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Based on classical Lie Group method, we construct a class of explicit solutions of two-dimensional ideal incompressible
magnetohydrodynamics (MHD) equation by its infinitesimal generator. Via these explicit solutions we study the uniqueness and

stability of initial-boundary problem on MHD.

1. Introduction

Two-dimensional ideal incompressible magnetohydrody-
namics (MHD) equation can be described by a set of two
scalar equations for the vorticity w and the magnetic stream
function y; namely [1],

(8, +u-V)w=B-Vj, 1
0, +u-V)y=0. (2)

Due to the divergence freedom of the magnetic field B, it is
possible to define a magnetic stream function y via B = V*y.
In the incompressible case, V - u = 0, the velocity stream
function ¢ and velocity u are connected in the same way,
and u = V*g. Vorticity and current density are defined as
the Laplacian of the stream functions, w = Ag and j = Ae.
The magnetic stream function is convected with the flow field
[2-4]; that means the ideal MHD equations do not allow for
magnetic reconnection in contrast to the dissipative version
of the above equations [5].

Note that in contrast to the two-dimensional incompress-
ible Euler equations case, there is not a production term on
the right-hand side of (1). The equations show a tendency to
develop fine structures, namely, current sheets. Analytically
the problem about the regularity of solutions is still an open
problem [6, 7].

It is interesting to seek the solutions of MHD in mathe-
matics and physics for a long time [8]. In order to construct
solutions of MHD, many effective methods have been put
forward, such as the inverse scattering method, Backlund
transformation, Hirota method, and homogeneous balance
method [3]. In the branches of mathematics and physics, Lie
Group theory [9-11] was often used extensively. Ever since the
1970s Bluman and Col proposed similarity theory for differ-
ential equations, the Lie Group theory has been developed in-
differential equations. The main idea of Lie Group method is
to use the prolongation formulae, providing an effective com-
putational procedure for finding the most general symmetry
group of almost any system of partial differential equations
of interest. To the best of our knowledge, related classical
Lie Group method has not been preformed to the MHD
equation.

Many mathematicians are devoted to studying the MHD
equations. For example, Duvant and Lions proved the exis-
tence and uniqueness of the global strong solutions of two-
dimensional MHD equations with initial-boundary value
problem. They also proved existence and uniqueness of
locally strong solutions and the existence of the global weak
solutions of three-dimensional MHD equations [6, 12]. As we
all know, the studying of uniqueness and stability of MHD
equations is based on some certain conditions or some
assumptions. But, in this paper, we study a special class of
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solutions—wave solutions. It does not need external hypothe-
ses when proving the uniqueness, which is a novelty of this

paper.
2. Calculation of Symmetry Groups

In this section, we perform Lie symmetry analysis for (1) and
(2) and obtain its infinitesimal generator. Now we transform
(1) and (2) as follows:

To P9  P¢ 0p Ty D9l
0x20t  0x30t ox, 0x3  Ox, 0x30x, 0x, 0x}
% Do Ty Oy Dy
Ox, 0x20x;  0x; 0x)  0x; 0x20x, )
3
_ oy Py oy Oy
0x, 0x;  0x, 0x30x,
oy  Op Oy _ Oy 0p _
ot  0x,0x, 0x,0x,

According to the method of determining the infinitesimal
generator of nonlinear partial differential equation, we take
the infinitesimal generator of equation as follows:

V—Zf(xu) +Z¢a(xu)— (4)

It is a vector field defined on an open subset M ¢ X x U the
nth prolongation of v is the vector field

V_V+ZZ¢ (xu")) Z; (5)

a=1 ]

defined on the corresponding jet space M™ ¢ X x U™,
the second summation being overall multi-indices J =
(1> Jo» J3o - - > Jie)» with 1 < ji < p, 1 < k < n. The coefficient
functions ¢/, of pr™v are given by the following formula:

P P
¢ (xu™) =D, <¢a - Zf’u;"> $Y e, 6
i=1 i=1

where 1] = ou®/ox' and uy; = au;‘/axi (in this paper x' =
xp, X* = Xy, and x° = t).
Firstly, we consider the circumstance of n = 1. Let

0 0 0 0

0
V—fla—xl +fza—xz +53§+£4%+55ﬁ’ 7)
where & = &(x, x5 9,9) (i = 1,2,3,4) are coefficient
functions of the infinitesimal generator to be determined.

