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In this paper, by the use of the weight functions, and the idea of introducing parameters, a discrete Mulholland-type inequality with
the general homogeneous kernel and the equivalent form are given. The equivalent statements of the best possible constant factor
related to a few parameters are provided. As applications, the operator expressions and a few particular examples are considered.

1. Introduction

Assuming that 0 < ¥ a2 < 0o and 0 < Y22 b < co, we
have the following discrete Hilbert’s inequality with the best
possible constant factor 7 (cf. [1], Theorem 315):

21§;+n<n<zlafn§bj> . W

We still have the following Mulholland’s inequality with the
same best possible constant 7 (cf. [1], Theorem 343):

PR n<mz_2mam;2nbn> e)

m=2n=2

If0 < _[;O f*(x)dx < coand 0 < fomgz(y)dy < 00, then we
have the following Hilbert’s integral inequality:

J.OOO JOOO f (j:)‘l'gy(y) dx dy

(3)
([P ¢ 0 dy)m ,

0

with the best possible constant factor 7 (cf. 1], Theorem 316).

Inequalities (1), (2), and (3) and their extensions with the
conjugate exponents (p,q) (p > 1,1/p + 1/q = 1) and
independent parameters are important in analysis and its
applications (cf. [2-13]).

The following half-discrete Hilbert-type inequality was
provided (cf. [1], Theorem 351). If K(x) (x > 0) is decreasing,

p>1L1/p+1/q=1,0<¢(s) = jowK(x)xS_ldx < 00, then

o2 ! p(L\§ 0
B K d - . 4
L x (; (nx)an) x < ¢ <q>;an (4)

Some new extensions of (4) were provided by [14-19].

In 2016, by the use of the technique of real analysis, Hong
[20] considered some equivalent statements of the extensions
of (1) with the best possible constant factor related to a few
parameters. The other similar works about the extensions of
(3) were provided by [21-25].

In this paper, according to the way given by [20], by
the use of the weight functions and the idea of introducing
parameters, a discrete Mulholland-type inequality with the
general homogeneous kernel and the equivalent form are
given, which is an extension of (2). The equivalent statements
of the best possible constant factor related to a few parameters
are provided. As applications, the operator expressions and a
few particular examples are considered.
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2. Some Lemmas

In what follows, we suppose that p > 1,1/p+1/g =1, A €
R,A, A=A <1 (i = 1,2), ky(x, y) is a positive homogeneous
function of degree—A, satistying, for any u, x, y > 0,

ky (ux,uy) = u_’\k,\ (x,9). (5)

Also, k)(x, y) is decreasing with respect to x,y > 0 (or
(0/0x)k)(x, y) <0, (0/0y)k;(x, y) <0 (x, y > 0)), such that,
fory=2A,A-21,,

ky(y) = LOO ky(w)u'du eR, =(0,00).  (6)

We still assume that a,,,b, > 0 (m,n € N\ {1} = {2,3,...}),

satisfying
0 1. p[1-((A-1,)/ p+A,/q)]-1
0< Z In — m al < oo
m=2 mP
00 1pdl1I-(a/p+O-A/@))-1, 7
and 0 < Z - b < co.
n=2 n-b
Definition 1. Define the following weight functions:
A271n
wy (Ayym) = In"2m Z ky (Inm, lnn)
n=2 (8)
(meN\{1}),
00 A1
@) (A, n) = In**n Z ky (Inm,Inn) I m
m=2 m (9)
(ne N\ {1}).
Lemma 2. We have the following inequalities:
wy (Ap,m)<ky(A-1,) (meN\{1}), (10)
@) (A,n) <k, (X)) (meN\{1}). (11)

Proof. For A,—1 < 0,itis evident that k; (Inm,In t)(ln’\z_lt)/t
is a strictly decreasing function with respect to t > 1. By the
decreasing property, setting u = Inm/ Int, it follows that

A,-1

Lt

w; (A, m) < In*2m J k) (Inm,Int)
‘ (12)

_ j oy (i, 1) U™y = &y (A= 4,).
0

Hence, we have (10). For A, — 1 < 0, it is evident that
ky(Int,1n n)(ln’\l_lt) /t is a strictly decreasing function with
respect to t > 1. By the decreasing property, setting u =
Int/Inn, we find that

