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In this paper, optimal homotopy asymptotic method (OHAM) and its implementation on subinterval, called multistage optimal
homotopy asymptotic method (MOHAM), are presented for solving linear and nonlinear systems of Volterra integral equations
of the second kind. To illustrate these approaches two examples are presented. The results confirm the efficiency and ability of
these methods for such equations. The results will be compared to find out which method is more accurate. Advantages of applying

MOHAM are also illustrated.

1. Introduction

Integral equations, differential equations, integrodifferential
equations, and system of such equations, linear and nonlin-
ear, usually appeared in mathematical modeling of different
phenomena in physics, biology, and engineering [1-4].

There are various numerical methods for finding approx-
imate solutions of a system of integral equations and a
system of integrodifferential equations such as differential
transform method [5], Adomian decomposition method [6],
modified homotopy perturbation method [7-9], homotopy
perturbation method [10], block by block method [11],
Galerkin method [12], rationalized Haar functions method
[2, 3], Runge-Kutta method [13], homotopy analysis method
[14], Tau method [15], and variational iteration method
[16].

Moreover, Sezar et al. applied Chebyshev polynomial
method and Taylor collocation method for systems of linear
differential equations and integrodifferential equations [I,
17]. Yusufoglu employed homotopy pertubation method to
solve a system of Fredholm-Volterra type integral equations
(18].

One of the powerful and efficient methods for solving
integral equations is OHAM. In this paper, we apply OHAM
to solve systems of integral equations of the second kind.
We will also consider a modified version of OHAM, that
is called multistage optimal homotopy asymptotic method
(MOHAM). This approach was introduced for the first time
by Anakira et al. to approximate the solutions of differential
equations with initial-values [19].

The organization of this research is as follows: in
Section 2, OHAM and MOHAM are introduced. In Sections
3 and 4, applications of OHAM and MOHAM to system of
Volterra integral equations of the second kind are explained,
respectively. Section 5 is devoted to proving the convergence
of OHAM. In section six, illustrative examples are presented,
and conclusion appeared in the last section.

2. OHAM and MOHAM

The OHAM approach is usually applied to solve boundary
value problems; say

L (u;(0) + f; ®) + N; (u; ) = 0,
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where L; and N; are linear and nonlinear functional oper-
ators, respectively. f;(t) is a known function, u;(t) is an
unknown function, and B is a boundary operator [20-24].

According to OHAM we construct a homotopy
@;(u;(t, P); P): R x [0,1] — R for (1) as follows:

(1-P)[L, (1 (£, P)) + f; (1)]
= H(P)[L, (4; (£, P)) + f; (t) + N; (; (t, P))] ,
du, (t,P))

()

= 0’
dt

B <u,~ (t,P),
where P € [0, 1] is an embedding parameter; H(P), for P # 0,
is a nonzero auxiliary function such that H(0) = 0. For P = 0
and P = 1 we have u;(t,0) = u;(t), and w;(t, 1) = wu,(t),
respectively. Thus, as P increases from 0 to 1, the solution
u(t, P) varies from u(t) to the solution u(t), where u,(¢) is an
initial guess, for the solution, that satisfies the linear operator
which is obtained from (2), for P = 0;

L, (uy (1) + f; (1) = 0,

. ®)

The auxiliary function H(P) is considered as the following
power series in P:

H(P)=CP+C,P* +---, (4)
where C;, C,, ... are constants that will be determined later.
Let wus consider the approximate solution,
u;(t; P,Cy, C,,...), as a power series about P
u; (P,Cy,Cy,...) =ty (t)
k
+ Y Uy (t,C, Cys..., Cp) P, )
k=1
i=1,2,...,n.

Substitution in (2) from (5) and equating the coeflicients
of the terms with identical powers of P lead to governing
equations of u;,(t), u; (t), ..., uy(t), fori = 1,2,...,n, which
starts from (3), followed by

L; (u; (1)) = Cy Ny (g (1)),

. (6)
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Ly (g () = gy (£)) = CeNig (g (1))
k-1
+ Zci [L; (g (1))
o (7)
+ Ny (g (8) 14y (8) 5y ugey ()]

du.
B(uik,%> =0, k=2,3,...

where N, (u(£), u,(¢),...,u,,(t)) is the coefficient of P" in

the expansion of N(u(t; P,C,, ..., C,,)) about the embedding
parameter P

N; (u; (t; P))
= N; (uy (1))

+ 3 Ny (i (0) 11y (1) 1 (8) P,
k>1

(8)

i=12,...,n

where u;(t; P) is given by (5).

Studying the rate of convergence of the series (5) depends
upon the auxiliary constants Cq, q = 1,2,3,.... If the series
(5) converges for P = 1, one has

u (6C,Cyp.. ) = 15 (1) + ) 1y (£C1,Css. ., Cy),
k>1 (9)

i=1,2,...,n.
Then the mth order approximation is as follows:

ﬁi (t, Cl’ Cz, “ee ,Cm) = T/lio (t)

+ Y ug (£C1.Cyp.,Cr)s (10)
k=1

i=1,2,...,n.

Substitution of (10) into (1) results in the following expression
for residual:

R (t,C,,Cy...,C,,) = L(&% (t,C,,C,,...
+ fi (1)

+N,; (@ (t,C.,Cy, ...

,Cn))

(1)
:Cn))»

i=12,...,n

If Ri(t,C,,C,,...,C,,) = 0, then #;(t,C,,C,,...,C,,) wil
be an exact solution and this, in general, does not happen
especially in nonlinear problems. In order to find the optimal
values of C;, ¢ = 1,2,3,...m, we apply least square
minimization approach

a]l a]l a]l
= = e e e = = 0,
JC, 0C, oC,, 12)
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where
b
J;(C1,Cy,...,C,) =J R (t,C,,C,,...,C,) dt,
a (13)

i=1,2,...,nm,

where a and b are two values, depending on the given
problem. Knowing Cq, q = 1,2,3,...m, from (12), the
approximate solution of order m will be determined easily.

If the interval of changes of the time variable is long, then
OHAM fails to reach accurate solutions.

MOHAM overcomes this shortcoming by partitioning
the time interval, [t,,T], into N subintervals [¢t,t,),...,
(t,-1,t,], where t, = T and OHAM will be applied over
each subintervals. The solution at the last point, in each
subinterval, denotes an initial approximation to the solution,
over the next interval. The process will continue until we
achieve the preassigned time, T

Implementation of MOHAM is almost the same as
OHAM, with some minor changes.