And the first-order prolongation of v is as follows:

0 x O x, O x O v O
pr V=V+}71 aq) +112 a(P +}73 al// +7’I4 aw

(8)
+ ng + Wsw~
t t
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Applying pr'v to (3), we find
o’ o’ o’ o’
<_f+ 2§0 )”Tl_(_gg”L 2(P )’7;2
Ox;  0xj0x, Oox]  0x30x;
831// 831// xl
- (% " oxtox, )
2 19%2
3 3
- a_vsl + azw My =0,
0x;  0x30x,

al// X1 81// X2 _
axz’h axl’h dx, 1 +axl’72 +1s = 0.

)

Now we apply the third-order prolongation of v to (1) and (2).
Let

v—Zf(x,)

-+ Z ¢, (x,
(10)

v-v+zz¢](xu ) a

a=1 ]

where g = 2, u' = ¢, and u* = vy, the second summation
being overall multi-indices ] = (j}, j5» j3>---» ji)» With 1 <
Je$3,1<k<3.

The coefficient functions ¢/ of pr®y are given by the
following formula:

3 3
¢ (x,u?) =D, <¢“ -y «s“uf‘> + Y, )
i=1 i=1

where " = ou®/ox' and uj; = au?/axi (! = x, %% = x,
X =1):

prPv=v 4y 0,0 +173! 9
tag, P op, oy,

Xy a t a t a XXt a

1 * s 1
al//xz o al//t a(lexlt
X, X,t 0 XXX 0
+¢ 2%2 2X2X)
1 1
a(szxzt (Px2x2x2
0
X1 XX
+ 11 2%2 5 (12)
(pxlxzxz
+ ¢x1x1x2 0 XXX, 0
d ! 0
(lexlxz (lexlxl
X1X1 Xy XXX, 0
2 2
al//xlxlxz lexlxz
+ (l)xlxzxz XX Xp 0
2
XXXy szxzxz
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Applying pr®v to (3), we find

XXt + (pxzxzt +¢x2x2x2 a(P + X1X1X, a(P
1 1 1 axl 1 axl

_ (pxlxlxl a_go _ XlexZa_(P +1r 2 _ XZaS_(P
oox, TN ox,  Moxd Tooxd
X as X a3 Xy Xy X a
"'77116 Z;P _’7228 Z;P = 2222(—)_1l/
X70x, X50X X,
(13)
Xxxaw xxxall/ X1 Xy X al//
1%1%2 7 1*1%1 7 142742 T
iz ox, '* ox, '* Ox,
o’ o’ o’ o’
S S e i g
0x; 0x; 0x70x, 0x50x,
0 x O . 09 » 0P .
A T A R S| I et =0.
ax, " ox, 2 ax2’73 +ax1’72 1
Then merging similar terms coefficients, we have
=t = = =g = 0. (14)

According to the formula gbi(x, umy = Dj(¢, - f: . Eiuf‘) +
L E"u;"i, for example, we have
s = Di (8 = &1y, — &ovi, — &) + &1
52Vt + &3¥
= 85t~ SuW, — SiyVu, Ve — 819V, Ve — SV,
= Say W, Vi — S2p ¥, 91 — S5tV — S3P1Y

=&V + €5¢(Pt + &5y W,
61 = D} (8= 619y, — 620, —6:1) (15)
+ €105 x x0T E0Pr ke xyx, T E3Px x x
= Di1£4 - Dilfl‘leDilfz‘sz - Di1£3(Pt
= 3D} 19,1, — 3D% 295, — 302 &0
-3D,, Elq)xlxlxl -3D,, EZ(lexlxz
- 3Dx1 §3¢x1xlt'
So we have
€5 =0,
£y — 8 =0,
(16)

& = €1<p = Elw =&y = 52(,; = fizw = €3¢ = £3W

:65([) =0.

Similarly we can find the determining equations for the
symmetry group of the equations to be the following:

i, =0,
1~ 61z, =0
ip = Ery = Eap = Eay = Bay = Eay, =
=&y =&y =0.
i, =0,
i~ Eax, = 0
g = Euy = b1y = B2 = By = Ea, = B
=y =S =0 17)
s, =0,
ay ~E1, = O
ip = Ery = b2 = Eay = Bay = Ea, = g
=&y =&, =0.
Ese, =0,
a2, = O
ip = Euy = b1y = 2 = By = Ea, =
=&y =&, =0.

