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Existence and Multiplicity of Solutions for a Quasilinear Elliptic Inclusion

with a Nonsmooth Potential

Ziqing Yuan*, Lihong Huang and Dongshu Wang

Abstract. This paper is concerned with a nonlinear elliptic inclusion driven by a
multivalued subdifferential of nonsmooth potential and a nonlinear inhomogeneous
differential operator. We obtain two multiplicity theorems in the Orlicz-Sobolev space.
In the first multiplicity theorem, we produce three nontrivial smooth solutions. Two
of these solutions have constant sign (one is positive, the other is negative). In the
second multiplicity theorem, we derive an unbounded sequence of critical points for the
problem. Our approach is variational, based on the nonsmooth critical point theory.
We also show that C'!'-local minimizers are also local minimizers in the Orlicz-Sobolev

space for a large class of locally Lipschitz functions.

1. Introduction

In this paper, we deal with the following quasilinear elliptic problem with a nonsmooth
potential:
(L) —div(a(|Vu|)Vu) € 0F (xz,u) for a.a. z € ,

ulaq = 0,
where Q C RY is a bounded domain with a C?-boundary 0, F: Q x R — R is a
measurable potential function, which is only locally Lipschitz and in general nonsmooth
in the second variable. By OF (z,u) we denote the generalized Clarke subdifferential of
u+ F(z,u). In order to go further we introduce the functional space setting where prob-
lem ([1.1]) will be discussed. In this paper, we note that the operator in the divergence form
is not homogenous and thus, we introduce the Orlicz-Sobolev space setting for problems
of this type. As in [8|14], the function a is such that g: R — R defined by

a([t))t ¢ #0,
0 t=0,

g(t) =
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which is an increasing homeomorphism from R into itself (such functions are called Young

or N-function). If we set

then G and G are complementary N-functions (see [2,33]), which define the Orlicz spaces
LG := L% Q) and LE := LE(Q), respectively.
In order to construct an Orlicz-Sobolev space setting for problem (1.1]), we assume the

following conditions on g(t):

(g0) a(t) € C1(0,+c0), a(t) > 0 and a is a monotonic function for ¢ > 0;

(g1) 1< g™ =infiso &g < g" = supog &g < +00;

(g2) 0<a =inf;sgt (g)) < at =sups tg(()) < 400.

Under the condition (g;) the function G(¢) satisfies As-condition, i.e.,
G(2t) <kG(t), t>0

for some constant k£ > 0. On the other hand, it follows from [16] that if G satisfies a global

Ay condition then there exists a best positive constant A; such that

)\1/QG(|u|)da:§/QG(\Vu|)daz

forallu € VVO1 G(Q) The Orlicz space LY is the vectorial space of the measurable functions
u: 2 — R such that
/ G(lul) da < +oc.
Q

The space LE(Q) is a Banach space with the Luxemburg norm

|u|G:inf{)\>O:/QG<’u(;)’> dx§1},

and we shall denote by WLG(Q) the corresponding Orlicz-Sobolev space, which consists
of that whose distributional derivative Du also belongs to L% (), with the norm

[ullwr.c@) = lule + [Vule,

and W(}’G(Q) the closure of C5°(Q) in Wh%(Q). The equivalent norm on W(}’G(Q) can be

defined by
ul| = inf{/\ >0 / G ('V“(‘””) dz < 1}.
0 A
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The Orlicz-Sobolev conjugate function G, of G is given by
tGls)
—1 _
G, (1) = /0 ROy
(see |2]), where we suppose that

1 -1 t -1
(1.2) lim G~ (s) ds < 400 and lim G~ ()

150 J, s(NFL/N A |y s = oo

Let
tGL (1)

i Ga(t)
As in [10], by L’Hépital’s rule we have g, = Ng~ /(N — ¢~ ). Throughout this paper, we

suppose that g7 and g, satisfy the following condition

(1.3) gt <gr.
Remark 1.1. Below, we give two characteristic examples of functions which satisfy the
conditions (gp)—(g2), (1.2) and (1.3).
(i) Set G(t) = t?/p. Then, it is easy to check that G(t) satisfies hypotheses (go)—(g2),
[2) and (T3).
(ii) Let
g(t) = [t["~*tlog(1 +|¢])
where 1 < p < N. Then ¢(t) satisfies hypotheses (gg)—(g2 and ((L.3).

When F(z,u) is differentiable, problem ([1.1]) becomes

(1.4) —div(a(|Vu|)Vu) = f(z,u) forxz e Q,
ulgn =0,

where F(z,u) = [}’ f(z,t)dt, f: @ x R — R is a Carathéodory function. Donaldson [13]
and Gossez [22] firstly obtained the general existence results of problem (1.4]) by the theory
of monotone operators in the Orlicz-Sobolev spaces. In [10,/16,23], the authors showed the
existence results for problem by means of monotone operator methods, variational
techniques, or fixed point and degree theory arguments. Tan and Fan in [34], using the
sub-super solution method and morse theory, proved the existence of multiple solutions
for problem (1.1)). In [3], Bonanno et al. discussed problem with Neumann boundary
condition by a critical points theorem. The reader may consult [2,{14,32] and the references
therein for more information about the Orlicz space.

