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Coderivatives Related to Parametric Extended Trust Region Subproblem
and Their Applications

Van Nghi Tran

Abstract. This paper deals with the Fréchet and Mordukhovich coderivatives of the
normal cone mapping related to the parametric extended trust region subproblems
(eTRS), in which the trust region intersects a ball with a single linear inequality
constraint. We use the obtained results to investigate the Lipschitzian stability of
parametric eTRS. We also propose a necessary condition for the local (or global)

solution of the eTRS by using the coderivative tool.

1. Introduction

Quadratic program forms an important class of mathematical programming problems.
Many interesting stability properties of the quadratically constrained quadratic program-
ming (QCQP) problems were presented (see [12,[13}|18.25]). Recently, many authors have
used coderivative tools to characterize the Lipschitzian stability of linearly constrained
quadratic programming (LCQP) problems and of the trust region subproblems (TRS),
which are two special subclasses of the QCQP problems (see |1522]). We are interested
in studying the stability of the parametric extend trust region subproblems (eTRS) as

follows:
1
(ET(w)) min f(x,Q,q) := §xTQx +¢Tz subject to z € R™: ||z|| <7, a’z +b <0,

where the real symmetric Q € R™", vectors a,q € R™ and b,r € R, r > 0, are parameters.
The eTRS is a subclass of QCQP, which is a generalization of TRS and of LCQP with a
linear constraint. Various aspects of eTRS were studied in the literatures (see [3}4}24]).
Burer and Anstreicher [3] have shown that, for the case where two parallel cuts are
added to TRS, the resulting nonconvex problem has an exact representation as a semidef-
inite program (SDP) with additional linear and second-order-cone constraints. When the
case where an additional ellipsoidal constraint is added to TRS, resulting in the two trust-

region subproblem, authors have provided a new relaxation including second-order-cone
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constraints that strengthens the usual SDP relaxation. The paper conclude that if the
feasible set is a ball cut by two parallel half spaces, then the problem is polynomial-time
solvable. On the other hand, if the two half-spaces are not parallel and furthermore
intersect within the ball, the complexity is unknown.

Bienstock and Michalka [2] have concerned the following generalized trust region sub-

problem
1
min{2xTQx+qTx::c € P, ||lx — pn|| <rp for h € S, ||l — ppl|| > 7 for hEK},

with P C R” being a polyhedral set and the u; € R™ and the 7, quantities being given.
The authors have proved that for each fixed pair S and K, the problem can be solved in
polynomial time provided that either |K| > 0 and the number of faces of P intersecting
Np{z € R™ @ |jlx — ppl| < rp} is polynomially bounded, or |K| = 0 and the number of
inequalities defining P is bounded.

This work deals with the Fréchet and Mordukhovich coderivatives of the normal cone
mapping related to the parametric eTRS. We also use the obtained results and the Mor-
dukhovich criterion (see |16, Theorem 4.10]) for the locally Lipschitz-like property of mul-
tifunctions to investigate the Lipschitzian stability of eTRS with respect to the linear
perturbations. Our results further develop some preceding works (see [15,22]). It also
agrees with the common agreement that linear and pure quadratic forms are relatively
easy, but their combination is not.

Computing the Fréchet coderivative (also called the regular coderivative) and the Mor-
dukhovich coderivative (also called the limiting coderivative or the normal coderivative)
of the normal cone mapping of a system of inequalities plays an important role in sen-
sitivity and stability analysis of parameterized optimization and equilibrium problems.
This research started in the 90s with the paper [6], where the authors obtained an exact
formula for the Mordukhovich normal cone in the case when the given set is a convex
polyhedron, and then developed by Henrion et al. [9] and Ban et al. [1]. Recently, many
authors have studied coderivatives of the normal cone mapping of polyhedral convex sets
under linear and nonlinear perturbations (see, for instance, |1,6,9-11,/19,20]). In [15}22],
the coderivatives of the normal cone mapping of the Euclidean ball with perturbed radius
were estimated. Meanwhile, the researchers started to attack a more difficult case, when
the given set is defined by many nonlinear inequalities (see [8] and references therein).

In this paper, we present the coderivatives of the normal cone mapping of the following

set

F(r,b) :={x € R": ||z|| < r,a’z +b<0},

which depends on the parameter (r,b).
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The organization of the paper is as follows. Section 2] recalls some concepts and facts
from variational analysis. In Sections [3| and [4], the Fréchet and Mordukhovich coderiva-
tives of normal cone mapping related to the parametric eTRS are evaluated. Section
estimates the Mordukhovich coderivative of the KKT point set map and characterizes the
Lipschitzian stability for eTRS. Finally, Section [6] gives a necessary condition for the local
(or global) solution of the extended trust region subproblem by using the coderivative

tool.

2. Preliminaries

In this section, we recall the tools of variational analysis which will be used in the rest of

the paper (see, [16]). The Fréchet normal cone to a set 2 C R™ at T € Q is given by
N(E,Q) = {x* eR": limsupw < O} ,

et ezl

where 2 5 7 means z — 7 with z € Q. By convention, N (z; Q) = when T ¢ Q. For a
multifunction F': R™ = R", the sequential Painlevé-Kuratowski upper limit with respect

to the norm topology of R" is defined by
Limsup F(z) := {z* € R" : Ja;, — T and xj, —» =" with 2} € F(xzy), for k =1,2,...}.

ng

If © is locally closed around T € €2, the cone
N(z;Q) = Limsup N(z; Q)
xgi

is said to be the limiting (or basic/Mordukhovich) normal cone to Q at T € Q. If T ¢ Q,
N(z;Q) = 0 by convention.

The graph of a multifunction ®: R® = R™ is defined by

gph® :={(z,y) e R" x R™ : y € &(x)}.
For every (7,7) € gph ®, we call the multifunction D*®: R™ = R™,
D*aE 7)) = {a* € B : (2, —") € N(@7)ph®) b, vy e R
the Fréchet coderivative of ® at (Z,7). The multifunction D*®(Z,7y) given by setting
D*®(z,y)(y") == {z" € R": (2", —y") € N((Z,y);gph @)}, Vy" € R™

is called the Mordukhovich (or limiting/normal) coderivative of ® at (Z,7). One says that
® is graphically regular at (z,7) € gph ® if

~

D*®(z,9)(y") = D*O(7,7)(y")-
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The last condition can be written equivalently as
N((z,7); gph ®) = N((Z,7); eph ®).
The feasible region of the problem (ET(w)) is rewritten as follows
F(r,b):=={z e R": ||z|| < r,a’z + b <0},

which depends on the parameter (r,b).

Denote by
N(z; F(r,b)) :={veR": (v,y —z) <0,Vy € F(r,b)}

the normal cone to the convex set F(r,b) at x.

