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The nonlocal boundary value problem for hyperbolic-elliptic equation d?u(t)/dt* + Au(t)
= f(t), (0 <t <1), —d*u(t)/dt* + Au(t) = g(t), (-1 <t <0), u(0) = ¢, u(1) = u(-1) in
a Hilbert space H is considered. The second order of accuracy difference schemes for ap-
proximate solutions of this boundary value problem are presented. The stability estimates
for the solution of these difference schemes are established.
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1. Introduction

Itisknown (see [14, 15, 19, 20]) that various boundary value problems for the hyperbolic-
elliptic equations can be reduced to the nonlocal boundary value problem

dzdigt) +Au(t) = f(t) (0<t<1),
d? .
- digt) +Au(t) =g(t) (~1<t=<0), (1.1)

u(0) = o, u(l) = u(-1)

for differential equation in a Hilbert space H, with the self-adjoint positive definite oper-
ator A.

A function u(t) is called a solution of problem (1.1) if the following conditions are
satisfied.

(i) u(t) is twice continuously differentiable in the region [—1,0)J(0,1] and contin-
uously differentiable on the segment [—1,1]. The derivative at the endpoints of
the segment are understood as the appropriate unilateral derivatives.

(ii) The element u(t) belongs to D(A) for all t € [-1,1], and the function Au(t) is
continuous on [—1,1].
(iii) u(t) satisfies the equation and boundary value conditions (1.1).
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2 Difference schemes for hyperbolic-elliptic equations

TaEOREM 1.1 [13]. Suppose that ¢ € D(A), and let f(t) be continuously differentiable on
[0,1] and g(t) be continuously differentiable on [—1,0] functions. Then there is a unique
solution of the problem (1.1) and the stability inequalities

‘max {|u(6)]]; = M[”?’”H + max [[A”"2g(1)]| + max IIA*“f(t)IIH])

du 12
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hold, where M does not depend on f(t), t € [0,1], g(t), t € [-1,0] and ¢.

In the paper [13] the first order of accuracy difference scheme for approximately solv-
ing the boundary value problem (1.1)

— 22U + Uj—
B ST A = fio i = f(ta), ton = (k+ DT, 1<k <N -1, Nt =1,
T

Uk — 2Ug + Uk

= +Aur =g, g=gW), tk=kr, -N+1=<k=<-1,

U =¢, UN=UN, Ul —U)=U)— U
(1.3)
was investigated.

THEOREM 1.2 [6]. Let ¢ € D(A). Then for the solution of the difference scheme (1.3) obey
the stability inequalities

-1/2 =12
g§§NIIukIIHsM[II¢IIH+NglggﬂllA gl + max A ﬁ<||H:|’

U — Ug—1
T

max
—N+1<k<N

HH+ max (|42l

—N=<k=<

SM[||A1/2¢||H+ z r||gk||H+ZrllﬁcllH}
k=1

k=—N+1
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Ukl — 2Uk + Uk

max
72

—N+1<k<N-1

+max | Augl

-1

sM[||A<PIIH+||g—1||H+||f1||H+ >, gk =gl + i ||fk_fk—1||H]’
k=2

k=—N+1
(1.4)

where M does not depend on 7, ¢, and fr, | <k <N—-1,g, —-N+1<k<-1.

Methods for numerical solutions of the nonlocal boundary value problems for partial
differential equations have been studied extensively by many researches (see [1, 2, 5, 3, 4,
7-9, 11, 12, 16-18, 21, 22] and the references therein).

In present paper the second order of accuracy difference schemes approximately solv-
ing the boundary-value problem (1.1) are presented. The stability estimates for the solu-
tion of these difference schemes are established.

2. The second order of accuracy difference schemes

Applying the second order of accuracy difference schemes of paper [10] for hyperbolic
equations and the second order of accuracy difference scheme for elliptic equations we
will construct the following second order of accuracy difference schemes for approxi-
mately solving the boundary value problem (1.1):

Ukl — 2Ug + Ug—

2
= + Aug + TZAZuk+1 —fio fi=flt), ti=kr,1sk<N-1, Nr=1,
— 2uy + Uy
—w%—Auk:g}o g =g(t), tx =kt, -N+1<k<-1,

72 72
Up =@, UN=U_N, ul—uo—?(fo—Auo)=u0—u71—5(g0—Au0),

g =g(0), fo= £(0),
(2.1)

