TIME-DEPENDENT STOKES EQUATIONS
WITH MEASURE DATA
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We establish the existence of a unique solution of an initial boundary value prob-
lem for the nonstationary Stokes equations in a bounded fixed cylindrical do-
main with measure data. Feedback laws yield the source and its intensity from
the partial measurements of the solution in a subdomain.

1. Introduction

Let Q be a bounded open subset of R? with a smooth boundary and consider
the initial boundary value problem

u —Au+(w-Vu=Vp+g(t)y inQx(0,T),
V-u=0 inQ=0Qx(0,T)
u=0 onoQx(0,T),

u(x,0) =ug(x) inQ,

where w is a given solenoidal smooth vector function, g = (y1, 42, p13) is a Radon
measure of bounded variation on Q, and ug is in L' (Q).

Let y be a given function in L'(0, T;L!(G)) where G is an interior subset of Q.
We associate with (1.1) the cost function

T
J (g3 150057) =L IGIu—xldxdt. (1.2)

The purpose of this paper is twofold:

(1) to establish the existence of a unique weak solution of (1.1),

(2) to determine the source g and the intensity of the source g(f) from
the partial measurements y of the solution u in a fixed subdomain G x
(0, 7).
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954 Time-dependent Stokes equations with measure data

Nonlinear elliptic boundary value problems with Radon measure data have
been the subject of extensive investigations by Betta et al. [1], Boccardo and
Gallouét [2], Boccardo et al. [3], and others. Parabolic initial boundary value
problems in cylindrical domains with Radon measure data were studied by Boc-
cardo and Gallouét [2], Brézis and Friedman [4]. In all the cited works, scalar-
valued functions are involved. For vector-valued functions with a constraint im-
posed on the solution, the generic truncated function used in Boccardo-
Gallouét treatment in [2] does not seem applicable. As is well known, for par-
tial differential equations with measure data, the lower-order terms give rise to
difficulties. In this paper, we consider the nonstationary Stokes equations with
measure data, the case of the full-time-dependent Navier-Stokes equations is
open. Feedback laws for distributed systems of parabolic initial boundary value
problems, with data in L?(Q), were obtained by Popa in [5, 6] and for interacting
controls by the author in [7].

The existence of a unique weak solution of (1.1) is established in Section 2.
The value function associated with (1.1) and (1.2) is studied in Section 3. Feed-
back laws are established in Section 4. The results of this paper seem new.

2. Existence theorem
We denote by M, (Q)) the set of all Radon measures of bounded variation on Q,

by WL?(Q) the usual Sobolev spaces, and by ](}’P (Q)) the Banach space

JoP(Q) = {usu= (u,upu5) € WP(Q), V-u=0inQf, 1<p<e,
(2.1)

with the obvious norm.

Throughout the paper, we assume w to be in C(0, T; C(Q)) N L*(0, T;702(Q)).
Let % be a compact convex subset of L?(0, T) and let AU be a convex subset of
My(Q), compact in the vague topology, that is, [|g, | m,(0) < C, then there exists a
subsequence such that g, — p in the distribution sense in Q and ||g,, Il a,(0) < C.

Set

€(gmuo) = |[uollL )+ gl el iy ). (2.2)
Let

(g ug,mw} € L2(0,T) x L'(Q) x My(Q) x C(0, T;C(Q)) N L2(0, T3]y *(Q)),
(2.3)

then there exists {g,, uf, f",w"} € C7 (0, T) X C7 (Q) x C(0, T;C§(Q)) with V -
w" = 0 such that

{gnuf, ", w"} — {g,up, p, W} (2.4)
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in L2(0, T) x L'(Q) X @' (Q) x C(0, T;C(Q)) N L2(0, T;J*(Q)) and

||ug||L1(Q) = ||u0||L1(Q)’ ||fn||L1(Q) < llgllm, @) ||gn||L2(o,T) < ligllzzo,1)-
(2.5)

Consider the initial boundary value problem

u, — Au,+ (W"- V)u, = Vp+g,(H)f" inQ,
V-u,=0 inQ=Qx(0,T),
u,(x,t)=0 ondQx(0,T),

u,(x,0) =uj(x) inQ.

(2.6)

With the approximating system (2.6), we have the following known result.