It is easy to see that

{0} if ||z|| <7, alz +b <0,
{0z : 6 >0} if |z|| =7, a’z +b <0,
N(z; F(r,b)) = § {ya: v > 0} if |z|| <7, a’z +b=0,

{0z +~a:0>0,y>0} if|z|| =7 aTz+b=0,

\(Z) if ||| > 7 or a’z +b> 0.
For every (z,r,b) € R" x R x R, we put
N(JI,T‘, b) - N(IE;F(T’, b))

If » < 0 then it is convenient to set N'(x,r,b) = () for all z € R™. Hence N': R*XRxR = R"
is a multifunction with closed convex values and is called the normal cone mapping related
to (ET(w)).

In the next sections, we calculate and estimate the Fréchet and Mordukhovich coderiva-

tives of the normal cone mapping related to the parametric (ET(w)).

3. Fréchet coderivative of N (+)

Fix w := (7,7,b,) € gph N, we compute and estimate the Fréchet coderivative of the

normal cone mapping. Before stating the main result, we consider the following lemmas.
Lemma 3.1. The assertions are valid:
(a) If |Z|| <7 and aTZ +b < 0, then v =0 and

D*N(@)(v*) = {(0rn, 0, 0=) };
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() If |z|| =7, '+ b < 0, and v = 6% with 0 > 0 then
@) i wnm =0,
e if (0", ) # 0
(c) If |z|| =7, a’T+b < 0, and v = 0 then

_Je@e) ienmzo
0 ) ;

(d) If |zl <7, a*T+b =0, and v = va with v > 0 then
D*N lf <U*?a> =0,
@ if (v*,a) # 0;
(e) If |Z|| <7, a’T+b=0, and v = 0 then
~ Qu(@)(v*) i (v*,a) >0,
POV L TR
0 if (v*,a) < 0;
where
{ZL’ r*,b%) GR"XRXR:I)*:0,90*:—7;564-911*},
:{aj r*,b%) GR”XRXR:b*zO,r*gO,x*:—Tx},
T
Q3(@)(v*) == {(x b)) eR" xR xR:r* =0,2" =b"a},
Q@) (") = {(z",r",0") e R" x Rx R :r* =0,2" = b"a,b* > 0}.
Proof. Put

Fi(r):={z e R": ||z|| <7}, Fo(b):={zcR":a’z+b<0},
NMi(z,r) := N(x; Fi(r)), Na(z,b) := N(z; Fa(b)).

If a’Z +b < 0, then N(@) = N1(Z,7). Since N1(-) does not depend on b, we have
D*N (@) (v*) = {(z*,7*,b*) e R" x R x R : b* = 0, (¢*, %) € D*N\(Z,7,)(v")}.
Similarly, if |Z|| < 7, then N'(w) = N2(Z,T). Since Na(-) does not depend on r, we obtain
D*N (@) (v*) = {(z*,7*,b*) e R" x R x R : 1* = 0, (z*,b*) € D*Na(Z,b,v)(v*)}.

Applying |21, Theorem 3.2] to Fi(r) and Fa2(b), we deduce immediately the desired

results. [
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Lemma 3.2. The following assertions hold:
G) If |zl =7, a’Z+b=0 and v = 0T +ya, > 0, v > 0, then

E*N(w)(v*) c Qs(@)(v*)  if (v*,Z) =0 and (v*,a) =0,
0 otherwise,

where
Qs(@)(v*) = {(z",r",b") e R" x Rx R : (", T) + r'T + b*b = 0}.

(i) If |zl =7, a’T +b =0 and v = 67 with § > 0, then

ZA?*N(Q)(U*) C Q})<w)(v*) Zf <U*7E> =0 and <U*7 a’) Z 07
0 otherwise,
where

QL@)(w*) = {(&*,7",b") € R" x R x Ry : (2*,F) + *F + b*b = 0}.

(iii) If |z|| =7, a’Z +b =0 and © = ya with v > 0, then

N QZ — * : * — * —
D*N(@)(v*) C 5@)7) (v a) =0 and {v*,7) 20,
0 otherwise,

where
Q2(@)(v*) == {(z%,7*,b*) € R" x R_ x R: (2*,Z) + r*F + b*b = 0}.

Proof. Let (z*,r*,b*) € D*N(@)(v*). This means that
(3.1) lim sup ( ,xix>j—r (i_i)—i_(l(b,_b)i(v;v_w <0
[z —Z| + |7 =7+ [b— bl + [[v — 7

@759V w

Choose 7 | 7, & = £Z and b = Lb. Since ||Z|| = 7 and a’Z + b = 0, we choose U = ©.

From (3.1)) it follows that
* o o *(Y = b* ZB_B % = *— *T
0> limsup (z ,T; ﬂfz+7’ E?" 77") +r(7? ) _ (@ ,j:)+i T+ b
157 =% + |7 = 7| + [£b — b] 1zl + [7| + [0]

7T

Y

which gives (z*,T) + 7T + b*b < 0.
Repeating the preceding arguments for the case where r 1 7, we get

(x*,T) + 17 + b*b > 0.
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From the last two inequalities, we have
(3.2) (x*,7) + T + b*b = 0.

Choose T =Z,b="0b,7 =7, and ¥ = v + tv for t € R. From ({3.1)),
_<U*7tﬁ> _ <’U*7ﬁ>

0 > limsup

#10 ltoll ol
and
0> 1i —(v*, tv) (v*, D)
im su =—

RS T [kl
Hence
(3.3) (v*, 1) = 0.

(i) Let x = 7T, b= b,7=7,and ¥ = v+ tT, t > 0. Then, (3.1)) gives

(3.4) (v*,7) > 0.

Choose T =7, b=0b,7 =7 and ¥ = ¥ + ta, t > 0. According to (3.1]),
(3.5) (v*,a)y > 0.

By (3.3)), (3.4) and (3.5)), we obtain that (v*,Z) = 0 and (v*,a) = 0.
(ii) From (3.3)) it follows (v*,Z) = 0.
Choose 7 = T, b= b, 7 =7, and ¥ =¥ + ta with ¢ | 0. Then, (3.1) yields

_ * t *
0 Z hm Sup </U U a’> — _ <U 9 a)
o [[tal lall

This leads to (v*,a) >

Choose T =7, 7 =7, b1 band v = v = 6. From (3.1) it follows
b*(b—b
0 > limsup (7,) —b*.
e |b—0b]
Hence b* > 0.
(iii) From (3.3), we have < ,a) =
Choose 7 =T, b= b,7=7,and ¥ = v + ¢tz with ¢ | 0. From one has
— T * o
0 > limsup <v7, z) = —<U;$>
ATOR | |

b=>band ¥ =¥ = ya. Then, (3.1) gives

0> hmsupM =r*.

rir |T - T’

which implies (v*,Z) > 0.
?