Equations (4), (10), (11), (12), and (13) change to (16), (17),
(18), (20), and (19), respectively. Also, initial approximation
in [t,,t,,1),y=0,1,...,N - 1, will be considered as

u{o(t‘) =ocl.j, i=1,2,...

; o j=1,...,N,  (14)

In addition, deformation equation in each subinterval for i =
1,2,...,n,j =1,...,N, will change to the following [19]:

(1-P)[L; (] (t. P)) - uly ()]
' ' (15)
= H(P)[L; (u] (- P)) + f, () + N; (] (t, P))] .

Moreover, auxiliary function H(P, t) will be generalized as
follows:

H' (P,t) = (C] + CLt + CLt +---) P. (16)

. . . m .
i (£,Cl) = u (6) + kZ::luk’j (tcl), -

qg=123,....,m,

R/ (1, Cfg) =L(%(t, c{q)) S AOESSACACS C{%)),
(18)
q=123...,m,

t,+h

Jifiy_ | % j
AR R CINCEAL )

y=0,1,...,N-1, g=12,3,...,m.

The length of the subinterval [f,,t,,,) is apparently h, and
the number of subintervals is N = [T/h]. Now, we consider
derivatives of (19), with respect to C{q, (i=12...,nj =
I,...,N,g = 1,2,3,...,m) to zero. In fact we define

o = ﬁf (tj), in each subinterval [t ). Therefore, the

i bl ty+1

convergence control parameters can be determined from the
solution of the following system of equations:

I
aCJ11 aCJ12

oy’
':—.:0. 20
o (20)

Approximate analytic solutions, on each subinterval, are as
follows:

(7, (1), ty<t<t,
i@, t <t<t,

ut) = 1 (1)
[y (1), ty,<st<T.

3. Application of OHAM to Systems of
Volterra Integral Equations

In this section, we apply OHAM on the following system of
Volterra integral equations:

t

U@)=F@)+ L K (t,s)U (s)ds,

tefo,1], (22)
wheret € R and

K(t,s)=[k;ts)], ij=12....n,

U ) = [u (&), u, ()., (O] (23)

FO)=[f,®), L,@®).... [, ] .

In (22), K is the kernel that is known, F is given vector, and
U is an unknown vector function. Consider i th equation of
(22)

u; (t) = f (t) + L ki (t:s)u;(s)ds, o
j=1
i=1,2,--,n

Using aforementioned OHAM procedure results in the fol-
lowing sequential equations, fori =1,2,...,n.

P uy () = £ (1),

Py, (1) = -C, J Zki,j (t,s) ujo (s)ds,
0531

Pru, () = (1+Cy)uy ()

t n
-C, L kit s)uy (s)ds
j=1

tn
_c, L Nk, (t5) g0 (5) ds,
=1



k-1

Pooug (1) = (1+ Cy) ug () + Y Cttye (1)
1=2

t

Sl

z=1 0

Zki,j (ts) ujp_, (s) ds,
=1
k=3,4,....
(25)
Using (11)-(13), we find Cﬁ’ B=1,...,m.

Knowing these parameters, an approximate solution, of
order m, will be determined.

4. Application of MOHAM to Systems of
Volterra Integral Equations

In this section, we apply MOHAM to (22). This procedure
leads to the following sequence of equations, for i =
1,2,...,n.

0 i )
P ufo(t) :ocf,

Pl (t) = (C{l +CLt+ )

) (”{0 - fi(H) - L Zki,ju§0 (t) d5> ,
=

Phoul, (8) = uly (8) + (Cl + Cht +-+)

: (u,ﬂ ) - j D ki (65)uy (1) d5> ’ (26)
j=1

Pk Mj:l O=u_ O+ (Cj,~1 +Clt+ )

: <u{k_l (t) - L Zlk,.,j GOYANG ds> ,
p=

k=3,4,....

In addition, by using (18)-(20), we find C{q, i=1,2,3,...n
j=1,...,N,q=1,2,3,...,m.

Knowing that the values are parameters, the approximate
solution of order m will be determined.

5. Convergence of the OHAM

There are two proofs presented in [19, 20] that have some
oversight. The following proof covers these shortcoming.
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Theorem 1. If series (9) convergences to u;(t) where uy(t,
Cy,...,Cp) € L*[c,d] is produced by (3), (6), and (7), then
u;(t) is the exact solution of (1).

Proof. Since the series

[ee]
Zuik (t, Cl,...,Ck) (27)
k=0
converges; it holds
kli_r>rloouik (t, Cl’ ey Ck) =0. (28)

The left hand-side of (7) satisfies

uy (6Cp) + Z”ik (tCps..nCr)

k=2
: (29)
- Zuik—l (t.Cp,..sCry)
k=2
=u,, (t,Cy,...,C,).
According to (29), we have
(o)
uy (5C) + Yy (£,Cy, ., Cp)
k=2
(o)
(30)
= D (£.Cs o, Cy)
k=2
= lim w, (t,Cy,...,C,) = 0.
Since the operator L; is linear, from (30), we have
L (uy (£Cy)) + ZLi (ug (£:Crr-- . C))
k=2
- zLi (i1 (6:C15 ., Cry)) = L (y (£,C1))
k=2
(31)

+L, (Zuik (t,Cl,...,Ck)>
k=2

..,Ck_1)>:0.

Then

L; (uy (£Cy)) + L <Zuik (t.Cy, ... ’Ck)> - L <Z“ik—1 (t.Cy... ’Ck—1)>
k=2

k=2
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00 k-1
=L; (uy (£Cy)) + Z <CkNiO (o (1)) + Z Con [Li (i (1)) + Ny (i (8) s 141 (£) s ey (t))]> =0,

k=2 m=1
(32)
Equation (32) can be written as follows:
L; (i (1)) + f; () + C Ny (uy (1)) + Z (CiNig (w0 (1))
k=2

k-1
+ Zcm [L; (it () + N (thig (8 s 14y (8) -, ey (f))]> (33)

m=1

Ifthe C,,n =0,1,...,m, chosen properly, then (33) leads to
(D). O

6. Numerical Examples

In this section, two systems of Volterra integral equations
of the second kind, a linear and a nonlinear, will be solved
to show the efficiency of both OHAM and MOHAM. The
results of applying OHAM and MOHAM will be compared.
Matlab package is used to carry out computations, with
double precision.