Ukl — 2Ug + Uk
T2

fo=f(t) ti=kr, 1<k<N—-1,Nr=1,

1 1
+ EAL{]( + Z (AMk.H +Auk71) = ﬁo

Uk+1 — 2Uk + U
—%+Auk=gk, g=gW), tk=kt, -N+1<k<-1,uy=¢,

2

UN = U_N, (1+ %)(m —up) —

72 2
E(fo —Aug) = up— -y — 7(g0 — Aug),

8 =g(0), fo=f(0).
(2.2)
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TaEOREM 2.1. Let ¢ € D(A). Then for the solution of the difference scheme (2.1) obey the

stability inequalities

1/2 1/2
max el = M| llglly+ max (A g+ max (1Al

max ||[FET BRIk A2l
—~N+1<k<N T H —N<k<N
0 N-1
M1l 3 llally+ 3 el | 3
k=—N+1 k=0
max Wit = 2UK T Uk _ZL;k—}_uk*l + max ||Au|y
—N+1<k<N-1 T —N<k<N

0 N-1
SM[||A<P||H+||go||H+||fo||H+ 2. ||gk—gk1||H+Z||fk_fk1||H:|’
k=1

k=—-N+1

where M does not depend on 7, ¢, and fr, 0 <k <N —-1,g, -N+1<k=<0.

The proof of Theorem 2.1 follows the scheme of the proof of Theorem 1.2 is based on

the formulas

u = (D(tAY?) = D(—7AY?))""
x [(D(=71AY?) =1)D*'(tAY?) + (I - D(7AY?)) D=1 (= 7AY?) Juy

[
+(D(rA"?) = D(~7A"?)) " (D*(zA"?) = D*(~7A"?)) (g — u-1)

+ 2 (D(rA"2) = D(~74"2))” (D (rA?) = D* (= 7A")) (o - go)

k-1
-> %A*lﬂ [DF<(TAY?) — D= (- 1A"?)]f,,

2 1
lsksN—l,D(i—rAW):<1iiTA1/2_%> )
Up = R—ku0 + (I _RzN)fl (RN—k _RN+k)[RNu0 _ M—N]

+ (I _RZN)fl(RN—k _RN+k Z B! RN s RN+S]R—1(2+TB)—1gST

—N+1

+ z “H(RH) — RIS (24 7B) 'R g,
—N+1

1/2 2
_Ntl<k<-1,R=(1+7B)!, p=ATt4 2” Atd
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Uy = T{(D(TAVZ) —D(—7A"))"!

[(D(—7A"?) —I)DN"' (zA"?) + (I - D(zA"?)) DN~' (= TA"?) Jug
+(D(tA"?) = D(—7A"?)) " (DN (rA"?) — DN (~ 1AY?))uy
— (D(rA"?) = D(-1A"?)) "' (DY (rA"2) - DV (- 7A"?))

X { Rug+ (I — R*N) " (RN — RN-1) RNy + (1 — RN) ™ (RN+! — RN1)

x > B[RV -RNSIR(2+1B) gt

s=—N+1
72 _
+ 5 (D(rAY) = D(~7A"?)) " (D" (A"?) = D*(~ 7A")) (fo - g0)
N-T
_ ZA—I/Z[DNfs(TAIQ)_DNfs(_TA1/2)]fS})
s=1
T= (I—(I—RZN)% (RN+1_RN—1) (D(TAVZ)—D(—TAUZ))% (DN(TAl/z)_DN(_TAI/Z)))*l
(2.4)
and on the estimates
[[D(£7AY))| g <1, T||AV2D(= 1AV < 2, (2.5)
|[(kTB)*R¥||;; .y <M1 +81)7%, k=1,0<a<1,8>0, M>0, (2.6)
and on the following lemmas.
LEMMA 2.2. The estimate holds:
. _ T
H[DN(iTAl/Z) —exp{ FiA2}]A 1HHﬁH <2 (2.7)

Proof. We use the identity

1
DN(+7AY2) —exp { T iAV2} = j W (stAV2)ds, (2.8)
0
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where

W(stAY?) = DN (+s1AY?) exp { Fi(1 —s5)AY?}.

The derivative ¥’ (stA"?) is given by

B ,T252A3/2

V' (sTAY?) = DN (£ 57AV?) ( F z?> exp{Fi(l—s)AY?}.

Thus,

DN (+71AY?) —exp{FiAY?}

1
_ 1J DN+1( iSTAl/Z) (iAa/z)%Tzsz exp{ Fi(l _S)Al/z}ds.
0

Using the last identity and estimates (2.6) and
[lexp{Fi(1-s)AY?}|| <1,
we obtain

108 o) - exp 5 w1,

1 1
=3 ), [P¥ (2srat®)]|,_ eslesa 2D ssra)

X |lexp { Fi(1—s)AY2}| ;. ds
1
T
< TJO sds = >

Lemma 2.3. The following estimate holds:
Tl = M,

where M does not depend on 7.