Choose 2 =T, 7 |

The proof is complete.

491
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Denote pos{Z,a} := {0 +~vya: 6 > 0,7 > 0}.
Lemma 3.3. If ||| =7, a’T+b=0 and v = 0, then

BN @) 4 @) i (0,7) 20 and (v7,a) 20,

0 otherwise,
where
Qe(w)(v*) :=={(z",r",0") e R" x R x R:
(x*,T) +7*F + b*b = 0,2 € pos{z,a},b* > 0,7* < 0}.
Proof. Let (x*,r*,b*) € D*N (@) (v*). Then, ) holds.
Choose 7 =T, Z, b= b,7=7and U = tT Wlth t i 0. According to ,
0 > limsup —<v7,t:n> = — (v;m)
wo Itz 1]

This implies (v*,Z) > 0.
We now choose = = T, b= b, 7 =7 and ¥ = ta with ¢ | 0. Then, (3.1)) becomes

0> 1i —\Y
> lim sup =— ,
110 [[tall llall

that is, (v*,a) > 0.

Choose 7 | T, T = %f, b= 25 and v =¥ = 0. Then, one has (3.2).
Next, choose # =7, 7 | 7, b="b and & = v = 0. From (3.1)),
(T
O>hmsup (r J') =r*
rir |T_T’

Choose Z =7, 7 =7, b1 band ¥ = 0. Then, (3.1)) yields

b*(b—b
0> hmsup(i,) = —-b",
e =0
which means b* > 0.

Finally, choose 7 =T, b= b, T wi@ Z and v =v = 0. By (3.1)),

=
(3.6) lim sup w < 0.
SOFEE) |z —z|]
OF(T,b
Let any 7 L) T such that B

k—o0 ”Ik — JZH

Then, u € T(z, 0F(7,b)). By (3.6), we have (z*,u) < 0 for every u € T(Z, 0F(7,b)).

gives z* € pos{T,a}. The proof is complete.

This
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By Lemmas we get the following main theorem of this section:
Theorem 3.4. For every @ = (Z,7,b,0) € gph N, the assertions are valid:
(a) If ||| <7 and a’T + b < 0, then v =0 and
D*N(@)(v") = {(Og, O, 0p) }
M) If |z|| =7, a’Z+ b < 0, and v = 67 with 0 > 0 then
(@) (") i (v,T) =0,
0 if (v, ) # 0.

(c) If |Z|| =7, a’Z+ b <0, and v =0 then

D*N(@)(v*) =

(d) If |zl <7, a’T+b =0, and v = va with v > 0 then
Q3(@)(v") if (v*,a) =0,
0 if (v*,a) #0.

(e) If |z|| <7, a’T+b=0, and v = 0 then

) If |z =7, a’T +b=0, and v = 0T + ya with 6 >0, v > 0 then

Q

lA?*N(w)(v*) c Qs(@)(v*)  of (v*,T) =0 and (v*,a) =0,

0 otherwise.

(g) If |zl =7, a’Z + b= 0, and © = 0T with 0 > 0, then

Q

Q@) (v*) if (v*,T) =0 and (v*,a) >0,

0 otherwise.

D*N (@) (v*) C {

(h) If|z|| =7, a’T +b =0, and v = ya with v > 0, then

S

IA)*N(E)(U*) c Q) (v*) if (v*,7) =0 and (v*,T) >0,

0 otherwise.
G) If |zl =7, a’Z2+b=0, and v = 0 then

Qg(w)(v*)  of (v*,T) >0 and (v*,a) >0,

0 otherwise.

493
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4. Mordukhovich coderivative of N(-)
To estimate the Mordukhovich coderivative of N'(-), we consider some lemmas.
Lemma 4.1. For every w = (7,7, b,v) € gph N, the following assertions are valid:
(a) If |Z|| <7 and a¥T +b < 0, then v =0 and

D*N(E)(v*) = {(OR"aORaOR)}-
) If |z|| =7, a’Z+ b < 0, and v = 6Z, with 0 > 0 then

D*N (@) (v*) = @) Z:f <v*’? -
0 if (v, T) #0

(c) If |Z|| =7, a’Z+ b < 0, and D = 0 then

{Ogn+2} if (v, T) <0
DN@)() = { @) if (0",7) > 0.
Q@) (") if (v, 7) =0

where

O () (v*) := {(:c*,r*,b*) ER"XRxR:b"=0,z" = T:L‘}.

(A) If |z| <7, a’Z+b=0, and v = vya with v > 0 then

Q@) (v") if (v*,a) =0,

D*N(w)(v*) =
0 if (v*,a) # 0.

(e) If ||| <7, a™Z+b=0, and v =0 then

{(Opn+2)} if (v*,a) <0
DIN@)(W") = § @) (%) if (v*.a) >0,
Q3(@)(v*) if (v*,a) =0

Proof. Repeating the arguments in the proof of Lemma and using [21, Theorem 3.3],

we get the required conclusions. O

Lemma 4.2. Assume that |Z|| = 7, a’T +b = 0 and © # 0. The following assertions
hold:
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(i) If v = 07 with 8 > 0, then

Q5(@)(v") U (@)(v*) i (v*,7) =0,

D*N(w)(v*) C _ B
0 if (v*,T) # 0.

(ii) If v = va with v > 0, then

Q5(w)(v*) U (@) (v") if (v7,a) =0,

D*N(w)(v*) C
0 if (v*,a) # 0.

(iii) If v = 0T + ya with 0 > 0 and v > 0, then

Q5(@)(v") if (v*,0) =0,

D*N(w)(v*) C
0 if (v*,0) # 0.

Proof. For any (z*,r*,b*) € D*N(w)(v*), there exist wy = (x, 7k, bk, vx) satisfying

h _
WEk gp—/;/w = (57?7 b76) and (QTZ,T};,bZ,UZ) — (.I*,’I“*,b*,’l)*) SuCh that

(4.1) (@}, 7%, b, vp) € DN (w) (v)).

From v # 0 it follows vg # 0 for every k. We distinguish the following two cases:

Case 1: ||xg|| = ri for every k large enough. Then, we may assume that ||zy|| = 7 for
every k. We next consider the following two subcases:

Subcase 1.1: aTx + b, = 0 for every k large enough. Then, we can assume that
alxj, + by = 0 for all k. By Lemma we have (7,75, b7) € Q5(wg)(vy), that is,

(xy,x) +rpre +bpb, =0, (vi,zg) =0 and (v}, a) =0.
Letting &k — oo, one has
(") +r* T+ b0 =0, (,7)=0 and (v*,a)=0.
This leads to (z*,r*,b") € Q5(w)(v*). Hence
D*N (@) (v*) € Q5(@)(v").

