MULTIVALUED SEMILINEAR NEUTRAL FUNCTIONAL
DIFFERENTIAL EQUATIONS WITH NONCONVEX-VALUED
RIGHT-HAND SIDE

M. BENCHOHRA, E. GATSORI, AND S. K. NTOUYAS

Received 3 September 2002

We investigate the existence of mild solutions on a compact interval to some classes of
semilinear neutral functional differential inclusions. We will rely on a fixed-point theo-
rem for contraction multivalued maps due to Covitz and Nadler and on Schaefer’s fixed-
point theorem combined with lower semicontinuous multivalued operators with decom-
posable values.

1. Introduction

This paper is concerned with the existence of mild solutions defined on a compact real
interval for first- and second-order semilinear neutral functional differential inclusions
(NFDIs).

In Section 3, we consider the following class of semilinear NFDIs:

%[y(t) - f(ty)] € Ay(t)+F(t,y;), ae.te]:=[0,b],
)’(t) =¢(t)r te [—T’,O],

(1.1)

where F: ] x C([-r,0],E) — P(E) is a multivalued map, A is the infinitesimal generator
of a strongly continuous semigroup T'(t), t = 0, ¢ € C([-r,0],E), f : ] x C([-r,0],E) —
E, P (E) is the family of all subsets of E, and E is a real separable Banach space with norm
[- 1.

Section 4 is devoted to the study of the following second-order semilinear NFDIs:

%[y’(t)—f(t»yz)]eAy(t)JrF(t,yt), te],
}/(t) = ¢(t)1 te [—T’,O], }//(0) =

(1.2)

where F, ¢, f, P(E), and E are as in problem (1.1), A is the infinitesimal generator of a
strongly continuous cosine family {C(¢) : t € R}, and 7 € E.
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526  Neutral functional differential inclusions

For any continuous function y defined on the interval [—7,b] and any ¢ € ], we denote
by y; the element of C([—7,0],E), defined by

y:(0) = y(t+0), 0¢€[-r,0]. (1.3)

Here, y,(-) represents the history of the state from time ¢ — r, up to the present time .

In the last two decades, several authors have paid attention to the problem of existence
of mild solutions to initial and boundary value problems for semilinear evolution equa-
tions. We refer the interested reader to the monographs by Goldstein [11], Heikkild and
Lakshmikantham [13], and Pazy [19], and to the paper of Heikkild and Lakshmikantham
[14].1In [17, 18], existence theorems of mild solutions for semilinear evolution inclusions
are given by Papageorgiou. Recently, by means of a fixed-point argument and the semi-
group theory, existence theorems of mild solutions on compact and noncompact intervals
for first- and second-order semilinear NFDIs with a convex-valued right-hand side were
obtained by Benchohra and Ntouyas in [1, 4]. Similar results for the case A = 0 are given
by Benchohra and Ntouyas in [2]. Here, we will extend the above results to semilinear
NEDIs with a nonconvex-valued right-hand side. The method we are going to use is to
reduce the existence of solutions to problems (1.1) and (1.2) to the search for fixed points
of a suitable multivalued map on the Banach space C([—r,b],E). For each intial value
problem (IVP), we give two results. In the first one, we use a fixed-point theorem for
contraction multivalued maps due to Covitz and Nadler [7] (see also Deimling [8]). This
method was applied recently by Benchohra and Ntouyas in [3], in the case when A =0
and f = 0. In the second one, we use Schaefer’s theorem combined with a selection theo-
rem of Bressan and Colombo [5] for lower semicontinuous (l.s.c) multivalued operators
with decomposable values.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts from multival-
ued analysis, which are used throughout this paper.