Example 1. let us consider the following linear system of

Volterra integral equations of the second kind, with exact

solutions u, (t) = €' and u,(t) = e".

£
u (t)=1- S L (uy (s) + se’u, (s)) ds,

(34)
2

u, (t) =1+ % - Lt (se™*uy (s) +u, (s)) ds.

The following aforementioned OHAM procedure results in

t2
Uy (t) = —E + 1,

t2
u20 (t) = ? + 1,

uy (£) = —Cyy (£+0.5€") (£ =362 +6t—6) + €' (¢
— 1) - 0.1666666667t> + 4),

Uy (£) = -Cyy (267 (£ +1) - 2),

Uy, () = 0.0416666666C7, (—t* + 126%¢" + 16t°

—72t%" + 36t + 192te’ + 96t — 288¢" + 288)

k
( ch—m [L (“m—l (t’ Cl""’cm—l)) + Nip (“io () uyy ()5 Uiy (t))]> +f;(t)=0.

—(Cp +Cyy (Cyy +1)) (£ +05€") (£ -3¢ + 6t
—6)+e (t—1) - 0.1666666667t + 4),

Uy, (t) = -C3, (£ + (0.1666666667¢ " — 0.375) t*
+(0.6666666667¢ " +1.333333333) £ — (e
te —2) (-2t —1)e F +1) - Cyy (267 (¢
+1)=2) = Cyy (Cyy +1) (2¢' (£ +1) - 2),

uys (t) = Cyy (C7, (0.02777777778 + 0.1¢") £°
+C1, (01416666667 — 0.975¢" ) £°
+(6.208333333C e’
+0.04166666667 (C,; (Cy; — 1) — clz)) t*

+ (0.1666666667 (C (C; +1) +Cyy)

+0.5¢" (Cyy +Cyy)

+C1, (-26.83333333¢" +¢ 7))

+(C3 (-0.5+ 82¢" +5¢7")

+3(Cyy +Cpy) (0.5-¢")) £ + (8¢ (Cpy +Cpy)
+Ch, (11e7 - 169¢") + 4(Cy,+Cy,) - 8CY, ) t
+C1, ((177¢" + 11e7) - 188) + 12 (Cyy + Cpy) (1
—¢'))+((Cip = Cpp) (Cyy +1) = Ci3 = C,Cyy) (t

+0.5¢" (£ =3t +6t-6)+e (t—1)



— 0.1666666667t + 4)
+0.04166666667C,; (Cy; (Cyy +1) +Cyy) (£
+4 (3et + 4) £ +36t> (1 - 2¢") + 192t + 96t (1

+2¢') - 288¢" +288),
(35)
Uys (£) = Cy (t— e (£ +1) + 0.5e " (£ + 3¢ + 6t

+6) +0.1666666667t° — 2) = (Cyy + 1)
+(Cyy (Cyut® = 0.375C, " + 1.333333333C,, 7
—2Cyt* +Cyy - 2C,te = Cye ™)
+0.1666666667C,, t*e™" + 0.6666666667C,, ¢
+Cyt? (e =€)+ Cyy (27 (£ +1) - 2)
+Cy (Cy +1)(2¢77).(t+1)-2))
~ C,(0.01666666667C3, 1°
— C3, (0.04166666667¢ " +0.075) £ + (Cy,
+Cy) £ +C3, (0.4583333333¢ ™

(36)
+0.7083333333) t* + C3 (24" + 1.25¢7
=25.25) = 2(Cyy + Cyy - 2G5, ) £ = G5t + (Cyy
+Cyy) ((0.1666666667¢* - 0.375) t*
+(0.6666666667¢ " + 1.333333333) £ + 2¢”"
—4te™ —6e ' -2t +6) +26Cs te”" +1.5C5,te "
+C3, ((2.666666667¢ " —2) t + (10e™*
+0.5¢7) 1) = Cy Cpy (27 (£ +1) - 2)
— 0.008333333333C,, Cppe " (¢ (12¢° — 45¢*
+ 160" — 240¢” - 240¢ +720) + 20t" + 80t
+ 120 — 480t - 720)

Replacement of the first, second, third, and forth terms in

33 . .
u; = o Ui i = 1,2, results in

ul (t) = Cy, (Cf1 (002777777778 + 0.1¢")

2
1%+ C); (0.1416666667 — 0.975¢" ) £°

+(6.208333333C7e’
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+0.04166666667 (Cyy (Cyy — 1) = Cyy)) t*
+(0.1666666667 (C,, (Cyy +1) + Cy,)

+0.5¢" (C}, +Cy,)

+Ci, (—26.83333333¢" +¢ 7)) £

+(Ch (-0.5+ 82¢" +5¢7)

+3(Cyy +Cyp) (0.5-¢)) 2 + (8¢ (Cy, +Cp)
+Ci; (117 = 169" ) +4(Cy, +Cyp) — 8C1 )t
+C3, ((177€" + 11e7) = 188) + 12 (Cyy + Cyp) (1
- et)) +((C, =C) (C +1) = Cp3 = C1Cyy) (t
+0.5¢" (£ =32 +6t—6) +e' (t-1)

— 0.1666666667¢" + 4)

+0.04166666667C,, (Cyy (Cyy + 1) + Cpy) (—t*
+4(3¢" +4) 1> +36t° (1-2e") + 192t + 96t (1
+2¢") - 288¢" +288) + 0.0416666666C3, (—t*

+ 12876 + 16t° — 72t%¢" + 361% + 192te’ + 96t
—288¢ +288) — (Cy, + Cy, (Cyy +1)) (£ +0.5¢")
(£ =32 +6t-6) +e (t - 1) - 0.1666666667¢
+4) = Cy, (t+0.5¢") (£ - 36> + 6t —6) + € (¢

—1) - 0.1666666667t> + 4) — 0.5t> + 1,
(37)

wy (1) = Cpy (t— e (t+1) + 0.5 (£ + 36> + 6t

+6) +0.1666666667t" —2) — (Cy; + 1)

