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The Spectral Method for Long-time Behavior of a Fractional Power

Dissipative System

Hong Lu* and Mingji Zhang

Abstract. In this paper, we consider the fractional complex Ginzburg-Landau equa-

tion in two spatial dimensions with the dissipative effect given by a fractional Lapla-

cian. The periodic initial value problem of the fractional complex Ginzburg-Landau

equation is discretized fully by Galerkin-Fourier spectral method, and the dynami-

cal behaviors of the discrete system are studied. The existence and convergence of

global attractors of the discrete system are obtained by a priori estimates and error

estimates of the discrete solution. The numerical stability and convergence of the

discrete scheme are proved.

1. Introduction

Fractional differential equations have a wide range of applications in physics, biology,

chemistry and other fields of science, such as kinetic theories of systems with chaotic dy-

namics [20, 30], pseudochaotic dynamics [32], dynamics in a complex or porous medium

[18, 25], random walks with a memory and flights [24, 31], obstacle problems [2, 21]. Re-

cently, some of the classical equations of mathematical physics have been postulated with

fractional derivatives to better describe complex phenomena (e.g., [7, 10–12,22,26]).

The Ginzburg-Landau equation [8,9] is one of the most-studied nonlinear equations in

physics. It describes a vast variety of phenomena from nonlinear waves to second-order

phase transitions, from superconductivity, superfluidity, and Bose-Einstein condensation

to liquid crystals and strings in field theory. The Ginzburg-Landau equation with frac-

tional derivatives was suggested in [29] and studied in [26,27], where it is used to describe

processes in media with fractal dispersion or long-range interaction.

In this work, we consider the following fractional complex Ginzburg-Landau equation

[26]:

(1.1) ut = ρu− (1 + iν)(−4)αu− (1 + iµ)|u|2σu, x ∈ R2, t > 0
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with the initial condition and the periodic boundary condition:

u(x, 0) = u0, x ∈ R2,(1.2)

u(x+ 2πei, t) = u(x, t), x ∈ R2, t > 0, i = 1, 2,(1.3)

where ei (i = 1, 2) is an orthonormal basis of R2. In (1.1), i is the imaginary unit, ν, µ, ρ

are real constants, and ρ > 0, σ > 0, α ∈ (1/2, 1).

We would like to point out that the standard complex Ginzburg-Landau equation

(α = 1 in (1.1))

(1.4) ut = ρu+ (1 + iν)4u− (1 + iµ)|u|2σu

has been the object of intense study (see [1, 5, 6, 11,14–16,19]).

In a recent paper [13], the authors studied (1.1)–(1.3) with spatial dimension two and

with the special pure power nonlinearity. They proved the well-posedness and studied the

asymptotic behavior of the solutions, proving the existence of the global attractor. Esti-

mates of the Hausdorff and fractal dimensions for the global attractor were also obtained.

However, these studies depended on the results of numerical experimentation to a

great extent. Thus, it is worth studying whether the numerical results are reliable and

the calculation schemes are suitable. In this paper, we construct a fully discrete classical

Galerkin spectral scheme, which is a nonlinear scheme. We obtain the existence and

convergence of global attractors of the discrete system by a priori estimates and error

estimates of the discrete solution. Then we prove the numerical stability and convergence

of the discrete scheme.

Let Ω = [0, 2π] × [0, 2π] ⊂ R2. Throughout this paper, we denote by ( · , · ) the usual

inner product of L2(Ω), ‖ · ‖Hm the norm of Sobolev spaces Hm(Ω), and ‖ · ‖m = ‖ · ‖Lm(Ω)

(m = 1, 2, . . . ,∞). Let L2
p(Ω) = {ϕ ∈ L2(Ω) | ϕ(x+ 2πei) = ϕ(x), i = 1, 2} with the norm

defined just as that of L2(Ω). Let Hm
p (Ω) = {ϕ ∈ Hm(Ω) | ϕ(x + 2πei) = ϕ(x), i = 1, 2}

with the norm defined just as that of Hm(Ω).

For any given positive integer N , let SN = Span{eik·x : |k| ≤ N} and denote by

PN : L2
P (Ω)→ SN the orthogonal projection operator [3].

Let τ be the mesh size in the variable t, tk = kτ , uk = u(x, tk), ∂tu
k = 1

τ (uk − uk−1).

We construct the Fourier spectral scheme for solving problem (1.1)–(1.3) as follows: to

find ukN ∈ SN such that(
∂tu

k
N − ρukN + (1 + iν)(−4)αukN + (1 + iµ)|ukN |2σukN , ϕ

)
= 0, ∀ϕ ∈ SN , k ≥ 1,(1.5)

u0
N = PNu0.(1.6)

It is a nonlinear iteration scheme, and by applying the fixed point theorem we can

prove that there exists a unique solution ukN for (1.5)–(1.6).
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We remark that in our work we consider periodic boundary conditions, however, we

did not provide detailed justification of how to specify our boundary conditions. For those

who want to learn more details, please refer to [4].

The rest of this paper is organized as follows. In Section 2, some preliminaries and

notations are shown. In Section 3, the existence of discrete attractors AτN is obtained

by a t-independent priori estimates of discrete solutions. In Section 4, the convergence

of discrete attractors AτN is proved by the error estimates of the discrete solutions. In

Section 5, the numerical stability of the discrete scheme is shown.

2. Preliminaries and notations

If u is smooth and 2π-periodic in each of the two coordinates, it can be expressed by a

Fourier series u =
∑

k∈Z2 uke
ik·x. It follows that uxi =

∑
k∈Z2 ikiuke

ik·x (i = 1, 2), and

(−4)α is defined by

(−4)αu =
∑
k∈Z2

|k|2αukeik·x.

Let Hβ = Hβ(Ω) denote the complete Sobolev space of order β under the norm:

‖u‖Hβ =

∑
k∈Z2

|k|2β|uk|2 +
∑
k∈Z2

|uk|2
1/2

.

We denote by Hβ
p those functions that are 2π-periodic in all the coordinate variables

and when restricted to Ω, lie in Hβ(Ω). Throughout this paper, we denote by ( · , · ) the

usual inner product in L2 = L2(Ω;C), ‖ · ‖Hm the norm of Sobolev space Hm(Ω), and

‖ · ‖q = ‖ · ‖Lq(Ω), 1 ≤ q ≤ ∞. In the forthcoming discussion, we use T to denote an

arbitrary positive constant, and use cj (j = 1, 2, . . .) to denote different positive constants

which depend only on the constants ρ, ν, µ, α, and σ. In addition, the following Gagliardo-

Nirenberg inequality [17] is frequently used.

Lemma 2.1. Let Ω ⊂ Rn be a bounded domain having the cone property and let u ∈ Lq(Ω)

and its derivatives of order m, Dmu, belong to Lr(Ω), 1 ≤ q, r ≤ ∞. For the derivatives

Dju, 0 ≤ j < m, the following inequalities hold

(2.1) ‖Dju‖Lp ≤ c(‖Dmu‖Lr + ‖u‖Lq)θ‖u‖1−θLq ,

where
1

p
=
j

n
+ θ

(
1

r
− m

n

)
+ (1− θ)1

q

for all θ in the interval
j

m
≤ θ ≤ 1,
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(the constant c depending only on n, m, j, q, r, and θ), with the following exceptional

case:

If 1 < r < ∞, and m − j − n/r is a nonnegative integer then (2.1) holds only for θ

satisfying j/m ≤ θ < 1.

For the orthogonal projection operator PN , we have the following estimate [3].

Lemma 2.2. If u ∈ Hm
p (Ω), then there exists a constant c independent of u and N such

that

‖u− PNu‖Hs ≤ cN s−m‖Dmu‖ for all 0 ≤ s ≤ m.

The following lemmas are also used in this paper [23].

Lemma 2.3 (Discrete Gronwall’s inequality). Let yk, gk, hk be three nonnegative series

satisfying
yk+1 − yk

τ
≤ gkyk + hk, ∀ k.

Then ∀n > 0, we have

yn ≤ y0 exp

(
τ

n∑
k=0

gk

)
+ τ

n∑
k=0

hk exp

(
τ

n∑
i=k

gi

)
for all k ≤ n+ 1.

Lemma 2.4 (Discrete uniform Gronwall’s inequality). Let yk, gk, hk be three nonnegative

series satisfying
yk+1 − yk

τ
≤ gkyk + hk, ∀ k ≥ k0

and

τ

n0+k1∑
k=k1

gk ≤ α1, τ

n0+k1∑
k=k1

hk ≤ α2, τ

n0+k1∑
k=k1

yk ≤ α3 for all k1 ≥ k0,

with τn0 = r. Then

yk ≤
(α3

r
+ α2

)
eα1 for all k ≥ n0 + k0.

In this paper, to establish the existence of the global attractor of (1.1)–(1.3), we need

the following results [28].