LeMmMmaA 2.1. Let

{gn Epul,w} € CT(0,T) X (CF () x CH(0, T;CLHQ),  V-w'=0.
(2.7)

Then there exists a unique solution u, of (2.2) in C'(0, T; C(Q)) withu, € L*(0, T}
Jo2(Q) N W32(Q)) and ul, € L2(0, T; L2(Q)).

Since u, € C(Q), SUP(x 1)cq lujn(x,t)| = «j, exists. Denote

Ay = 1isl}£3aj’"' (2.8)

The following decompositions of L>(Q) and W&’Z(Q) are known:
Q) =)(QeGQ), Wyl (Q)=J" (e (" ()" (2.9)
Thus, forv € WOI’Z(Q), we get
v=v+%, Ve Q) ve (JirQ)". (2.10)

We deduce from the unique decomposition of L?(Q) into Jo(Q)m and G(Q)
that

v=v+Vgq vei(Q), v=Vge WyHQ). (2.11)
LEmMA 2.2. Let {gy, £y, uf, u,} be as in Lemma 2.1. Then

| 0,701 ) + ||vuﬂ||il(D3,) <C(1+1Ql+€(gpu)) (2.12)
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with
3
D)= {xt):(xt) €Q |unj(xt)| <inf{Lay}}. (2.13)
j=1
The constant C is independent of n.

Proof. (1) Let

inf {a,, 1},  ifinf {a,, 1} <5,
p=1s if —inf{a,,1} <s <inf{a,,1}, (2.14)
—inf{a, 1}, ifs<—inf{a, 1}.

With u, € C'(0, T;C(Q)) and with V - u,, = 0 in Q, we now consider the test-
ing vector function ¢(u,) = (@(uy,1),..., (1 3)). It is clear that
3
D} c () supp (un,) (2.15)
j=1

is nonempty and 0Q x (0, T) C dD,.. For each t € [0, T], we have ¢u,(-,t) €
Wé’z(Q) and using the decomposition (2.11), we write

@(un(-1) = @(un(-, 1)) +Vq(-,1) (2.16)
with
(u(- 1) €Jy*(Q), Vge Wpi(Q), Vtelo,T]. (2.17)
It is clear that ¢ maps L2(Q)) into Jo(2) and W,*(€2) into J3'*(Q). Since
Il (i (s )|y < 1 (2.18)
we obtain, by using the decomposition (2.11),
| (@(un(-,1)),h) |
< inf | (@ (us(-,1)),h) | (2.19)

Il g <1 V-h=0

= H‘P(un(')t))”],w(gy Vte [0, T].

~ ot N < inf
||¢(uf’l( ))HL (Q) = th\l_l(mlgl;v'h:()

Hence,

@ ()l 0, 7522y = 1- (2.20)
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We have
(Aun("t))(p(un(')t))) = (Aun('>t)’¢(un("t)) - VQ)

3
= (Aun(':t)) (P(un()t))) + Z (Djun,k»DjDkQ)
”k? (2.21)
= (Auy (- 1), @(un(+ 1)) = > (Dittni Aq)
k=1
= (Aun(')t)’ ‘P(un()t)))
as
(.-, 1), Vgq} € Jy*(Q) n W3(Q) x W (Q), S
V- (Au,(-,t)) =0 forte[0,T]. (222)
Since

IIDi{o)}H| 120 < IDj{o) H 20
<|l¢' M= I1Dj¥l] 20 (2.23)
<DVl VVE W (),

we deduce that
10/ Wy =1 Vve W (Q). (2.24)
With u, € C'(0, T;C(Q)), V - u, = 0, and thus u, € L*(0, T;Jo(Q)), we get

(uy, @ (un (-, 1)) = (), (un(-,1))) = (wy, V)

= (4, 9w 1)) 22
(2) Set
¢(s) = L @(r)dr. (2.26)
Multiplying (2.6) by ¢(u,), we obtain
d > ,
°T IQ¢(un(x, t))dx+j,mz_j0q) (thn, ) | Dot (3, 1) | Pl
3
+ Z JawyDjun,k¢(un,k)(x,t)dx (2.27)

k=1

= Ian(t)fn,k(p(”n,k)dx-
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Since w" € J;”*(Q)), we get by integration by parts that