A1

@, (A, n) <In*in J k, (Int,Inn) In Lar
: (13)
- J Ky (1) N = Ky (A,).
0
Hence, we have (11). O
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Lemma 3. We have the following inequality:

Z k) (Inm,Inn)a,b, < k/l\/p (A-1,)

m=2

M8

Il
[

n

((A=23)/ p+A,/9)]-1

InPl- m Vp
T (4) { > a,‘i,} (14)

I-p
m=2 m

00 dll-(A=A)/q+A/p)I-1, . 1/q
. e %

n=2

Proof. By Hélder’s inequality with weight (cf. [26]), we obtain

Inte- ‘)Pn 1A/, ]
m

=Z Zkk(lnmlnn)[ p=—r

n=2 m=2

InM=Vay, 1n -2/,
ml/q n_l/P n
[ (-1,

00 00 A-1
S Y ky (nmlnmy 210
n m-P

<

m=2 n=2

aﬁl] X OZO: OZOZkA(lnmlnn)
m=2

(15)
n=2
“1)(1-1,)— /a
In@Va-A)-1, 7! oo
e
m=2
—((A= . /p
InP-O-L) prdnfa-1,, ! o0
’ P a}"t:l X Z @) (Ay,1)
n=2
ndl—(OA/ard/pI-, Ya
. e b
Then by (10) and (11), we have (14). O
Remark 4. By (14), for A, + A, = A, we find
p(1-A))-1
0< z In = al < oo
o (16)
(o] q(1-1,)-1
and0<zln : "p1 < 0,
nl=p "
n=2
and the following inequality:
Z Z k) (Inm,Inn)a,b, < k) (1)
n=2m=2
17)

pa-A)-1,,

< Inf
P

VP r oo (=221, 1/q
L]
) nlwa

n=2
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In particular, for p = g = 2, we have

Mg

)

k, (Inm,Inn)a,b,
2

0o . 1/2
m 2 n 2
< k)t (Al) < Z lnml_lmam ZAz—lnbﬂ) :

m=2 n=2 In

3

S

3
il

(18)

For A = 1, ki(x, y) = 1/(x + ¥), A; = A, = 1/2, (18) reduces
to (2). Hence, (17) is an extension of (18) and (2).

Lemma5. The constant factor k(A,) in (17) is the best possible.

Proof. For any € > 0, we set

B ln/\l_s/P_lm
am = —_—
m
_ ey (19)
b=

(m,neN\{1}).

If there exists a constant M (M < k;(A,)), such that (17) is
valid when replacing k; (A,) by M, then, in particular, we have

I= i i k, (Inm,Inn)a,,b,

n=2m=2
0 1-1)-1 1/p
InPU= A1y,
m=2

1
[oo lnq(l—lz)—ln~q:| la
1

1-p
n=2 n

We obtain

A)- e 1/
QO nPA-A)=1,, 1 pPhiep,, 1P
ml-r mP

T<M[Z

m=2

[ 00 [4(1-A2)=1,, [dhae-1, ] 1/q

n=2 nl—q ni
_ M(ln_e_IZ . i ln_e_lm> (21)
2 msom
Ine'2  (®In
<M 1 + J 1 dt)
2 2 t

M e
= = < +1>.
eln®2\2In2

By the decreasing property and Fubini theorem (cf. [27]), we
find

1§

n=2

Ml In*

ky (Inm,Inn)
5 * minPm  nlnIn

Mg

& 3

n/\l—s/p—lx

> L (LOO k) (Inx,1n y) 1

Ay—e/q-1
. ln—ydx> dy(u = }n_x)
y ny

o | —e-1 o
_ J noy (J ky (1, 1)
2 y In2/Iny

-uAl_S/P_ldu> dy

oo 11 1
_ J noy (J Ky (u, 1)
2 y In2/Iny

. ull_e/‘o_ldu> dy
00 1,41 o)

+J In y(J kl(u,l)uAl_s/P_ldu)dy
2 y 1

L
0 \Jys2te  y

1 Ay—e/p-1
+ — ky (u, 1) u™ du
eln®2 ,[1 2 (1)

(22)

1

dy) ky (u, 1) P dy

1 0
J ky (1) 9y + J ky (u,1)
1

_ 1 (
~en®2 \ Jo
. ull_e/‘o_ldu> .