Theorem 2.5. Suppose that H is a Banach space, and {S(t)}t≥0 is a semigroup of con-

tinuous operators, that map H into itself and enjoy the usual semigroup properties:

S(t) · S(τ) = S(t+ τ), S(0) = I,

where I is the identity operator. We also suppose that the operator S(t) satisfies
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(i) operator S(t) is bounded, i.e., for any given R > 0, if ‖u0‖H ≤ R, then there exists

a constant C(R) such that

‖S(t)u0‖H ≤ C(R) for t ∈ [0,∞);

(ii) There is a bounded absorbing set B1 ⊂ H, i.e., for any given bounded set B ⊂ H,

there exists a constant T = T (B) such that

S(t)B ⊂ B1 for t ≥ T ;

(iii) The operator S(t) is a uniformly compact for t > 0 sufficiently large. By this mean

that for every bounded set B there exists a constant t0 = t0(B) such that⋃
t≥t0

S(t)B

is relatively compact in H.

Then the semigroup {S(t)}t≥0 of operators has a compact global attractor A ⊂ H. By this

we mean that

(a) S(t)A = A for all t ≥ 0.

(b) For any given bounded set B ⊂ H, limt→∞ dist(S(t)B,A) = 0, where

dist(X,Y ) = sup
x∈X

inf
y∈Y
‖x− y‖H .

3. Existence of approximation global attractors

We first obtain a priori estimates of the problem (1.5)–(1.6). In what follows, we denote∫
Ω f dx by the notation

∫
f .

Lemma 3.1. Suppose that u0 ∈ L2
p(Ω), then for the solution unN of (1.5)–(1.6), we have

‖unN‖2 + τ

n∑
k=1

(1 + ρτ)k−1−n
(

2‖(−4)α/2ukN‖2 + ρ‖ukN‖2 + ‖ukN‖2σ+2
2σ+2

)
≤ E0

and

lim
n→∞

(
‖unN‖2 + τ

n∑
k=1

(1 + ρτ)k−1−n
(

2‖(−4)α/2ukN‖2 + ρ‖ukN‖2 + ‖ukN‖2σ+2
2σ+2

))
≤ δ0,

where the constant δ0 > 0 is independent of n, τ and ‖u0‖, E0 = E0(‖u0‖) > 0 independent

of n, τ .
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Proof. Letting ϕ = ukN in (1.5) and taking the real part, we obtain

(3.1)
1

2
∂t‖ukN‖2 +

τ

2
‖∂tukN‖2 − ρ‖ukN‖2 + ‖(−4)α/2ukN‖2 + ‖ukN‖2σ+2

2σ+2 = 0.

Applying Young’s inequality, we see that

4ρ‖ukN‖2 = 4ρ

∫
|ukN |2 ≤ ‖ukN‖2σ+2

2σ+2 + ρ
4σ

σ + 1

(
4ρ

σ + 1

)1/σ

|Ω|.

Then (3.1) can be rewritten as

∂t‖ukN‖2 + 2‖(−4)α/2ukN‖2 + 2ρ‖ukN‖2 + ‖ukN‖2σ+2
2σ+2

≤ ρ 4σ

σ + 1

(
4ρ

σ + 1

)1/σ

|Ω| = ρδ0.
(3.2)

Multiplying (3.2) by (1 + ρτ)k−1, and summing them for k from 1 to n, we have

‖unN‖2 + τ
n∑
k=1

(1 + ρτ)k−1−n
(

2‖(−4)α/2ukN‖2 + ρ‖ukN‖2 + ‖ukN‖2σ+2
2σ+2

)
≤ (1 + ρτ)−n‖u0‖2 + δ0.

(3.3)

Let E0 = ‖u0‖2 + δ0, then (3.3) implies

‖unN‖2 + τ

n∑
k=1

(1 + ρτ)k−1−n
(

2‖(−4)α/2ukN‖2 + ρ‖ukN‖2 + ‖ukN‖2σ+2
2σ+2

)
≤ E0.

Therefore,

lim
n→∞

(
‖unN‖2 + τ

n∑
k=1

(1 + ρτ)k−1−n
(

2‖(−4)α/2ukN‖2 + ρ‖ukN‖2 + ‖ukN‖2σ+2
2σ+2

))
≤ δ0.

This completes the proof.

Following from the above lemma, one has

Corollary 3.2. For any δ̂0 > δ0 and R > 0, if ‖u0‖2 ≤ R, then

‖unN‖2 ≤ δ̂0 for all n ≥ n0 =
ln
(
R/(δ̂0 − δ0)

)
ln(1 + ρτ)

.

Lemma 3.3. Suppose that u0 ∈ H1
p (Ω), and σ satisfies the following condition

σ ≤ 1√
1 + µ2 − 1

,
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then for the solution ukN of (1.5)–(1.6), we have

‖∇unN‖2 + τ
n∑
k=1

(1 + ρτ)k−1−n‖(−4)(α+1)/2ukN‖2 ≤ E1 for all n ≥ 1,

and

lim
n→∞

(
‖∇unN‖2 + τ

n∑
k=1

(1 + ρτ)k−1−n‖(−4)(α+1)/2ukN‖2
)
≤ δ1,

where the constant δ1 > 0 is independent of n, τ and ‖u0‖, E1 = E1(‖u0‖H1) > 0

independent of n, τ .

Proof. Setting ϕ = −4ukN in (1.5) and taking the real part, we obtain

1

2
∂t‖∇ukN‖2 +

τ

2
‖∂t∇ukN‖2 − ρ‖∇ukN‖2

+ ‖(−4)(α+1)/2ukN‖2 − Re(1 + iµ)(|ukN |2σukN ,4ukN ) = 0.
(3.4)

Integrating by parts, we infer that

− Re(1 + iµ)(|ukN |2σukN ,4ukN )

= Re(1 + iµ)

∫ (
(σ + 1)|ukN |2σ|∇ukN |2 + σ|ukN |2(σ−1)(ukN∇ukN )2

)
=

1

2

∫
|ukN |2(σ−1)

(
2(σ + 1)|ukN |2|∇ukN |2 + σ(1 + iµ)(ukN∇ukN )2 + σ(1− iµ)(ukN∇ukN )2

)
=

1

2

∫
|ukN |2(σ−1)YMY H ,

where

Y =

ukN∇ukN
ukN∇ukN

H

, M =

 σ + 1 σ(1 + iµ)

σ(1− iµ) σ + 1

 ,

and Y H is the conjugate transpose of the matrix Y . We observe that the condition

σ ≤ 1√
1 + µ2 − 1

implies that the matrix M is nonnegative definite. Then (3.4) can be rewritten as

(3.5)
1

2
∂t‖∇ukN‖2 +

τ

2
‖∂t∇ukN‖2 − ρ‖∇ukN‖2 + ‖(−4)(α+1)/2ukN‖2 ≤ 0.

Using Gagliardo-Nirenberg inequality, we deduce that

(3.6) 3ρ‖∇ukN‖2 ≤ ‖(−4)(α+1)/2ukN‖2 + c‖ukN‖2.

Combining (3.5) and (3.6), we infer that

(3.7) ∂t‖∇ukN‖2 + ‖(−4)(α+1)/2ukN‖2 + ρ‖∇ukN‖2 ≤ c‖ukN‖2.
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Multiplying (3.7) by (1+ρτ)k−1, summing them for k from 1 to n, and applying Lemma 3.1,

we deduce that

‖∇unN‖2 + τ
n∑
k=1

(1 + ρτ)k−1−n‖(−4)(α+1)/2ukN‖2

≤ (1 + ρτ)−n‖∇u0‖2 + cτ
n∑
k=1

(1 + ρτ)k−1−n‖ukN‖2

≤ (1 + ρτ)−n‖∇u0‖2 +
c

ρ

(
(1 + ρτ)−n‖u0‖2 + δ0

)
≤ (1 + ρτ)−n

(
‖∇u0‖2 +

c

ρ
‖u0‖2

)
+
c

ρ
δ0.

Let E1 = ‖∇u0‖2 + c
ρ(‖u0‖2 + δ0) and δ1 = c

ρδ0. Thus we obtain that

‖∇unN‖2 + τ
n∑
k=1

(1 + ρτ)k−1−n‖(−4)(α+1)/2ukN‖2 ≤ E1 for all n ≥ 1

and

lim
n→∞

(
‖∇unN‖2 + τ

n∑
k=1

(1 + ρτ)k−1−n‖(−4)(α+1)/2ukN‖2
)
≤ δ1,

which completes the proof of this lemma.

By the above lemma, we obtain the following corollary:

Corollary 3.4. For any δ̂1 > δ1 and R > 0, if ‖u0‖2H1 ≤ R, then there exists n1 =

n1(R) > n0 such that

‖∇unN‖2 ≤ δ̂1 for all n ≥ n1.

Lemma 3.5. Suppose that u0 ∈ H1+α
p (Ω), then for the solution ukN of (1.5)–(1.6), we

have

‖(−4)(1+α)/2unN‖2 + τ

n∑
k=1

(1 + ρτ)k−1−n‖(−4)1/2+αukN‖2 ≤ E2

and

lim
n→∞

(
‖(−4)(1+α)/2unN‖2 + τ

n∑
k=1

(1 + ρτ)k−1−n‖(−4)1/2+αukN‖2
)
≤ δ2,

where the constant δ2 > 0 is independent of n, τ and ‖u0‖H1+α, E2 = E2(‖u0‖H1+α) > 0

independent of n, τ .