(Cy (Cyut® = 0.375C, t* +1.333333333C,,£°
—2Cy 17 +Cyy — 2Cy te = Cye ™)
+0.1666666667C,,t*e™" + 0.6666666667C,, t°¢
+ C211.‘2 (e_t - e_Zt)) +Cy, (Ze_t t+1) - 2)
+Cyy (Cyy +1) (2¢7) . (£ +1) - 2))

—~ C,,(0.01666666667C3, t°

— C3, (0.04166666667¢* +0.075) £* + (Cy,

+Cyy) £ +C3, (0.4583333333¢
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+0.7083333333) " + C;, (24" +1.25¢
—25.25) = 2(Cy+Cyy, — 2G5, ) 2 = Cyt + (Cy
+Cyy) ((0.1666666667¢ ™ - 0.375) t*
+(0.6666666667¢* +1.333333333) £ + e

—dte —6e"

—2t+6) +26C;, te”" + 1.5C3 te
+C3; ((2¢7 - 3.333333333) £ + (9 - 0.5¢
+2)1%) = CyCyy (2¢7 (£ +1) -2)

— 0.008333333333C,,Cype " (€' (12¢° — 45t

+ 160> — 240> — 240t + 720) + 20¢* + 80¢°

+ 120> — 480t — 720) - C3, (£°
+(0.1666666667¢ " — 0.375) " + (-2t — 1)e >
+1)=Cyy ((Cpp +1) (2" (£ +1) = 2) +2¢7" (¢

+1)=2) = Cyy (27 (¢ + 1) = 2) + 0.5 + 1.
(38)

Using the same technique as presented by (11)-(13), we find
C;;, Cpy,and Cis, i = 1,2, as follows:

C,, = -1.1515281477,
C,, = 0.0312808541,
C,; = —0.0040455435,

(39)
C,; = —0.0602863302,

S
[

= 07021897011,
C,; = —1.1196100026.

Substituting the values of Cy;, C,,, C;3, and C,;, C,,, and C,3,
into (37) and (38), one obtains

uy (£) = - (0.1526946¢" - 0.04241517) °
+(1.488772¢" - 0.2163173) £° — (9.47979€"
+0.1627504) * + (42.16258¢" — 1.526946¢ "
+1.162051) £ + (~132.3468¢" — 7.63473¢ ™"
+3.832068) t* + (277.0864¢" — 16.79641¢”"
+22.74883) t + (1.017005 (¢ — 1) — 298.8182

+0.5085023 (t3 —3t> + 6t — 6)) ¢ —16.79641¢”"

+ 320.6826,

u, () = 0.000003651786t° + (~0.000009129464¢ ™"
+0.003148389) £° + (0.005375128¢ ™"
~0.01171288) " + (0.0216831e ™" — 0.1448423) £°
+(0.00715933¢ > +0.03383929¢ ™" +0.43758) £
+(0.01442821e > - 0.1490952¢ ™ — 1.197225) t
+ (1179469 (t + 1) + 0.0003527703 (e’ (12¢°
— 45¢" + 160> — 240¢” — 240¢ + 720) + 20¢*
+80£% + 1207 — 480f — 720) - 0.559805 (¢ + 3t
+ 6t +6) - 0.2269294) e +0.00732366¢

+5.757905.
(40)

To derive a solution to (34), for 0 < t < 1, by MOHAM, we
consider the following initial approximation:

i=1,2, j=1,...,5. (41)

Now, consider the auxiliary function H;(P,t), as the follow-
ing:

H; (P.t) = (Cl, + Cht + CL) P. (42)

where C{q, i=1,2,j=1,...,5¢9=1,2,3, are still unknown.
Regarding (17), the first-order approximate solution, for
m = 1, is as follows:

W) =u, ) +ul (6), i=1,2 j=1,..,5 (43
where

ul, () = (C], + Clt + CL#)
' £ t , (44)
. (”{0 ) -1+ 5 Jo (”{o (s) + se'ul, (s))ds> ,
u, (1) = (C, + Clyt + ClLt%)

‘ 2 . ‘ (45)
. (”éo (H-1- 3t Jo (Sesuio (s) +u3 (5))d5> ’

Substitution of (44) and (45) into (43), regarding (41) and
using (18)—(20), determines the residual and the functional

]{(C{q), and ]g(Céq) for g = 1,2, 3, respectively



. tz
a{(t)—1+E

R (t, C{q)
t

-,

R (t,c;'q) =1

(u{ (s) + sesué (s)) ds,
2

t
(-1~

t

.

t,th i P ;
| (R (sclp)as

Y

S tyth .
Hel) =" ®) (s as

Y

. . (46)
(sesu{ (s) +uj (s)) ds,

HCH
(- (0.5¢> — 1) (1.5241¢> + 0.95441¢ + 1.0008),
~18.53t%" — 38.061¢" + 1.0008¢ + (0.5¢* — 1)

ﬁl (t) =9

- (0.5t2 - 1) (1.5241t2 +0.95441¢ + 1.0008),

[(0.5¢> +1) (0.29812£* — 1.0273¢ + 1.0006) ,

i, (t) = 3

+ (0.5t2 + 1) (0.29812t2 — 1.0273t + 1.0006),

Expressions of the solution of the other interval are too
long, that is why they are not presented here. Interested
readers can calculate the solutions by the program appeared
in Appendix A.

First-order MOHAM approximate solutions and three-
order OHAM approximate solutions can be compared with
exact solutions in Tables 2 and 3, and plots are presented in
Figures 1 and 2.

Absolute errors for OHAM and MOHAM are plotted in
Figures 3 and 4.

Exact u;, OHAM u;, and MOHAM u; stand for exact
solution of u;, the solution of u; by OHAM, and solution of
by MOHAM, respectively.

Example 2. let us consider the following nonlinear system of
Volterra integral equations of the second kind, with the exact
solutions u,(t) = t and u,(t) = t.

