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We present a result on the averaging for functional differential equations
on finite time intervals. The result is formulated in both classical math-
ematics and nonstandard analysis; its proof uses some methods of non-
standard analysis.

1. Introduction

The idea of the method of averaging is to determine conditions in which
solutions of an autonomous dynamical system can be used to approx-
imate solutions of a more complicated time varying dynamical system.
The method of averaging has become one of the most important tool ever
developed for nonlinear time varying systems. Applications have been
found in celestial mechanics, noise control, nonlinear oscillations, sta-
bility analysis, bifurcation theory and vibrational control, among many
other fields. Although averaging of ordinary differential equations is
considered a mature field—the reader may consult [1, 5, 8, 22, 24] for
more references and information on the subject (see also [13, 14])—aver-
aging of functional differential equations has only recently been devel-
oped (see [6,7,9,11, 12,15, 16, 19]).

This paper aims to present a result on the averaging for functional
differential equations of the form

() =5 (2% (1.1)
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on finite time intervals. The result is not new (see [10] and the references
therein). However, by means of nonstandard analysis methods, we pro-
pose a new proof where all the analysis is achieved in R (it is not the
case in [10]) which makes it more simple.

The paper is organized as follows. Section 2 contains the notation and
conditions required to state and prove our main result as well as the
main result itself. The proof of this result is given in Section 4.2. To avoid
complicating the proof unnecessarily, several subsidiary lemmas have
been placed in Section 4.1.

The main result is formulated in both classical mathematics and non-
standard analysis. Its proof makes use of Robinson’s nonstandard analysis
(NSA) [21]. We will work in the axiomatic form IST (for internal set the-
ory) of nonstandard analysis, given by Nelson [20]. For that, Section 3.1
is devoted to a short description of IST. Then, in Section 3.2, we present
the nonstandard translate (Theorem 3.6) in the language of IST of our
main result (Theorem 2.2). We recall that IST is a conservative extension of
ordinary mathematics. This means that any statement of ordinary math-
ematics which is a theorem of IST was already a theorem of ordinary
mathematics, so there is no need to translate the proof.

2. Notation, conditions, and main result

Let 7 > 0 be a given constant. Throughout this paper Cy = C([-7,0],R%)
will denote the Banach space of all continuous functions from [-r,0] into
R? with the norm ||¢|| = sup{|p(0)| : —r < 0 <0}, where | -| is a norm
of R%. Let toe R and T > t,. If x(t) is a continuous function defined on
[to—7,T] and t € [to,T], then x; € Cy is defined by x;(0) = x(t + 0) for
0 € [-r,0].

The hypotheses, which are denoted by the letter H, are listed as fol-
lows.

(H1) The functional f : RxCy — R? in (1.1) is continuous.
(H2) The functional f is Lipschitzian in u € Cy, that is, there exists
some constant k such that

|f(,u1) = f(T,u2)| <k|lw1 —ws||, VT €ER, Yuy,us €Co. (2.1)

(H3) For all u € Cy, there exists a limit

0 1 (T
f(u) = Tlg}go T Io f(r,u)dr. (2.2)
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For any ¢ € Cy and t; € R, the solution of the averaged equation

y(t) = £ () (2.3)

(resp., the solution of (1.1)) such that y;, = ¢ (resp., x;, = $) is denoted by
y=y(;to, ) (resp., x = x(-;tp,¢)) and | (resp., I) will denote its maximal
interval of definition.

Remark 2.1. Existence and uniqueness of solutions of (2.3) will be jus-
tified a posteriori. Indeed, we will show in Lemma 4.1 below that the
function fY is k-Lipschitz so that existence and uniqueness are guaran-
teed.

Under the above assumptions, we will state the main result of this
paper which gives nearness of solutions of (1.1) and (2.3) on finite time
intervals.