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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Proof. Since

T=(I-RN)(I - RN + (RN*! — RN-1)
% (D(TAI/Z) —D( _ TAI/Z))il(DN(TAm) —DN( _ TAl/Z)))il,
T"—{I—exp{—2A1/2}+2A1/25(1)exp{—Al/z}}fl
= YN"{I—exp{—2A1/2}+2A1/25(1)exp{—Al/z}}f1
X ARN —exp{ — 242} +2AY25(1)exp { — AV?} — (RN*1 — RN71)
% (D(TAW) —D( _TAl/z))—l(DN(TAl/Z) _DN( _ ,[Al/z))},
I = exp{ - 242} +242s(Dexp { — AV2}} ||,y < M,

to prove (2.14) it suffices to establish the estimate

HRzN —eXp{ —2A1/2} +2A1/25(1)exp{ _A1/2} _ (RN+1 _RN—I)

x (D(rA2) = D(—AY2)) " (DV (zA?) — DN (- 7A1%))|| <M.

Here

’IN" — (I—R2N+ (RN+1 _RNfl)
« (D(TAI/Z) —D( _ TAI/Z))*l(DN(TAl/z) —DN( —TAI/Z)))fl,
iAl/Z 71'A1/2
e L
s(1) 2i

The estimate (2.17) was proved in [19]. Finally, using the identity

RZN —CXP{ _ZAI/Z} +2A1/25(1)€Xp{ _Al/Z} _ (RN+1 _RN—I)
% (D(TAl/z) —D( _TAI/Z))—l(DN(TAl/Z) _DN( _ TAI/Z))
=RN —exp{-24"2}

1

+[24V25(1) - 5
1

+1,(DN(TA1/2) _DN(_TAI/Z))[eXp{ _AI/Z} —RN]

(DN(TA1/2) _DN( _ TAI/Z))] exp | _A1/2}

| — =

(DN(TAl/Z) —DN( _ TA]/Z))

RN — (RN+1 _RN—I)(D(TAl/z) —D( _ TAl/z))—l]

— .

X

and the estimates (2.5), (2.6), and (2.7), we obtain the estimate (2.18).

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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THEOREM 2.4. Let ¢ € D(A¥2).Then for the solution of the difference scheme (2.2) obey the
stability inequalities

1. 1/2) H 12 12
ol < (1 Jira) )|+ mex 4Rl ma 12l |

max ||ZZHU 4 max A2 |
—N+1<k<N T H —N=<k=N
0 N-1
“AV2<I+ zTsz)q)H > gl + ZTHﬂHH],
—~N+1 k=0
max w + max[lAul,
~N+l1<k<N-1 T -N=<

1. 0 N-1
<) [a(1=3ea)o] Lt 3 lgimgiill+ 3 lfimsicll |
k=1

k=—N+1
(2.21)

where M does not depend on 7, ¢, and fr, 0 <k <N —-1,g, -N+1<k<0.

The proof of Theorem 2.4 follows the scheme of the proof of Theorem 1.2 is based on
the formulas

ug = (D(zAY?) —D(—74"2))""
x [(I - D(—1AY?))DF1(—1AY?) + (D(rAY?) — 1) D1 (AY?) o
+(D(7AY?) = D(—TAY?)) (D (rAV?) — D*(— TAY?)) <1+ %) (up—u_1)

+ %Z(D(TAln)fD( _ TA1/2))_1(Dk(TA1/2)ka( 7TA1/2)) (I+ TTTA>71(fO 7g0)

+k§ <I+ TiA)"(D(TAl/z) -D(- TAl/Z))—l[Dk—s(TAIO) _Dkfs( _ TAl/z)]fS’

s=1 4

i AV2 iTAV2N\ 1
lsksN—l,D(irAl/2)=(11112 )(IilTZ ) ,
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uk = R7%ug + (I — RN) T (RN K — RV*F) [RNug — u_y]

-1
+ (1= RN) (RN - RN*%) N B[R —RN*]R™'(2+7B) gt
s=—N+1

-1
+ > BNR*-_RH)24+7B) 'R g,
s=—N+1

AT+ A2 T2A+4

—-N+1<k<-1,R=(1+1B)"', B 3

Uy = T{(D(TAVZ) —D(—7A"))"!
X [(I-=D(—=71AY?))DN"1(=1AY2) + (D(1AY?) = I)DN~1(rAY?) Juy
+(D(rAY?) — D(~ a"%) " (DY (r4?) - D (— 74")) (1 + TiTA)fluo
— (D(rA"?) = D(~7A"2)) (DN (zA"?) — DN (- 7A"%))

x {Ruo +(I—RN) RV — RN RNy + (1 - R2N) T (RN+! — RN)