- (—0.39731t2 +0.061232¢ + 0.91564) ((0.5t2
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Minimization condition required

a _al _ o
ocl, ocj, ocl,
(47)
oy ol
ocj, oCj, oCy,
Parameters that control the convergence, C{ ,i=1,2,7 =

q
1,...,5,q9 = 1,2,3, are presented in Table 1, by considering

(x{ =0,(x; =0,andh=02,forty=0uptots =T = 1.
By substituting the values of the control parameters C., 7S
into (44) and (45), one obtains

(0.083435t2 +0.28081¢ + 0.95613) (0.14906t5e’ +1.259t%¢" + 5.8342¢3¢"

—~0.15241£° — 0.1193¢" + 0.34122¢> — 0.022794¢” + 38.061te’ +39.061)

+1.0006) — 0.5 + 1.8504¢™ "% (19 (1.6111¢° — 6.94¢* )
-5.0717¢"1? + 4.1183¢%"7 + €' (2.317¢* + 8.715¢)
+e"17) (1.4383¢7 — 2.776t% + 5.4076t ) + '* (2.5629¢* + 5.0717¢ + 5.0717)) — 1)

0<t<02,
(1.5241¢> +0.95441¢ + 1.0008)
02<t<04,
0<t<02 (48)
+1)(0.29812¢* - 1.0273¢
02<t<04,
t
u (t)=t—t* - J (g (s) +uy (s)) ds,
0
f2 3 t ) (49)
u,(t)=t- 73 —J (ul (s)+u2(s))ds.

Following the procedure in Example 1, we have
Cn=0
C,, = —0.0000000008,
Cy5 = —1.9560359039,
C,, = 0.0000000018,
Cy, = —0.0000000033,

Cys = —1.4774464040,
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TABLE 1: Values of the control parameters C;;.
j o Ch, Cis Cy C Cls
1 -1.00082 -0.95441 -1.52407 -1.00061 1.02732 -0.29811
2 -0.95613 -0.28080 -0.08343 -0.91564 -0.06123 0.39730
3 -0.77599 -0.63069 -0.00753 0.00000 0.00000 0.00000
4 0.00000 0.00000 0.00000 -0.36062 -0.91215 0.19472
5 0.00000 0.00000 0.00000 -0.89126 -0.01338 0.00040
u, (t) = 8.436182¢ °t* + 8.3237¢ 1’ +e7'%(1.937756° - 1.464579t")
+8.756976¢ 1% — 72! (3.502791‘5 i 2.189244t4) +1.922551e ¢ (601‘4 + 434> — 1806t” + 1365¢
2 (143 2
4533431626 (26 + 8 + 5t - 30) +420) +0.02462411¢ (12° - 35¢* + 10t + 30)
3 2
+ 1.313546¢ 2 — 0.163003¢ (£ + 6t — 12) ~ 0333333302050+ 1,
(50)

+1,

-29.9 -28.8

u, (t) = 3.777777¢ 't — 3.134551e "t

-20,7 -19.6

—6.437708e “'t" — 4.65660% 't

[(t - %) (1.83126t* + 0.9163981.00294) ,

(t - tz) ( 1.83126¢% + 0.916398t1.00294) ,

Parameters that control the convergence, Clj ,i=1,2,7 =
..»5,9 = 1,2,3 are presented in Table 4, by considering
(x{ =0,(xé =0,h=02forty=0uptots =T = 1.

Therefore, the approximate solutions can be written in the

following form:

0<t<0.2

02<t<04,

—(0.335879¢* + 0.39467¢ + 0.855231) (1.54198¢ ¢ ('* (3.03659¢°

7, (1) = { ~1.67635t —6.49617) + ' (2.50648t* +2.17358¢t) ) + (¢ - 1*)

+0.916398¢ + 1.00294),

u, (t) = 3

. (0.333333t3 +0.5t% — t),

[— (0.486219¢ + 0.695688¢> + 1.00045) (0.5 — t +0.333333¢°) ,

- (0.486219t +0.695688¢% + 1.00045) (0.5t2 —t+ 0.333333t3) ,

) (1.83126t2 +0.916398¢ + 1.00294) +12 - t) + (t - tz) (1.83126t2

04<t<0.6,

0<t<0.2,

02<t<04,

(1.88661¢> — 0.994006¢ + 1.14645) (¢ + 2.7391e™¢* (1.36035¢*t” — 1.52911¢”¢°
+6.01834¢%1 2 — 2.47255¢%%1* + 973078 t° — 4.97417%°t + 1.20707¢%%¢
+1.82623e32) —0.333333t% - 0.5¢2 + (0.695688t2 +0.486219¢ + 1.00045)

(03333336 + 0.5¢> — ) ) — (0.695688¢” + 0.486219¢ + 1.00045)

04<t<0.6,

(51)
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FIGURE 2: The results of OHAM, MOHAM, and exact solution for
u2 in Example 1.

Due to the long expressions of the solutions on other inter-
vals, the results are not reported, but related programs will be
appeared in Appendix B.

First-order MOHAM approximate solution and three-
order OHAM approximate solution can be compared with an
exact solution in Tables 5 and 6, and plots are presented in
Figures 5 and 6.

Absolute errors for OHAM and MOHAM are plotted in
Figures 7 and 8.

7. Conclusion and Discussion

In this paper, two well known approaches, OHAM, and
MOHAM, have been applied for solving linear and nonlinear
systems of Volterra integral equations of the second kind.
The results of applying these two approaches are presented
in Tables and are plotted in Figures. Tables 3 and 6 show the

Journal of Applied Mathematics

absolute errors of applying OHAM and MOHAM at some
selected points. Comparing numerical results, reveal that
MOHAM is more accurate than OHAM, especially for the
points farther from the initial point. Moreover MOHAM is
very efficient and convenient to use for finding approximation
solution for system of Volterra integral equations of the
second kind.

Appendix
A. Example 1

clear; clc; format long g; close all

T=1; dt=0.02; tt=0:dt:T; tic

% * % % k % % k % *k k % *k k k * k¥

h=0.2;

% * % % %k % *k k % k k % k k % *k k ¥ *
ulexact=@(x)exp(x);

u2exact=@(x)exp(-x);

ttt=0:h:T; alfal=0; alfa2=0; v=5;

options = optimoptions(’fsolve, 'Display’, oft}

’Algorithm;, ’trust-region-dogleg)...