We denote by P (E) the set of all subsets of E normed by || - [|¢. Let C([—7,0],E) be the
Banach space of all continuous functions from [—r,0] into E with the norm

Igll = sup {|¢(6) ] : —r <6 < 0}. (2.1)

By C([—r,b],E) we denote the Banach space of all continuous functions from [—r, b] into
E with the norm

I ylle :=sup{|y(£)] : t € [-1,b]}. (2.2)

A measurable function y:]J — E is Bochner-integrable if and only if |y| is Lebesgue-
integrable. (For properties of the Bochner-integral, see, e.g., Yosida [24].) By L!(J,E) we
denote the Banach space of functions y : ] — E which are Bochner-integrable and normed
by

b
Iyl = jo (1) dt, (2.3)
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and by B(E) the Banach space of bounded linear operators from E to E with norm

INIlgE) =sup {|[N(y)| : [yl = 1}. (2.4)

We say that a family {C(¢) : t € R} of operators in B(E) is a strongly continuous cosine
family if
(i) C(0) =I (I is the identity operator in E),
(i) C(t+s)+ C(t—s) =2C(t)C(s) for all s,t € R,
(iii) the map t — C(t)y is strongly continuous for each y € E.
The strongly continuous sine family {S(¢) : t € R}, associated to the given strongly
continuous cosine family {C(¢) : t € R}, is defined by

S@yzﬂC@y%,yEEJeR. (2.5)

The infinitesimal generator A : E — E of a cosine family {C(t) : t € R} is defined by

d?
Ay =7 C0)yli-o- (2.6)

For more details on strongly continuous cosine and sine families, we refer the reader
to the books of Fattorini [9], Goldstein [11], and to the papers of Travis and Webb [22,
23]. For properties of semigroup theory, we refer the interested reader to the books of
Goldstein [11] and Pazy [19].

Let (X,d) be a metric space. We use the following notations:

PX)={Y eP(X):Y + @},
Py(X)=1{Y € P(X):Y closed},

2.7)

Py(X) ={Y € P(X): Y bounded},

P.y(X) =1{Y € P(X): Y compact}.

Consider Hy : P(X) X P(X) — R, U {o0}, given by
Hy(A,B) = max{supd(a,B),sup d(A,b)}», (2.8)
acA beB

where d(A,b) = inf,cad(a,b) and d(a,B) = inf,cpd(a,b).

Then (Py,(X),Hy) is a metric space and (Py(X),Hy) is a generalized (complete) met-
ric space (see [16]).

A multivalued map N :J — Py(X) is said to be measurable if, for each x € X, the
function Y : J — R, defined by

Y(t) =d(x,N(t)) =inf {d(x,z) : z € N(t)}, (2.9)

is measurable.
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Definition 2.1. A multivalued operator N : X — Py (X) is called
(a) y-Lipschitz if and only if there exists y > 0 such that

Hi(N(x),N(y)) < yd(x,y), foreachx,yeX; (2.10)

(b) contraction if and only if it is y-Lipschitz with y < 1.

The multivalued operator N has a fixed point if there is x € X such that x € N(x). The
fixed-point set of the multivalued operator N will be denoted by FixN.

We recall the following fixed-point theorem for contraction multivalued operators
given by Covitz and Nadler [7] (see also Deimling [8, Theorem 11.1]).

THEOREM 2.2. Let (X,d) be a complete metric space. If N : X — Py(X) is a contraction, then
FixN +# @.

Let o be a subset of J X C([—7,0],E). The set o is £ ® B measurable if & belongs to
the g-algebra generated by all sets of the form $ X %, where $ is Lebesgue-measurable
in J and 9 is Borel-measurable in C([—r,0],E). A subset B of L' (J,E) is decomposable if,
forall u,v € Band $ C J measurable, the function uyg + vxj—¢ € B, where yg denotes the
characteristic function for $.

Let E be a Banach space, X a nonempty closed subset of E, and G: X — P(E) a
multivalued operator with nonempty closed values. The operator G is Ls.c. if the set
{x € X:G(x) N C# &} is open for any open set C in E. For more details on multivalued
maps, we refer to the books of Deimling [8], Gérniewicz [12], Hu and Papageorgiou [15],
and Tolstonogov [21].