THEOREM 2.2. Let assumptions (H1), (H2), and (H3) hold. Let ¢ € Coand t €
R. Let x be the solution of (1.1) and y the solution of (2.3) with x;, = yy, = .
Then for any 6 >0 and T > ty, T € ], there exists €y = £9(6,T) > 0 such that,
for € € (0,€0], x is defined at least on [ty, T] and |x(t) —y(t)| <6 ont € [ty,T].

3. Nonstandard main result
3.1. Internal set theory

In IST we adjoin to ordinary mathematics (say ZFC) a new undefined
unary predicate standard (st). The axioms of IST are the usual axioms of
ZFC plus three others which govern the use of the new predicate. Hence,
all theorems of ZFC remain valid in IST. What is new in IST is an addition,
not a change. We call a formula of IST external in the case where it in-
volves the new predicate st; otherwise, we call it infernal. Thus internal
formulas are the formulas of ZFC. The theory IST is a conservative exten-
sion of ZFC, that is, every internal theorem of IST is a theorem of ZFC.
Some of the theorems which are proved in IST are external and can be
reformulated so that they become internal. Indeed, there is a reduction al-
gorithm which reduces any external formula F(x1,...,x,) of IST without
other free variables than xi,...,x,, to an internal formula F'(x,...,x,)
with the same free variables, such that F = F/, that is, F & F’ for all
standard values of the free variables. In other words, any result which
may be formalized within IST by a formula F(xy,...,x,) is equivalent
to the classical property F'(xy,...,x,), provided the parameters xy,...,x,
are restricted to standard values. Here is the reduction of the frequently
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occurring formula Vx (V*'y A = V*'z B) where A and B are internal for-
mulas

Vx (V'y A= ¥z B) =Vz 3"y Vx (Yy €y’ A= B). (3.1)

The notations V*'X and 31X stand for [VX, st(X) = ---] and [3X,
X finite &...], respectively.

A real number x is called infinitesimal when |x| < a for all standard
a >0, limited when |x| < a for some standard a, appreciable when it is
limited and not infinitesimal, and unlimited, when it is not limited. We
use the following notations: x = 0 for x infinitesimal, x = +oo for x un-
limited positive, x > 0 for x noninfinitesimal positive. Thus we have

x=0=Y"'a>0|x|<a,

x>»0e=Fa>0x>a,
(32)
x limited == F*a >0 |x| < a,

x=+0=Y'a>0x>a.

Let (E,d) be a standard metric space. Two points x and y in E are
called infinitely close, denoted by x =y, when d(x,y) = 0. If there exists
in that space a standard xy such that x = x,, the element x is called near-
standard in E and the standard point xq is called the standard part of x
(it is unique) and is also denoted by °x. A vector in R? (d standard) is
said to be infinitesimal (resp., limited) if its norm |x| is infinitesimal (resp.,
limited), where |- | is a norm in R¥.

We may not use external formulas to define subsets. The notations
{x e R:xislimited} or {x € R:x =0} are not allowed. Moreover, we
can prove the following lemma.

LemMa 3.1. There do not exist subsets £ and O of R such that, for all x € R,
x is in Lif and only if x is limited, or x is in D if and only if x is infinitesimal.

It happens sometimes in classical mathematics that a property is as-
sumed, or proved, on a certain domain, and that afterwards it is noticed
that the character of the property and the nature of the domain are in-
compatible. So actually the property must be valid on a larger domain.
In the same manner, in nonstandard analysis, the result of Lemma 3.1
is frequently used to prove that the validity of a property exceeds the
domain where it was established in direct way. Suppose that we have
shown that A holds for every limited x, then we know that A holds for
some unlimited x, for otherwise we could let £ = {x € R: A}. This state-
ment is called the Cauchy principle. It has the following consequence.
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LeEMMA 3.2 (Robinson’s lemma). Let g be a real function such that g(t) =0
for all limited t > O, then there exists an unlimited positive number cw such that
g(t)=0forall t € [0,w].