Then we have

1 (o)
J ky (1) 17 gy ¢ J' Ky (u, 1) P gy
0 1

<M<L+1>.
2In2

For ¢ — 07, by Fatou lemma (cf. [27]), we find

(23)

1
(4, = J lim K, (u, 1) a1y

0 e—0*

(o]
+ J lim k; (u, 1) /77 dy]
1 e—ot

) (24)
< lim (J k,\(u,l)u’\‘”/q_ldu

0

e—0"
o 2
+J ky (1) u 1_E/p_1du> <M.
1

Hence, M = k;(A,) is the best possible constant factor of (17).
O



Remark 6. Setting A, == (A=A,)/p+A, /g Ay = (A=A,)/q+
A,/ p, we find

XI+XZ=A_/\2+Q+/\_A1+h=&+&=)t,
p q q p P 9
~ 1 1
A<—+-=1, (25)
"Tp g
Xzsl+l=1,
q p

and by Hélder’s inequality (cf. [26]), we have

A=A, A

)
P4

0<k,\()t—7tz)=k,\(7tl)=k/\< .

o0
_ J k)L (u,1) u(A—Az)/P+/\1/q_1du
0

= [ k) (e 00) (40
0

/ (26)
o) 1/p
< (J ky (u, l)u’\_Az_ldu)
0
00 1/q .
- <L ky (u, 1) uAl_ldu) =K/P(A-1,)
K9 (4) < oo
We can rewrite (14) as follows:
- 1/p
00 lnp(l—)tl)—lm
I<k/?(A-1,)k/" (1)) LZ_Z ——a,
(27)

= 1/q
o8} IHQ(I_Az)—ln
Y =0 .
n=2 nl—q !

Lemma 7. Ifthe constant factor k}\/P()L - Az)k;/q()tl) in (14) is
the best possible, then A, + A, = A.

Proof. If the constant factor k;/ P(L- Az)k}\/q()tl) in (14) is the
best possible, then, by (27) and (17), the unique best possible
constant factor must be k ,\(XI)(G R,), namely,

k(L) =K (A= A,) K7 (). (28)

We observe that (26) keeps the form of equality if and only
if there exist constantsAandB, such that they are not all zero
and (cf. [26])

AP = BuMTlge in R, =(0,00). (29)

Assuming that A # 0 (otherwise, B = A = 0), it follows that
b o B/A ae. inR,,and then A — A, — A; = 0, namely,
AL+ A, = A O
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3. Main Results

Theorem 8. Inequality (14) is equivalent to

Z k; (Inm,Inn)

m=2

]::

[w lnp(()u—/\l)/q+/12/p)—ln<

n=2 n

plp
-am) ] <KP(A-1,) KT (Ay) (30)

X P OAN P Iy Yp
. a, .

I-p
m=2 m

If the constant factor in (14) is the best possible, then so is the
constant factor in (30).

Proof. Suppose that (30) is valid. By Holder’s inequality (cf.
[26]), we find

X [ |p~ VPHA-A)/gtAa/p), 0
I= Z 77 Z k, (Inm,Inn)a,,
n=2

m=2
VP~ (O-An/a+ds/p),,
’ n_l/P n

(31)

00 1-all-((A-A,)/g+As/p)]-1 la
|
= 1— n °
n=2 n

Then by (30), we obtain (14).
On the other hand, assuming that (14) is valid, we set

b

n

lnP((A_/h)/q*‘Az/P)—ln
o n

o) p-1
ZkA(lnm,lnn)am> , (32)

m=2

neN\{1.

If ] = 0, then (30) is naturally valid; if ] = oo, then it is
impossible to make (30) valid, namely, ] < co. Suppose that
0 < J < 00. By (14), it follows that

00 a2 a+hs/p)-1,

q _ 1P _
- b= =1

n=2

<KPA -1,k (Ay)

0 [P (O-A)/prdn/l-1, P
. af
2 4

m=2 ml—p

00 |al1=((A-A)/g+hy/p)l-1,, )14
. Z bl

n=2 nl_q " ’
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b
nl=4 "

] = {OO Ind-((A-A0/g+ha/p))-1,, }l/p
n=2

<KP(A-21,) KT (Ay)

—((A— _ 1
' i InP-(O=22)/p+2s/g)] lmap Ip
m!=P m ’

m=2

(33)

namely, (30) follows, which is equivalent to (14).