Definition 2.3. Let Y be a separable metric space and let N : Y — P(L'(J, E)) be a multi-
valued operator. The operator N has property (BC) if it satisfies the following conditions:

(1) Nisls.c;
(2) N has nonempty, closed, and decomposable values.

Let F: ] X C([-r,0],E) — %(E) be a multivalued map with nonempty compact values.
Assign to F the multivalued operator
F:C([-r,b],E) — P(L'(J,E)) (2.11)
by letting

F(y)={we L'(J,E):w(t) € F(t,y;) fora.e. t € J}. (2.12)

The operator F is called the Niemytzki operator associated with F.

Definition 2.4. Let F : ] X C([—r,0],E) — % (E) be a multivalued function with nonempty
compact values. We say that F is of Ls.c. type if its associated Niemytzki operator & is L.s.c.
and has nonempty closed and decomposable values.

Next we state a selection theorem due to Bressan and Colombo.
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TueOREM 2.5 (see [5]). Let Y be separable metric space and let N : Y — P(LY(J,E)) be a
multivalued operator which has property (BC). Then N has a continuous selection, that is,
there exists a continuous function (single-valued) g : Y — L'(J, E) such that g(y) € N(y) for
every y €Y.

3. First-order semilinear NFDIs

Now, we are able to state and prove our first theorem for the IVP (1.1). Before stating and
proving this result, we give the definition of a mild solution of the IVP (1.1).

Definition 3.1. A function y € C([—r,b],E) is called a mild solution of (1.1) if there exists
a function v € L'(J,E) such that v(¢) € F(t, y;), a.e.on ], yo = ¢, and

Y0 = TOIHO) = FO.8)]+ (t.7) + | AT(=9f (53)ds
(3.1)

+JtT(t—s)v(S)dSa te].
0

THEOREM 3.2. Assume that

(H1) A is the infinitesimal generator of a semigroup of bounded linear operators T(t) in E
such that || T(t)|lpgy < M, for some My >0 and ||AT(t)|lpE) < Ma, for each t >0,
M2 > 0;

(H2) F:J X C([~r,0],E) — P, (E) has the property that F(-,u) : ] — P.,(E) is measurable
foreach u € C([-r,0],E);

(H3) there exists I € L'(J,R) such that

Ha(F(t,u),F(t,u)) < 1(t)||u —al|, (3.2)
foreacht € ] and u,u € C([-r,0],E), and
d(0,F(t,0)) <I(t), foralmosteacht € J; (3.3)

(H4) | f(t,u) — f(t,u)| < cllu —ull for each t € | and u,u € C([-r,0],E), where c is a
nonnegative constant;

(H5) c+Msoch+ M €* < 1, where £* = fohl(s)ds.

Then the IVP (1.1) has at least one mild solution on [—r,b].

Proof. Transform problem (1.1) into a fixed-point problem. Consider the multivalued
operator N : C([-r,b],E) — P(C([-r,b],E)), defined by

N(y):={he C([-r,b],E)} (3.4)
such that
é(1), ifte[-r,0],
h(t) =1 TO[$0) = (0, 0)] + f(t,ye) + J;AT(t —s)f(s,ys)ds (3.5)
+JtT(t—s)v(s)d5, ifrey,

0
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where
vESk, ={veL'(J,E):v(t) €E(t,y) forae. t €]} (3.6)

We remark that the fixed points of N are solutions to (1.1). Also, for each y € C([-1,b],E),
the set Sg,, is nonempty since, by (H2), F has a measurable selection (see [6, Theorem
11L6]).

We will show that N satisfies the assumptions of Theorem 2.2. The proof will be given
in two steps.

Step 1. We prove that N(y) € Py(C([—r,b],E)) for each y € C([-r,b],E).