While, in this study, the nonlinearity f(z,u) can be discontinuous. The interest in

the study of nonlinear partial differential equations with discontinuous nonlinearities has
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increased since many free boundary problems arising in mathematical physics can be
stated in this form. Among these problems, we have the seepage problem, the obstacle
problem and Elenbaas equation, see [5-7].

In order to enunciate the main results, we need the following hypotheses:

(Ho) (i) There exists an odd increasing homeomorphism A from R to R, and nonnegative

constants ¢y, cg such that
w(@, u)| < 1+ c2h(|ul)

for all w(x,u) € OF(x,u).
(i)

0
R

where H(t) = fg h(s)ds.

=0, Vk>O0,

Similar to condition (g1), we also make the following condition on H.
(Hy) 1 <h™ =infisoth(t)/H(t) < ht = sup; o th(t)/H(t) < +oc.

(Hz)

< A fora.a. xef.

(Hs) For every ¢ > 0, there exists as > 0, such that, if
wy(z,u) = min{w(z,u) : w(x,u) € OF (x,u)},

then
we +asg(u) >0 for a.a. z € 2, and all u € [, d].

(H4) There exist > g™ and M > 0 such that
(wyu) > 0F (x,u) >0
for a.a. x € Q, all |u| > M, where w(x,u) € OF (x,u),
(Hs) F(z,u) = F(x,—u) for a.a. z € Q, all u € R.

Let I: I/VO1 G(Q) — R be the energy functional for problem (I.1]), defined by

I(u):/QG(|Vu])dx—/QF(x,u(x))dx Vu e Wa ().

The main results of this paper are:
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Theorem 1.2. If hypotheses (go)—(g2) and (Ho)—(Hs) hold, then problem (1.1) has at
least three nontrivial solutions: ug € int(Cy), vo € —int(Cy) and yo € C(Q )\{O} and

ug, vg are local minimizers of 1.

Theorem 1.3. If g* < h™, hypotheses (g0)—(g2), (Ho), (Hs) and (Hs) hold, then prob-
lem (L.1) has a sequence of solutions {uy} such that I(u;) — oo as k — oo.

Remark 1.4. There exist many functions F satisfying Theorems[I.2] and [[.3] For example,
the following potential function F' satisfies Theorem - for the sake of simplicity, we
drop the x-dependence). Set g(t) = [t|P~2tlog(1 + [t]), n € (1,g7), 0 < c2 < A1.

ul? if |u| <1,
Fl = Lit|Plog(1 + |t 1 qs] i Ju > 1
ca[3ltPlog(L +[t]) = 5 fo 1z ds] if ul > 1,
where ¢; = (log2— = 01 fis ds).

In this work we extend the studies in the following sense:

(1) Unlike [3,23], the lack of differentiability of the nonlinearity cause several technical
difficulties. This means that the variational methods for C'* functions are not suitable
in our case. Therefore we will use a variational approach based on the nonsmooth
critical point theory due to Clark [9] and Chang [7].

(2) Compared with [21], we have to prove that C}(2) local minimizers are also local
I/VO1 ’G(Q)—minimizers under certain conditions. While it is not easy to perform since

the Orlicz-Sobolev space is more complicated than the Lebesgue-Sobolev space.
(3) Unlike [20,25,27], problem (|1.1]) possesses more complicated nonlinearities, e.g.,

(i) plasticity: G(t) = t*(log(1+1))?, a > 1, B > 0;
(ii) nonlinear elasticity: G(t) = (1 + t2)”f —1,v>1/2;

(iii) generalized Newtonian fluids: fo “(sinh's)fds, 0 < a <1, 8>0.

Our paper is organized as follows. In Section [2] some necessary preliminary knowledge
is presented. In Section [3| we assert that local minimizers in the space C3(€2) are also
local minimizers in the Orlicz-Sobolev space for a large class of locally Lipschitz functions.
In Section [4] employing suitable truncation techniques, we prove the existence of at least
three nontrivial solutions for problem . In Section |5 using the nonsmooth fountain

theorem, we obtain an unbounded sequence of critical points for problem (|1.1)).
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2. Preliminaries

We first give some basic notations.

e — means weak convergence and — strong convergence.

e cand ¢; (i = 1,2,...) denote the estimated constants (the exact value may be

different from line to line).

e (X, || -|) denotes a (real) Banach space and (X*, || - ||«) its topological dual.
Next, we give some necessary definitions.

Definition 2.1. A function I: X — R is locally Lipschitz if for every u € X there exist
a neighborhood U of v and L > 0 such that for every v,n € U

[(v) = I(n)| < Lllv — 7.

Definition 2.2. Let I: X — R be a locally Lipschitz function. The generalized directional

derivative of I in u along the direction v is defined by

I -1
Io(u; v) = limsup (n+7v) (77)7

n—u,7—0t T

where u,v € X.

It is easy to see that the function v + I°(u;v) is sublinear, continuous and so is the

support function of a nonempty, convex and w*-compact set 9I(u) C X*, defined by
OI(u) = {u* € X*: (u*,v)x < I°(u;v) for all v € X}.
If I € CY(X), then
Ol (u) = {I'(u)}.
Clearly, these definitions extend the Gateaux directional derivative and gradient.