Proof. Setting ϕ = (−4)1+αukN in (1.5) and taking the real part, we obtain

∂t‖(−4)(1+α)/2ukN‖2 + τ‖∂t(−4)(1+α)/2ukN‖2

− 2ρ‖(−4)(1+α)/2ukN‖2 + 2‖(−4)α+1/2ukN‖2

= −2 Re(1 + iµ)(|ukN |2σukN , (−4)1+αukN ).

(3.8)
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Using Hölder inequality, Gagliardo-Nirenberg inequality and Young’s inequality, we infer

that, when σ < 1 + α, we have

− 2 Re(1 + iµ)(|ukN |2σukN , (−4)1+αukN )

≤ 2
√

1 + µ2
∣∣∣(∇(|ukN |2σukN ), (−4)1/2+αukN

)∣∣∣
≤ 2(1 + 2σ)

√
1 + µ2

∫
|ukN |2σ|∇ukN ||(−4)1/2+αukN |

≤ 2(1 + 2σ)
√

1 + µ2‖(−4)1/2+αukN‖‖∇ukN‖‖ukN‖2σ∞

≤ 1

2
‖(−4)1/2+αukN‖2 + c‖∇ukN‖2‖ukN‖4σ∞

≤ 1

2
‖(−4)1/2+αukN‖2

+ c‖∇ukN‖2
(
‖(−4)(1+α)/2ukN‖+ ‖ukN‖

)4σ/(α+1)
‖ukN‖4σα/(α+1)

≤ 1

2
‖(−4)1/2+αukN‖2 + c‖∇ukN‖2‖(−4)(1+α)/2ukN‖4

+ c‖∇ukN‖2
(
‖ukN‖4σα/(α+1−σ) + ‖ukN‖4

)

(3.9)

and

3ρ‖(−4)(1+α)/2ukN‖2 ≤ c‖ukN‖
2(1+α)/(2α+1)
H1+2α ‖ukN‖2α/(2α+1)

≤ 1

2
‖(−4)1/2+αukN‖2 + c‖ukN‖2.

(3.10)

Combining (3.8)–(3.10), we deduce that

∂t‖(−4)(1+α)/2ukN‖2 + ρ‖(−4)(1+α)/2ukN‖2 + ‖(−4)1/2+αukN‖2

≤ gk‖(−4)(1+α)/2ukN‖2 + hk,
(3.11)

where

gk = c‖∇ukN‖2‖(−4)(1+α)/2ukN‖2, hk = c‖∇ukN‖2
(
‖ukN‖4σα/(α+1−σ) + ‖ukN‖4

)
.

Applying (3.7) of Lemma 3.3, Corollaries 3.2 and 3.4, for any n ≥ n1 and any given

r > 0, k0 satisfying k0τ = r, we obtain that

τ

n+k0∑
k=n

gk = cτ

n+k0∑
k=n

‖∇ukN‖2‖(−4)(1+α)/2ukN‖2

≤ cδ̂1

(
cτ

n+k0∑
k=n

‖ukN‖2 + ‖∇un−1
N ‖2

)
≤ cδ̂1(crδ̂0 + δ̂1) , α1,

τ

n+k0∑
k=n

hk = cτ

n+k0∑
k=n

‖∇ukN‖2
(
‖ukN‖4σα/(α+1−σ) + ‖ukN‖4

)
≤ cδ̂1r

(
δ̂

2σα/(α+1−σ)
0 + δ̂2

0

)
, α2
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and

τ

n+k0∑
k=n

yk = cτ

n+k0∑
k=n

‖(−4)(1+α)/2ukN‖2 ≤ cτ
n+k0∑
k=n

‖ukN‖2 + ‖∇un−1
N ‖2 ≤ crδ̂0 + δ̂1 , α3.

Applying Lemma 2.4, we obtain that

(3.12) ‖(−4)(1+α)/2ukN‖2 ≤
(α3

r
+ α2

)
eα1 , δ̂2 for all n ≥ n̂2 = n1 + k0.

For n ≤ n̂2, using Lemma 2.3 for (3.11) and applying Lemmas 3.1 and 3.3, we have

‖(−4)(1+α)/2unN‖2 ≤ ‖(−4)(1+α)/2u0‖2ectnE1(E0+E1)

+ ctnE1

(
E

2σα/(α+1−σ)
0 + E2

0

)
ectn−kE1(E0+E1)

, Ẽ2.

(3.13)

Let E2 = max
{
δ̂2, Ẽ2

}
, then from (3.12) and (3.13) we deduce that

‖(−4)(1+α)/2unN‖2 ≤ E2 for all n ≥ 1.

Applying (3.11), above equality and Lemma 3.3, we deduce that

(1 + ρτ)‖(−4)(1+α)/2ukN‖2 − ‖(−4)(1+α)/2uk−1
N ‖2 + τ‖(−4)1/2+αukN‖2

≤ τgk‖(−4)(1+α)/2ukN‖2 + τhk ≤ ĉτ,
(3.14)

where ĉ = cE1(E2
2 + E

2σα/(α+1−σ)
0 + E2

0).

Multiplying (3.14) by (1 + ρτ)k−1, summing them for k from 1 to n, and applying

Lemmas 3.1 and 3.3, we have

‖(−4)(1+α)/2unN‖2 + τ

n∑
k=1

(1 + ρτ)k−1−n‖(−4)1/2+αukN‖2

≤ (1 + ρτ)−n‖(−4)(1+α)/2u0‖2 + ĉτ

n∑
k=1

(1 + ρτ)k−1−n

≤ (1 + ρτ)−n‖(−4)(1+α)/2u0‖2 +
ĉ

ρ
.

It follows that

(3.15) lim
n→∞

(
‖(−4)(1+α)/2unN‖2 + τ

n∑
k=1

(1 + ρτ)k−1−n‖(−4)1/2+αukN‖2
)

=
ĉ

ρ
:= δ2.

The proof of is completed.

Corollary 3.6. For any δ̂2 > δ2 and R > 0, if ‖u0‖2H1+α ≤ R, then

‖(−4)(1+α)/2unN‖2 ≤ δ̂2 for all n ≥ n̂2.
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Corollary 3.7. Suppose that u0 ∈ H1+α
p (Ω). One has

‖ukN‖2∞ ≤ C(δ̂0, δ̂2) , δ̂∞ for all n ≥ n̂2

and

‖ukN‖2∞ ≤ C(E0, E2) , E∞ for all n ≥ 1.

Lemma 3.8. Suppose that u0 ∈ H2
p (Ω). For the solution ukN of (1.5)–(1.6), one has

‖4unN‖2 + τ
n∑
k=1

(1 + ρτ)k−1−n‖(−4)1+α/2ukN‖2 ≤ E3 for all n ≥ 1,

lim
n→∞

(
‖4unN‖2 + τ

n∑
k=1

(1 + ρτ)k−1−n‖(−4)1+α/2ukN‖2
)
≤ δ3

and

‖∂tukN‖2 ≤ E4 for all n ≥ 1,

where E3 depends on only ‖u0‖H2, E0, E1 and E2, the constant E4 depends on only

‖u0‖H2, E0, E1 and E3, and δ3 > 0 depends on δ0, δ1, δ2 and ‖u0‖H2.

Proof. Setting ϕ = 42ukN in (1.5) and taking the real part, we obtain

∂t‖4ukN‖2 + τ‖∂t4ukN‖2 − 2ρ‖4ukN‖2 + 2‖(−4)1+α/2ukN‖2

= −2 Re(1 + iµ)(|ukN |2σukN ,42ukN ).
(3.16)

Integrating by parts, we deduce that

(|ukN |2σukN ,42ukN )

= 2(σ2 + σ)
(
|ukN |2σ−2|∇ukN |2ukN ,4ukN

)
+ σ

(
(1 + σ)|ukN |2σ−2(∇ukN )2ukN + (σ − 1)|ukN |2σ−4(∇ukN )2(ukN )3,4ukN

)
+ σ

(
|ukN |2σ−24ukN (ukN )2,4ukN

)
+ (1 + σ)

(
|ukN |2σ4ukN ,4ukN

)
.

(3.17)

Similarly to (3.5), by the condition

σ ≤ 1√
1 + µ2 − 1

we obtain that

− Re(1 + iµ)(1 + σ)(|ukN |2σ4ukN ,4ukN )− Re(1 + iµ)σ(|ukN |2σ−24ukN (ukN )2,4ukN )

= −1

2

∫
|ukN |2σ−2

(
2(1 + σ)|ukN |2|4ukN |2 + σ(1 + iµ)(ukN4ukN )2 + σ(1− iµ)(ukN4ukN )2

)
= −1

2

∫
|ukN |2(σ−1)Y1MY H

1 ≤ 0,

(3.18)
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where

Y1 =

ukN4ukN
ukN4ukN

H

, M =

 σ + 1 σ(1 + iµ)

σ(1− iµ) σ + 1

 ,

and Y H
1 is the conjugate transpose of the matrix Y1. Applying Hölder inequality, Gaglizardo-

Nirenberg inequality and Young’s inequality, we obtain the following estimates when

σ ≥ 1/2,

(3σ + 1)(σ + 1)
√

1 + µ2

∫
|ukN |2σ−1|∇ukN |2|4ukN |

≤ (3σ + 1)(σ + 1)
√

1 + µ2‖4ukN‖‖∇ukN‖24‖ukN‖2σ−1
∞

≤ c‖∇ukN‖44‖ukN‖2(2σ−1)
∞ + ‖4ukN‖2

≤ c
(
‖(−4)1+α/2ukN‖+ ‖∇ukN‖

)2/(α+1)
‖∇ukN‖2(2α+1)/(α+1)‖ukN‖2(2σ−1)

∞ + ‖4ukN‖2

≤ 1

4
‖(−4)1+α/2ukN‖2 + c

(
‖∇ukN‖2 + ‖∇ukN‖2(2α+1)/α‖ukN‖2(α+1)(2σ−1)/α

∞

)
+ ‖4ukN‖2.