3
> J;; W7Dt k@ (Un ) dx

k=1

3
=- Z L)w;’un,k(])'(un,k)Djun,k(x, tdx
k=1

3 U (%,1)
== Z Lz wj(x, t)D]{J Sgb'(s)ds}dx

k=1 0

S [ ain "){j""’k(x’t) y s s =0
= IV (W N s)as X =U.
k=179 y

0

(2.28)

It follows that

% JQ ¢ (u,(x,t))dx < L) b @ (w,(x, 1)) dx. (2.29)

Hence,

JQ |w,(x,t) | dx < C{l +1Q| +L>¢(u”(x’ t))dx}

t
<cfion | [ guid +e@mu) @3
<C{1+Q|+€(gmuo)}.

The constant C is independent of n and of the data (g;u;u0). The second
assertion of the lemma is now obvious. O

LemMA 2.3. Suppose all the hypotheses of Lemma 2.2 are satisfied. Then
||un||Lp(0,T;W01,r(Q)) < C{1+1Ql+¢(g;f;u0)} (2.31)

with r <1 < 5/4. The constant C is independent of n and of the data (g;p; o).
Proof. (1) Let yy be the function

1, ifl+k<s,
s—k, ifk<s<l1+k,
Yi(s) =40, if —k<s<k, (2.32)

s+k, if —-1-k<s<-—k
-1, ifs<—-1-k.
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(1) Let k be a positive integer with

oy = inf{sup | tn,j (2, 1) |} >k,
J Q

(2.33)
k<K, =Sl;p{$lép |un,j|}.
Let

3
Bi=[{(xt): (xt) € Q k< |uyj(xt)| <1+k}, (2.34)

=1

then
By N {ﬂsupp (un,j)} + Q. (2.35)
J

With v, (u,(-,1)) € W&’Z(Q) for t € [0, T], we use the decomposition (2.11),
and as in the first part of the proof of Lemma 2.2, we have

i (w5 0) = P (ua(-,1) + Vg (2.36)
with
Vae (hY)"  w(w(,0) €37(Q) Vie(o,Tl. (2.37)
Moreover,
o (w)llimoramp =% W@ |- ryz0@) < 1- (2.38)

As in Lemma 2.2, we have

(W v (un)) = (W, ¥ (wa)),  (Au v () = (Aun, e (wa)). (2.39)

Taking the pairing of (2.6) with ¥, (u,(x, t)), we obtain

d s 2
EJQ(Dk(un(x:t))dx"' Z JQ‘//];(”n,j(x)t))|Dmun,j(x’t)| dx

jm=1

3 (2.40)
+ z JQ W,? ’ Dju”)mlpk (un,m(-x, t))dx

jym=1

<C{1+%(gmuo)},
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where
Dy(s) = L wi(o)do. (2.41)

Since w" € J,"*(£2), we get by integration by parts that

Z J w; "D; uank(“nm(x:t))

jm=1
= - Z J W Un,m Wk) (”nm)D unmdx
pm=t ) (2.42)
Up,m (X1 ,
- Z J wiD; {J s(Pk) (s)ds}dx
Jjym=1
3 un,m(x:t) ,
=> | div (w”){J s(k) (s)ds}dx =0.
B o) 0
It follows that
| @l n)dx
Q
+ Z J vik) (tym(x, 1)) | Dt m( x,t)| dx < C{1+ Q| +€(g;psu0) }-
jm=1
(2.43)
Therefore,
J |Vun(x,t)|2dxdtsC{1+|Q|+%(g;y;u0)}. (2.44)
By
Let r € (1,5/4), then an application of the Hélder inequality gives
k| By | sJ | th (1) |
(2.45)
(4r-3 /4r
< [ty | Bi |
Therefore,
|Bi < k™47 w1073 (2.46)

An application of the Holder inequality, together with (2.45) and (2.46), yields

||vun| 2 7'/2|

|Vuﬂ||L2(Bk

/.
T 14101+ € (g5 o) ).

ZV(Bk = |Bk|

(2.47)
<Ck™ 2r(2— r/3||un|
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(2) We now consider the case
o, = inf{sup |t (x, 1) | } <k. (2.48)
J Q

Since a, = supg luns| <k,
supp (tns) N {(xt) ik < Jups(x,t)| <k+1}= Q. (2.49)

We have two subcases:

(i) inf#s{supQ luy,j(x,t)|} >k and we treat exactly as before,
(ii) infj%s{supQ lunjl} = supq [t m| < k.