’MaxFunEvals,le6, MaxlIter,1000, TolFun,le-
10, TolX’1e-10);

symsxtclc2c3

ulO=alfal; u20=alfa2;
Hil=cl+ c2#x+c3%x"2;
h1=1-(x"2)/2; h2=1+(x"2)/2;
for i=l:length(ttt)-1

f10=subs(ul0,x,t); f20=txexp(t)s*subs(u20,x,t);
30=t*exp(-t) *subs(ul0,x,t); f40=subs(u20,x,t);
f1=f10+£20;

2=30+{40;

inl=int(f1,t,0,x );

ull=HIx* (ul0 -hl -inl );

in2=int(f2,t,0,x );

u21=H1# (u20 -h2 +in2 );

utl=ulO+ull; ut2=u20+u2l;

gl=subs(utl,x,t); g2=subs(ut2,x,t);
igl=gl+t+exp(t)*g2; intl=int(igl,t,0,x);
Rl=utl-hl-intl;

I1=vpa(R1"2,v);

1=int(ILx, tet(Q), ttt(i+1));

J1=vpa( 111, v);

tprintfC\n\n J1(x) = %s, \n,char((vpa(JL,v))) );
ig2=txexp-t) *gl+g2; int2=int(ig2,t,0,x);
R2=ut2-h2+int2;

I2=vpa(R2"2,v);

21=int(12,x,ttt(i), ttt(i+1));
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TABLE 2: The results of applying OHAM, MOHAM, and the exact solution, for Example 1.
t Exactu, Exactu, OHAMuy, OHAMu, MOHAMu, MOHAMu,
0.0 1.000000 1.000000 1.000000 1.000000 1.000822 1.000615
0.1 1.105170 0.904837 1.106625 0.898382 1.105964 0.905368
0.2 1.221402 0.818730 1.225525 0.815433 1.227614 0.823217
0.3 1.349858 0.740818 1.360566 0.748515 1.350942 0.740830
0.4 1.491824 0.670320 1.515929 0.695399 1.494814 0.670041
0.5 1.648721 0.606530 1.696140 0.654166 1.648851 0.606287
0.6 1.822118 0.548811 1.906111 0.623127 1.821875 0.549821
0.7 2.013752 0.496585 2.151164 0.600764 2.012654 0.496810
0.8 2.225540 0.449328 2.437011 0.585686 2.223236 0.448796
0.9 2.459603 0.406569 2.769628 0.576594 2.456573 0.406549
1.0 2.718281 0.367879 3.154950 0.572265 2.717034 0.367906
TaBLE 3: Absolute errors of applying OHAM and MOHAM for Example 1.
t Ab. Error(OHAMuy, ) Ab. Error(OHAMu,) Ab. Error(MOHAMu, ) Ab. Error(MOHAMu, )
0.0 0.000000 0.000000 0.000822 0.000615
0.1 0.001455 0.006455 0.000775 0.000531
0.2 0.004123 0.003296 0.006211 0.004487
0.3 0.010708 0.007697 0.001083 0.004486
0.4 0.024105 0.025079 0.002990 1.2469¢°
0.5 0.047419 0.047635 0.000130 0.000242
0.6 0.083993 0.074315 0.000242 0.001010
0.7 0.137412 0.104179 0.001098 0.000225
0.8 0.211471 0.136357 0.002304 0.000532
0.9 0.310025 0.170024 0.003030 2.0620e™
1.0 0.436669 0.204386 0.001247 2.7127¢7°
TABLE 4: Values of the control parameters C;;.
j Gy Ciy Ciy Ca Ca G
1 -1.002941 -0.916397 -1.831260 -1.0004438 -0.486218 -0.695688
2 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
3 -0.855231 -0.394669 -0.335878 -1.146447 0.994005 -1.886613
4 -0.771655 0.098153 -0.628421 0.000000 0.000000 0.000000
5 -0.085517 -0.993931 0.069185 -0.666758 0.328380 -0.669028
TaBLE 5: The results of applying OHAM, MOHAM, and the exact solution for Example 2.
& Exactu, Exactu, OHAMuy, OHAMu, MOHAMu, MOHAMu,
0.0 0.0 0.0 0.000000 0.000000 0.000000 0.000000
0.1 0.1 0.1 0.108566 0.102216 0.100160 0.099970
0.2 0.2 0.2 0.230156 0.207567 0.201515 0.199592
0.3 0.3 0.3 0.358316 0.312870 0.302961 0.297395
0.4 0.4 0.4 0.486199 0.413584 0.399000 0.390132
0.5 0.5 0.5 0.606569 0.504163 0.499531 0.499959
0.6 0.6 0.6 0.711795 0.578410 0.600959 0.599966
0.7 0.7 0.7 0.793860 0.629835 0.700296 0.700229
0.8 0.8 0.8 0.844351 0.652006 0.799666 0.800962
0.9 0.9 0.9 0.854467 0.638903 0.899760 0.900460
1.0 1.0 1.0 0.815014 0.585276 1.000794 0.999225
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J2=vpa( 121, v);

fprintfC\n\n J2(x) = %s, \n,char((vpa(J2,v))) );
J11 = vpa(diff(JL,c1),v);

J12 = vpa(dift(J1,c2),v);

J13 = vpa(diff(J1,c3),v);

J21 = vpa(dift(J2,cl),v);

J22 = vpa(diff(J2,c2),v);

J23 = vpa(diff(J2,c3),v);

global dJ11 dJ12 dJ13 dJ21 dJ22 dJ23;
dJl1=@(cl,c2,c3)eval(char(J11));
dJ12=@(cl,c2,c3)eval(char(J12));
dJ13=@(cl,c2,c3)eval(char(J13));
dJ21=@(cl,c2,c3)eval(char(]J21));
dJj22=@(cl,c2,c3)eval(char(J22));
dJ23=@(cl,c2,c3)eval(char(]23));

options = optimoptions(’fsolve, 'Display’, ‘off’,
’Algorithm, trust-region-dogleg....
’MaxFunEvals’1e6,MaxlIter,1000, TolFun)le-
10, TolX’1e-10);

ccl=fsolve(@Sifunl,[0 0 0],options);

cc2=fsolve(@Sifun2,[0 0 0],options);
tprintfC\n\n\n\t\t\t\t\t\tcll = %L10f,\n\n \t\
t\t\t\t\tc12 = %1.10f\n\n \t\t\t\t\t\tc13 = %l
10f,\n\n’ccl(1),ccl(2),cc1(3));
fprintfC\n\n\n\t\t\t\t\t\tc21 = %1.10f,\n\n
\e\t\t\t\t\tc22 = %L.10f\n\n \t\t\t\t\t\tc23 =
%1.10f, \n\n’cc2(1),cc2(2),cc2(3));

ul=( subs( utl,[cl,c2,c3],[ccl(1),ccl(2),ccl(3)] ) );
u2=( subs( ut2,[cl,c2,c3],[cc2(1),cc2(2),cc2(3)])
)

fprintf(C\n\n ul(%g) = %s, \nttt(i),char(vpa(ul,
v)) )

fprintf(’\n\n u2(%g) = %s, \n;ttt(i),char(vpa(u2,
v)) )

yyl=@(x)eval(char(ul));
yy2=@(x)eval(char(u2));
yy=@(x)eval(char(u));

mt=ttt(i):dt:ttt(i+1);

for j=l:length(mt)

yynl(j)=yyl(mt(j));
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TaBLE 6: Absolute errors of applying OHAM and MOHAM for Example 2.