Subcase 1.2: there exists {k;} C {k} such that 'y, + by, < 0 for all I. Then,
vy, = Op,x, wWith 0 < 0, — 6. By Lemma we have (z, 7%, 0% ) € Qu(pk,)(vy,), that
is,

NP
=0, xp, = " Tg, + Ok, vy, an <Ukl7xkz> =0.
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Letting | — oo, one gets

b* =0, z*= ~L 7+ 60" and (v*,T) =0.
T

This means (z*,r*,b*) € Q1 (@) (v*). Thus
D*N () (v*) € Q1 (w)(v).

Case 2: there exists {ks} C {k} such that ||z, < rk,. Since vg, # 0, alxg, + by, =0
for every s. Then, v, = vyi,a with 0 < v,, — 7. By Lemma we have (zy , 7} ,b; ) €
2 (pr,) (07, ). that is,

re, =0, xp, =bpa and (vg ,7g,) =0.
Passing the latter to limits as s — oo, we have
r*=0, z2*=b'a and (v*,a)=0.
Hence (z*,7*,0*) € Q3(w)(v*), and
D*N(@)(v*) C Q3(@)(v").
By the above arguments, we now prove (i), (ii) and (iii).
(i) If v = 6z with @ > 0, then Case 2 does not occur. Hence

Q5(w0)(v") U (@) (v") if (v*,7) = 0,

D*N (@) (v*
@D, if (vt 7) £ 0.

(ii) If v = ya with v > 0, then Subcase 1.2 does not occur. Thus

Qs (W) (v*) U Q3(w) (v*) if (v*,a) =0,

D*N(w)(v*
@ 0 if (v*,a) # 0.

(iii) If ¥ = 6T + ya with @ > 0 and v > 0, then both Cases 1.2 and 2 do not occur.
Therefore

D*N(w)(v*) C

The proof is complete. O
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Lemma 4.3. If ||| =7, a’T+b=0 and v = 0, then

{(Ogn,Og,0r)} if (v*,@) <0 and (v*,a) <
Qq(@)(v*) if (v*,T) <0 and (v*,a) >
D*N(@)(v*) = ¢ Qu(@)(v*) if (v*,T) >0 and (v*,a) <
QL (w)(v*) if (v*,7T) =0 and (v*,a) <
ng(w)(v*) if (v*,7T) <0 and (v*,a) =
and
(Q.@)(v*)  if (0", %) > 0 and (v*,a) > 0,
D 4 Q@0 T =0 nd ) >0
Qo(w)(v*) if (v*,Z) >0 and (v*,a) =0,
Quo(@)(v*) if (v*,Z) =0 and (v*,a) =0,
where
(@) = () (v7) U Qu(@) (v7) U Q6 (@) (v7),
Qs (@) = (@) (v") U Qa(@) (v") U Q@) (v*) U Qe(@) (v"),
Qy(@) = (@) (v*) U Qs(@) (v*) U (@) (v*) U Q@) (v"),
Mo(@) = Q@) (v") U Q3(@) (v") U Q5 (@) (v7) U Qg(@) (v").

Proof. We consider the following nine cases:

497

Case 1: (v*,T) < 0 and (v*,a) < 0. Let any (z*,r*,b*) € D*N(@)(v*). Then, (4.1)
holds. Since (v*,7) < 0 and (v*,a) < 0, we may assume that (v}, ;) <0 and (v},a) <0

for every k. Fix any k.

If ||zg]| = rx and v # 0, then lA)*./\/'(wk)(vZ) =0, by Lemmasand If ||zg]| = 7k
and vy = 0 then, by Lemmas and ﬁ*N(wk)(vZ) = (). From Lemmas and
E*N(wk)(v,’;) =0ifa”xp 4+ b, =0 and vy # 0. If a’xy, + by = 0 and v, = 0 then,
by Lemmas and ﬁ*N(wk)(vZ) = (). Hence ﬁ*/\/(wk)(v,’;) # 0 if ||xg]] < r and
aTzy + by, < 0. From Lemma it follows lA)*N(wk)(vZ) = {(Ogn,Or,0r)}. This gives
xy, = 0, r; =0 and b; = 0. Letting £ — oo, one has * = 0, 7* = 0 and b* = 0. Hence

D*N (w)(v*) C {(Ogn, Og, Or)}-

Conversely, let 7, =7, by = (1 — k=10 — ()7}, 2 = (1 — k=17 and v, = 0. Then,
|2kl < 7k, aTag + b, = —(k*)7! < 0 and vy = 0. Let 2 = 0, r; = 0, bf = 0. Then, we
have (4.1)) by Lemma Hence {(Ogn,Ogr,0r)} C D*N(@)(v*). The first conclusion is

proved.

Case 2: (v*,T) < 0 and (v*,a) > 0. For any (z*,r*,b*) € D*N (w)(v*), we have (4.1)).

Since (v*,Z) < 0 and (v*,a) > 0, we may assume that (v*, z;) < 0 and (v}, a) > 0 for every
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k. Fix any k. From Lemmas and if ||zx| = 71 and vy # 0 then D* N (wy,)(v}) = 0.
If ||xg|| = rr and vy = 0 then, by Lemmas|3.1] and ﬁ*/\/(wk)(v;:) = 0.

Therefore, in order to get that D*\/ (w)(vf) # 0, we must have |zg|| < rz. Consider
the following two subcases:

Subcase 2.1: aTxj,+b, = 0. By Lemma if v, # 0 then ﬁ*N(wk)(vZ) =0. Ifv, =0
then we have (z7,7%,b;) € Qu(wg)(vf), that is,

rp =0, zp=bra, b,>0 and (v,a)>0.
Passing to the limits as £ — oo, we have
r*=0, x*=0b%a, b*>0 and (v*,a)>0,

which mean (z*,r*,b%) € Qu(@)(v).

Subcase 2.2: aTxy + by < 0. Then D*N(wy)(v}) = {Ogn+2} from Lemmam This
implies z; = 0, r; = 0 and b; = 0. Letting k — oo, one has z* = 0, 7* = 0 and b* = 0.
Hence D*N(w)(v*) C {(ORn, OR, OR)}.

By Subcases 2.1 and 2.2, we have D*N (w)(v*) C Qy(@)(v*).

Conversely, for any (x*,7*,0*) € Qu(wW)(v*), we obtain that r* = 0, b* > 0 and (v*, a) >
0. Choose 1, =7, by, = (1 — k™ 1b, 2, = (1 — k~1)Z. Then, ||z1|| < 7, a’x) + by = 0 and
vg = 0. We choose 77, = 0, by = b*, 2, = bya and v;, = v*. By Lemma we have .
Hence (z*,7*,b*) € D*N(@)(v*). Then, we get the assertion (ii).