As above, we only have to consider the case

sup |uy, | >k, r#m,s, (2.50)
Q

and again, as in the first part, the same argument carries over.
Repeating the argument done before, we obtain

J |Vun(x,t)|2dxdtsC{1+|Q|+%(g;[4;u0)}, (2.51)
By

As before, let 1 < r < 5/4, and an identical argument as in the first part yields

2

(2-r)/
[V, 2’(Bk) = ||V“n||22(3k) |Be| " (252)
—2r(2-1)/3 2r(2-r)/3 Lo '
< Ck Hu””L‘*V“(Bk) {1+|Q|+%(g)#)uo)}-
Combining the two cases, we get from (2.47) and (2.52),
r —2r(2-1)/3 2r(2-1)/3 -
||Vun||L,(Bk) < Ck ||un||L4,/3(Bk) (1Q1+€(gpuo)). (2.53)

The constant C is independent of #, k and of g, g, uy.
(2) Let ko be a fixed positive number and let ¢, be the truncated function

inf {ko, a,}, if s >inf {ko, o, },
on(s) =15, if —inf {ko, a,} < s <inf {ko, @}, (2.54)
—inf {ko, a0}, if s < —inf {ko, ay}.

Then as in Lemma 2.2, we have

I . |Vuy,|2dxdtsC{ko+|Q|+%(g;y;u0)}. (2.55)
Dy’
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Now a proof as in that of Lemma 2.2 gives

r/2

LZ(D |Q|(2 r)/2

Jk | Vu, |"dxdt < Q% 72||Vu,|
Dy (2.56)
< Clko+ Q1 +€(gsm5u0)},

where D’f,‘) is as in Lemma 2.2.
(3) Combining (2.53) and (2.56), we obtain

||Vun||2'(0,T;L'(Q)) < Clko+1+1Q] +€(g;psu0))
+C(1+1Ql +€(gpu0))

K,
X z ||un

k=ko

(2.57)

2r<2 f/3k 2-n2r/3.
L4r/3 Bk)

Applying the Holder inequality to (2.57), we get

[V,

rorra) < CUHIQI+E(gmuo) f + C{1+1Qf +€ (g pu0) )

K, r/2
4r/3 —4(2—
L4/3(0, T;L473(Q)) ‘[ Z k 42 r)/3}

k=ko

X [[un|

(2.58)
< C{1+1Q1+€ (g muo) H |1

o r/2
><<| z k—4(2—r)/3} )
k=ko

The series converges since 1 < r < 5/4.
(4) Again, the Holder inequality gives

L41/3 0,T;L473(Q))

1/4 3/4

L3r/(3fr)(Q)~ (2.59)

||| Q) = ||un|| Hun|

With the estimate of Lemma 2.2, we obtain

2r(2-r)/3
Lzr(/s(o’:;;yr/z(g)) < C{l + Q] +%(g;[‘;u0)}

+C{1+1Q1+€(gspuo) } (2.60)

r(2—r)/2
Lr (0, T;L37/G-1)(Q))*

]

X ||u,,

(5) The Sobolev imbedding theorem yields

||,

r r
s = Cllenllorwer@)- (2.61)
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It follows from (2.57), (2.59), and (2.60) that

rorpreny) < CL+ Q1 +E(gpmu))
+C{1+ Q| +€(gpuo)}

r/2
4r/3 —4(2—
X ||un||LZv/3(o,T;L4r/3(Q))‘| > ke r)/3}

||un

k=ko (2.62)
< C{1+1Ql+€(gmuo) }
r/2
+ C| |u,,| |2'(0,T;L3’/(3”)(Q)) { Z k4(21‘)/3} .
k=ko
Since 1 < r < 5/4, the series converges and there exists ko such that
|\un||£r(0,T;L3y/<3—r)(Q)) <C(1+1Ql +%(g;,u;uo))- (2.63)
Using the estimate (2.63) in (2.60), we obtain
- —r)/
||un| izgé(oi)]{ih/a(g)) = C(l +1Q| +%(g;ﬂ§u0))r(4 ” 2. (2.64)
Taking the estimate (2.64) into (2.57), we have
||u,, 2,(0)T;]3,,(Q)) <C(1+1Ql+€(gpsu0)). (2.65)
The lemma is proved. O

LemMa 2.4. Suppose all the hypotheses of Lemmas 2.1 and 2.2 are satisfied. Then
0l o, ye) = CLH QI +E (g5 p510) ). (2.66)

The constant C is independent of n, g, uo, and y.