Definition 2.3. We say that I satisfies the nonsmooth (PS). if any sequence {u,} C X
such that

I(un) — ¢ and ml(un) = *el(;l[fé )Hu;”X* —0 asn— 4+
u Un

has a strongly convergent subsequence.

Definition 2.4. We say that u € WO1 ‘“(Q) is a weak solution of problem (T.1)), if for all
v E I/Vol’G(Q)7 there exists a mapping 3 x — w(z,u) with w(x,u) € OF(x,u) such that

/a(]Vu|)Vu-Vvdx:/w(m,u)vdx.
Q Q

Obviously, the critical points of I are weak solutions of problem (|I.1J).
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Lemma 2.5. [2] Under the condition (g1), the spaces L%(9), W&’G(Q) and WG (Q) are

separable and reflexive Banach spaces.
Lemma 2.6. [2] Under the condition (Hp)(ii), the embedding
wh9(Q) — L7 (Q)

18 compact.
Lemma 2.7. [14] Let p(u) = [, G(u)dz, we have

(i) if ule < 1, then [ulfy < p(u) < [ul?; ;

(1) if lula > 1, then [ulg, < p(u) < [ul?) ;

(i) if 0 <t <1, then t9" G(u) < G(tu) <9 G(u);

(iv) if t > 1, then t9 G(u) < G(tu) < t9" G (u).

Let A: WOI’G(Q) — (WOIG(Q))* be the nonlinear operator defined by
<A(U)7U>W01,G(Q) = /Qa(|Vu\)Vqudaz Yu,v e Wol’G(Q).

The following lemma can be found in [15].

Lemma 2.8. The mapping A: WOI’G(Q) — (WOIG(Q))* is a bounded homeomorphism,
and is of type (S1), namely, u, — u and limsup,,_, . (A(un),un, — u) < 0 imply that
Up —> U N Wol’G(Q).

Next, we introduce the following Banach space:
Co(Q) = {u € C*(Q) : ulpn = 0}.
This is an ordered Banach space with positive cone
Cy ={uc C{Q):u(x) >0 for all z € OQ}.

This cone has a nonempty interior, given by

int(Cy) = {u € Cy ru(x) >0 for all x € Q, g:i(w) <0 for all x € 89} ,

where n(-) denotes the outward unit normal on 9€2. The next theorem is a nonsmooth

version of the classical mountain pass theorem.
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Theorem 2.9. (18] If X is a Banach space, I: X — R is a locally Lipschitz functional
which satisfies the nonsmooth PS-condition, ug,u; € X, ||u1 — ugl| > r >0,

max{I(up),I(u1)} < inf I(u)=mnp

 llu—uoll=r

and

= inf I(~(t
¢ = Inf max (v(t)

where I' = {y € C([0,1]; X) : v(0) = uo,y(1) = w1}, then ¢ > no and c is a critical value
of I.

For a given locally Lipschitz functional I: X — R, we introduce the following sets:

Ki={uecX:0edl(u)},
Ki={ue X :I(u)=c¢0¢€0l(u)},
I‘F'={ueX:I(u) <c}.

The following theorem is a nonsmooth version of the so called second deformation theorem.

Theorem 2.10. [11] Let X be a Banach space, I: X — R be a locally Lipschitz functional
satisfying the nonsmooth PS-condition, a,b € R be numbers with a < b. Assume also that
Krne (a,b]) =0 and K¢ is a finite set containing only local minimizers of I. Then,

there exists a continuous deformation h: [0,1] x I® — I such that
(i) h(t, . )‘K}‘ =id |K}‘ for allt € [0, 1],‘
(i) h(1,1%) CI*UKY;

(iii) I(h(t,u)) < I(u) for allt € [0,1], u € I°.

3. Wy%(Q) versus C}(Q) local minimizers

The next result relates to local WO1 G(Q) and C¢(Q)-minimizers for a large class of smooth

or nonsmooth functionals. The result was first proved for

1
G(y) = §Hy\|2

and smooth (i.e., C!) functionals by Brézis and Nirenberg [4]. It was extended to the case

1
Gy) = —llylI”
W) = Zlyl
with 1 < p < 400, and smooth functionals by Guo-Zhang [24], and Azorero et al. [17].
The nonsmooth versions to these cases can be found in [21,127]. Here we further extend

all these results.
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Let Fy: 2 x R — R be a measurable function, such that for a.a. x € , the function
¢ +— Fp(z, Q) is locally Lipschitz and satisfies the condition (Hp). We define ¢: WOI’G(Q) —
R by

cp(u):AG(|Vu])dx—/£2Fo($,u)dx, VuEWol’G(Q).

From Clarke [9], we obtain that ¢ is Lipschitz on bounded sets, hence in particular locally

Lipschitz.

Lemma 3.1. [34] There exist constants dy, da, depending on a™, a™, such that

la(|n))n — a(I€])é] < diln — &la(|n| + [€]).

If a(t) is decreasing for t > 0, we have

la(|n)n — a(|€))€] < dag(n —€])
for all n, & € RN,

Next, we give our main result, which shows the relationship between C&(ﬁ) and
1,G
Wy 7 (Q).