As usual, subscripts indicate derivatives. The solution of the
determining equations is elementary. According to (16) and
(17) we have

§&=8(tg),

&=8(y),

£ =8 (x1),

§=86(x),

&E=85),

- (18)
€49 = E1xp>

Eip = £y

Esy = E1xp>

Esy = &ax,-

Finally, solving the above differential equations, we conclude
that the most general infinitesimal symmetry of (3) has
coefficient functions of the form

& =kx, +a

& =kx,+b



& =kt+c
E,=ko+o(t)+d

& =ky+e,
19)
where a, b, ¢, d, e, and k are arbitrary constants and o(t)
is an arbitrary function of ¢ only. Thus the Lie algebra of

infinitesimal symmetries of the MHD equations is spanned
by the six vector fields:

Vi = X0y, + X0, + 10, + 90, + Y0,

vy = axl
vy = ax2
(20)
vy =0,
Vs =0,
Ve = Oy
And the infinite-dimensional subalgebra
v, =0(t)0, (21)

where o(t) is an arbitrary function of t only. So we have
V=0V + GV, + GV + GV, + CVs + GV t+ V. (22)

The entries give the transformed point exp (€;)(xy, x5, £,
Py) = (X, %550, 9):
Gy: (°x,€°xy, €°t, €9, e°y)
Gy: (¥ + &% 1,0, Y)
Gyt (xpxy + 61,0, 9)
Gy (X, x5t + 6,0, ¥) (23)
Gs: (X1, X, 1,9+ €,¥)
Gg: (X1, %0, 1,0, ¢ +€)
G, (xp, x5, 9+ €0 (t),y).

If o = f(x;,x,,t) and y = g(x,, x,,t) are known solutions
of (3), then using the above groups G;, i = (1,2,...,6),
the corresponding new solutions ¢; and y; can be obtained,
respectively, as follows:

o =€ fex,e x,,e 1),

vy, =eg(ex;, e x,,e ),

0= f(x; —€x,t),

¥y =g (% —expt),

93 = f(xpx, — 1),
g( )

X1, Xy —61),

Vi =
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(24)

where € is a real number and o(t) is an arbitrary function of t
only.

Theorem 1. For the known solutions ¢ = f(x,x,,t) and y =
g(xy, x5, 1), by using one-parameter groups G;, i = (1,2,...,6)
continuously, one can obtain a new solution which can be
expressed in the following form:

p=e"f(ex —€e Xy —€5,—€ t—€) tes
+ €50 (t) (25)
v=e"f(ex;— €€ x,—€5,-€ t—¢€)+Es,

wheree;, i = (1,2,...,6) are arbitrary constants.

Theorem 2. One assumes that the solutions have forms of ¢ =
elayx; +byx, + ot +dy), v = y(ayx, + byx, + ot +d,).
One has the following:
1) Ife, =¢ =0, a,b, — a,by = 0, then ¢, v are arbitrary
functions.
2)Ifa, = b = ¢ = 0andc,a, = b, are arbitrary
constants, then ¢, y are arbitrary functions.
(3) If o = —(¢,/(a,b, — ayby))(a, %1 + by x5 + ¢t + dy), then
y is arbitrary function.

3. The Uniqueness of Wave Solutions

In this section we give some nonzero solutions by considering
the wave solutions to the two-dimensional MHD equations
[13-15]. Firstly we could give the initial-boundary value of
three conditions in Theorem 2.

M) xp, %l = @layx, + bix, +dy) € Hy(Q),
@(x1, %5, )l vean = 0
w(xy, %, )lmg = wlkayx, + kbyx, + d;) € HS(Q),
Y(xp, X551l ceaq = 0

(2 q’(xp xzat)|t:0 = (P(dl) € HS(Q)’ (P(xl’xz’t)lxeaﬂ =
0
Y(xp, %0, )lmg = vlax, + byx, +d;) € HS(Q%
W(xy, %55 )l geaq = 0.