-1
X Z B[RV —RN*™IR'(2+1B) gt
s=—N+1

-1
+ > BYR™T-R™)(2+ TB)_IR_lgST}

s=—N+1

+ %Z(D(TAVZ) —D( _TAl/Z))*l(Dk(TAl/Z) —Dk( —TAI/Z))

5 s 1 N-1
y (I+%) (fo—g0) — szzl ZliAil/z[DNis(TAl/2) _DN—s(_TA1/2)]fS}’

T = (I— (I_RZN)—I(RN+1 _RN—I)

-1

% (D(TAI/Z) —D( _ TA1/2))—1(DN(TA1/2) _DN( _TAI/Z)) (I+ 1'24A)1>

(2.22)
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and on the estimates (2.6) and

. -1
A1/2 (I . ITAI/Z )

(=24 |y <1, 7 -

<2,

and on the following lemmas.

LEMMA 2.5. The estimate holds:
. _ T
H[DN( +7AY?) —exp{F 1A1/2}]A 1HH_)H <
Proof. We use the identity
1
DN(+1AY?) —exp{ FiAY?} = I ¥ (sTAY?)ds,
0
where
Y(stAY?) = DN (+stAY?)exp{ Fi(1 —s5)AY?}.
The derivative ¥’ (stA"?) is given by
W (stAY?) = DN71(+s7AY?) (+iAY?)
1 1 =
X (— Zr%zA) <1 + EiTAW) exp{Fi(l—s)AV?}.
Thus,

DN (+71AY?) —exp{FiA?}

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

1 )
= 1J DN71(+5s7AY?) (iA3/2)iT252 (I * %iTAl/z) exp{Fi(1—s)A"?}ds.
0

Using the last identity and the estimates (2.23) and (2.12), we obtain

H[DN( +TAY?) —exp{F iAl/zHA_lHHaH

<7 jol Y1 (252412, s

-2
X isAl/er<I + 11’1AV2>
2 2

H-H

X Hexp{ Fi(1 —s)Al/z}HHHHds

1
T T
< - ds=—.
2.[05 s 4

(2.28)

(2.29)
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LEMMA 2.6. The following estimate holds:
Ty <M, (2.30)

where M does not depend on 7.

Proof. Since

T = (I—RZN) <I—R2N+ (RN+1 —RN_l)(D(TAm) ~-D( _TA1/2))*1

-1

x (DN (7AY2) — DN (- 1AY?)) (1+ TiTAr) ,

T—{I—exp{—24"2} +24%5(1)exp | —A2 !

= T{I—exp{—2A"2} +24"%5(1)exp | AV

X {RZN —exp{—2AY2} +2AY%s(1)exp { — A2} — (RN*! - RN71)

x (D(7AY?) _D(_TAI/Z))*I(DN(TAI/Z) —DN(—TAUZ))(I+T2—A)_1}

4
(2.31)
and (2.17) to prove (2.30) it suffices to establish the estimate
‘ R2N _ eXp{ _ 2A1/2} +2A1/2S(1)eXp{ _Al/Z} _ (RN+1 _RNfl)
-1 724\ !
x (D(tAY?)-D(—1AY?))" (DN (7AY?) DN (- 1AY?)) (1+ —) <M. /7.
4 H-H
(2.32)
Here
T= <I_R2N+ (RN+1 —RN”)(D(TAVZ) -D(- TA1/2))_1
(2.33)

« (DY (zAY2) — DN (- 7412)) (1+ TZTA)1>_ .
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Finally, using the identity

RZN _ eXp{ —2A1/2} +2A1/25(1)€Xp{ _AI/Z} _ (RN+1 _RN—I)
2 -1
x (D(TAY2) = D(—AY2)) " (DN (rAV?) — DN (- 7AY?)) (” %)

= R exp{ — 24171+ [24125(1) - £ (D (rAY2) =D~ 7412)) | exp | - 47}

+ %(DN(TAI/Z) —DN( _ TAI/Z))[CXP{ _AI/Z} _RN]
+ %(DN(TAI/Z) ~ DN (—1A2))
-1 724\ !
X | RN — (RN*! —RN"1) (D(tA"?) — D(—1A"?)) <1+ T)
(2.34)
and the estimates (2.6), (2.23), and (2.24), we obtain the estimate (2.32). O
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