Theorem 3.2. If hypotheses (go)—(g3) hold, and ug € W&’G(Q) is a local C}(Q)-minimizer
of p, i.e., there exists pg > 0, such that

o(uo) < p(ug +h) Ve CHQ), IIhllcym < po.

then ug € 0370‘(5) for some o € (0,1) and it is also a local W&’G(Q)—mimmizer of p, i.e.,
there exists p1 > 0, such that

p(uo) < plup+h) YheWg®(Q), |[h] < pr.
Proof. Choosing h € C}(Q), for 7 > 0 small enough we have
@(uo) < p(ug + 7h),
hence
(3.1) 0 < ¢"(ug; h).

Since h € C}(Q) is arbitrary, ¢°(ug;-) is continuous and C3(€2) is dense in WO1 “(Q) from
(3.1)), we have
0< ¢ (ug;h) Yhe W ).
So
0 € dp(uo)
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and thus
(3.2) A(ug) = wo,
where wy € OF (x,ug) for a.a. x € Q. It follows from that
—div(a(|Vug|)Vug) = wo € OF (x,up) in ,
uplon = 0.
From (gp)—(g2) we can easily obtain that
a(|t)t? 2 g~G(lt]) —c and a(ft)t < g7 g(ft]) +c.

From the above inequalities, invoking Theorem 3.1 and Corollary 3.1 in [34], we infer that
up € L°(Q) and ug € Cy*(Q) for some a € (0,1).

Now we prove that ug is also a local VVO1 ’G(Q)—minimizer of . Define
() = / G(IVu - Vo)) dz, Vu e WEC(Q),
Q

For e € (0,1), set D, = {u € WOI’G(Q) : J(u) < €}. Then D, is a bounded, closed and
convex subset of VVO1 ‘“(Q) and it is a neighborhood of ug in VVO1 ‘“(Q). On the hypothesis
of Fp, the function ¢: VVO1 G(Q) — R is weakly lower semicontinuous and consequently

infp_ ¢ is achieved at some u. € D.. Invoking the nonsmooth Lagrange multiplier rule of
Clarke [9], we can find Ac < 0, such that

0 € dp(ue) — AeJ' (ue).
This means that
(3.3) —div(a(|Vue|)Vue) + Ae div(a(|Vue — Vugl)(Vue — Vug)) = we € OF (x, ue).

Proceeding by contradiction, suppose that wug is not a local minimizer of ¢ in the W& G(Q)
topology, then for each € € (0, 1), there exists ue # ug such that ¢(u.) < p(up). Note that
Ue — Ug IN WOLG(Q) as € — 0. Below we need to prove that u, — 0 in C3(Q) as € — 0,
which contradicts the fact that ug is a local minimizer of ¢ in the C’é topology. Dividing
both sides of by 1 — A, it follows that

1 1
—div { T [a(|Vue|)Vue — Aea(|Vue — Vug|)(Vue — Vuo)]} =1 We € OF (z,ue).

Define A.: Q@ x RY - RY and B.: @ xR — R by

1
1— A
1
1— A

Ae(x7 C) =

[a([¢))C = Ac(a(|¢ — Vuol)(¢ — Vuo))]

B(z,t) = w(x,t).
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Then u, is a solution of the following problem:
—div(Ae(z, Vu)) = Be(x,u) in §,
ulag = 0.

We can check that A, and B, satisfy the following conditions

(3.4) Ac(z,¢)¢ > coG([¢]) — ¢,
(3.5) Ac(z,¢) < erg(l¢]) + ¢
(3.6) Be(z,u) < bh(|u]) + ¢,

where ¢y, ¢1, b and ¢ are positive constants independent of € € (0,1). The verifications of
(3.5) and (3.6 are simple, here we mainly give the proof of (3.4]). From the definition of
Ac(z,¢) and (g1), we derive

1

Ac(z, Q)¢ = N [(a(I¢))¢ = Aca(|C)C) = Ae(a(]C = Vuo|) (¢ = Vuo) — a([¢]))]C

1—
1
1— A
where K = [a(|¢ — Vo) (¢ — Vuo|) — a(|¢])¢]¢. By virtue of Lemma [3.1] we have
K| = la(|C = Vuo|)(¢ = Vuo) — a(I¢[)CI[<]
< o| Vugla(|¢ — Vuo| + [¢])[¢]
< eg(l¢]) +e

SGCh +e.

>

(1= A)G(IC]) = AK],

A

and when a(t) is decreasing,

|K| = |a(|¢ — Vuo|)(¢ — Vug) — a([¢])¢][¢]
< c|Vugla(|¢ — Vuol + [¢])[¢]
< ca(|Vuol)|Vuol[¢|

1
<SGl +e.
where c is a generic positive constant independent of e. Hence, we derive
1
A2, 06 = 7511 = AIG(CD ~ AK]

> _1A€ [(1 —A)G(C]) = A GG(!CI) + C>]

(-3 et - o

1

SGUC e

(3.7)

\Y]
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where c is a positive constant independent of e. It follows from that is proved.
From Theorem 3.1 in [34] we obtain that u. € L* and |u¢|r~ is bounded uniformly for

£ (0,1).