Indeed, let (y,)n=0 € N(y) such that y, — y in C([—r,b],E). Then y € C([-r,b],E)
and there exists g, € Sp,, such that

t
yu() = T()[$(0) = £(0, )]+ f (£, y1) + L AT(t=s)f (s, ys)ds
(3.7)

t
+J T(t—s)gu(s)ds, te].
0

Using the fact that F has compact values and from (H3), we may pass to a subsequence if
necessary to get that g, converges to g in L'(J,E) and hence g € Sr,y- Then, for each t € ],

Blt) — 30 = TW[P(0) = FOP]+ F ey + || AT( =511 (5,3
(3.8)

t
+J T(t-s)g(s)ds, te].
0
So, y € N(y).

Step 2. We prove that Hy(N(y1),N(»2)) < ylly1 — y2lle for each y1,y, € C([-r,b],E),
where y < 1.

Let y1,y, € C([—r,b],E) and h; € N(y1). Then there exists g1 (¢) € F(t, y1¢) such that

hi(t) = T(t)[¢(0) — £(0,)]+ f (£, y1¢) +JOAT(t—s)f(s,y15)ds
(3.9)

n Jot T(t - $)gi(s)ds, teJ.
From (H3), it follows that
Hy(F(t,y1e), F(t,yar)) <1D)||yie —yael|, te€T (3.10)
Hence, there is w € F(t, y5) such that
g1 () —wl| =IOy —yull, te] (3.11)
Consider U : ] — P(E) given by

Ult)y={weE: |gt)—w| <1t)||y1 — yall}- (3.12)
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Since the multivalued operator V(¢) = U(f) N F(t, y»;) is measurable (see [6, Proposition
I11.4]), there exists g>(t), a measurable selection for V. So, g:(t) € F(t, y») and

|g1(t) —g(t)| <I()||[y1e — yx||, foreachte]. (3.13)

We define, for each t € ],

hﬂﬂ=Nﬂww%fm@ﬂ+f@nﬂ+LAﬂbﬂUBJm%
(3.14)

+[ - 9ods
Then we have
| () = ha(8)]|
< Flbn) = () 00 [ 7o) = () s [ 11(6) - 209 s

t t
< cllyue = yall+ Mac [ [lyne = odlds+ My [ 1)y = yadlds

b
< cllyr = pallo + Macbllys = yall o+ Millya =l | 1)

< [C+M2cb+M1€*]||)/1 —)’2||oo'
(3.15)

Then
[|h1 — hal|, < [c+Mach+Mi€*]||y1 — a2l (3.16)
By the analogous relation, obtained by interchanging the roles of y; and y», it follows that
Ha(N(y1),N(y2)) < [c+Macb+Mie*]||y1 = y2ll.. (3.17)

Since y := ¢+ Mycb + M, €* < 1, N is a contraction, and thus, by Theorem 2.2, it has a
fixed point y which is a mild solution to (1.1). O

Remark 3.3. Recall that, in the proof of Theorem 3.2, we have assumed that y < 1. Since
this assumption is hard to verify, we would like point out that using the well-known
Bielecki’s renorming method, it can be simplified. The technical details are omitted here.

By the help of Schaefer’s fixed-point theorem, combined with the selection theorem of
Bressan and Colombo for l.s.c. maps with decomposable values, we will present the sec-
ond existence result for problem (1.1). Before this, we introduce the following hypotheses
which are assumed hereafter:

(C1) F:J x C([-r,0],E) — P(E) is a nonempty compact-valued multivalued map

such that
(a) (t,u) — F(t,u) is £ ® 9B measurable,
(b) u— F(t,u) is Ls.c. fora.e. t € J;
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(C2) for each p > 0, there exists a function &, € L' (J,R*) such that
||[F(t,u)]|g :=sup {|v] :v € F(t,u)} < h,(t) (3.18)

fora.e.t €], ue C([-r,0],E) with [lull <p.
In the proof of our following theorem, we will need the next auxiliary result.

LemMmA 3.4 [10]. Let F: ] x C([-r,0],E) — P(E) be a multivalued map with nonempty
compact values. Assume that (C1) and (C2) hold. Then F is of L.s.c. type.