Case 3: (v*,T) > 0 and (v*,a) < 0. Let (z*,7*,b*) € D*N(w)(v*). Then, holds.
Since (v*,Z) > 0 and (v*,a) < 0, we may assume that (v*,z;) > 0 and (v},a) < 0 for
every k. Fix any k. If a’zy + by = 0 and vy, # 0 then E*N(wk)(vZ) = () by Lemmas
and If alxy, + b, = 0 and v, = 0 then, by Lemmas and ﬁ*/\/(wk)(v;‘;) = 0.
Consequently, to get D*A (wi)(v}) # 0, we must have a’xy, + by < 0. We now consider
the following two subcases:

Subcase 3.1: ||zy|| = . From Lemma ﬁ*/\/’(wk)(v;;) =0 if vy, # 0. If vy, = 0 then,
by Lemma we have (z7,7},07) € Qa(wy)(v)), that is,

r
b, =0, = —i:vk, r, <0 and (vg,zk) > 0.

*

Letting k& — oo, we obtain b* = 0, 2* = —ZZ, r* < 0 and (v*,Z) = 0, which imply
(x*,7*,0*) € Qa(wW)(v*).

Subcase 3.2: alzj + by < 0. We have B*N(wk)(v};) = {Ogn+2} by Lemma ie.,
xy, =0, r; = 0 and b;, = 0. Passing the latter to limits as k — oo, one has z* =0, r* =0
and b* = 0. By Subcases 3.1 and 3.2, we have D*N (@) (v*) C Qa(w)(v*).

Conversely, let any (z*,r*,0%) € Qo(@)(v*), ie., b* = 0, 2* = —%T, r* < 0 and
(v*,T) = 0. Choose r, = (1 — k™ Y7, by, = (1 — kb — (k*)~!, 2, = (1 — k~1)Z. Then,

=13
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lzxl| = vk, ¥z +bp < 0 and v, = 0. Let rp=1% by =0, 1) = —%mk and v} = v*.
From Lemma we get (4.1)). This gives (z*,r*,b*) € D*N(w)(v*). The assertion (iii)
is shown.

Case 4: (v*,T) = 0 and (v*,a) < 0. For any (z*,r*,b*) € D*N(w)(v*), we get (4.1).
Since (v*,a) < 0, we can assume that (v}, a) < 0 for every k. Fix any k. By Lemmas
and if aTay, + by, = 0 and vy, # 0 then ﬁ*./\/'(wk)(vZ) =0. Ifa"x, +b, =0and vy, =0
then, by Lemmas |3.1| and D*N (wp) () = 0. Consequently, to get D* A (wy.)(v]) # 0,
we must have a’z, + b, < 0. Consider the following three subcases:

Subcase 4.1: ||xk|| = rr and vy = 0. To obtain ﬁ*]\/'(wk)(v;;) # 0, by Lemmam7 we
must have (vf,x) > 0. Then,

7,,*
b, =0, = —ixk, r, <0 and (vg,zk) > 0.

Passing the latter to limits as k — 0o, we obtain
7,,*

b*=0, z*=—-——=7, r*<0 and (v*,7)>0.

-
Hence (z*,7*,b*) € Qa(w)(v*) C Q4(w)(v*).

Subcase 4.2: ||z3|| = v and vy # 0. This implies vy = Opxp, with 0, = (|||~ vkl 4
0. To obtain that E*N(wk)(v;;) # 0, by Lemmam, we must have (vf,z;) = 0. Then,

b, =0, 5= —:—kxk + 6k, and (v, xp) = 0.
k

Letting k& — oo, we get b* = 0, * = —%f and (v*,Z) = 0. This leads to (z*,r*,b*) €
% (@)(0). )

Subcase 4.3: ||xg|| < ri. By Lemmam7 D*N (wg)(v}) = {(Ogn+2)}, ie., . =0, 75 =0
and by = 0. Letting k — oo yields * = 0, 7* = 0 and b* = 0. Thus (z*,7*,b*) € Q5(©)(v*).

Conversely, we let any (z*,7*,b*) € Q4(@)(v*), that is, b* = 0, 2* = —Z7 and
(v*,T) = 0. Choose 7, =T, ), = T, by = b—k~!. Then, ||zx| = r, a’zp +bp = -k <0
and v = Opxy, with 0, | 0. Let 77 = r*, by = b*, 2} = —:—:xk + 0iv;, and vy = v*. Then,

we obtain by Lemma which follows (z*,7*,b*) € D*N(w)(v*). This gives the
assertion (iv).

Case 5: (v*,7) < 0 and (v*,a) = 0. Let (z*,7*,b*) € D*N(w)(v*). Then, holds.
Since (v*,7) < 0, we may assume that (vj,x) < 0 for every k. Fix any k. If ||| = r
and vg # 0 then, by Lemmas and D*N (wg)(v}) = 0. If ||ap]| = i and vy = 0
then, by Lemmas 3.1 and D*N (wp) () = 0. To get D*N (w)(v}) # 0, we must have
||xk|| < k. Consider the following three subcases:

Subcase 5.1: aTxy, + by =0 and v, = 0. To get E*N(wk)(v;;) # (), by Lemmaﬂ7 we
must have (vy,a) > 0. This gives

r, =0, zp=bra, b,>0 and (vi,a)>0.
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Passing to limits as k — oo yields
r*=0, z*=b%a, b >0 and (v*,a)>0,

which means (z*,7%,0%) € Qq(@)(v*) C Q3()(v*).
Subcase 5.2: a’xj, +b, = 0 and vy, # 0. This implies vy, = Opa with 0, = (||a||~|ve]|) |
0. To get that ﬁ*/\/’(wk)(v,’g) # 0, by Lemmaﬂ, we must have (v}, a) = 0. Then,

=0, zj=>bia and (v;,a)=0.

Letting £k — oo,
r*=0, z*=ba and (v*,a)>0.

Hence (z*,7*,0%) € Q3(w)(v*).

Subcase 5.3: al'xy, + b, < 0. By Lemma it follows that ZA)*N(wk)(vZ) = {(Ogn, O,
Or)}, that is, 2, = 0, 7, = 0 and bj = 0. Letting k — oo, one has z* = 0, r* = 0 and
b* = 0, which gives (z*,r*,b*) € Q3(@)(v*).

Conversely, for any (z*,7%,0*) € Q3(w)(v*), we obtain that r* = 0, z* = b*a and
(v*;a) > 0. Choose 1, = 7, p = (1 — k™17, by = (1 — k~1b. Then, |zx]| < 7,
alzy, + b, = 0 and v, = yea with 7, | 0. Let ry =1, by = b*, 7 = bya and v; = v*.
Then, we have by Lemma Hence (z*,7*,0*) € D*N(w)(v*). The assertion (v)
follows.