Next, by employing the results in [28,29], we will prove that HUHCI ag S ¢ for some
a € (0,1) from two cases, respectively.

Case (i): Suppose that \. € [—1,0].

Recall that ug satisfies the equation

(3.8) — div]a(|Vug|)Vuo] = wo € OF (x, up).
Subtracting (3.8)) from (3.3]), we have
—div(a(|Vue|)Vue — Aea(|Vue — Vug|) (Vue — Vug) — Aea(|Vug|) Vug) = we — Aewp,

where w, € OF (z,uc) and wy € OF (z,ug) for a.a. z € Q. Define A.: Q@ x RY — RY and
B.: QxR =R by

Ac = al[¢))¢ = Aea(|¢ = Vuo|) (¢ = Vug) — Aea(|Vuo|) Viuo,
Ee = We — AeWp-
It is easy to see that u. is a solution of the following problem:
—div(A(z, Vu)) = Be(z,u) in Q,
ulag = 0.

We need to prove that for all z,y € Q, ¢ € RV\ {0}, ¢ € RV, t € R the following conditions
hold:

(3.9) Ad(x,0) =0,
N~
(310) > X8 e > Al gp2
5o 06 K
al ﬁ
(3.11) Z (,Q)I¢] < e(1 +g(I<])),
(3.12) Ae(2,¢) — Ze<y,<)! < e(1+g([¢])(Jz —y|”)  for some 0 € (0, 1),
(3.13) |Be(z,t)| < ¢+ ch(|t]).

(3.9) and (3.13) are obvious. Inequalities (3.10) and (3.11) follow from Lemma [3.1] and

the following derivative

De(a([c])C) = a/<|<|>4|§C +a(lc)id

el ¢ e
all<h (1“ a(c) 1P )
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Inequality (3.12)) follows from Lemma and the fact that Vug(x) is Holder continuous.
According to the regularity results in [28,29], from (3.9)—(3.13]), one has

(3.14) Ue € Cé’o‘(ﬁ) and ||u€||Cé,a(§) <e,

where the positive constant c is independent of A, € [—1,0].
Case (ii): Suppose that A\ < —1.
Let ve = ue — ug. By virtue of (3.3]) and (3.8)) we know that v, satisfies the equation

1 1
—div |a(|Vve|) Ve + ma(WvE + Vug|)(Vve + Vug) — ma(Wuo\)Vuo
1

= ] [w(x, ve + 1) — w(z,up)],

where w(z,ve + up) € OF (x,ve + ug) and w(x,ug) € OF(x,up) for a.a. z € . Set

~

Az, ¢) = a(|¢])¢ + |/\1a(|C + Vuo[) (¢ + Vuo) — Mﬂa(IVUO)Van

&)

(z,t) =

p\e’ [W(IE?t + UO) - UJ(ZL‘, ’LL())],

where w(z,t + ug) € IF(x,t + up) and w(x,ug) € IF (z,up) for a.a. x € Q.
In a similar way, we can prove that Ke and Ee satisfy the corresponding condi-
tions (3.9)—(3.13)). So from the regularity results in [28,29], we obtain

(3.15) ve € Cy*(Q) and ||U6||Col,a@) <ec.

Let € | 0. Due to the fact that for every o € (0,1) the embedding C’é’o‘(ﬁ) — C3(Q) is

compact, from (3.14)) and (3.15]), we can find a subsequence u,, of u, such that u., — u

in C}(Q). From the construction we have u., — g in VVO1 ’G(Q), which means u = ug. So,

for n sufficiently large, say n > ng, we obtain
ey = ol < 71
which implies
(3.16) o(uo) < @(ue, )
However, the choice of the sequence {u,, } means
o(ue,) < p(up), Vn>mno,

which is a contradiction to (3.16)). Hence the proof is completed. O
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4. First multiplicity theorem

In this section we prove Theorem which produces three nontrivial smooth solutions,
two of which have constant sign (one positive, the other negative).
In order to obtain solutions with constant sign we will use truncations. Let us introduce

the notations 7+ = max{£r,0} and the truncation functions 7+ : R — R defined by

u if +u >0,

0 if +u <O.

T4 (u) =

Proof of Theorem [L.2] Let Fiy(z,u) = F(z,7+(u)) for a.a. z € Q and all u € R. Evidently
both Fi: Q2 x R — R are measurable. Moreover, for a.a. x € ), we have that I} are

locally Lipschitz and from the nonsmooth chain rule (see Clarke [9])

OF (z,u) if +u >0,
(4.1) OF:(z,u) =< {tw: t € [0,1],w € OF(2,0)} if u =0,
0 if +u < 0.

Let Iy: Wol’G(Q) — R be the locally Lipschitz functions defined by

Ii(u) = /QG(WUD da — /QFi(x,u) do Vue Wy (Q).
By virtue of hypothesis (Hz), there exist € € (0,1) and My > 0 large enough such that
F(z,u) < A (1—¢)G(Ju|) for all ju| > M.
From hypothesis (Ho), when |u| < M, we have
|G (z,u)| < cg.

Then, when [Ju|| > 1, we have
I(u):/G(|Vu|)dx—/F(:L‘7u)de‘
Q Q
Z/G(\Vu])dx—)\l(l—e)/G(|u!)dx—cﬁ
Q Q

> ellullf — c6.