Proof. The set of all s such that for all t € [0,s] we have |g(t)| <1/s con-
tains all limited s > 1. By the Cauchy principle it must contain some un-
limited cw. O

We conclude this section with two other applications of the Cauchy
principle which will be used later.

Lemwma 3.3. If P(:) is an internal property such that [D(A) holds for all appre-
ciable real numbers A > 0, then there exists 0 < Ao = 0 such that P (Ag) holds.

LEMMA 3.4. Let h: I — R be a function such that h(t) =0 for all t € 1. Then
sup{h(t):tel}=0.

Remark 3.5. The use of nonstandard analysis in perturbation theory of
differential equations goes back to the seventies with the Reebian school
(see [17, 18] and the references therein). It gave birth to the nonstandard
perturbation theory of differential equations which has become today
a well-established tool in asymptotic theory. For more informations on
nonstandard analysis and its applications, the reader is referred to [2, 3,
4,20, 21, 23].

3.2. Main result: nonstandard formulation

Hereafter we give the nonstandard formulation of Theorem 2.2. Then, by
use of the reduction algorithm, we show that the reduction of Theorem
3.6 is Theorem 2.2.

THEOREM 3.6. Let f: RxCy— R? be standard. Assume that assumptions
(H1), (H2), and (H3) hold. Let ¢ € Cy and ty € R be standard. Let x be the
solution of (1.1) and y the solution of (2.3) with x;, = y;, = ¢. Let € > 0 be in-
finitesimal. Then for any standard T > ty, T € ], x is defined at least on [to,T]
and x(t) = y(t) forall t € [to,T].

The proof of Theorem 3.6 is postponed to Section 4. Theorem 3.6 is
an external statement. As we have recalled, Nelson [20] proposed a re-
duction algorithm that reduces external theorems to equivalent internal
forms. We show that the reduction of Theorem 3.6 is Theorem 2.2.

Reduction of Theorem 3.6. Without loss of generality, let tp =0. Let T >
0, T € J, and T standard. The characterization of the conclusion of
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Theorem 3.6 is

Ve :e=0= xis defined at least on [0,T]

and x(t) = y(t) forall t € [0,T]. (33)

Let B be the formula “If 6 > 0 then x is defined at least on [0,T] and
|x(t) —y(t)| <6 onte[0,T].” Using (3.2), formula (3.3) becomes

Ve (V' e <= V"'6 B). (3.4)

In this formula T is standard and ¢, 77, and 6 range over the strictly posi-
tive real numbers. By (3.1), formula (3.4) is equivalent to

v6 3Ny Ve (Vnen' e <n=>B). (3.5)

For 7' a finite set, YV € f', € <7 is the same as ¢ < ¢ for £y = min#’, and
so formula (3.5) is equivalent to

V6 degg Ve (e < ¢9 = B). (3.6)

That is the statement of Theorem 2.2 holds for any standard T >0, T € J.
By transfer, it holds forany T >0, T € J.

4. Proof of Theorem 3.6
4.1. Preliminary lemmas

In this subsection we state some results which are needed for our proof
of Theorem 3.6. Let f : RxCy — R? be standard. The external formula-
tions of conditions (H1), (H2), and (H3) are, respectively,

(H1) V't e RYVS'u € Co V7' € RV’ € Cp:
=7, U =u= f(r,u') = f(T,u). (4.1)
(H2') There is a standard constant k such that
|f (r,u1) = f(T, )| < k||un -, V'TE€R, V'uy,us €Co 4.2)
(and by transfer the inequality holds for all 7 € R and all uy,u; €

Co).
(H3') There is a standard functional f°: Cy— R such that

1 T
Ve Co VT =400, fO(u)= f f(r,u)dr. (4.3)
0
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We prove the following lemmas.

LemMA 4.1. The functional f is Lipschitz (with the same constant of Lipschitz
as f) and satisfies

1 (T
=g | frawdr (4.4
0
forall u € Co, u nearstandard, and all T = +oco.