Case 6: (v*,T) > 0 and (v*,a) > 0. For (z*,r*,b*) € D*N(w)(v*), follows.
Since (v*,Z) > 0 and (v*,a) > 0, we may assume that (v;,z;) > 0 and (v},a) > 0 for
every k. Fix any k. If vy # 0 then, by Lemmas and E E*N(wk)(v;;) = (). To get
lA)*N(wk)(v,’;) # (), we must have vy = 0. Hence (z},7},b7) € Qa(wy)(v)) U Qu(wp)(vg) U
Q6(wr)(vi) by Lemmas and This follows

(x*,r*,b") € Qa(@) (v*) U (@) (v*) U Q(@)(v"),

which leads to the assertion (vi).

Case 7: (v*,T) =0 and (v*,a) > 0. For (z*,r*,b*) € D*N () (v*), holds. Since
(v*,a) > 0, we may assume that (v},a) > 0 for every k. Fix any k. By Lemmas 3.3
we have (z},75,b5) € Q(wk)(vf) U Qo(wg)(v)) U Qu(w) (vf) U Qf (wi) (v}) U Q6 (wi) (vf).
This gives

(z*,7%,b%) € Qb (@) (v*) U Qu(@)(v*) U QL (@) (v*) U Q6(@) (v*).

The assertion (vii) is proved.

Case 8: (v*,Z) > 0 and (v*,a) = 0. For (z*,r*,b*) € D*N(w)(v*), one gets ([4.1)).
Since (v*,Z) > 0, we may assume that (v}, zy) > 0 for every k > 1. Fix any k. From Lem-
mas [3.1}[3.3it follows that (z}, 7, bf) € Qa(wi) (v]) UL (wi) (vi) UQE (wy,) (v) UQs (wie) (V)
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Letting £ — oo, one has
(z*,7%,b%) € Qu (@) (v*) UQ3(@)(v*) U QE (@) (v*) U Qs(@) (v*).

The assertion (viii) is proved.
Case 9: (v*,T) =0 and (v*,a) = 0. For (z*,7*,b*) € D*N(w)(v*), (4.1) holds. Fix
any k. By Lemmas |3.1 we have

(@5, 7k, 0F) € (Qu(wr) U Q2(wi) U Qs(wi) U Qa(wi) U Q5 (wi) U Q6 (wr)) (vF)-
Passing the latter to limits as k — oo yields
(2,77, b%) € Q@) (v") U Q3(@) (v") U Qs(@) (v") U Q6(@) (v).
The conclusion of the assertion (ix) is shown. The proof is then complete. O

By the above arguments, we get the main result in this section as follows.
Theorem 4.4. For every @ = (z,7,b,0) € gph N, the assertions are valid:
(a) If |Z|| <7 and a’ZT + b < 0, then v =0 and
D*N(w)(v*) = {(Ogn, Or, Or) }.
M) If ||| =7, a’Z+ b < 0, and v = 67 with 0 > 0 then
Qq(w0)(v*) o (v*,T) =0,
DN = d @) )
0 if (v*,T) # 0.
(c) If |z|| =7, a’T+b < 0, and v = 0 then

(Ogns2}  if (0, 7) <0,
DN @)(v") = § Q(@)(v*) if (v*,7) >0,
Q@) (v*) if (v*,T) = 0.

() If |z|| <7, a’Z+b=0, and v = vya with v > 0 then

D*N(w)(’l)*) _ Qg(w)('l)*) Zf <v*,a> = 07
0 if (v*,a) # 0.

(e) If |z|| <7, a’T+b=0, and v = 0 then

{Ogn+2} if (v*,a) <0,
D*N(@)(v*) = ¢ Qu(@)(v*) if (v*,a) >0,
Q3(@)(v*) if (v*,a) =0
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f) If |z| =7, a¥@ + b = 0, and overlinev = 6% + vya with § > 0, v > 0 then

Q5(@)(v") if (v*,0) =0,

D*N () (v*) C
{(Z) if (v*,v) # 0.

(e) If ||| =7, a’T+b =0, and v = 67 with 6 > 0 then

(h) If|z|| =7, a’T+b =0, and

G) If |zl =7, a’+b=0 and v = 0 then

{(Ogn,0r,0r)} if (v*,T) <0 and (v*,a) <0,
Qy (@) (v*) if (v*,7) <0 and (v*,a) >0,
D*N(@)(v*) = { Qo (@) (v*) if (v*,Z) >0 and (v*,a) <0,
QL(w)(v*) if (v*,7) =0 and (v*,a) <0,
\Qg(w)(v*) if (v*,7) <0 and (v*,a) =0
and
Qz(0)(v*)  if (v*, @) >0 and (v*,a) >0,
D@ | BEE) T =0 0 >0
Qo(w)(v*) if (v*, @) >0 and (v*,a) =0,
Qo(@)(v*) if (v*, @) =0 and (v*,a) =0

5. Lipschitzian stability

In this section, we use obtained results and the Mordukhovich criterion (see [16, Theo-

rem 4.10]) for the local Lipschitz-like property of multifunctions to investigate Lipschitzian

stability of (ET(w)) with respect to the linear perturbations. We always assume that

(ET(w)) satisfies LICQ.

The stationary solution set of (ET(w)) is rewritten by S(Q,q,r,b). Recall that (see,
for instance, |7, Proposition 1.3.4]), under LICQ, z is a stationary solution of (ET(w)) if

and only if
<Q$+Qay_$>203 Vye]:(rab)v
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i.e., x is a global optimal solution of the generalized equation
(5.1) 0€ Qx+q+ N(z;F(r,b)).
We can rewrite as follows
y € H(x,z)+ M(x, z),

where y := —q, z := (Q,r,b), H(z,z) :== Qx and M(z,2) := N(z,r,b).

Denote by R?*™ the linear subspace of symmetric n x n matrices in R"*" and put
Z := R™" x R x R. Then, S(-) can be interpreted as the multifunction S: Z x R" = R"
defined by

S(z,y) ={x eR":y € H(z,z) + M(z, 2)}.

Then, we have

S(z,y) = 5(Q,¢,7,b).

The following lemma is used to prove the main theorem.

Lemma 5.1. The set gph N is closed in P := R"™ x (0,4+00) x R x R".

h -
Proof. Suppose that wp = (xg, rg, bg, Uk) gp—J;/ w = (z,7,b,v) € P. We now prove w €

gph V| that is, v € N(z; F(7,b)). Indeed, we consider the following four cases:

Case 1: ||| < 7 and a’Z +b < 0. For every k large enough, ||zx| < 7%, a” 2 + b, < 0
and v = 0. It follows ¥ = 0. Therefore v € N (z; F(7,b)) = {0}.