It follows from the above inequality that I is coercive. Also, using the compactness of
the embedding of WO1 G(Q) into LY (), we can easily obtain that I is sequentially weakly
lower semicontinuous. Hence, from the Weierstrass theorem, we have ugy € VVO1 ’G(Q), such
that

(4.2) Ii(up)= inf  Iy(u)=my.
uewy % (Q)
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For u € int(Cy), we have

I(t
im (tﬁ) _
|t|—0 |t]9

In fact, for any {t,} C R with ¢, — 0, set v, = t,u. Then
v, — 0 in WOLG(Q), v, = 0 a.a. z € Q.

Due to hypothesis (Hg) and Fatou Lemma, we derive

(4.3) liminf/ M]u\ff dz Z/ lim M]u]f dz = 4o0.
Q

n—00 |Un|g_ Qn—oo |Un|g_

So
I(tyu)  Jo G(IVtaul)da — [ F(z,tyu) de
Iz N tn|9”
< [tn |9 fQ G(]Vu|)d;1:—fQ F(z,tyu)dr
F _
< [ aavupar— [ ZEdygo g
Q Q [vnl?
— —00

as n — oo. From (4.3), we know that for any u € int(C} ), there exists to € (0,1) such
that

I(tu) <0 fort € (0,tg).

So
I (uwo) = my <0 =1,(0),
i.e.,
uo 75 0.

It follows from (|4.2]) that

0e 8I+ (UO)
So
(4.5) A(ug) = wo,

where wg € OF (x,ug(x)) for a.a. z € 2. We act on (4.5) with the test function —uy €
I/VO1 G(Q) Then, it follows from (4.1) that

/ a(|Vug|)|Vauo|? dz :/ woup dr = 0,
Q_ Q_
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where Q_ = {z € Q: up(z) < 0} and wp € IF(z,up). This means that
uy, =0, ie., up>0,ug#D0.

From (4.5), we obtain
—div(a(|Vug|)Vug) =wp in £,

U0|3Q =0.

Noting that
Vug(x) =0 on {up =0}

(Stampacchia theorem (see [19, p. 195])), we deduce that
wo(x,up) € OF (z,up(x)) for a.a. z € Q.

So, ug is a nontrivial positive solution of problem ((1.1)). As before, from the nonlinear
regularity theory, we have ug € C4 \ {0}. Let § = |Jup||cc and as > 0 be as postulated by
hypothesis (Hs). Then

— div(a(|Vug|)Vuo) + asg(ug) = wo + asg(up) >0

for a.a. x € Q. So
div(a(|Vuo|)Vuo) < asg(uo)

for a.a. z €  and it follows from hypotheses (gg)—(g2) that ug € int(C,) (see Montenegro
[31, Theorem 6]). If

Wi ={ue Wol’G(Q) cu(z) >0 for a.a. x € Q},

then clearly
I|W+ = I+ |W+ .

Hence, ug is a local C}(€2)-minimizer of I. According to Theorem we deduce that ug
is a local W(}’G(Q)—minimizer of I.

Similarly, working with the functional I_, we can have another constant sign smooth
solution vy € — int(C4.) of problem (L.1)), which is a local minimizer of the functional I.

Next, we will prove the existence of the third nontrivial solution for problem .
Without any loss of generality, we may suppose that I(vo) < I(ug).

Note that ug is a global minimizer of I, and we distinguish two cases. Suppose that
there exists another nontrivial critical point yo € T/VO1 C(Q)\ {0,uq} of I. Then, as in the
above proof, we can obtain that yo € int(C,) and it solves problem . Hence we have

derived a third nontrivial solution (which in fact is positive).
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So, we may assume that ug is the only nontrivial critical point of I, and similarly that
vg is the only nontrivial critical point of /_. Reasoning as in the proof of Proposition 29
in [30], we can find r € (0, 1) small, such that

(4.6) I(vg) < I(ug) < inf{I(u): ||u—wo|| =7} =nr, ||uo— vol > r.

In a similar way, from hypotheses (Hp) and (Hz), we can prove that I is coercive, and so
it satisfies the nonsmooth (PS).. From (4.6) and the nonsmooth mountain pass theorem,
we can find yy € WOI’G(Q), such that

(4.7) I(vo) < I(uo) <nr < I(yo)
and
(4.8) 0 € 91(yo)-

(4.7) means that yo ¢ {vo, up} and it follows from (4.8)) that

A(yo) = w(z,90),

where w(z,yg) € OF(z,y0) for a.a. x € Q. Thus yp is a solution of problem (|1.1)) and
Yo € C3(Q) from the nonlinear regularity theory. It only remains to prove that yo # 0.
By virtue of Theorem we have

(4.9) c=1I(y) = inf max I(~(t)),

where
I'={y € O([0, 1} Wy “ (%)) : 7(0) = vo,7(1) = uo}.
According to (4.9), if we can find ~, € T, such that
I(.(t)) <0 Vtelo,1],

then
c=1I(yo) <0=1(0)

and so yg # 0. So our aim is to find such a path v, € T

With this aim in mind, set

e = {y € C([0,1];C5(2)) : 7(0) = vo,7(1) = uo}-

Due to the density of the embedding of C}(€) into WO1 ’G(Q), we have that T, is dense in
I'. We can find 4 € I'; such that 0 ¢ 5([0, 1]). Noting that

7(0,1]) € C3() and 0 ¢ 7([0,1]),
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we can find A € (0,1) small enough, for all u € ¥([0, 1]), as doing in (4.4)), such that

I(\u)
AP
From (4.10f), there exists Ao € (0, 1) such that

(4.10) — —00 as A — 0.