THEOREM 3.5. Assume that hypotheses (C1), (C2), and the following ones are satisfied.
(A0) A is the infinitesimal generator of a compact semigroup T(t), t >0, such that
IT(t)lpE) < My, My >0, and |AT(¢)11pr) < My, for each t = 0, M, > 0.
(A1) There exist constants 0 < ¢y < 1 and ¢ > 0 such that

| f(tu)| <cllull+c, te], ueC([-r,0]E). (3.19)

(A2) The function f is completely continuous and, for any bounded set si < C([—r,b],E),
the set {t — f(t,y:): y € d} is equicontinuous in C(J,E).

(A3) There exist p € L'(J,R") and a continuous nondecreasing function v : Rt — (0, o)
such that

IF(t,w)lp < p()y (llull) (3.20)
fora.e. t € J and each u € C([—r,0],E) with
JbM\(s)ds < r du__ (3.21)
0 o uty(u)
where
1
co = 1—[M1(||¢|| +cillgll +c2) + 2 +beaMs |,
—
. ) ) (3.22)
M(t) = max{ - M, - Mlp(t)}

(A4) For each t € ], the multivalued map F(t,-) : C([-r,0],E) — P(E) maps bounded
sets into relatively compact sets.
Then problem (1.1) has at least one solution.

Proof. Hypotheses (C1) and (C2) imply, by Lemma 3.4, that F is of Ls.c. type. Then, from
Theorem 2.5, there exists a continuous function g : C([—r,b],E) — L'([0,b], E) such that
g(y) € F(y) forall y € C([-r,b],E).
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Consider the operator N, : C([—7,b],E) — P(C([-r,b],E)) defined by

o(t), ift e [-r,0],
Ni(y)(t) = T()[¢(0) = £(0,4)]+ f (t, y2) (3.23)

+JtAT(t—s)f(s,ys)d5+JtT(t—s)g(y)(s)ds, ifre)
0 0

We will show that N; is completely continuous. The proof will be given in several steps.
Step 1. The operator N; sends bounded sets into bounded sets in C([—r,b], E).

Indeed, it is enough to show that for any g > 0, there exists a positive constant / such
that, foreach y € B, := {y € C([-1,b],E) : [|yllw < q},0onehas [[N1(y)llo < I.Let y € By,
then

t
Ni(y)(®) = T(H)[¢(0) — £(0, )] + f (£, 1) + LAT(t =) f (s, y5)ds

t (3.24)
+I T(t - 5)g(y)(s)ds, teJ.
0
From (A0), (C2), (A1), and (A3), we have, for each t € ],
INi(y)(1) ]
< Mi[llgl+ £ 1+ f(t )|
(3.25)

# [ AT = 9l | £ (530 st [ 1T =9l [0 s

< M1[||¢|| +Clq+C2] +C1q+62 +bM2C1q+ szCz +M1||hq||L1'
Then, for each h € N(B,), we have
INiD)|l < Mi[lIgll+c1g+ 2] +c1q+ e+ bMacig+ bMacy + My |hgl| := 1L (3.26)

Step 2. The operator N; sends bounded sets in C([—r,b], E) into equicontinuous sets.

Using (A2), it suffices to show that the operator N, : C([—r,b],E) — C([-r,b],E), de-
fined by

(1), ift e [-r,0];
Na(y)(t) = T(®) 0>+f AT(t =) f (s ys)ds (3.27)
JTt—s )(s)ds, ifte],

maps bounded sets into equicontinuous sets of C([—7,b],E). Let u,u; € J, uy < uy, let
q:=1y € C([-r,b,E) : lyllw < q} be abounded set in C([~r,b],E), and y € B,. Then
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we have
| N2 (p) (12) = Na(y) (u1) |
0

< | T(u1)¢(0) = T(u2)$(0) | + (Clq+62)j [[AT (uz —s) — AT (u1 — 5)| |y ds
+(ag+a) LZ |AT (uz — 5) || g ) ds + Jo 1 [T (uz = s) = T(r = 5) | pyhq(s)ds

+J T (112 — 5) [ sy g (5)ds:

uy

(3.28)

As u; — uy, the right-hand side of the above inequality tends to zero. The equicontinuity
for the cases u; < u; <0 and u; <0 < u, is obvious.

