kx + B+ M, and (X, B) is log bounded, we conclude that M is bounded up to Q-linear

equivalence as well.

6. Some relevant examples

In this section, we collect some examples of bad behaviors of generalized polarized pairs.

6.1. Failure of deformation invariance of plurigenera

Let F be an elliptic curve embedded as projectively normal subvariety of some projective
space PV with degree n, and let X be the projective cone over it. Then, blowing up
the vertex v € X, we get a resolution 7: Y — X, where Y is a P'-bundle over E, and
E, :=771(v) is a copy of E with E? = —n. Tt is well known that X is log canonical but

not Kawamata log terminal. In particular, we have
KY + B, = W*Kx.

Denote by L the class of a line through v € X. Then, we have Kx = —nL, and nL ~ H,
where H is very ample. Define M := 2H. Then, Kx + M is very ample. Therefore,
Ky + E, + m*M = 7*(Kx + M) is nef and big. Let g: Y — E denote the P!-fibration.
In particular, since E, is a section of g, for any line bundle £ on FE, the line bundle g*L
restricts to £ on E,.

Now, let P be the Poincaré line bundle on EY x E. Then, define the line bundle
Q := (idgv xg)*P. Also, notice that the projection map p: EY xY — EV is smooth, and,
in particular, flat. Call g the other projection map ¢: EY xY — Y. On EV x Y, we have
the line bundle Q ® ¢*(Ky + E + #*M). By flatness of p, the Hilbert polynomial of the
line bundles (Q ® ¢*(Ky + E + 7*M))ly, is independent of P € EV |13, Theorem II1.9.9],
where Yp := {P} x Y and Qly, = g*P.

Multiplication by FE, leads to the following short exact sequence
0= Oy, (m(A+ P') — Ey) £ Oy, (m(A+ P')) = Op,(mP) = 0

for any integer m > 1, where A := n*(Kx + M) and P’ := g*P. Since A is the pullback

of a very ample line bundle, when P = 0 this leads to the short exact sequence of groups

(6.1) 0 — H(Yy, Oy, (mA — E,)) — H°(Yy, Oy, (mA)) — C — 0.
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On the other hand, if P is a non-torsion element of £V, we have the vanishing
HY(E,,Og,(mP)) = 0 for all m > 1. This implies the following isomorphism

(6.2) H(Yp, Oy, (m(A+ P') — E,)) = H'(Yp, Oy, (m(A + P'))

for all m > 1.

In case 0 # P € EV is a torsion element, global sections behave as in equations
or depending on whether the order of P divides m or not.

By upper semi-continuity of the dimension of the space of global sections |13, Theo-
rem I11.12.8], we get

hO(YP> OYP (m(A + P,))) +1< ho(}/(]a OYo(mA))v

where P is not an m-torsion element of EV.

By construction, the family (EV x Y, EV x E,) — EY is log smooth. Also, the divisor
M := Q® (moq)* M restricts to a nef divisor on any fiber of the family. In particular, the
divisor Kpvy/pv + EY x E, + M restricts to a nef and big divisor on every fiber. On the
other hand, the example just constructed shows that deformation invariance of plurigenera
does not hold for Kgvyy/pv +EY x E,+M. Therefore, deformation invariance of volumes,
proved in Theorem is the best we can achieve in the setting of generalized polarized

pairs.

6.2. Failure of finite generation for the pluricanonical ring

Throughout this section, we will refer to the notation just introduced in the previous
example. We will show that the pluricanonical ring is not in general finitely generated for
generalized polarized pairs.

Consider the nef and big divisor 7*(Kx+M)+P' = Ky+E+P onY, where P’ = g*P
and P is a non-torsion element in EV. Then, equation shows that 7*(Kx + M)+ P’ is
not semiample. Therefore, by |15, Theorem 2.3.15], the section ring R(Y, 7*(Kx+M)+P’)

is not finitely generated.
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