(4.11) I(w) <0
for all A € (0, A\g) and all uw € ¥([0, 1]). Setting ¥ = A7, from (4.11), we see that
(4.12) Il5 <0

and 7 is a continuous path in I/VO1 G(Q) which connects Avg and Aug.
In the following, we will find a continuous path in I/VO1 G(Q) which connects \ug and

ug and along which I is strictly negative. For this purpose, note that

my = inf I+(U) <0= I+(0)
uew, ¢ (Q)

Also, we may suppose that K}Tr = {up} or otherwise we already obtain a second positive
solution. By virtue of Theorem we can find a continuous deformation h: [0, 1] x I —
Ig, such that

(4.13) h(1,19) C IY UK =11 U {uo} = {uo}

(since I7"" = ) and

(4.14) Li(h(t,u)) < Ip(u) Yte([0,1], ue Y.

Consider the continuous path v : [0,1] — I/VO1 %(Q), defined by
vi(t) = h(t, \ug)t Vit €[0,1].

Then
")/_A,_(O) = h(O, )\ZLO)+ = ()\U())+ = )\U(),
and

Y4+(1) = h(1, Aug) T = uo

(see (4.13)). So 74 is a continuous path in W& ’G(Q), which connects A\ug and ug. Further-
more, by (4.14) and I|y+ = Iy|w,, we obtain

I(y4(8)) = I(h(t, Muo) ™) = Ly (h(t, Auo)™)
< I+()\U()) = I()\Uo) <0 Vte [O, 1]
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(see (4.12))). Hence
I],, <O0.

In a similar way, we can produce a continuous path vy_ in VVO1 ’G(Q) which connects Avg
and vy and
Il,_ <o.

Concatenating v_, 7 and v, we have v, € T', such that

1

'\/*<O7

hence, yo # 0. So yo € C3(2)\{0} is the third nontrivial smooth solution of problem (..
O

5. Second multiplicity theorem

In this section, we will prove Theorem E Let X = VVO1 G(Q) Since X is a reflexive and
separable Banach space, there exist {e;} C X and {ej} C X* such that

X =spanfe;j: j=1,2,...}, X" :span{e; i =1,2,...},

and
1 ifi=jy,
0 ifi#j.

For convenience, we write X; = span{e;}, i = @?:1 Xj and Zy, = @72 Xj-

<ej76?> =

Definition 5.1. Assume that the compact group G acts diagonally on V*

g(v1,...,v) = (gv1,...,guL),

where V' is a finite dimensional space. The action of G is admissible if every continuous
equivariant map OU — VF =1 where U is an open bounded invariant neighborhood of 0
in V¥ k> 2, has a zero.

The antipodal action G = Zs on V = R is admissible.

(A1) The compact group G acts isometrically on the Banach space X = @, .y Xm, the
space X,, are invariant and there exists a finite dimensional space V such that, for

every m € N, X,,, ~ V and the action of G on V is admissible.

The following lemma is very important when we use the nonsmooth fountain theorem

to prove infinite solutions for problem (|1.1)).
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Lemma 5.2. If hypothesis (Hp) is satisfied, then we have

Br= sup |ulg =0, k— oc.
ueZk:||u||:1

Proof. Tt is obvious that 0 < Bry1 < Bk. So there exists § > 0 such that 5 — 3 as
k — o0o. We need to prove 8 = 0. From the definition of 8, for every k > 0 there exists
ug € Zy such that |lug|| =1, 0 < 8 — |ug|g < 1/k. Then, there exists a subsequence of
{ug}, which still denote by wg, such that

ur — uin X, and <e;‘-,u>:klim<e;-,uk>20, i=12,...,
—00

which means that « = 0 and ux — 0 in X. Since the Sobolev embedding X — L (Q) is
compact then ug — 0 in L7 (). Thus we obtain 8 = 0. O

The next theorem is the nonsmooth fountain theorem, which was proved by Dai in |12].

Lemma 5.3. Under assumption (Aj), let I: X — R be an invariant locally Lipschitz
functional. If for every k € N, there exist px, > 1, > 0 such that

(A2) aj = maxy,ey, |u|j=p, [ (u) < 0;

(A3) b = infyez, |julj=r, (u) — 00, k — 00;

(Ay) I satisfies the nonsmooth (PS). condition for every ¢ > 0,
then I has an unbounded sequence of critical values.

Proof of Theorem [L.3] Noting that I is a locally Lipschitz function on X, and considering
(Hs) we can employ the nonsmooth version of the fountain theorem with the antipodal
action of Zsy to prove Theorem

Claim. I satisfies the nonsmooth (PS)..

Suppose that {u,} C X is a sequence, such that

(5.1) I(u,) = ¢ and m!(u,) =0 asn — oo.