t; Ab. Error(OHAMu,) Ab. Error(OHAMu,) Error( MAObH AMu,) Error (M[g)ﬁAMuz)
0.0 0.000000 0.000000 0.000000 0.000000
0.1 0.008566 0.002216 0.000160 3.0000e°
0.2 0.030156 0.007567 0.001515 0.000408
0.3 0.058316 0.012870 0.002961 0.002605
0.4 0.086199 0.013584 0.001000 0.009868
0.5 0.106569 0.004163 0.000469 4.1000e°
0.6 0.111795 0.021589 0.000959 3.4000e°
0.7 0.093860 0.070165 0.000296 0.000229
0.8 0.044351 0.147994 0.000334 0.000962
0.9 0.045533 0.261097 0.000240 0.000460
1.0 0.184986 0.414724 0.000794 0.000775

1 - - - - - - - - - th=0:0.1:T; erl=abs(yexactl-yapproxl); er2=abs(yexact2
0.9 | el ] -yapprox2);
| T for i=1:length(th)
oor /,/’ : K(i)=round(th(i)/dt)+1;

’/

g.;l e : end
ol ,,/ | L={"t, ’Exactl, ’Exact2, > MOHAMI, ° MOHAM?,
o1l | "Errorl} "Error2’ };

0 " " " " " " " " " table(th’,yexactl(k)’, yexact2(k)’, yapproxl(k), yap-

0 01 02 03 04 05 06 07 08 09 1

- UlExact
== Ulonam

*  Ulyonam

F1GUre 5: The results of OHAM, MOHAM, and exact solution for
ul in Example 2.

yyn2(j)=yy2(mt(j));
ylexn(j)=ulexact(mt(j));
y2exn(j)=u2exact(mt(j));

end

yapp{1, i}=yynl; yapp{2, i}=yyn2; yex{1, i}=ylexn;
yex{2, i}=y2exn;

ulO=ul; u20=u2;

end

yapproxl=yapp{l1, 1}; yapprox2=yapp{2, 1}; yexactl=
yex{1, 1}; yexact2=yex{2, 1};

for i=2:length(ttt)-1
yapproxl=[yapproxl,yapp{1, i}(2:end)];
yapprox2=[yapprox2,yapp{2,i}(2:end)];

yexactl=[yexactl,yex{1, i}(2:end)];
yexact2=[yexact2,yex{2, i}(2:end)];

end

prox2(k)’erl(k)’er2(k)’, VariableNames,L)
figure("Units’, characters’, Name’,’p1’, Position,

[25 6 160 45]);

plot(tt,yexactl,;linewidth;2);hold on;
plot(tt,yapproxl,0’, MarkerSize8); grid on; grid
minor; axis tight;

xlabel(’x’, fontweight’,’Bold’);

legend("u_1 Exact solution’,'u_l MOHAM solution,
"Location’, northwest’);

set( gca, ‘fontname, ’Euclid;, fontsize}12 );
figure("Units’, characters’, Name, ’p2’, "Position,

[25 6 160 45]);

plot(tt,yexact2,linewidth}2);hold on;
plot(tt,yapprox2,0’,’MarkerSize8); grid on; grid mi-
nor; axis tight;

xlabel(’x’, fontweight’,’Bold’);

legend('u-2 Exact solution’,'u_2 MOHAM solution,
"Location, ‘northwest’);

set( gca, ‘fontname, ’Euclid;, fontsize}12 );
figure(’Units’,characters’,’ Name’,’Error]; "Position,
[25 6 160 45]);

plot(tt,erl;linewidth;2);

>3 >

grid on; grid minor; axis tight; xlabel(’x’, fontweight,
"Bold’);
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ch=ylabel('u_1 Absolute Error, "fontweight, "Bold’);
set( gca, ‘fontname, ’Euclid’, fontsize}12 );

figure("Units’,characters’, Name’, Error2),
"Position, [25 6 160 45]);
plot(tt,er2;linewidth;2);

grid on; grid minor; axis tight; xlabel(’x;
’Bold’);

ch=ylabel('u_1 Absolute Error’, fontweight’,’Bold’);

fontweight,

set( gca, “fontname, Euclid; *fontsize}12 );

save moham yexactl yexact2 yapproxl yapprox2 erl
er2 tt

B. Example 2

clear; clc; format long g; close all
T=1; dt=0.02; tt=0:dt:T; tic

Ob s # % % % % % % % % % % % % *k k%
h=0.2;

00 % % % % % % % % % % %k % % % % % % %

ulexact=@(x)x;

u2exact=@(x)x;

ttt=0:h:T; alfal=0; alfa2=0; v=6;

options = optimoptions(’fsolve’, Display’, off’,

’Algorithm, ’trust-region-dogleg’...
"MaxFunEvals,le6, MaxIter,1000, TolFun;1le-
10, TolX1e-10);

symsxtclc2c3

ulO=alfal; u20=alfa2;

Hil=cl+ c2*x+c3%x"2;

hl=x-x"2; h2=x-(x"2/2)-( x"3/3);
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for i=L:length(ttt)-1

f10=subs(ul0,x,t); f20=subs(u20,x,t); f30=f10"2;
f1=f10+£20;

inl=int(fL,t,0,x );

ull=H1x*( ul0 -hl -inl );