Proof. Since r € (1,5/4), we have W=D (Q) ¢ L*(Q) as Q is a bounded open
subset of R3. Let v be in L”"~1(0, T; ]y (), then we get from (2.2)

(), v) +v(Vuy,, Vv) + (W' - V)u,,v) = (gf,,v). (2.67)

Thus,

T
| 1wy e <,
0

+ Iwllz= 0,132 (2)) | [wn

L'(O,T;]&"(Q)) ||VHLr/(r—l)(O)T;]Lr/(r—l)(g))

L (0, T34 (Q)) ”VHLy/(rq)(o,T;]O‘x'/(’*” Q)

+ CE(gpsu0) VI v 0,15 (0))-
(2.68)
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It follows from the estimate of Lemma 2.2 that

T
L | (u),v)|dt < C(1+|Ql+€(gpuo)) IV e 0, gt - (2.69)

Hence,

[|u), LOTU D@y S C(1+1Ql+€(guup)). (2.70)

The lemma is proved. O
The main result of this section is the following theorem.
THEOREM 2.5. Let {g,u,uo} be in L*(0, T) X Mp(Q) X L1 (Q) and let w be in
L= (0, T;L=(Q)) N L*(0, T;J12(Q)). (2.71)

Then there exists a unique solution u of (1.1). Moreover,

Il o,z ey + Il o,z + 10l o 7y 10y e) < CE(g50510)
(2.72)

forr € (1,5/4). The constant C is independent of g, p, and u.

Proof. Letu, beasin Lemmas 2.1, 2.2, and 2.3. Then from the estimates of those
lemmas, we get, by taking subsequences,

{upu,} — {wu'} (2.73)

in
(L= (0, T;L1(Q))) yeur N L7 (0, T;L(Q)) N (L7 (0, T3]y (Q)))
x (L0, T3 (J™"" () ™))

weak (2‘74)
weak*
It is now clear that u is a solution of (1.1) with

{wu'} € L% (0, T;L1(Q)) N L7 (0, T3 5" () x L' (0, T (g V() ™).
(2.75)

It is trivial to check that the solution is unique. Since the solution is unique, an
application of the closed-graph theorem yields the stated estimate. The constant
C depends on Q. O

3. Value function

Let x be an element of L'(0, T;L!(Q)) representing the observed values of the
solution u of (1.1) in an interior subdomain G. Let

G ={g:lgllwom <1}, W= {p: lpllpy0) < 1} (3.1)
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It is clear that {9, U} are closed convex subsets of L2(0, T') x M (Q). Let
V(up;7) =inf {J(gpsu0;7), Ve €U, Vg € 4} (3.2)

The value function exists. The main result of this section is the following
theorem which shows that one can determine the source and its intensity from
the observed values of the solution in an interior subdomain.

THEOREM 3.1. Suppose all the hypotheses of Theorem 2.5 are satisfied. Then there
exists {g, @} € G X WU such that

V(up;7) = J (1503 7). (3.3)
Moreover,
|V (uo;7) = V(vo;7) | < Cllug =voll 1) Vo, vo € L'(Q). (3.4)

The constant C is independent of uy, vo, and 1. The generalized Clarke subgra-
dients 0V (ug; ) exist and are set-valued mappings of L' (Q) into the closed convex
subsets of (L'(Q))* = L™ (Q) with

I1f (0o; ) [[fwy < C VY f €9V (ug37). (3.5)
Proof. Let {g,,u,} be a minimizing sequence of (3.2) with
1
V(up;7) < J(gnspu057) < V(ugs7) + e (3.6)

Let u, be the unique solution of (1.1) with the controls {g,,#,}, given by
Theorem 2.5. From the estimates of the theorem, we have

LO TG () < Cé(gpsup).
(3.7)

Wl o 0,7y + |1 oyt @)t ||y,

Thus, there exists a subsequence such that
{(wowsgnp,} — (00,84} (3.8)
in
(L7 (0, T3J5" () ea N L7 (0, T3L7(€)) 0 (L (0, T3 () e
< (L7 (0,13 (] () *) )Weak (3.9)
X (W20, T)) yeu X D' (Q).