Proof. First, let uy, up € Cy, with u; and u, standard. By means of condi-
tions (H2) and (H3), we have

T
172 a) = £ )] < Jim £ [ 17 r) = ()] < =] (45)

That is, f* is k-Lipschitz.
Next, let u,% € Cy such that °u is standard and u = %u. By means
of (4.5), conditions (H3') and (H2'), respectively, for all T = +oo, we have

1 (T 1 (7
001\ m £0(0,\ = © 0 -1
o) = f°(Pu) TJ‘O f(r,"u)dr TJ:) f(r,u)dr. (4.6D)

LemMA 4.2. There exists y > 0 such that whenever t > 0 is limited and u € Cy
is nearstandard there exists a > 0 such that p < a =0 and

€ t/e+a/e
- f f(r,u)dr = f°(u). 4.7)
X Jt/e

Proof. Lett >0 be limited and let u € Cy be nearstandard.

Case 1 (t is such that t/¢ is limited). Let S >0 be unlimited such that
eS=0. Then

1 t/e+S t 1 t/e+S 1 t/e
— dr=(1+—)—— u)dT — = U)dT.
Sjt/g f(r,u)dr < +£S>t/£+5f0 f(r,u)dr Sfo f(r,u)dr
(4.8)
By Lemma 4.1 we have
1 t/5+S
t/£+5f f(r,u)dr = fO(u). (4.9)
0

Since

t/e
%Jl) f(r,u)dr =0, = =0 (4.10)
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we have

1

t/e+S 0
5| r@war=pw, (@11)

Then, it suffices to choose y = ¢ and take a = €S.
Case 2 (t is such that t/¢ is unlimited). Let S > 0. We write

1 i’/S+S 1 i’/E+S
¥ L Flrdr= fo F(z,u)dr

¢ 1 t/e+S 1 t/e
+E<t/e+5fo f(T’u)dT_U_EIO f(T’u)dT>.
(4.12)

By Lemma 4.1 we have

1 t/e+S 1 t/e
et s fo f(r,u)dr = fO(u) = 7 fo f(r,u)dr. (4.13)

We denote

t/e+S t/e
n(S) = é <t/s%5 4[0 f(r,u)dr - t/ig J‘O f(T,u)dT>. (4.14)

The quantity 7(S) is infinitesimal for all S such that t/¢S is limited. By
Lemma 3.2 this property holds for some S for which t/¢S is unlimited.
The real number S can be chosen so that S >1 and ¢/eS = +c0. Since t is
limited we have ¢S = 0. Then, it suffices to choose y = € and take a = ¢S.

g

LEMMA 4.3. Let ¢ € Cy be standard. Let y be the solution of (2.3) on ] with
Yo = ¢, and let Ty > 0 be standard such that [0,T1] C J. Then there exist some
positive integer Ny and some infinitesimal partition {t, :n=0,...,No+1} of
[0,T1] such that ty =0, tny ST1 <tng+l, tne1 = tn+ap =ty and

£ th/et+an/e

— f(T,ytn)dTZfo (y,)- (4.15)

an tn/€

Proof. It will be done in two steps.
Step 1. Lett € [0,T;] and let us show that y; is nearstandard.

As y([-r,T1]) is a standard compact subset of R?, it suffices to show
that y; is S-continuous on [-7,0] to deduce that it is nearstandard. Taking
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into account that | f0(0)| is standard, for 6,0’ € [-7,0], 0 <6, and 0 =6,
we have

|ly:(6") = y:(8)| = |y (t+6') -~ y(t+06)]
t+6'
<[ 17 las
t+0
t+6' t+6' (4.16)
SI Ifo(ys)—fO(O)lds+f |£°(0)|ds
t+60 t+0

t+0’
gkf il + @ -o)lr°0)] =0

t

That is, y; is S-continuous on [-7,0].
Step 2. Let p >0 be given as in Lemma 4.2, and define the set A, = {1 €
R /Vte[0,T;] JaeR: DPu(t,a, 1)} where