(3.19)

By (3.17)–(3.19), we deduce that

− 2 Re(1 + iµ)(|ukN |2σukN ,42ukN )

≤ 1

2
‖(−4)1+α/2ukN‖2 + c

(
‖∇ukN‖2 + ‖∇ukN‖2(2α+1)/α‖ukN‖2(α+1)(2σ−1)/α

∞

)
+ 2‖4ukN‖2.

(3.20)

Plugging (3.20) into (3.16), we obtain

∂t‖4ukN‖2 + τ‖∂t4ukN‖2 +
3

2
‖(−4)1+α/2ukN‖2

≤ 2(ρ+ 1)‖4ukN‖2 + c
(
‖∇ukN‖2 + ‖∇ukN‖2(2α+1)/α‖ukN‖2(α+1)(2σ−1)/α

∞

)
.

(3.21)

Applying Gaglizardo-Nirenberg inequality and Young’s inequality, one has

(3ρ+ 2)‖4ukN‖2 ≤ (3ρ+ 2)c‖ukN‖
4/(2+α)
H2+α ‖ukN‖(2α)/(2+α) ≤ 1

2
‖(−4)1+α/2ukN‖2 + c‖ukN‖2.

Then (3.21) can be rewritten as

∂t‖4ukN‖2 + ‖(−4)1+α/2ukN‖2 + ρ‖4ukN‖2

≤ c
(
‖ukN‖2 + ‖∇ukN‖2 + ‖∇ukN‖2(2α+1)/α‖ukN‖2(α+1)(2σ−1)/α

∞

)
.

(3.22)

Applying Corollaries 3.2, 3.4 and 3.7, for any n ≥ n̂2 and any given r > 0, k0 satisfying

k0τ = r, we obtain that

τ

n+k0∑
k=n

h̃k = cτ

n+k0∑
k=n

(
‖ukN‖2 + ‖∇ukN‖2 + ‖∇ukN‖2(2α+1)/α‖ukN‖2(α+1)(2σ−1)/α

∞

)
≤ cr

(
δ̂0 + δ̂1 + δ̂

(2α+1)/α
1 δ̂(α+1)(2σ−1)/α

∞

)
, α̃2
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and

τ

n+k0∑
k=n

ỹk = cτ

n+k0∑
k=n

‖4ukN‖2 ≤ cτ
n+k0∑
k=n

‖ukN‖
4/(2α+1)
H1+2α ‖ukN‖2(2α−1)/(2α+1)

≤ cτ
n+k0∑
k=n

(
‖(−4)1/2+αukN‖2 + ‖ukN‖2

)

≤ cτ
n+k0∑
k=n

(
‖ukN‖2 + ‖∇ukN‖2

(
‖(−4)(1+α)/2ukN‖4 + ‖ukN‖4σα/(α+1−σ) + ‖ukN‖4

))
+ ‖(−4)(1+α)/2un−1

N ‖2

≤ cr
(
δ̂0 + δ̂2

1(δ̂2
0 + δ̂

2σα/(α+1−σ)
0 + δ̂2

2)
)

+ δ̂2 , α̃3.

Applying Lemma 2.4, one has

(3.23) ‖4ukN‖2 ≤
α̃3

r
+ α̃2 , δ̂3 for all n ≥ n̂3 = n̂2 + k0.

For n ≤ n̂3, summing (3.22) for k from 1 to n and applying Lemmas 3.1 and 3.3, we obtain

(3.24) ‖4ukN‖2 ≤ ‖4u0‖2 + c
(
E0 + E1 + E

(2α+1)/α
1 E(α+1)(2σ−1)/α

∞

)
tn̂3

, Ẽ3.

Let E3 = max
{
δ̂3, Ẽ3

}
, it follows from (3.23) and (3.24) that

(3.25) ‖4ukN‖2 ≤ E3 for all n ≥ 1.

Similarly to (3.15), one has

lim
n→∞

(
‖4unN‖2 + τ

n∑
k=1

(1 + ρτ)k−1−n‖(−4)1+α/2ukN‖2
)
≤ δ3.

Now we estimate ‖∂tukN‖2. Let vkN = ∂tu
k
N , applying (1.5), we deduce that {vkN}k≥1

satisfies

(3.26)

(
∂tv

k
N − ρvkN + (1 + iν)(−4)αvkN +

1 + iµ

τ

(
|ukN |2σukN − |uk−1

N |2σuk−1
N

)
, ϕ

)
= 0.

Setting ϕ = vkN in (3.26) and taking the real part, we obtain

∂t‖vkN‖2 + 2‖(−4)α/2vkN‖2 − 2ρ‖vkN‖2

+
2

τ
Re(1 + iµ)

∫ (
|ukN |2σukN − |uk−1

N |2σuk−1
N

)
vkN ≤ 0.

(3.27)

Now we estimate the last two terms in (3.26). First, in view of Taylor’s formula, we can

easily check that for σ ≤ 1/(
√

1 + µ2 − 1), one has

Re(1 + iµ)

∫ (
|ukN |2σukN − |uk−1

N |2σuk−1
N

)
vkN ≥ 0.
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Applying (1.5), we have

2ρ‖vkN‖2 = 2ρ

∫ (
ρukN − (1 + iν)(−4)αukN − (1 + iµ)|ukN |2σukN

)
vkN

≤ ρ‖vkN‖2 + 6ρ3‖ukN‖2 + 6ρ(1 + ν2)‖(−4)αukN‖2 + 6ρ(1 + µ2)‖ukN‖
2(2σ+1)
2(2σ+1).

It follows that

ρ‖vkN‖2 = ρ

∫ (
ρukN − (1 + iν)(−4)αukN − (1 + iµ)|ukN |2σukN

)
vkN

≤ 6ρ3‖ukN‖2 + 6ρ(1 + ν2)‖(−4)αukN‖2 + 6ρ(1 + µ2)‖ukN‖
2(2σ+1)
2(2σ+1)

≤ 6ρ3‖ukN‖2 + 6cρ(1 + ν2)‖ukN‖2αH2‖ukN‖2(1−α) + 6cρ(1 + µ2)‖ukN‖2σH2‖ukN‖2(1+σ).

Therefore, (3.27) can be rewritten as

∂t‖vkN‖2 + 2‖(−4)α/2vkN‖2 + 2ρ‖vkN‖2

≤ 24ρ
(
ρ2‖ukN‖2 + c(1 + ν2)‖ukN‖2αH2‖ukN‖2(1−α) + c(1 + µ2)‖ukN‖2σH2‖ukN‖2(1+σ)

)
.

(3.28)

Applying Corollaries 3.2 and 3.4, for any n ≥ n̂3 and any given r > 0, k0 satisfying

k0τ = r, we obtain that

τ

n+k0∑
k=n

ĥk

= 24ρτ

n+k0∑
k=n

(
ρ2‖ukN‖2 + c(1 + ν2)‖ukN‖2αH2‖ukN‖2(1−α) + c(1 + µ2)‖ukN‖2σH2‖ukN‖2(1+σ)

)
≤ 24ρr

(
ρ2δ̂0 + c(1 + ν2)(δ̂0 + δ̂3)αδ̂1−α

0 + c(1 + µ2)(δ̂0 + δ̂3)σ δ̂1+σ
0

)
, α̂2

and

τ

n+k0∑
k=n

ŷk = τ

n+k0∑
k=n

‖vkN‖2

≤ 6τ

n+k0∑
k=n

(
ρ2‖ukN‖2 + c(1 + ν2)‖ukN‖2αH2‖ukN‖2(1−α) + c(1 + µ2)‖ukN‖2σH2‖ukN‖2(1+σ)

)
≤ 6r

(
ρ2δ̂0 + c(1 + ν2)(δ̂0 + δ̂3)αδ̂1−α

0 + c(1 + µ2)(δ̂0 + δ̂3)σ δ̂1+σ
0

)
, α̂3.

Applying Lemma 2.4, we obtain that

(3.29) ‖vkN‖2 ≤
α̃3

r
+ α̃2 , δ̂4 for all n ≥ n̂4 = n̂3 + k0.

For n ≤ n̂4, summing (3.28) for k from 2 to n and applying Lemmas 3.1 and 3.3, one has

‖vkN‖2 ≤ ‖v1
N‖2

+ 24ρ
(
ρ2E0 + c(1 + ν2)(E0 + E3)αE1−α

0 + c(1 + µ2)(E0 + E3)σE1+σ
0

)
tn̂4
.