It is now trivial to check that @ is the unique solution of (1.1) with the controls
{g, @i}, and moreover

V(ug;t) =J(gsi5u057). (3.10)



966 Time-dependent Stokes equations with measure data

(2) Let vy be in L' (Q)), then we have

T
V(vo;T) = V(ugst) < J(&i5v0;7) —J (G5 85u037) < J JG | —v|dxdt,
(3.11)

where V is the unique solution of (1.1) with the controls {g, #} and initial value
vo. It follows from Lemma 2.1 that

@ =¥l =071 < Cl[uo = vol| 11 - (3.12)
Therefore,
V(vos7) = V(ups7) < Cl[vo = o[ 1) (3.13)
Reversing the role of uy and vy, we have
V(u0;7) = V(vo;7) < Cllug —vol| 1 q)- (3.14)
Thus,
|V (ug;7) = V(vo;7) | < Cllug = vol[ i) Vo, vo € L'(Q). (3.15)

It follows that the Clarke subgradients 0V (ug; 7) exist and are set-valued map-
pings of L'(Q) into the closed convex subsets of L*(}). Furthermore,

lfllrxy<C Vfe aV(uo;T). (3.16)
O
4. Feedback laws

To establish the feedback laws of problems (1.1) and (1.2), we first establish the
existence of a solution of a nonlinear parabolic initial boundary value problem.

Let & be the projection of L*(0, T) into G and let & be the linear compact
mapping of L (Q) into Cy(Q) given by £h = v with

v—Av=h inQ, y=0 onoQ. (4.1)

It is known that for h € L (L), there exists a unique v € Wy (Q) N W27 (Q)
for any 2 < r < o0, and that

HV”CO(Q) = CHV”WOL'(Q)QWZJ(Q) =< C1||h||L°°(Q)~ (4.2)
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Let k* be the lower semicontinuous (l.s.c.) convex mapping of Cy(Q) into R
given by

k*(f) = sup {pu(f), Vu € U}. (4.3)
Since k* is a L.s.c. convex mapping of Cy(Q)) into R, its subgradient exists
and maps Cy(Q) into (Cy(Q))* = Mp(Q). A standard argument shows that there
exists i € U such that
k*(f) = p(f) = sup {u(f), Vp € U}. (4.4)
Since k*(0) = 0 and

k*(g) — k*(f) = 0k (g—f) Vge Co(Q), (4.5)

we deduce that k*(f) = a(f) and ok = {f}.
We consider the initial boundary value problem

u —vAu+(w-Viju=Vp+gu, inQ,
u(x,t)=0 ondQx(0,T), (4.6)

u(x,0) =up(x) inQ,
with
Qu= @3{ L) u(x, t)dx}

. (4.7)
u, = k* (L gg(fu)dt>, f, € oV (u(-,1);t).

The main result of this section is the following theorem.

THEOREM 4.1. Let {w,uy} be in C(0, T;C(Q)) N L*(0, T;J3* () x LY(Q). Let x
be in L'(0, T; L' (G)), then there exists a solution @ of (4.6) and (4.7) with

=710 + 10l o ey + 18 o gy iy <C - (4:8)

and 1 < r < 5/4. Moreover,

T
V (uo50) = JO JG [a(x, ) — x(x, 1) | dxdt. (4.9)

The value function V (ug;0) is given by Theorem 3.1.
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First, we establish the existence of a solution of (4.6) and (4.7) by applying
Kakutani’s fixed-point theorem. Let

%C = {u: Hu||L°°(0 T;L1(Q)) ”u”L'(O T30 (Q))
s 5150

1 g e ey < C1+ ol oy }

with C as in Theorem 2.5. Let v € B¢, then g(v) is in 4. Since v(-,t) is in L' (Q)
for almost all ¢, it follows from Theorem 3.1 that 0V (v(-,t);t) is a set-valued
mapping of L'(Q) into the closed convex subsets of L*(Q2). Moreover,