We first prove that the sequence {u,} is bounded in X. Let w € 0I(u,) such that
m! (u,) = ||ul||x+. Then from (5.1]) we have

(5.2) — (uy, up) = —(Aup), un) + / w(x, up)un dz < ep||uy ||
Q
with &, | 0 and

(5.3) /QGG(|Vun|) dz — /QGF(x,un) dz < fe.
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Adding (5.2)) and (5.3), we obtain

(5.4) /Q(GG(]VU,L]) —9(|Vup|)Vuy,) dz — /Q(HF(:c,un) —w(z, up))up de < Oc+ep|uy ||,

where 0 > g%, w(z,u,) € OF (x,u,) for a.a. x € Q. We proceed by contradiction and thus
suppose that there exists a subsequence such that ||u,|| > n. In this case (see [1]) we have
that

(5.5) [ 6w o> ju)
for all n € N. So, from (j5.4]) and (5.5)), we obtain that

/(0G(|Vun|) — g(|Vug|)|Vuy|) dz — / (OF (z,up) — w(x, uy))u, dz

(5.6) @ @

§90+€H/G(]Vun])dx
Q

By virtue of hypotheses (g1) and (Hy), choosing p > 0 small enough so that g™ + p < 6,

when |u| > M, we have

(5.7) 0 <ug(u) < (g7 + p)G(u),
and
(5.8) 0<O0F(z,u) < (w,u),

for a.a. x € . Set
D, ={z€Q:|Vuy(z) < M}, Qo ={2 € Q: |Vuy(x)| > M},
D3, ={z € Q:|uy(x)] < M}, Uy ={2x€Q:|u,(z)| > M}.

Then, it follows from hypothesis (Hp) and (5.6) that there exists a positive constant ¢
independent of n, such that

/ (9G(|vun\)—g(|vun|)vun)dx—/ (OF (@, 1) — w(z, 1) )ip
Qo p Q

4.n

(5.9)
SE—I—sn/QGOVunDdx

where w(z,u,) € OF(x,u,) for a.a. x € Q. From and (5.8)), one has

(5.10) / (0G(|Vun|) — g(|Vun|)Vu,) dz > (0 — gt — p) G(|Vuy|) dz
QQn QQ,n

and

(5.11) /Q (OF (z,un) — w(x, up))u, de < 0.
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Combining ([5.9), (5.10) and (5.11]), we deduce that

G(|Vuy|)dz < c+sn/ G(|Vuy|) dz.
Q2,n Q

From the fact Q@ = €y, U )y ,,, we have

/G(|Vun|)dx§c—|—sn/ G(|Vun|) da.
Q Q

Taking n large enough, say n > ng, &, < 1/2, we can obtain
/ G(|Vuy|)dz < ¢ for n > ng,
Q

and hence, it follows from ([5.5) that
[unl < ¢

for all n € N, a contradiction to ||u,| > n.
Since {u,} is bounded, we may assume that u, — u in X, and u, — v in L¥(Q)
(since the embedding of X into L (G) is compact). Then from (5.1)) and (5.2]) we have

Up, — ul.

‘(A(un),un —u) + /Qw(x,un)(un —u)dz| < ||uy | x+

Note that w(z,u,) is bounded in (L7 (2))* (see (Hp)) which means that

/Qw(x, Un) (U — u) dz

< lw(@, un) |l (L @)= [lun — ullpa @y — 0.
Since ||u}||x+ — 0 and {u,} is bounded in X, we have
TL11_>H;0<A(un),un —u) =0.

Invoking Lemma [2.8] we infer that u, — u, which proves our Claim.
According to hypothesis (Hy), we can obtain that there exist R > 0 and ¢ > 0 such
that (see [26])

(5.12) F(z,u) > c|u]9 for ju| > R, x € Q, u e X.
By virtue of (5.12)), when |[u]| > 1 we have
I(u) g/G(|vu|)da:—c/ lul? dz + ¢
9] Q

< ull¢” —c/ lul? dz + .
Q
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Since on the finite dimensional space Y} all norms are equivalent, and 6 > g, relation
(Ag) is satisfied for every ||u|| = pr > 1 large enough. By virtue of hypothesis (Hp), on

Za, we have
I(u) > / G(|Vul)dz — c/ H(|u|])dz — ¢
Q Q
lul]™ = By llull®™ = if Ju(@)] <1,
lull” = B ull"™ = ¢ if fJu(z)] = 1.

If ||u|| <1, choosing 7y, = [gF/(ch= B )Y/ =97) | form Lemma we have
. L\ —g)
g 9
(5.13) I(u) > <1—_> —~ —c— 0
h ch=p;

as k — oo. If ||Ju|| > 1, choosing r, = [g_/(ch+ﬁg+)]1/(h+_9i), form Lemmaﬂ, we also

have

_ _ g~ /(hT—g7)
g g
(5.14) I(u) > <1_h+> <ch+ﬂ£+> —c— 0

as k — o0o. So, from (5.13)) and (5.14)), relation (As) is proved.
According to the nonsmooth fountain theorem (Lemma , we obtain that prob-
lem (1.1)) has an unbounded sequence of critical points. The proof is completed. O
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