Step 3. The operator N, is continuous.

Let {y,} be a sequence such that y, — y in C([-r,b],E). Then

I N2 (yn) (£) = N2() (1) |

t b 29)
<My [ 1 Fsne) = £(s0) ds My [ 1g(m)(6) ~g)(9) | ds
Since the function g is continuous and f is completely continuous, then
IN2(yn) = Na ()]
(3.30)

t
<M, sup | | f($5yns) = f (s, 95) | ds+ Mg (yn) —g(WIl — 0.

As a consequence of Steps 1, 2, and 3 and (A2), (A4), together with the Arzeld-Ascoli the-
orem, we can conclude that N, : C([—r,b],E) — C([—r,b],E) is completely continuous.

Step 4. The set €(N;) = {y € C([-r,b],E): y = AN;(y) for some A € (0,1)} is bounded.
Let y € €(N;). Then y = AN, (y) for some 0 < A < 1, and for ¢ € [0, b], we have

y(t) = A[T(t)(sb(o) = £(0,0)) + f (£ yr)

. . (3.31)
+J AT(t —s)f(s,ys)ds-kj T(t— s)g(y)(s)ds}.
0 0
This implies, by (A0), (A1), and (A3), that for each t € J, we have
t
O] = Mg+ aallgl+e) +allyll+ e +beoMa +aads | lInlds
(3.32)

[ powlelas
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We consider the function y defined by
u(t) =sup{|y(s)|:—r<s<t}, 0<t<b. (3.33)
Let t* € [—r,b] be such that u(t) = |y(t*)]. If t* € ], by inequality (3.32), we have, for

te],

t
p(t) < Mi(llgll+crllgll +c2) + crp(t) + 2 + bea Mz + 1M, L u(s)ds
(3.34)

t
LM, L p()y (u(s)) ds.

Thus

1 t
ut) = - o |:M1 (1l +cillpll +c2) + 2 + ber My + 1M L u(s)ds

t (3.35)
M, Lp(s)l//(y(s))ds], re.

If t* € [—r,0], then u(t) = ||¢|| and inequality (3.35) holds. We take the right-hand side
of inequality (3.35) as v(t); then we have

1
v(0) = I—[Ml(H(PH +allgpll+e) +a+babd], ult)<v(t), te],
— (3.36)
, 1 )
V(1) = o e + Mip(y ()} te).
Since v is nondecreasing, we have
V() <MW +y(v()}, tel (3.37)
From this inequality, it follows that
t V’(S) It Py
———————ds< | M(s)ds. 3
L e G = ), M0 (3.38)
We then have
LONE t b ® du
<| M <| M . .
L(O) v = JO (s)ds < L (s)ds < L(O) o (3.39)

This inequality implies that there exists a constant K; such that v(t) < Kj, t € ], and hence
u(t) < K, t €]. Since for every t € ], [l y¢|l < u(t), we have

Iyl <K := max {lI¢]l,K1}, (3.40)

where K| depends only on b, M;, and M, and on the functions p and y. This shows that
‘é(N1) is bounded. As a consequence of Schaefer’s theorem (see [20]), we deduce that N;
has a fixed point y which is a solution to problem (1.1). O



536 Neutral functional differential inclusions

4. Second-order semilinear NFDIs

Definition 4.1. A function y € C([—r,b],E) is called a mild solution of (1.2) if there exists
a function v € L'(], E) such that v(¢) € F(t,y;) a.e.on ], yo = ¢, y'(0) = 1, and

Y1) = CHP0) + (1) (1 — F(0,8)) + JO Clt—3)f (s, y)ds + L S(t—s)v(s)ds.  (4.1)

THEOREM 4.2. Assume that hypotheses (H2), (H3), and (H4) and the following ones are
satisfied:

(H6) A is an infinitesimal generator of a given strongly continuous bounded and compact
cosine family {C(t) : t >0} with ||C(¢)||lpE) < M;
(H7) Mb(c+£*) <1

Then the IVP (1.2) has at least one mild solution on [—r,b].