Case 2: ||Z|| = 7 and a’Z + b < 0. Then, N(7; F(7,b)) = {67,0 > 0}. For every k
large enough, we have a” xj, + by < 0. Fix such a index k. Consider the following subcases:

Subcase 2.1: ||zg|| < 7x. Then, vy =0, and ¥ = 0 € N(T; F(7,b)).

Subcase 2.2: ||zk|| = ri. Then, vy = Oz with

0 < 0 = llax ™" - llvell — 6= ||z~ - |[7].

This yields v = 0% € N(z; F(7,b)).

Case 3: ||Z|| <7 and a’@ + b = 0. Then, N(z;F(7,b)) = {va,v > 0}. For every k
large enough, we have ||zx|| < 7. Fix such a index k. Consider the following subcases:

Subcase 3.1: a’xy + by, < 0. Then vy =0 and T = 0 € N(T; F(7,b)).

Subcase 3.2: aTxy, + by, = 0. In this case, we obtain that v, = Yra, where 0 < vy, =
lal| =t - |lvk|| = 7 with 7 := ||a||~* - ||7]|. It follows that T =7a € N(T; F(7,b)).

Case 4: ||z| = 7 and ¥ + b = 0. Then, N(7; F(7,b)) = pos{T,a}. Fix any k.
Consider the following four subcases:

Subcase 4.1: ||zx| < rr, a’xp + by < 0. Then, v, = 0. This gives that 7 = 0 €
N(z; F(7,0)).
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Subcase 4.2: ||zg|| = r1, alxp+by < 0. Then, vy, = Oz with 0 < Oy, = ||lzk|| =L |lvk]| —

0 :=||z||~! - |[7|| and v = 6z € N(T; F(7,b)).
Subcase 4.3: ||lzg|| < ri, a’xp + by = 0. Then, vy = yra with 0 < v, = |lal| =" - |Jvk|| —
7 :=|la| 7t - ||v||. Thus v = ya € N(z; F(7,b)).

Subcase 4.4: ||x1|| = ri, alzp +by = 0. Then, vy, = Opx), +Yra with 0 > 0 and 43, > 0.
If ||vk|l < +oo then we can assume that v, — 7 > 0. One has

oo = o=l 5 o=l
|z ]
Thus ¥ = 0 + Ja € N(z; F(7,b)).
If ||vg|| — +oco then
0
(5.2) Ok L
Te o Ve

If {6k /1 } is bounded then we can assume that 6y /v — p. From (5.2)) it follows 0 = uZ+a,
contrary to the fact that (ET(w)) satisfies (LICQ). Otherwise, if ||0x/vk|| — +oo then

(15.2)) gives
% Ok

()
: =2+ | — a.
Ye o Yk Yk

Letting & — oo yields 0 = Z. This contradicts the fact that ||Z|| =7 > 0. The lemma is
proved. O

The following theorem estimates the Mordukhovich coderivative of S(-).

Theorem 5.2. Consider the problem (ET(w)) and (z,7,%) € gphS. For each z* € R™,

if (y*,2%) € D*S(Z,y,7)(x*) then
@y* = 21‘*’ Q:} = 73/:5]’ (-’L’*,T‘*,b*) € D*N(Ia Fa 7v6)(7y*),

where Z = (Q,7,b), v =7 — H(Z,%Z) = —q — Q, z* = (Q*,r*,b*) and Q;; is the (i,7)th
element of Q*.

Proof. By Lemma we have N is locally closed around (Z,7,b) € gph\; hence M is
locally closed around (Z,%) € gph M.
With similar analysis the proof of [15, Lemmas 4.1-4.3], we obtain that

D*M (z,7,9)(v") = {(2*, Ognen, *,b%) : (2,7, b%) € D*N(@)(v")}

and
VH(z,2)"(v*) = {Qu"} x (vjT;) x {Or},

where (v/Z;) is the n x n matrix whose (7, j)th element is v;Z;.
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From |14, Theorem 4.3] it follows that

D*S(f, Y, f)(ﬂj‘*) - QH@('Z‘*%
where

Qug(*) = |J {("y") € 2" xR":
v*eR™

(—x*, 2%, y") €e VH(Z,z)*(v*) x {—v*} + D*"M (%, z,7)(v*) % {ORn}}.
For each z* € R", if (y*,2*) € D*S(z,5,T)(x*) then (y*,z*) € Qpy(x*), that is,
—y*f =0, —zF =Quv* + ¥, Qf; =vimy;, (25,07, 0") € D*N (z,7,b,7)(v").
The latter system is equivalent to
Qy'=22", Q= -yT; (2",r"b0")€DNE@T,b0)(—y).
This establishes the desired formula. O

The Mordukhovich criterion (see [16, Theorem 4.10]) for the local Lipschitz-like prop-
erty of multifunctions shows that S(-) is locally Lipschitz-like around (2,7,%) € gph S if
and only if

(5.3) D*S(z,5,7)(0) = {0}.

Since D*S(z,7,Z)(0) = {0} is equivalent to D*S(z,7,%)(0) = {0}, we conclude that S(-)
is locally Lipschitz-like around (z,7,7) € gph S if and only if S is locally Lipschitz-like
around (Q,q,7,b,T) € gph S.

From Theorem it follows that holds if the following system

Qy =0, Qf=-y7;, (0,r"b") € DN@)(-y"),
has a unique solution (Q*,r*,b*, y*) = 0, which is equivalent to that
(5-4) Qy* =0, (0,7,b") € D'N(@)(-y"),
has a unique solution (r*,b*,4*) = 0. If det Q # 0 then reduces to that
(5.5) (0,7*,b*) € D*N (w)(0),

has a unique solution (r*,b*) = 0.
The following theorem shows some sufficient conditions for the local Lipschitz-like

property of S(-).
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Theorem 5.3. The multifunction (@, q,7, g) > S(@, q,7, g) 18 locally Lipschitz-like around
(Q,q,7,b,7) € gph S if at least one of the following conditions is satisfied:

(i) |zl <7, a2+ b < 0 and det Q # 0;
(i) |7 =7, aTT+b< 0 and QT +q = 07, 0 > 0;

(iii) ||| =7, a™2+b < 0, QT +q = 0, rank(Q;Z) = n and (T,u) = 0 for every
u € Null(Q), where Null(Q) := {zx € R" : Qv = 0};

(iv) ||| <7, a’Z+b=0, QT +q = va, v > 0, and rank(Q;a) = n;

V) |zl <7, " +b =0, QT +q = 0, rank(Q;a) = n and {a,u) = 0 for every

u € Null(Q);
(vi) ||Z|| =7, a’ZT +b =0, b is unperturbed and det Q # 0.