If the constant factor in (14) is the best possible, then so
is constant factor in (30). Otherwise, by (31), we would reach
a contradiction that the constant factor in (14) is not the best
possible. O

Theorem 9. The statements (i), (ii), (iii), and (iv) are equiva-
lent as follows:

(i) KYP(A = 1))k} U(M,) is independent of p,q

(ii) k;/p(/\ - /\z)k/l\/q(/\l) is expressible as a single integral

(iii) k;/p(/\ - Az)k;/q()tl) is the best possible constant factor
of (14)

(iv) A +A, =2

If the statement (iv) follows, namely, A; + A, = A, then

we have (17) and the following equivalent inequality with the
best possible constant factor k; (A,):

00 1_pA,-1 0 plp
[Zln ”(Zkl(lnm,lnn)am) ]
n

n=2 m=2

/ (34)
® pPA-A)-1,, 1/p

<ky (M) 2 T“ﬁ]

Proof. (1)=>(ii). Since k;/ P - Az)k}\/q()tl) is independent of
p»> g, we find

P (A= 2) k) (1)
(35)
= lim lirr}+k/l\/p (A=) KT () = ky (A,

—>ooq_>
namely, k;/ P(A- /\z)k}\/q(/\l) is expressible as a single integral
ky(A,) = L ky (u, 1) M du. (36)

(ii)=>(iv). In (26), if kP (L = 1,)kY/4(1,) is expressible as
a single integral k) ((A — A,)/p + A,/q), then (26) keeps the
form of equality, which follows that ; + A, = A.

(V)=>(). If A, + A, = A, then k}P(X = A)K/9(A,) =
ky(A,), which is independent of p,q. Hence, we have
(i) = (il) == (iv).

(iii)=>(iv). By Lemma 7, we have A, + A, = A.

(iv)=>(iii). By Lemma5, for A, + A, = A, k}P(A -
Az)k;/ q()tl)(: k;(A,)) is the best possible constant factor of
(14). Therefore, we have (iii) & (iv).

Hence, the statements (i), (ii), (iii), and (iv) are equivalent.

O

Remark 10. (i) For A = 1, A = 1/g, A, = 1/p in (17) and
(34), we have the following equivalent inequalities with the
best possible constant factor k; (1/4):

)

n=2m=2

Mg

k, (Inm,lnn)a,b,

g VP g\ (37)
w(G)(Zam) (2)
© 0 plr
[Z—(Zkl (lnm,lnn)am) ]
n:2n m=2
(38)

o) 1/p
1 ab
<Mg@1».
q/\,5m

(ii) ForA = 1,A, = 1/p, A, = 1/qin (17) and (34), we have
the following equivalent inequalities with the best possible
constant factor k, (1/p):

M8
M8

k, (Inm,Inn)a,b,
2

3
I
[
3
I

-2 1/p -2 1/q (39)
<k (l) Z In? m p Zlnp na
! p m=2 ml_P " n=2 nl_q ! ’
0o 1.p-2 ) plp
|:Zln n(zkl(lnm,lnn)am) :|
n=2 n m=2
(40)
00 p-2 1/p
<k, ! Z In _map .
p m=2 ml P
(iii) For p = g = 2, both (37) and (39) reduce to
Z Z k, (Inm,Inn)a,b,
n=2m=2
(41)

q@ﬂ&%&@,
m=2

n=2

and both (38) and (40) reduce to the equivalent form of (41)
as follows:

1/2

(42)



4. Operator Expressions and
Some Particular Cases

We set functions
P (A=A pAi/g)l-1

¢ (m) = = ,
ml-r

43
ln‘ill—(@_h)/q*'/\z/P)]—l ( )

y () = e ;

where
. InP(O-20)/a+22/p)-1

Y () = = © (mmneN\{1}). (44)

Define the following real normed spaces:

1/p
Ly = {a = (o sllally = (Z 9 (m) |am|P>
) oo},
0 1/q
lo = ‘lb = b} 25 161l (Z;I//(n) |bn|q)
; oo},
lP»V’FP = {C = {Cn}f;’z > ”C”P,V,I*P

Assuming that a € [, setting

(45)

c= {Cn}zz >

¢, = Z k, (Inm,Inn)a,,, (46)
m=2
ne N\ {1},
we can rewrite (30) as follows:
lell s < K37 (A= 2,) k)2 (1)

namely, ¢ €

lall,, < o0, (47)

P’wl*p .