(3.30)
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Here we need to estimate ‖v1
N‖2. Letting ϕ = ∂tu

k
N in (1.5), taking the real part and

setting k = 1, one has

‖∂tu1
N‖2 − ρRe(u1

N , ∂tu
1
N ) + Re(1 + iν)((−4)αu1

N , ∂tu
1
N )

+ Re(1 + iµ)(|u1
N |2σu1

N , ∂tu
1
N ) = 0.

(3.31)

We estimate every term on the left-hand side of (3.31) below. First, applying the proof of

Lemma 3.1, we have∣∣ρRe(u1
N , ∂tu

1
N )
∣∣ ≤ ρ‖∂tu1

N‖‖u1
N‖ ≤

1

6
‖∂tu1

N‖2 +
3

2
ρ2(‖u0‖2 + δ0).

Secondly,

Re(1 + iν)((−4)αu1
N , ∂tu

1
N )

= Re(1 + iν)
(
τ(−4)α∂tu

1
N , ∂tu

1
N

)
+ Re(1 + iν)

(
(−4)αu0, ∂tu

1
N

)
= τ‖(−4)α/2∂tu

1
N‖2 + Re(1 + iν)

(
(−4)αu0, ∂tu

1
N

)
,

where ∣∣Re(1 + iν)
(
(−4)αu0, ∂tu

1
N

)∣∣ ≤ 1

6
‖∂tu1

N‖2 +
3

2
(1 + ν2)‖(−4)αu0‖2

≤ 1

6
‖∂tu1

N‖2 +
3

2
c(1 + ν2)‖u0‖2αH2‖u0‖2(1−α).

Finally,

Re(1 + iµ)(|u1
N |2σu1

N , ∂tu
1
N )

= Re(1 + iµ)(|u1
N |2σu1

N − |u0|2σu0, ∂tu
1
N ) + Re(1 + iµ)(|u0|2σu0, ∂tu

1
N ).

Applying Taylor’s formula, we can easily check that for σ ≤ 1/(
√

1 + µ2 − 1), one has

Re(1 + iµ)(|u1
N |2σu1

N − |u0|2σu0, ∂tu
1
N ) ≥ 0.

Using Young’s inequality and Gaglizardo-Nirenberg inequality, we deduce∣∣Re(1 + iµ)(|u0|2σu0, ∂tu
1
N )
∣∣ ≤ 1

6
‖∂tu1

N‖2 +
3

2
c(1 + µ2)‖u0‖2σH2‖u0‖2(1−σ).

Thus substituting the above relations into (3.31) and applying Lemma 3.1 and (3.25), we

obtain

‖v1
N‖2 = ‖∂tu1

N‖2 ≤ 3ρ2(‖u0‖2 + δ0)

+ 3c
(

(1 + ν2)‖u0‖2αH2‖u0‖2(1−α) + (1 + µ2)‖u0‖2σH2‖u0‖2(1−σ)
)

, δ̂5.

(3.32)
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Thus (3.30) can be rewritten as

‖vkN‖2 ≤ δ̂5 + 24ρ
(
ρ2E0 + c(1 + ν2)(E0 + E3)αE1−α

0 + c(1 + µ2)(E0 + E3)σE1−σ
0

)
tn̂4

, Ẽ4.

(3.33)

Let E4 = max
{
δ̂4, δ̂5, Ẽ4

}
, then from (3.29), (3.32) and (3.33), we deduce that

‖∂tukN‖2 = ‖vkN‖2 ≤ E4 for all n ≥ 1.

This completes the proof.

On the basis of Theorem 2.5, we obtain our main result of this section.

Theorem 3.9. Suppose that u0 ∈ H2
p (Ω) and σ satisfies the following condition

1

4
≤ σ ≤ min

{
1√

1 + µ2 − 1
, 1 + α

}
.

The semigroup {SτN (n)}n≥0 of operators generated by problem (1.5)–(1.6) has a compact

global attractor AτN ⊂ H2
p (Ω) ∩ SN .

Proof. This theorem can be proved by checking the conditions (i)–(iii) in Theorem 2.5.

Let the Banach space H = H2
p (Ω) ∩ SN and {SτN} be a set of the operator semigroup,

which is the solution operator generated by problem (1.5)–(1.6).

First, supposing that B = {u0
N ∈ H2

p (Ω) ∩ SN : ‖u0
N‖2H2 ≤ R}, using the results of the

Lemmas 3.1, 3.3, 3.5 and 3.8, we deduce that

‖SτN (n)u0
N‖2H2 ≤ E0 + E1 + E3 for all n ≥ 0,

which means that {SτN (n)}n≥0 are uniformly bounded in H2
p (Ω).

Secondly, thanks to the results of the Lemmas 3.1, 3.3, 3.5 and 3.8, we infer that

‖SτN (n)u0
N‖2H2 = ‖unN‖2H2 ≤ δ̂0 + δ̂1 + δ̂3 for all n ≥ n̂3(R).

It follows that the set B1 =
{
u ∈ H2

p (Ω) ∩ SN : ‖u‖2H2 ≤ δ̂0 + δ̂1 + δ̂3

}
is the bounded

absorbing set of the semigroup of operators {SτN (n)}n≥0.

Finally, the operators {SτN (n)}n≥0 are uniformly compact for all n ≥ 0, since the

boundedness is equivalent to the compactness in the finite dimensional space H2
p (Ω)∩SN .

Our result then follows from Theorem 2.5.
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4. Convergence of the global attractors AτN

In this section, the existence of the convergence of the discrete attractor AτN is proved.

To this end, we need the following result from [13].

Theorem 4.1. Assume that u0 ∈ H2
p (Ω), σ satisfies the following condition

1

2
≤ σ ≤ min

{
1√

1 + µ2 − 1
, 1 + α

}
.

Then there exists a unique global smooth solution u = u(x, t) for the problem (1.1)–(1.3)

such that

u ∈ L∞(0, T ;H2
p (Ω)) ∩ L2(0, T ;H2+α

p (Ω)), ut ∈ L∞(0, T ;L1
p(Ω)) ∩ L2(0, T ;H1

p (Ω))

and ∫ t

0
(‖u‖2H2+α + ‖ut‖2H1) dt ≤ c(t+ 1), ∀ t ≥ 0,

t‖u‖2H2+α ≤ c(t2 + 1), ∀ t ≥ 0.

Moreover, there exists a global attractor A ⊂ H2
p (Ω) of the semigroup {S(t)}t≥0 of opera-

tors generated by problem (1.1)–(1.3), i.e., there is a set A such that

(i) S(t)A = A, t ∈ R+,

(ii) limt→∞ dist(S(t)B,A) = 0 for any bounded B ⊂ H2
p (Ω), where

dist(X,Y ) = sup
x∈X

inf
y∈Y
‖x− y‖E .

Furthermore, we need the following theorem from [28].

Theorem 4.2. Assume that

(i) {Hη}0<η≤η0 is a family of closed subspaces of Banach space H such that
⋃

0<η≤η0 Hη

is dense in H.

(ii) Sη(t) : Hη → Hη and S(t) : H → H are the global attractors of Sη(t) and S(t),

respectively.

(iii) For every compact interval I ⊂ (0,+∞),

ζη(I) = sup
u0∈Hη

sup
t∈I

dist(Sη(t)u0, S(t)u0)→ 0 as η → 0.

Then Aη is convergent to A in the sense of semi-distance:

dist(Aη,A)→ 0 as η → 0.
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Finally, similar to Lemmas 3.1, 3.3, 3.5 and 3.8, one has the following result.

Lemma 4.3. Under the hypotheses of Theorem 3.9, for all t ∈ R+, we obtain the estimates

for the smooth solution u(x, t) of problem (1.1)–(1.3)∫ t

0

(
‖(−4)1+α/2u‖2 + ‖(−4)1−α/2ut‖2

)
dt ≤ c(t+ 1),

t‖(−4)1−α/2ut‖2 +

∫ t

0
s
(
‖(−4)1−αutt‖2 + ‖4ut‖2 + ‖utt‖2 + ‖∇utt‖2

)
ds ≤ c(t2 + 1),

t2(‖(−4)1−αutt‖2 + ‖4ut‖2)

+

∫ t

0
s2
(
‖(−4)1+α/2ut‖2 + ‖(−4)1−α/2utt‖2 + ‖∇utt‖2

)
ds ≤ c(t3 + 1),

t3‖(−4)1−α/2utt‖2 +

∫ t

0
s3‖4utt‖2 ds ≤ c(t4 + 1),

where the constant c is independent of t.

Proof. We only provide the proof for the first two inequalities. The other two can be

proved similarly. First note that, by the definition of (−4)α, one has, if β ≤ 1/2,

‖(−4)βu‖2 =
∑
k∈Z2

|k|4β|uk|2 ≤

∑
k∈Z2

|k|2|uk|2
2β∑

k∈Z2

|uk|2
1−2β

= ‖(−4)1/2u‖4β‖u‖2−4β,

if β ≤ 1,

‖(−4)βu‖2 =
∑
k∈Z2

|k|4β|uk|2 ≤

∑
k∈Z2

|k|4|uk|2
β∑

k∈Z2

|uk|2
1−β

= ‖4u‖2β‖u‖2−2β.