Proof. Transform problem (1.2) into a fixed-point problem. Consider the multivalued
operator N3 : C([—7,b],E) — P(C([-r,b],E)) defined by

N;(y):={he€ C([-r,b],E)} (4.2)
such that
(4(1), ift € [-r,0],
C()$(0) +S(t) (7 — f(0,9))
h(t) = 1 +JtC(t—s)f(s,y5)ds (4.3)

0
t

+J S(t—s)g(s)ds, ifte],

L Jo

where g € Sp,,.

We will show that N satisfies the assumptions of Theorem 2.2. The proof will be given
in two steps.
Step 1. We prove that N3(y) € Py(C([—r,b],E)) for each y € C([-r,b],E).

Indeed, let (y,)n=0 € N3(y) such that y, — ¥ in C([-7,b],E). Then y € C([-r,b],E)
and there exists g, € Sp,, such that

yu(t) = C()$(0) +S(t) (1 — £(0,¢))

4.4
+JtC(t—s)f(s,y5)ds+JtS(t—s)gn(s)ds. 44
0 0
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Using the fact that F has compact values and from (H3), we may pass to a subsequence,
if necessary, to get that g, converges to g in L'(J,E) and hence g € Sg,,. Then, for each
te],

yu(t) — (1) = C(£)p(0) +S(t) (n — f(0,¢)) + Jo C(t—3s)f (s, ys)ds

t (4.5)
+J S(t - 5)g(s)ds.
0
So, ¥ € N3(y).
Step 2. We prove that H;(N3(1),N3(»2)) < ylly1 — y2lle for each yy, y2 € C([-1,b], E),
where y < 1.

Let y1,y, € C([—r,b],E) and h; € Ni(y1). Then there exists g(¢) € F(t, y1;) such that

(1) = C($(0) + S(t) (n — F(0,8)) + JO Ct — 5 (5, y1:)ds
(4.6)

t
+J S(t—s)gi(s)ds, te]
0

From (H3), it follows that Hy(F(¢t, y11),F(t, y2:)) < I(t)ll y1r — 2, t € J. Hence, there is
w € F(t,y5) such that [g;(t) — w| < I(t)|ly1 — yaull, t € J. Consider U:]J — P(E) given
by U(t) = {w € E: g1 (t) —w| < I(t)lly1¢ — yall}. Since the multivalued operator V() =
U(t) N F(t, y2) is measurable (see [6, Proposition I11.4]), there exists g, (), a measurable
selection for V. So, g2(t) € F(t,y2) and |gi () — @(t)| < I(t)l|y1¢ — y2¢ll, for each t € J.
We define, for each t € ],

t t
Ho(t) = C(0G(0) + S(1) (1 — F(0,¢)) + L Clt—5) f (s, yos)ds + JO S(t— )@ (s)ds. (4.7)
Then we have

t t
[y (t) — ha(t) | sML | f(s,315) = f(5,92) |ds+MbL [g1(s) — ga(s) | ds

< e [l yadass 86 [ 169 yadlas .
< Mebllys - all, + Wbl el [ 9
<Mb(c+€*)||y1 - y2l| -
Then
||y = ||, < Mb(c+€*)|[y1 = y2l| - (4.9)

By the analogous relation, obtained by interchanging the roles of y; and y», it follows that
Ha(N3(31),N3(y2)) < Mb(c+€*)|[y1 — 12l (4.10)

Since Mb(c+£*) < 1, Nj is a contraction, and thus, by Theorem 2.2, it has a fixed point
y which is a mild solution to (1.2). [l
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THEOREM 4.3. Assume that hypotheses (H6), (C1), (C2), (A1) (with c1,¢; = 0), (A2), and
(A4) and the following one are satisfied:

(A5) there exist p € L'(J,R") and a continuous and nondecreasing function y : Rt —
(0, 00) such that, for a.e. t € ] and each u € C([-r,0],E),

b © dr
IF(t,w)lp < pOw(llul), L M(s)ds < L ) (4.11)

where

c=Mlgll +bM[ Iyl +cllgll +2c],

M(t) = max {1,c;M,bMp(t)}. (4.12)

Then the IVP (1.2) has at least one solution on [—r,b].