16Dl <C1 VE €0V (v(-,1)st) (4.11)

and for almost all ¢. The constant C; is independent of t. Thus, oV (v(-,1);t)
is a closed bounded convex subset of L* () and hence is also a closed convex
subset of L2(Q). It follows that there exists a unique element £, of OV (v(-,1);t)
of minimum L?(Q))-norm. Set

S={u,:p, €U p, (&) =k*f)} (4.12)

with k* asin (4.3). Then Sis a convex subset of My(Q)) andif u, € Swithu, — p
in %' (Q), then g € My (Q).
Consider the initial boundary value problem

u —vAu+w-Vu=Vp+g(vy, inQ,
V-u=0 inQ, u(x,t)=0 ondQx(0,T), (4.13)
u(x,0) =up(x) inQ,

with g € S. Then for a given v € B, it follows from Theorem 2.5 that there
exists a unique solution u € RB¢. Let oA be the set-valued mapping

A(v) = {u:uis a unique solution of (4.13); u, € S}. (4.14)

It is clear that sd maps B¢, considered as a subset of L"(0, T;L"(Q2)), into the
subsets of L"(0, T;L"(Q2)). To prove the theorem, we show that s has a fixed
point, by applying Kakutani’s fixed-point theorem.

LEmMa 4.2. Suppose all the hypotheses of Theorem 4.1 are satisfied and let A be as
in (4.7). Then the images of sd are closed, convex subsets of L"(0, T;L"(Q))).

Proof. The images of o are clearly convex subsets of L"(0, T;L"(Q2)) as prob-
lem (4.13) is linear. We now show that the images are closed subsets of L"(0, T’
L'(Q)).
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Let u, € s (v) and suppose thatu, — win L"(0, T;L"(Q))). From the estimates
of Theorem 2.5, we get

||un||L°°(0,T;L1(Q)) +||uy, @)t ||, LT @) = c (4.15)

It follows that there exists a subsequence such that
{wpu,} — {wu'} (4.16)

in
L7(0, T5L7 () N (L7(0, T3 /4" (2))) wear N (L= (0, T5LH(Q)) ) et
4.17)
r [ yLr/(r=1) * (
(L (015 (J" V@) ).

It is now trivial to check that u € sd(v). O

LemMa 4.3. Let i be as in (4.7), then it is an upper semicontinuous (u.s.c.) set-
valued mapping of L"(0, T; L"(Q))) into the closed convex subsets of L" (0, T; L"(Q))).

Proof. Since B¢ is a compact convex subset of L"(0, T5L"(Q))) and 4 maps B¢
into B¢, to show that o is an u.s.c. set-valued mapping, it suffices to show that
its graph is closed.

Let {vyu,} € Be X A(v,) and suppose that {u,,v,} — {u,v} in L"(0, T;
L"(€))). We have to show that u € (v).

(1) From Theorem 2.5, we get

{wpvpu, v} — {u,v,u',v'} (4.18)
in
L7(0, T;L7(Q)) X (L7 (0, T5J5 " (2))) yeare X (LT (0, T;L1(Q))) eurct

4.19
X (L7(0,T5 (] ") ™)) (419

weak*

(2) Since P is continuous from (L2(0, T))weak into (W12(0, T))weak, We have

g(va) = 97’{ Jﬂvn(x, t)dx} —g(v) in (W"(Q)),ear- (4.20)
(3) We have
e, o0 iz <C  VE, €0V (va(1);1). (4.21)

Thus, £y, — fin (L®(0, T5L% (2))) weak* - On the other hand,

JT {V(wst) = V(vust) Fdt = JT (fy,,w—v,)dt VYweL*(0,T;L'(Q)).