It follows that

‖(−4)βu‖ ≤ ‖(−4)1/2u‖2β‖u‖1−2β = ‖∇u‖2β‖u‖1−2β, β ≤ 1

2
,(4.1)

‖(−4)βu‖ ≤ ‖4u‖β‖u‖1−β, β ≤ 1,(4.2)

‖(−4)m/2+βu‖ ≤ ‖(−4)(m+1)/2u‖(m+2β)/(m+1)‖u‖(1−2β)/(m+1), 0 ≤ β < 1

2
.(4.3)

By the inequality (4.3), we infer

‖∇utt‖ ≤ ‖(−4)(1+α)/2utt‖(2α−1)/(3α−1)‖(−4)1−αutt‖α/(3α−1).

Proof of the first inequality∫ t

0

(
‖(−4)1+α/2u‖2 + ‖(−4)1−α/2ut‖2

)
ds ≤ c(1 + t).
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Similar to Lemmas 3.1, 3.3, 3.5 and 3.8, one has

‖ut‖ ≤ c,
∫ t

0
‖(−4)1+α/2u‖ ds ≤ c.

By (4.1), we obtain

‖(−4)1−α(|u|2σu)‖ ≤ ‖(−4)1/2(|u|2σu)‖2(1−α)‖|u|2σu‖2α−1

= ‖∇(|u|2σu)‖2(1−α)‖|u|2σu‖2α−1

≤ c.

Applying equation (1.1), we infer

‖(−4)1−αut‖ ≤ c
(
‖4u‖+ ‖(−4)1−α(|u|2σu)‖+ ‖(−4)1−αu‖

)
≤ c.

Taking the inner product of (1.1) with (−4)2−αut and taking the real part, we obtain

‖(−4)1−α/2ut‖2 ≤ c
(
‖(−4)1+α/2u‖2 + ‖(−4)1−α/2(|u|2σu)‖2 + ‖(−4)1−α/2u)‖2

)
,

By (4.2), we have

‖(−4)1−α/2(|u|2σu)‖2 ≤ ‖4(|u|2σu)‖2−α‖|u|2σu‖α ≤ c.

It follows that

‖(−4)1−α/2ut‖2 ≤ c
(
‖(−4)1+α/2u‖2 + 1

)
.

Integrating the above inequality with respect to t gives∫ t

0

(
‖(−4)1+α/2u‖2 + ‖(−4)1−α/2ut‖2

)
ds ≤ c(1 + t).

Proof of the second inequality

t‖(−4)1−α/2ut‖2 +

∫ t

0
s
(
‖(−4)1−αutt‖2 + ‖4ut‖2 + ‖(−4)1+αu‖2

)
ds ≤ c(1 + t2).

From equation (1.1), one has

(4.4) utt = ρut − (1 + iν)(−4)αut − (1 + iµ)(|u|2σu)t.

Taking the inner product of (4.4) with (−4)2−αut and taking the real part, we obtain

1

2

d

dt
‖(−4)1−α/2ut‖2 + ‖4ut‖2 + Re(1 + iµ)((|u|2σu)t, (−4)2−αut)

= ρ(ut, (−4)2−αut).
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Integrating by parts, applying Gagliardo-Nirenberg inequality and Young’s inequality, one

has

|Re(1 + iµ)((|u|2σu)t, (−4)2−αut)| ≤ c‖4ut‖‖(−4)1−α(|u|2σu)t‖

≤ c‖4ut‖‖(−4)1/2(|u|2σu)t‖2−2α‖(|u|2σu)t‖2α−1

≤ 1

4
‖4ut‖2 + c

and

ρ(ut, (−4)2−αut) ≤
1

4
‖4ut‖2 + c.

Then (1.4) can be rewritten as

d

dt
‖(−4)1−α/2ut‖2 + ‖4ut‖2 ≤ c.

Multiplying both sides of above inequality by t and integrating it with respect to t, we

deduce

t‖(−4)1−α/2ut‖2 +

∫ t

0
s‖4ut‖2 ds ≤ ct2 +

∫ t

0
‖(−4)1−α/2ut‖2 ds ≤ c(1 + t2).

By (4.4), we obtain ∫ t

0
s‖utt‖2 ds ≤ c(1 + t2)

and ∫ t

0
s‖∇utt‖2 ds ≤ ct2 +

∫ t

0
s‖(−4)1−αutt‖2 ds ≤ c(1 + t2).

Next we state our main result with a detailed proof of this section.

Theorem 4.4. Assume that u0 ∈ H2
p (Ω), σ satisfies the following condition

1 ≤ σ ≤ min

{
1√

1 + µ2 − 1
, 1 + α

}
.

One has

dist(AτN ,A)→ 0 as τ → 0, N → +∞.

Proof. By virtue of Theorem 4.2, we prove this theorem by the error estimates of the

solution unN of the discrete problem (1.5)–(1.6).

Let

uk − ukN = (uk − PNuk) + (PNu
k − ukN ) , Ψk + Φk.

Then ∀ϕ ∈ SN , Φk satisfies

(4.5) (∂tΦ
k−ρΦk+(1+iν)(−4)αΦk+(1+iµ)(|uk|2σuk−|ukN |2σukN ), ϕ) = (∂tu

k−ukt , ϕ),
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and Φ0 = 0.

Setting ϕ = Φk in (4.5) and taking the real part, we obtain

1

2
∂t‖Φk‖2 +

τ

2
‖∂tΦk‖2 + ‖(−4)α/2Φk‖2 − ρ‖Φk‖2

= ρ‖Φk‖2 + Re(1 + iµ)(|uk|2σuk − |ukN |2σukN ,Φk) + Re(∂tu
k − ukt ,Φk).

(4.6)

In what follows, we estimate the three terms on the right-hand of (4.6). First, by Theo-

rem 4.1 and Lemma 3.8, we deduce that

‖Φk‖2 = ‖PNuk − ukN‖2

=
∥∥∥(PNu

k − PNuk−1) + (PNu
k−1 − uk−1

N )− (ukN − uk−1
N )

∥∥∥2

≤ 2
(
‖PNuk−1 − uk−1

N ‖2 + 2
(
‖PNuk − PNuk−1‖2 + ‖ukN − uk−1

N ‖2
))

≤ 2
(
‖Φk−1‖2 + 2τ2

(
‖∂tuk‖2 + ‖∂tukN‖2

))
≤ 2

(
‖Φk−1‖2 + 2τ2

(∫ tk

tk−1

‖ut‖2 dt+ ‖∂tukN‖2
))

≤ 2‖Φk−1‖2 + cτ2.

(4.7)

Next, by Taylor’s formula, Lemmas 3.1, 3.3, 3.5 and 3.8 and their corollaries, we infer that∣∣∣|uk|2σuk − |ukN |2σukN ∣∣∣ ≤ (1 + 2σ)
∣∣∣θuk + (1− θ)ukN

∣∣∣2σ (|Ψk|+ |Φk|
)
≤ c

(
|Ψk|+ |Φk|

)
.

Applying (4.7) and Lemma 2.2, we obtain that∣∣∣Re(1 + iµ)
(
|uk|2σuk − |ukN |2σukN ,Φk

)∣∣∣ ≤ c‖Φk‖
(
‖Ψk‖+ ‖Φk‖

)
≤ c

(
‖Φk−1‖2 + τ2 +N−4

)
.

(4.8)

Finally, applying Young’s inequality, Taylor’s formula and (4.7), we deduce that∣∣∣Re(∂tu
k − ukt ,Φk)

∣∣∣ ≤ 1

2
‖Φk‖2 +

1

2
‖∂tuk − ukt ‖2

≤ c
(
‖Φk−1‖2 + τ2

)
+

1

2k

∫ tk

tk−1

s‖utt‖2 ds.
(4.9)

Thus, (4.6) can be rewritten as

∂t‖Φk‖2 + ‖(−4)α/2Φk‖2 + ‖Φk‖2 ≤ c

(
‖Φk−1‖2 +N−4 + τ2 +

∫ tk

tk−1

s‖utt‖2 ds

)
.

By applying Discrete Gronwall’s inequality (Lemma 2.3) and Lemma 4.3, we deduce that

‖Φn‖2 ≤ cectn
(

(N−4 + τ2) + τ

∫ tn

0
s‖utt‖2 ds

)
≤ cectn(N−4 + τ).
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Letting ϕ = (−4)αΦk in (4.5) and taking the real part, we obtain

1

2
∂t‖(−4)α/2Φk‖2 +

τ

2
‖∂t(−4)α/2Φk‖2 + ‖(−4)αΦk‖2 − ρ‖(−4)α/2Φk‖2

= −Re(1 + iµ)(|uk|2σuk − |ukN |2σukN , (−4)αΦk) + Re(∂tu
k − ukt , (−4)αΦk).