Proof. (i) Since ||Z|| < 7 and a’Z + b < 0, we have D*N(@)(—y*) = {(Ogn,Og,0r)}.
Hence has a unique solution (r*,b*,y*) = 0 and S(-) is locally Lipschitz-like around
(Q,q,7,b,7).

(ii) By the assumption that ||Z|| =7, a’Z + b < 0 and Q7 + g = 07, 6 > 0, one gets
D*N (p)(v*) = Q1 (w)(—y*) if (—y*,Z) = 0. Then, yields

— r*

Qy* = Oa 0=—-——o— ay*v b = 07 <y*’f> = 0.
r

Combining —%f — 0y* = 0 with (y*,7) = 0 we have (y*,r7*) = 0. Hence (5.4) has only
one solution (r*,b*,y*) = 0. This leads to the desired conclusion.
(iii) By the assumption that ||Z|| =7, a’Z + b < 0, and QT + g = 0, we obtain

{(Orn,Og,O0r)} if (—y*,Z) <O,
D*N@)(—y") = { Q@) (—y*)  if (—y*,F) > 0,
Q) (—y*) i (—y*,T) =0.

Then, (5.4) follows that

(56) @y* = Oa 0= 77,‘?}3 bt = Oa r* < 07 <y*7f> >0
and
5.7 Oy =0, 0=—"=% b =0, (47 =0.

T

Since (7, u) = 0 for every u € Null(Q), (5.6) gives that Qy* = 0 and hence (y*,T) =
0. It follows that (5.6) has no solution. Combining Qy* = 0 and (y*,Z) = 0 with
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the assumption rank(Q;Z) = n, it implies y* = 0. Hence has unique solution
(r*,b*,y*) = 0. Consequently, in this case, has only one trivial solution and the
conclusion follows.

(iv) Since ||Z|| < 7, a’Z +b = 0 and QT + § = va, v > 0, we have D*N(p)(v*) =
Q3(w)(—y*) if (—y*,a) = 0. Then, gives

Qy*=0, 0=b'a, r*=0, (y*,a)=0.

From assumption rank(Q;a) = n, we get y* = 0. Hence (5.4) has a unique solution
(r*,b*,y*) = 0 and S(-) is locally Lipschitz-like around (Q,q,7,b, 7).
(v) Since ||Z|| < 7, a’Z +b =0, and QT + g = 0, we obtain

{(Ogn,Or,0r)} if (v*,a) <0,
D*N(@)(v*) = { Q@) (v*) if (v*,a) >0,
Q3(w)(v*) if (v*,a) =0
Then, (5.4]) yields
(5.8) Qy*=0, 0=b'a, r"=0, b* >0, (y",a)>0
and
(5.9) Qy =0, 0=ba, r*=0, (y*,a)=0.

By the assumption that (Z,u) = 0 for every u € Null(Q), follows Qy* = 0. Hence
(y*,a) = 0. This gives that has no solution. Since rank(Q;a) = n, has a unique
solution (r*,b*,y*) = 0. Hence in this case, has only one solution (7*,b*,y*) = 0 and
the desired conclusion follows.

(vi) From the assumption that ||Z|| =7 and a’Z + b = 0 it follows that D*N (@) (v*) is
computed and estimated as in parts (vi)—(ix) of Theorem 4.4

Since det Q # 0, we now show that has unique solution (r*,b*) = 0. Indeed,
from the assumption that b is unperturbed it implies b* = 0. Substituting b* = 0 and
v* = —y* = 0 into the formulas in parts (f)—(i) of Theorem 4.4 yields r* = 0.

Consequently, in this case, has only one trivial solution, and S(-) is locally
Lipschitz-like around (Q, q,7,b,Z). The theorem is proved. O

6. Optimality conditions using the coderivative

In the recent years, the coderivative has been used as a helpful tool to characterize the

optimality conditions of the mathematical programming problems. According to [17,
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Proposition 5.1] (applied to (ET'(w))), if T is a local (or global) solution of the problem
(ET(w)) then
—Qz —q € N((F,b,T) : F(T,b)).
The following result gives a necessary condition for the local (or global) solution of the

extended trust region subproblem by using the coderivative tool.

Theorem 6.1. Assume that (Z,w) is a local (or global) solution of the following problem
(6.1) min f(z,Q,q) subject to x € F(r,b),

where w = (Q, q,7,b) and one of the following conditions is satisfied:
(i) (Inverse Aubin (Lipschitz-like) property): F~—' has the Aubin property at T for (¥,b).

(ii) (Metric regularity): There exist a neighborhood V of (7,b), a neighborhood U of T

and a non-negative real number k such that
d((r,b), F~X(z)) < kd(z, F(r,b)) when (r,b) €V, zeU.
(iii) (Linear openness): There exist a neighborhood V of (¥,b), a neighborhood U of T
and a non-negative real number k such that

F((r,b) + keB) D [F(r,b) +eB]NU forallw eV, e>0.

(iv) (Coderivative nonsingularity): 0 € D*N (7,b,Z,0)(v) = 0 only for v = 0.
Then, there exists v* € R™ such that
—Qx —q € D*N(7,b,7,0)(v").

Proof. By |23, Theorem 9.43], we get the assumptions (i), (ii), (iii) and (iv) are equivalent.
The problem (6.1)) can be rewritten as follows:

1
(6.2) min F(w,z) := ixTQa: +¢'z subject to (w,z) € gphS,

w,x

with § being the global solution set of the following problem
miny(w,z) subject to =z € F(w) := F(r,b)

where (w, - ) is constant on F(w).

Consider the problem (6.2)) with (w,Z) being a local (or global) solution of (6.2)) and
use the assumption (iv). Applying Theorem 4.1 in [5] for the problem (6.2), we obtain
that there exists v* € R™ such that

—QT —q € D*N(7,b,7,0)(v").

The proof is complete. O
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Remark 6.2. It is well-known that the normal cone to a convex set is the subdifferential of
its indicator function. According to [16,/17], coderivatives of the normal cone mapping co-
incide with the second-order subdifferentials of the indicator function. Hence, Theorem[6.1]
can be seen as an application of second-order subdifferentials to the characterization of

optimality conditions for nonlinear programming.

7. Conclusions

In this paper, the Fréchet and Mordukhovich coderivatives of the normal cone mapping
related to the parametric eTRS have been computed and estimated in Theorems and
4.4 We have used the obtained results and the Mordukhovich criterion for the locally
Lipschitz-like property of multifunctions to estimate the Mordukhovich coderivative of
S (-) and to provide some sufficient conditions for the locally Lipschitz-like property of
the KKT point set map of parametric eTRS with respect to the linear perturbations. We
have proposed a necessary condition for the local (or global) solution of the extended trust

region subproblem by using the coderivative tool.
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