EJ-t/5+a/£ 0
- f(ry)dr—f(y)| <A (417)

aJi/e

Puta)=p<a<l,

By Lemma 4.2 the set A, contains all the standard real numbers A > 0.
By Lemma 3.3 there exists Ao =0 in A, that is, there exists 0 < 1o =0
such that for all t € [0,T:] there exists « € R such that 0, (t,a,1o) holds.
By the axiom of choice there exists a function c : [0,T;] — R such that
c(t) = a, that is, P, (t,c(t), Ao) holds for all t € [0, T1]. Since c(t) > p for all
t € [0,T1], the conclusion of the lemma is immediate. a

LEMMA 4.4. Let ¢ € Cy be standard. Let y be the solution of (2.3) on | with
Yo = ¢, and let Ty > 0 be standard such that [0,T1] C J. Then forall t € [0,T1],

ﬂf(;.i/f)dmf;f"(%)dr. (4.18)

Proof. Let fi(t,u) := f(r,u) — fO(u), for 7 € R and u € Cy. The functional
f1is Lipschitzian in u € Cy, that is, there exists some standard constant
ki (k1 =2k, where k is the Lipschitz constant of f) such that

|f1 (T,u1) —f1 (T,u2>| < k1||u1 —u2||, VT eR, Yuq,us € Cp. (4.19)

Next, by Lemma 4.3 there exists {t, :n=0,...,Np+1} such that t, =0,
tn, STh <tnget, tnsn =t +a, =1y, and

£ tn/e+ay, /€

= fi(t,y,)dr =0. (4.20)
an th/€e
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Let t € [0,T1] and let N be a positive integer such that tn <t < fn41.

We have
t T t T t T
fﬁl(z'%)‘” ftwfl<z'%>"”‘fmfl<z'°>”
t T
J A (E0)ar

() 1 G (2o
f;ﬁ(;O)dr .

<

+

t
SI
5N

t
<k [ fyrlar+
3N

dr +

(4.21)

As y([-r,T1]) is a standard compact subset of R?, it follows that

t
L [ =0. (4.22)

We now estimate the second term in the right-hand side of (4.21). For
this, consider all the cases.
Case 1 (Both tn /€ and t/¢ are limited). In this case, it is clear that

fA(z0)er

Case 2 (Both tn /€ and t/¢ are unlimited). By means of condition (H3'),
we have

t/e

f1(s,0)ds

IN/E

=¢ =0. (4.23)

t T t/e
f f1<—,0>d1‘ =¢ f1(s,0)ds
N £ tn/€
1 tN/€ 1 t/e
<tn|—— d t— ds| =0.
SLIN tN/€ 0 fl(S,O) S|+ t/gjo fl(slo) S‘ 0

(4.24)
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Case 3 (tn /€ is limited and £/ ¢ is unlimited). This case is a combination
of Cases 1 and 2. We write

t T t/e
j f1<—,0>dT =€ f1(s,0)ds
N € tn/e
tn/e 1 (/e (4.25)
<e fi1(s,0)ds| +t —f f1(s,0)ds
t/e ),
=0.
Thus, we have
t T
I f1<—,0>dr =0. (4.26)
tn €

Therefore, from (4.21) and by means of (4.22) and (4.26), we obtain

that
¢ T
[ A (Zw)ar|=0, (427)
3N

so that

= ]:le‘t fi (glyT)dT (4.28)
SINCEORIENE

N-1 tn-v-l T
+ I f1<—,ytn)d7‘.
n=0 t'l €

Let T € [ty,tus1], n=0,...,N, and let 6 € [-r,0]. We have

|y=(0) —y1,(0)] = |y(T+6) -y (t, +0)|

T+0
<[ 1rlas
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T+6 T+0
<[ 1P@)-rOlds+ [ (r0)as
tu+6 +6

tn

T+0
<k s+ (=) 0)]

tn

(4.29)

As y([-r,T1]) is a standard compact subset of R and | £°(0)| is standard,
from (4.29) we deduce that

|y=(6) — 1, ()| =0. (4.30)

That is, yr = y;, for T € [ty,tp], n=0,...,N. By Lemma 3.4, we have

sup {[|y- -yt || : T € [tntun], 0SSN =1} =0 (4.31)

and so is

ki-sup{||lyr—vu | : T € [t tn1], 0<Sn<N -1} -ty, (4.32)

(4.33)
N-1 tn+1

<ki ), f vz =y, || d7
n=0 tn

<ki-sup {||yz -,

~0.