(4.10)

Similarly to (4.8) and (4.9), we obtain that∣∣∣−2 Re(1 + iµ)
(
|uk|2σuk − |ukN |2σukN , (−4)αΦk

)∣∣∣
≤ c‖(−4)αΦk‖(‖Ψk‖+ ‖Φk‖) ≤ 1

4
‖(−4)αΦk‖2 + c

(
‖Φk−1‖2 + τ2 +N−4

)(4.11)

and ∣∣∣2 Re(∂tu
k − ukt , (−4)αΦk)

∣∣∣ ≤ 1

4
‖(−4)αΦk‖2 + 4‖∂tuk − ukt ‖2

≤ 1

4
‖(−4)αΦk‖2 +

4

k

∫ tk

tk−1

s‖utt‖2 ds.
(4.12)

Putting (4.11) and (4.12) into (4.10), we obtain

∂t‖(−4)α/2Φk‖2 + τ‖∂t(−4)α/2Φk‖2 +
3

2
‖(−4)αΦk‖2 − 2ρ‖(−4)α/2Φk‖2

≤ c

(
‖Φk−1‖2 + τ2 +N−4 +

∫ tk

tk−1

s‖utt‖2 ds

)
.

(4.13)

By Gagliardo-Nirenberg inequality and Young’s inequality, one has

3ρ‖(−4)α/2Φk‖2 ≤ 3cρ‖Φk‖H2α‖Φk‖ ≤ 1

2
‖(−4)αΦk‖2 + c‖Φk‖2.

Applying (4.7) and the above inequality, (4.13) can be rewritten as

∂t‖(−4)α/2Φk‖2 + ‖(−4)αΦk‖2 + ρ‖(−4)α/2Φk‖2

≤ c

(
‖Φk−1‖2 + τ2 +N−4 +

∫ tk

tk−1

s‖utt‖2 ds

)
.

(4.14)

Multiplying (4.14) by τ and taking the sum for k from 1 to n, we infer that

‖(−4)α/2Φn‖2 + τ
n∑
k=1

‖(−4)αΦk‖2

≤ cτ
n∑
k=1

(
‖Φk−1‖2 + τ2 +N−4 +

∫ tk

tk−1

s‖utt‖2 ds

)
≤ cectn(N−4 + τ).
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Letting ϕ = −4Φk in (4.5) and taking the real part, we obtain

1

2
∂t‖∇Φk‖2 +

τ

2
‖∂t∇Φk‖2 + ‖(−4)(1+α)/2Φk‖2 − ρ‖∇Φk‖2

= Re(1 + iµ)(|uk|2σuk − |ukN |2σukN ,4Φk)− Re(∂tu
k − ukt ,4Φk).

(4.15)

By Taylor’s formula, we deduce that for θ ∈ (0, 1),

∇(|uk|2σuk − |ukN |2σukN )

≤ (4σ2 + 2σ)|uk − ukN ||ukN + θ(uk − ukN )|2σ−1|∇(ukN + θ(uk − ukN ))|

+ (2σ + 1)|∇(uk − ukN )||ukN + θ(uk − ukN )|2σ.

(4.16)

Integrating by parts and applying (4.16), we infer that

2 Re(1 + iµ)(|uk|2σuk − |ukN |2σukN ,4Φk)

= −2 Re(1 + iµ)(∇(|uk|2σuk − |ukN |2σukN ),∇Φk)

≤ c‖∇Φk‖‖uk − ukN‖4‖∇(ukN + θ(uk − ukN ))‖4 + c‖∇Φk‖‖∇(uk − ukN )‖

≤ c‖∇Φk‖‖uk − ukN‖H1‖ukN + θ(uk − ukN )‖H2 + c‖∇Φk‖‖∇(uk − ukN )‖

≤ ‖∇Φk‖2 + c(‖Ψk‖2H1 + ‖Φk‖2)

(4.17)

and

−2 Re(∂tu
k − ukt ,4Φk) = 2 Re(∇(∂tu

k − ukt ),∇Φk) ≤ 2‖∇Φk‖‖∂t(∇uk)− (∇uk)t‖.

By Taylor’s formula, we deduce that

‖∂t(∇uk)− (∇uk)t‖2 =
1

τ2

∥∥∥∥∥
∫ tk

tk−1

(tk−1 − s)∇utt ds

∥∥∥∥∥
2

≤ 1

τ2

∫ tk

tk−1

(tk−1 − s)2

s
ds

∫ tk

tk−1

s‖∇utt‖2 ds

≤ 1

k

∫ tk

tk−1

s‖∇utt‖2 ds.

(4.18)

Thus we obtain that

(4.19) − 2 Re(∂tu
k − ukt ,4Φk) ≤ ‖∇Φk‖2 +

1

k

∫ tk

tk−1

s‖∇utt‖2 ds.

By (4.17) and (4.19), (4.15) can be rewritten as

∂t‖∇Φk‖2 + τ‖∂t∇Φk‖2 + 2‖(−4)(1+α)/2Φk‖2

≤ c‖∇Φk‖2 + c(‖Ψk‖2H1 + ‖Φk‖2) +
1

k

∫ tk

tk−1

s‖∇utt‖2 ds.
(4.20)
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Applying Gagliardo-Nirenberg inequality and Young’s inequality, we have

c‖∇Φk‖2 ≤ c‖Φk‖2/(1+α)
H1+α ‖Φk‖2α/(1+α) ≤ ‖(−4)(1+α)/2Φk‖2 + c‖Φk‖2.

Then, (4.20) can be rewritten as

∂t‖∇Φk‖2 + τ‖∂t∇Φk‖2 + ‖(−4)(1+α)/2Φk‖2

≤ c(‖Ψk‖2H1 + ‖Φk‖2) +
1

k

∫ tk

tk−1

s‖∇utt‖2 ds.

Multiplying the above formula by τ and taking the sum for k from 1 to n, we infer that

‖∇Φn‖2 + τ

n∑
k=1

‖(−4)(1+α)/2Φk‖2

≤ cτ
n∑
k=1

(
‖Ψk‖2H1 + ‖Φk‖2 +

1

k

∫ tk

tk−1

s‖∇utt‖2 ds

)
≤ cectn(N−4 + τ) + cectnN−2 + cτ(1 + t2n) ≤ cectn(N−2 + τ).

Letting ϕ = (−4)2−αΦk in (4.5) and taking the real part, one has

1

2
∂t‖(−4)1−α/2Φk‖2 +

τ

2
‖∂t((−4)1−α/2Φk)‖2 + ‖4Φk‖2 − ρ‖(−4)1−α/2Φk‖2

= −Re(1 + iµ)(|uk|2σuk − |ukN |2σukN , (−4)2−αΦk) + Re(∂tu
k − ukt , (−4)2−αΦk).

(4.21)

Integrating by parts and applying (4.16), we infer that

− 2 Re(1 + iµ)(|uk|2σuk − |ukN |2σukN , (−4)2−αΦk)

≤ 2|1 + iµ||(∇(|uk|2σuk − |ukN |2σukN ), (−4)3/2−αΦk)|

≤ c‖(−4)3/2−αΦk‖‖uk − ukN‖4‖∇(ukN + θ(uk − ukN ))‖4 + c‖(−4)3/2−αΦk‖‖∇(uk − ukN )‖

≤ c‖(−4)3/2−αΦk‖

×
(
‖uk − ukN‖H1‖ukN + θ(uk − ukN )‖3/4

H2 ‖ukN + θ(uk − ukN )‖1/4 + ‖∇(uk − ukN )‖
)

≤ 1

4
‖4Φk‖2 + c(‖Ψk‖2H1 + ‖∇Φk‖2 + ‖Φk‖2).

(4.22)

Integrating by parts and applying Gagliardo-Nirenberg inequality, Young’s inequality and

(4.18), one has

2 Re(∂tu
k − ukt , (−4)2−αΦk) ≤ |2(∇(∂tu

k − ukt ), (−4)3/2−αΦk)|

≤ 2‖(−4)3/2−αΦk‖‖∂t(∇uk)− (∇uk)t‖

≤ 1

4
‖4Φk‖2 + c‖Φk‖2 +

1

k

∫ tk

tk−1

s‖∇utt‖2 ds.

(4.23)
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By (4.22) and (4.23), (4.21) can be rewritten as

∂t‖(−4)1−α/2Φk‖2 + τ‖∂t((−4)1−α/2Φk)‖2 +
3

2
‖4Φk‖2 − 2ρ‖(−4)1−α/2Φk‖2

≤ c(‖Ψk‖2H1 + ‖∇Φk‖2 + ‖Φk‖2) +
1

k

∫ tk

tk−1

s‖∇utt‖2 ds.
(4.24)

Using Gagliardo-Nirenberg inequality and Young’s inequality, we have

2ρ‖(−4)1−α/2Φk‖2 + c‖∇Φk‖2 ≤ c‖Φk‖2−α
H2 ‖Φk‖α + c‖4Φk‖‖Φk‖

≤ 1

2
‖4Φk‖2 + c‖Φk‖2.

So (4.24) can be rewritten as

∂t‖(−4)1−α/2Φk‖2 + τ‖∂t((−4)1−α/2Φk)‖2 + ‖4Φk‖2

≤ c(‖Ψk‖2H1 + ‖Φk‖2) +
1

k

∫ tk

tk−1

s‖∇utt‖2 ds.
(4.25)

Multiplying (4.25) by τ and taking the sum for k from 1 to n, we infer that

‖(−4)1−α/2Φn‖2 + τ
n∑
k=1

‖4Φk‖2

≤ cτ
n∑
k=1

(
‖Ψk‖2H1 + ‖Φk‖2 +

1

k

∫ tk

tk−1

s‖∇utt‖2 ds

)
≤ cectn(N−2 + τ) + cectn ·N−2 + cτ(1 + t2n) ≤ cectn(N−2 + τ).