Proof. Hypotheses (C1) and (C2) imply, by Lemma 3.4, that F is of Ls.c. type. Then,
from Theorem 2.5, there exists a continuous function g : C([—r,b],E) — L'([0,b],E) such
that g(y) € %(y) for all y € C([-r,b],E). Consider the operator N, : C([-r,b],E) —
C([-r,b],E) defined by

¢(t)) lfte [_T’,O],
Ni(y)(t) = C(t)$(0) +S(t)[n — £(0,9)] (4.13)

+rC(t —35)f (s, ys)ds+ JtS(t —95)g(y)(s)ds, ifte]
0 0

As in Theorem 3.5, we can show that Ny is completely continuous.
Now, we only prove that the set

€(Ny):={y € C([-7,b],E) : y = AN4(y) for some 0 < A < 1} (4.14)

is bounded.
Let y € €(Ny). Then y = AN,(y) for some 0 < A < 1. Thus

(1) = AC(H)(0) + AS(H) [ — £(0,4)] +AL Clt =) (5, y:)ds

) (4.15)
+)LJ S(t-)g(y)(s)ds, te.
0
This implies by (H4), (H6), (A1), and (A5) that, for each t € ],
t
ly()| < Mllgll+bM (Il +cllgll +c2) +C1MI || ys||ds + be,M
0 (4.16)

t
+0M | p(y (s
We consider the function y defined by

u(t) =sup{|y(s)|:—r<s<t}, 0<t<b. (4.17)
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Let t* € [—r,b] be such that u(t) = [y(t*)]. If t* €], by (4.16) we have, for t € ],

u(t) < MNll+ bM (1) + 11l +2c2) +LM(s)y(s)ds

t (4.18)
+ L M)y (u(s))ds.
If t* € [—r,0], then u(t) = ||¢ll and the previous inequality holds.
We take the right-hand side of the above inequality as v(); then we have
v(0) = Mgl +bM(Inl +cillpll +2c2),  u(t) <v(t), te], (4.19)
V() = M(Ou(t) + MOy (u(t)), te]. '
Using the nondecreasing character of y, we get
Vi) =M@ [v(t) +y(v(t)], tel. (4.20)
This implies, for each t € J, that
v(t) dT Jb 00 dT
< | M(s)ds< J . 421
L(O) T+y(7) 0 ) vo) T+Hy(T) ( )

This inequality implies that there exists a constant K; such that v(t) < K5, t € ], and hence
u(t) < K, t €. Since for every t € ], Il y¢ll < u(t), we have

Iyl < Kj := max {[1¢]l, K>}, (4.22)

where K; depends only on b, M, and on the functions p and y. This shows that €(Ny) is
bounded.

Set X := C([—r,b],E). As a consequence of Schaefer’s theorem (see [20]), we deduce
that Ny has a fixed point y which is a solution to problem (1.2). O

Remark 4.4. The reasoning used above can be applied to obtain the existence results for
the following first- and second-order semilinear neutral functional integrodifferential in-
clusions of Volterra type:

%[J’(f) ~flty)]-Aye J k(t,s)F(s,ys)ds, ae.te€],
0
y(t) =¢(t), tel[-r0],

t
i[y'(t) —f(ty)] Ay e L k(t,s)F(s,ys)ds, a.e.te],

dt
}’(t) :¢(t)1 te [—1",0],
y'(0)=n,

(4.23)

where A, F, f, ¢, and # are as in problems (1.1) and (1.2) and k: D — R, D = {(t,s) €
JXJ:t=>s}.
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