Definition 11. Define a Mulholland-type operator T': [, ,
lp yi-p @S follows: for any a € [, , there exists a umque
1-p. Define the formal inner product

representation ¢ € I
of Taand b € l and ‘the norm of T as follows:

(Ta,b) = OZO: ( OZO: ky (Inm,Inn) am> b,,

n=2 \m=2
(48)

ITall,y-»
Py
1T = —

az0)el,, Nallpgy

By Theorems 8 and 9, we have the following.
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Theorem 12. Ifa € lp,<p’ be lq,vf’ IIaIIM,, IIbIIq)V, > 0, then we

have the following equivalent inequalities:

(Ta,b) < k)” (A= 1,) kT (1) llall 1] (49)

Y

ITall e < k)" (A =2,) K9 () lal, - (50)

Moreover, A, + A, = A if and only if the constant factor

KPO = AV = Ky(Ay) in (49) and (50) is the best
possible, namely,

ITI = kp (Ay). (51)

Example 13. We set k;(x, y) = 1/(cx + y)’\ (A >0x,y >
0). Then we find k,(Inm,Inn) = 1/ln’\mcn. For 0 < A;,A -
A; <1 (i = 1,2), k,(x, ) is a positive homogeneous function
of degree —A, such that k) (x, y) is decreasing with respect
tox,y > 0,and fory = A;,A - A,,

k, (7) j du = 2 ro LU
= — du= — v
e o (cu+ 1)t < Jo v+ )

(o] uy—l

(52)
1
=5B(nA-y)eR,.

In view of Theorem 12, it follows that A, + A, = A if and
only if

1
ITI = ky (A1) = CTIB(AI’)‘Z)' (53)
Example 14. We set k)(x,y) = ln(cx/y)/(cx)’\ - y’\ (c >
0,A > 0;x,y > 0). Then we find ky(Inm,Inn) =
In(ln m®/ Inn)/(In*m ~In*n). For0 < A, A=A, < 1 (i = 1,2),
k)(x, y) is a positive homogeneous function of degree —A,

such that k;(x, y) is decreasing with respect tox, y > 0 (cf.
[2], Example 2.2.1), and for y = A, A - A,,

© 4" n (cu)

Ky (y) = j
() 0 (cu)’\ -1
1 JOO YYDy

T crA? 0

du

dv (54)
v—1

2
1 m

=— | —= R,.
c? [Asin(ny//\)] € B

In view of Theorem 12, it follows that A, + A, = A if and
only if

2
d ] . (55)

1
ITI = ky (A,) = o [W

Example 15. We set k,(x, y) = 1/1—[2:1(96”5 + M) (0 <
¢ < <¢, A > 0;x, y > 0). Then we find
1

ky (Inm,Inn) = .
* [T, (lnl/sm + cklnl/sn)

(56)
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For 0 < A,A - A; < 1(G = 1,2), kj(x, y) is a positive
homogeneous function of degree —A, such that k,(x, y) is
decreasing with respect to x, y > 0,and fory = 1;,A - A,, by
Example 1 of [28], it follows that

!

k,© =JOO S
S N s Ty

sp/A-1 1—[ 1 (57)

=1#k) G T %

" Asin (nsy/)t) Z

€R,.
In view of Theorem 12, it follows that A, + A, = A if and
only if
ITI =k (A,)
(58)

-1 T 1
" Asin ns)t /)L) ZC H c

i=1G#0 G~ %

In particular, for ¢, = ---
1/(x™* + cyM*)* and

=¢ = ¢, we have k,\(x))/) =

T =5 (A,) = ijdt
Ve (s o)

s 00 VSAI/)L—I (
_ 59)
A= /s L v+ 1)st

s B sAy sA,
prnd i )

If s = 1, then we have k; (x, y) = 1/(x’\+cy’\),k,\(ln m,Inn) =
1/(lnAm + clnAn), and

ITl =%, (1)) =

-~/ sin (m\ /A) (60)

5. Conclusions

In this paper, by the use of the weight functions and the
idea of introducing parameters, a discrete Mulholland-type
inequality with the general homogeneous kernel and the
equivalent form are given in Lemma 3 and Theorem 8. The
equivalent statements of the best possible constant factor
related to a few parameters are considered in Theorem 9. As
applications, the operator expressions and some particular
examples are given in Theorem 12 and Examples 13-15. The
lemmas and theorems provide an extensive account of this
type of inequalities.
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