Letting ϕ = 42Φk in (4.5) and taking the real part, we obtain

1

2
∂t‖4Φk‖2 +

τ

2
‖∂t4Φk‖2 + ‖(−4)1+α/2Φk‖2 − ρ‖4Φk‖2

= −Re(1 + iµ)(|uk|2σuk − |ukN |2σukN ,42Φk) + Re(∂tu
k − ukt ,42Φk).

(4.26)

Applying Taylor’s formula, integrating by parts and by Gagliardo-Nirenberg inequality,

one has

− 2 Re(1 + iµ)(|uk|2σuk − |ukN |2σukN ,42Φk)

= −2 Re(1 + iµ)(4(|uk|2σuk − |ukN |2σukN ),4Φk)

≤ c‖4Φk‖
(
‖∇(ukN + θ(uk − ukN ))‖28‖uk − ukN‖4
+ ‖∇(ukN + θ(uk − ukN ))‖4‖∇(uk − ukN )‖4

)
+ c‖4Φk‖‖4(uk − ukN )‖+ c‖4(ukN + θ(uk − ukN ))‖‖4Φk‖4‖uk − ukN‖4
≤ c‖4Φk‖

(
‖ukN + θ(uk − ukN )‖2H2‖uk − ukN‖H1

+ ‖ukN + θ(uk − ukN )‖H2‖uk − ukN‖H2 + ‖4(uk − ukN )‖
)

+ c‖4(ukN + θ(uk − ukN ))‖‖Φk‖H2+α‖‖uk − ukN‖H1

≤ 1

4
‖(−4)1+α/2Φk‖2 + c(‖Ψk‖2H2 + ‖Φk‖2H1)

(4.27)



478 Hong Lu and Mingji Zhang

and

(4.28) 2ρ‖4Φk‖2 ≤ 1

4
|(−4)1+α/2Φk‖2 + c‖Φk‖2.

Substituting (4.27) and (4.28) into (4.26), we obtain

∂t‖4Φk‖2 + τ‖∂t4Φk‖2 +
3

2
‖(−4)1+α/2Φk‖2

≤ 2 Re(∂tu
k − ukt ,42Φk) + c(‖Ψk‖2H2 + ‖Φk‖2H1).

(4.29)

Integrating by parts and using Taylor’s formula, we infer that

2 Re(∂tu
k − ukt ,42Φk) + c‖Φk‖2H1

= 2 Re
(

(−4)1−α/2(∂tu
k − ukt ), (−4)1+α/2Φk

)
+ c‖Φk‖2H1

≤ 1

2
‖(−4)1+α/2Φk‖2 + c‖Φk‖2

+
c

τ2

∫ tk

tk−1

(tk−1 − s)2

s2
ds

∫ tk

tk−1

s2‖(−4)1−α/2utt‖2 ds.

Then, (4.29) can be written as

∂t‖4Φk‖2 + τ‖∂t4Φk‖2 + ‖(−4)1+α/2Φk‖2

≤ c

τ2

∫ tk

tk−1

(tk−1 − s)2

s2
ds

∫ tk

tk−1

s2‖(−4)1−α/2utt‖2 ds+ c(‖Ψk‖2H2 + ‖Φk‖2).

Multiplying the above formula by τtk and taking the sum for k from 1 to n, we infer that

tn‖4Φn‖2 ≤ τ
n−1∑
k=1

‖4Φk‖2 + cτ

n∑
k=1

tk(‖Ψk‖2H2 + ‖Φk‖2)

+
c

τ

n∑
k=1

tk

∫ tk

tk−1

(tk−1 − s)2

s2
ds

∫ tk

tk−1

s2‖(−4)1−α/2utt‖2 ds

≤ cectn(N−2 + τ) + cectnN−2α + cτ(1 + t3n)

≤ cectn(N−2α + τ).

Namely,

‖4Φn‖2 ≤ cectn 1

tn
(N−2α + τ), ∀n ≥ 1.

Using the triangle inequality, one has

‖un − unN‖2H2 ≤ 2(‖Ψn‖2H2 + ‖Φ‖2H2) ≤ cectn
(

1 +
1

tn

)
(N−2α + τ), ∀n ≥ 1.

For every interval [t0, T ] ⊂ R+, we infer that

‖un − unN‖2H2 ≤ cecT
(

1 +
1

t0

)
(N−2α + τ)→ 0 as N →∞, τ → 0.

Our result then follows from Theorem 4.2 directly.
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5. Numerical stability of the discrete system

In this section, we focus on the numerical stability of the discrete scheme.

Theorem 5.1. Assume that σ satisfies the following condition

1 ≤ σ ≤ min

{
1√

1 + µ2 − 1
, 1 + α

}
.

Let {unN}, {vnN} be two solutions of the discrete scheme (1.5), (1.6) with the initial values

u0
N , v0

N , respectively, and the initial values satisfy ‖un0‖H2 ≤ R, ‖vn0 ‖H2 ≤ R. Then if the

time step τ is small enough such that τ ≤ 1/(8ρ), we have

‖unN − vnN‖2H2 ≤ cectn‖u0
N − v0

N‖2H2 , ∀n ≥ 1.

Proof. Let EkN = ukN − vkN , then EkN satisfies

(5.1) (∂tE
k
N − ρEkN + (1 + iν)(−4)αEkN + (1 + iµ)(|ukN |2σukN − |vkN |2σvkN ), ϕ) = 0

for all ϕ ∈ SN , k ≥ 1.

Setting ϕ = EkN in (5.1) and taking the real part, we obtain

1

2
∂t‖EkN‖2 +

τ

2
‖∂tEkN‖2 − ρ‖EkN‖2 + ‖(−4)α/2EkN‖2

+ Re(1 + iµ)(|ukN |2σukN − |vkN |2σvkN , EkN ) = 0.
(5.2)

Applying Taylor’s formula, we find that if σ satisfies σ ≤ 1/(
√

1 + µ2 − 1), we obtain

Re(1 + iµ)(|ukN |2σukN − |vkN |2σvkN , EkN ) ≥ 0.

Using Hölder’s inequality and Young’s inequality, we infer

2ρ‖EkN‖2 = 2ρ(τ∂tE
k
N + Ek−1

N , EkN ) ≤ ρ

2
‖EkN‖2 + 4ρ(‖Ek−1

N ‖2 + τ2‖∂tEkN‖2).

Hence, if τ ≤ 1/(8ρ), then (5.2) can be rewritten as

(5.3) ∂t‖EkN‖2 + ‖(−4)α/2EkN‖2 + ρ‖EkN‖2 ≤ 8ρ‖Ek−1
N ‖2.

Applying Discrete Gronwall’s inequality (Lemma 2.3), we deduce

(5.4) ‖EkN‖2 ≤ e8ρtn‖E0
N‖2.

Taking the sum of (5.3) for k from 1 to n and using (5.4), one has

(5.5) ‖EkN‖2 + τ
n∑
k=1

(‖(−4)α/2EkN‖2 + ρ‖EkN‖2) ≤ e8ρtn‖E0
N‖2.
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Setting ϕ = −4EkN in (5.1), taking the real part and using Gagliardo-Nirenberg

inequality, we obtain

1

2
∂t‖∇EkN‖2 +

τ

2
‖∂t∇EkN‖2 + ‖(−4)(1+α)/2EkN‖2

= ρ‖∇EkN‖2 + Re(1 + iµ)(|ukN |2σukN − |vkN |2σvkN ,4EkN )

≤ 1

2
‖(−4)(1+α)/2EkN‖2 + c‖EkN‖2,

namely,

(5.6) ∂t‖∇EkN‖2 + τ‖∂t∇EkN‖2 + ‖(−4)(1+α)/2EkN‖2 ≤ c‖EkN‖2.

Taking the sum of (5.6) for k from 1 to n and using (5.4), we obtain

(5.7) ‖∇EkN‖2 + τ
n∑
k=1

‖(−4)(1+α)/2EkN‖2 ≤ ‖∇Ek0‖2 + ce8ρtn‖E0
N‖2.

Setting ϕ = 42EkN in (5.1), taking the real part and using Gagliardo-Nirenberg in-

equality, one has

1

2
∂t‖4EkN‖2 +

τ

2
‖∂t4EkN‖2 + ‖(−4)1+α/2EkN‖2

= ρ‖4EkN‖2 − Re(1 + iµ)(|ukN |2σukN − |vkN |2σvkN ,42EkN )

≤ 1

2
‖(−4)1+α/2EkN‖2 + c‖EkN‖2H1 ,

namely,

(5.8) ∂t‖4EkN‖2 + ‖(−4)1+α/2EkN‖2 ≤ c‖EkN‖2H1 .

Taking the sum of (5.8) for k from 1 to n and using (5.4), we obtain

(5.9) ‖4EkN‖2 ≤ ‖4Ek0‖2 + c‖∇Ek0‖2 + ce8ρtn‖E0
N‖2.

Combining (5.5), (5.7) and (5.9), we complete the proof.
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