(T E [tutpn], 0Sn<SN-1} -ty
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Therefore, from (4.28) and by means of (4.20), it follows that

t T t 0
[y f
N-1 tn+] T >
=~ —/ Y, dr
Ojtn f1<£ yt
N-1 pat,+ay,
| ICAT
07 tu €

N-1 pat,/e+a,/e 4.34
j fi(Ty,)dr (439

N-1 € ty/eta, /e
S (7 pmnar)
n=0 An tn/€
1

since | 3,00 @ - Bal < B30 @n = PEp5y (buet = ta) = B - En, where f =
max{|f,|:0<n <N -1}. By Lemma 3.4, ,B is infinitesimal and so is B “EN.
This completes the proof of Lemma 4.4. O
Lemma 4.5. Let ¢ € Cy be standard. Let x be the solution of (1.1) on I, and y
the solution of (2.3) on J, with xo = yo = ¢. Let Ty > 0 be standard such that
[0,Ti] cIN]. Then x(t) = y(t) forall t € [0,T:].

Proof. Fort € [0,T;], we have

x(t) =¢(0) + f; f (g,xT)dT, (4.35)

t
y(t) = $(0) + fo £ (yy)dr. (4.36)

Subtraction of (4.35) and (4.36) gives

st ((2) )
jo (#(Zwe) -1 )ar

+
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L)1)
' f (£(Zwe) -7 )ar

<t [ oeeallar+| [ (5(Zowe) - ) Yate|

(4.37)

dr

Since, for 7€[0,t], [lxr = yrl| <supyc (o - [x(s) =y (s)], it follows from (4.37)
that

t
|x(t) -y (B)] < kJ sup] |x(s) —y(s)|dr

0sel0,r

[[ ()= )ate|

The first term on the right-hand side of (4.38) is increasing and therefore

(4.38)

+

t
sup [x(r) ~y(@)| <k | sup [x(s) ~y(s)|ar
7€[0,t] 0s€e[0,7] (439)

[()-ron)sd

By Gronwall’s lemma, this implies that

[[(Cowe)-re)as

and by means of Lemmas 4.4 and 3.4, respectively, we conclude that
x(t) = y(t), which finishes the proof. O

+ sup
7€[0,t]

sup |x(7) - y(r)| < e sup (4.40)

7€[0,¢] 7€[0,t]

4.2. Proof of Theorem 3.6

For notation simplicity, we let to = 0. Let T > 0 be standard in J. Let K
be a standard tubular neighborhood of diameter p around I' = y([0,T]).
Let I be the maximal interval of definition of x. Define the set A = {T; €
IN[0,T] / x([0,T1]) C K}. The set A is nonempty (0 € A) and bounded
above by T. Let Ty be a lower upper bound of A. There is Ty € A such that
Ty — €2 < Ty < Ty. By continuation, there is T,, T appreciable, such that
x remains defined on [0,T; + €T]. Likewise, by continuation, y remains
defined in particular on the same interval. By Lemma 4.5, we have x(t) =
y(t) for t € [0,T; + €T»]. Suppose T1 + €T, < T. Then, [0,T; +€T>] C I and
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x([0,T1 +€T>]) € K imply that T; + €T, € A, which is a contradiction with
Ty + €T, > Ty. Thus Ty + €T, > T, that is, we have x(t) = y(t) for all t €
[O,T] C [O,T1 +ST2].
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