2=130+£20;

in2=int(£2,t,0,x );

u21=H1#( u20 -h2 -in2 );

utl=ulO+ull; ut2=u20+u2l;

gl=subs(utl,x,t); g2=subs(ut2,xt); g3=g1"2;
igl=gl+g2; intl=int(igl,t,0,x);

Rl=utl-hl-intl;

I1=vpa(R1"2,v);

I=int(11,x,ttt(i),ttt(i+1));

J1=vpa( 111, v);

fprintfC\n\n J1(x) = %s, \n,char((vpa(J1,v))) );
ig2=g2+g3; int2=int(ig2,t,0,x);

R2=ut2-h2-int2;

12=vpa(R2"2,v);

21=int(12,x,ttt(i), ttt(i+1));

J2=vpa( 121, v);

fprintf(C\n\n J2(x) = %s, \n,char((vpa(J2,v))) );
J11 = vpa(dift(J1,c1),v);

J12 = vpa(diff(J1,c2),v);

J13 = vpa(diff(J1,c3),v);

J21 = vpa(dift(J2,cl),v);

J22 = vpa(diff(J2,c2),v);

J23 = vpa(diff(J2,c3),v);

global dJ11 dJ12 dj13 dj21 dJ22 dJ23;
dJl1=@(cl,c2,c3)eval(char(J11));
dJj12=@(cl,c2,c3)eval(char(J12));
dJ13=@(cl,c2,c3)eval(char(J13));
dJ21=@(cl,c2,c3)eval(char(]J21));
dJ22=@(cl,c2,c3)eval(char(J22));
dJ23=@(cl,c2,c3)eval(char(]23));

options = optimoptions(’fsolve, 'Display’, off’,
’Algorithm, ’trust-region-dogleg)...
’MaxFunEvals,le6, MaxIter,1000, TolFun;le-

10, TolX’1e-10);

ccl=fsolve(@Sifunl,[0 0 0],options);
cc2=fsolve(@Sifun2,[0 0 0],options);
fprintfC\n\n\n\t\t\t\t\t\tcll = %1.10f,\n\n
\e\t\t\t\t\tcl2 = %L10f\n\n \t\t\t\t\t\tcl3 =
%1.10f,\n\n,ccl(1),ccl(2),ccl(3));
fprintfC\n\n\n\t\t\t\t\t\tc21 = %1.10f,\n\n \t\t
\t\t\t\tc22 = %L10f,\n\n \t\t\t\t\t\tc23 = %I
10f, \n\n,cc2(1),cc2(2),cc2(3));

ul=( subs( utl,[cl,c2,c3],[ccl(1),ccl(2),ccl(3)] ) );
u2=( subs( ut2,[cl,c2,c3],[cc2(1),cc2(2),cc2(3)] )
tprintf("\n\n ul(%g) = %s, \m,ttt(i),char(vpa(ul,
v)) )
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FIGURE 7: Absolute errors of OHAM and MOHAM for ul in Example 2.
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FIGURE 8: Absolute errors OHAM and MOHAM for u2 in Example 2.

fprintf("\n\n u2(%g) = %s, \nttt(i),char(vpa(u2,
v)) )
yyl=@(x)eval(char(ul));
yy2=@(x)eval(char(u2));
yy=@(x)eval(char(u));
mt=ttt(i):dt:ttt(i+1);
for j=l:length(mt)
yynl(j=yyl(mt(j));
yyn2(j)=yy2(mt(j));
ylexn(j)=ulexact(mt(j));
y2exn(j)=u2exact(mt(j));

end

yapp{1, i}=yynl; yapp{2, i}=yyn2; yex{1, i}=ylexn;
yex{2, i}=y2exn;

ulO=ul; u20=u2;

end

yapproxl=yapp{l, 1}; yapprox2=yapp{2, 1}; yexactl=
yex{1, 1}; yexact2=yex{2, 1};

for i=2:length(ttt)-1

yapproxl=[yapproxl,yapp{1, i}(2:end)];
yapprox2=[yapprox2,yapp{2,i}(2:end)];
yexactl=[yexactl,yex{1, i}(2:end)];
yexact2=[yexact2,yex{2, i}(2:end)];

end

th=0:0.1:T; erl=abs(yexactl-yapproxl); er2=abs(yexact2
-yapprox2);
for i=l:length(th)

k(i)=round(th(i)/dt) +1;

end

L={t, ’Exactl, ’Exact2, ° MOHAMI, ® MOHAM?2)
’Errorl, ’Error2’ };

table(th, yexactl(k), yexact2(k), yapproxl(k), yap-
prox2(k)’erl(k),er2(k),’VariableNames,L)

figure("Units, characters, "Name), p1; "Position,
[25 6 160 45]);
plot(tt,yexactl,linewidth;2);hold on;
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plot(tt,yapprox1,0’,’ MarkerSize’8); grid on; grid mi-
nor; axis tight;

xlabel(’x; fontweight, *Bold’);

legend('u_1 Exact solution, 'u_1 MOHAM solution,
’Location, ‘northwest’);

set( gca, “fontname, Euclid; *fontsize}12 );
figure("Units, characters, 'Name), ’p2’, "Position,
[25 6 160 45]);
plot(tt,yexact2,linewidth’2);hold on;
plot(tt,yapprox2,0’,’ MarkerSize;8);
minor; axis tight;

xlabel(’x; fontweight, *Bold’);
legend('u_2 Exact solution, 'u_2 MOHAM solution,
’Location, ‘northwest’);

grid on; grid

set( gca, ‘fontname, ’Euclid;, fontsize}12 );
figure('Units, characters, Name, ’Errorl’, "Position,
[25 6 160 45]);

plot(tt,erllinewidth}2);

grid on; grid minor; axis tight; xlabel(’x, fontweight,
"Bold’);

ch=ylabel("u_1 Absolute Error’, fontweight, "Bold’);
set( gca, ‘fontname, ’Euclid;, fontsize}12 );
figure(’Units, characters, ’Name, ’Error2’, ’Position,
[25 6 160 45]);

plot(tt,er2;linewidth;2);

grid on; grid minor; axis tight; xlabel(’x’ "fontweight,
"Bold’);

ch=ylabel(’u_1 Absolute Error, "fontweight, "Bold’);
set( gca, ‘fontname, ’Euclid;, fontsize}12 );

save moham yexactl yexact2 yapproxl yapprox2 erl
er2 tt
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