0 0
(4.22)
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Hence,

T T
j (V(wst) = V(v;t)}dt > J Ew-v)dt VweL®(0, T;LN(Q).  (4.23)
0 0
It follows that f € 0V (v;1).
We now show that it is the unique element of 9V (v;¢) with minimum L2(0, T;
L*(Q))-norm. Let

Be(v) = v :v* € Be, IV =Vl om0
{ (0,T5]5" (2)) (4.24)
IV =Vl @m0 + 107 =) oz ey < C}"
Then
({OV (v5t) : v € Be(v)} C IV (vi5t) (4.25)

€

since v, € B (v) for n = ny. With f,, the unique element of 0V (v,;t) with min-
imum L?(0, T; L*(€)))-norm, we obtain

wllporq Ve €V (VL) Ve>0. (4.26)
In particular
or) < Ellpereo) Vi €oV(vt). (4.27)
Thus,
€1l 20, 75200)) < ||y ||Lz(0 rq) Vi €9V(vit). (4.28)

Since 9V (v;t) is a closed convex subset of L?(0, T;L*(Q)), f is the unique
element of minimum L?(0, T;L?*(Q)))-norm of the set.
(4) Since £ is a compact linear mapping of L (Q) into Cy(Q2), we have

( J £, (xf dt)—»iE(J f(x,t dt) in Col(Q). (4.29)

On the other hand,

", (:C-E(Lvaﬂdt)) = k* (iﬂzfvndt}). (4.30)

Since p, € W and p,, — p in D'(Q), we get

un{ﬂf( LT (£, - f)dt)}

<Cllfy, - f||L°°(0,T;Co(Q))' (4.31)
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Thus,

T
yn{gf(ﬁ) (f, — f)dt)} —.0. (4.32)

Since u,, — p in D'(Q), it follows that

yn{ﬂf(LT fvndt> } _ p{gg ( JOdet) } (4.33)

It is now clear that

(0 T |

We deduce that u € ${(v). The lemma is proved. O

Proof of Theorem 4.1. (1) It follows from Lemmas 4.2 and 4.3 that the nonlinear
mapping o satisfies all the hypotheses of the Kakutani fixed-point theorem and
thus there exists @ such that @t € (). We now show that

T
V (1530) = L JG 160, 1) — x(x, 1) | dxdt. (4.35)

(2) We know that @ € L®(0, T;L'(Q)), and thus (x, t) is in L' (Q) for almost
all £. Let {g, u} be in %G X U and consider the initial boundary value problem

u —vAu+w-Vu=Vp+gu inQx(t,7T),
V-u=0 inQx(T),
u(x,t)=0 ondQx(tT),
u(x,t) =ua(xt) inQ.

(4.36)
From Theorem 2.5, we deduce the existence of a unique solution uin L* (¢, T;
LY(Q) N L' (t, ;)0 (Q) with v’ in L' (£, T; 027"V (Q))*). Let
T
V(a(-,t);t) = inf{J J lu(x,s) — x(x,5)|dxds, Vg €4, Vue Ou} (4.37)
e
Using a minimizing sequence, we deduce that there exists {1, §, ¢t} such that

T
v(a(-,t)t) = L JG [a(x,s) — x(x,s) | dxds. (4.38)

The solution 1 of (4.36) with the controls §, ## depends on ¢ through its inter-
val of definition.
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The dynamic programming principle gives
t+h
V(a(-,t);t) = inf{V(u(-, t+h);t+h) +I J lu(x,s) — x(x,s) | dxds:
t Je

u is a solution of (4.36) with u(x,0) = uy, V{g,u} € §x Ou}

(4.39)
Since G(x, t) = (x, t), it follows that
v(a(-,t);t) = V(a(-t);t)
t+h (4.40)
<vVa(-,t+h)t+h)+ J I [0(x,s) — x(x,) | dxds.
t Je
Thus,
T
[ J [6(x,5) — x(x,5) | dxds < V(G(-, £+ B);+ ). (4.41)
t+h JG
It follows from the definition of the value function that
T
V(@ t+ )t +h) = J J 6(x,5) — x(x,5) | dxds. (4.42)
t+h JG

Hence,
t+h
V(ﬁ(-,t+h);t+h)—V(ﬁ(-,t);t)=—J JG|ﬁ(x,s)—x(x,s)|dxds. (4.43)
t

Therefore,

%V(ﬁ(-, t);t) = — IG |a(x, ) — x(x, 1) | dx. (4.44)

But, G(x, t) = 0(x, t) in Q and therefore

d

SV 050) = - JG la(x, 1) — x(x, 1) | dx. (4.45)

It follows that

T
va(-,T);T) - V(a(-;0);0) = =V (ug;0) = —L JG [a(x,s) — x(x,s) | dxds.
(4.46)

The theorem is proved. O
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