(3) p(xy, x5, )iz = —(6,/(ab,—a,b)))(a, x,+by x,+d,)) €
HS(Q)) (P(xl’xz’t)lxeaﬂ = 0
W(xp x2>t)|t:0 € HS(Q)’ W(x1,X2af)|xeaQ =0.
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Theorem 3. Assume that Q C R* is a bounded domain. One
can make the solutions ¢, v, like the condition in Theorem 2

and satisfying ||Ay, ||Loo,”Vl//l”Loo,”Dz(Pl"Loo < M, respec-
tively. Then the following initial-boundary value problem:

(0, +u-V)w=B-Vj, inQx(0,00),
(0, +u-V)y =0, inQx(0,00),
¢ = o (ayx +byx, +dy),
v =y, (ax; +byx, +dy),

has a unique smooth solution ¢, .

(26)
in Qx0,

inQAx0

Proof. To prove the uniqueness we consider two smooth
solution pairs, say ¢,, y; and ¢, y. Let their difference be
@ =@ — ¢, ¥ = ¥ — ;. Then subtracting the equations from
each other in (26), we have

A, + Vg -VAp - Vo, - VAg,

=Viy - -VAy - V'y, - VAy,, in Qx(0,00),
Y +Vie-Vy-Vig -Vy, =0, in Qx(0,00),
¥ (x;,%x,,0) =0,
@ (x1,%,0) =0 (27)
in Qx0,
=0,
9=0
on 0Q) x (0, 00).

Multiplying the first and second equations by @, v,
respectively, integrating over ), we obtain

-3Vl + | V6 (99) g
+ L Vo, -V (A9) pdx
v | V5 V(a0 pdx = | ViV (a7) s
(28)
+ J Viy, -V (AY) pdx + L VY -V (Ay,) pdx,
S+ [ (v V) g

v | (V5 vy x| (Ve V9 gdx =0
Q Q

It is easy to see that
| Vo vsp)pax = 25-v'9) sds
Q 0Q
- J Agdiv(g-Vip)dx  (29)
Q

=—j AG-0dx = 0.
Q

Similarly we have
|, o v Tax =0
L V-V (Ap,)pdx =0
|, V7 vpTax=o

V-V (a9 gdx =~ | 57(Vp-V'Pdx GO)

Notice that
Y, +Vie-Vy-Vie, -Vy, = 0. (31)

Multiplying equation by Ay, integrating over (), we
obtain

L2 vyl
(32)

= JQ (V'e-Vy+V'g-Vy, + Vi, - V) Ay dx

so that

1d

22 v

Vel + 3 2 Il +

zdt Edt

- J Ap (Vg -Vie,)dx + J AYVg - Vg dx
Q Q

+J Awlv?o-vlwx—J vy, - Vigde (33
Q Q

+ J Vi, - VyAy dx + J Vo - Vy, Ay dx
Q Q
=0.

It is easy to see that

2 1d ,—p
2dr Vel + 2d ]2

A L M

24t
+c| Dy . IV (34)
+cflay . (IValZ: + Ivoll:)

+e[ vy (91 + 1991%:)

< c (19915 + 199l + I1:) -



Thanks to the Gronwall inequality, we have the following:
IVl + 199 + 191 < e (IV9 (21, %2, )l

+ Ve (xl)xz)o)”i2 +|ly (x11x2>0)”12) =0.

Therefore there exists a unique solution in the sense of
L*(((L*(Q))%0,T)), VT > 0. 0

4. Analysis Stability of the Wave Solutions

In this section we discuss the stability of the solutions, in
L*(Q) for problem (36) [14, 16-18]. Firstly we could give the
initial-boundary value of three conditions in Theorem 2.

M) @(xy, %5, o = @layx, + byx, +dy) € H(Q),
P(x1, %)l xean = Play X, + by x, +d,)
w(xy, %5y = wkayx, + kbyx, +d,) € H'(Q),
V(%15 X9, Dl gean = Ylkayx, + kb x, + d,).

(2) 9(x1, %3, Dl = 9(dy) € H'(Q), 9(x1, X0, )l o =
(gt +d,)

WX, %Dy = Wlayx, + bx, + dy) € H'(Q),
V(X1 %, D)lxepn = Y(apX) + ayX, + dy).

(3) p(x1, x5, O)lyog = (6, (a1 by, —ay b)) (a, x1 +by x5 +d,) €
H'(Q), ¢(x1, %100 = @layx, +byx, + ¢t +d))
Y, X, D)lmg € H'(Q), wxy, X2, D)lxean = Ylapx, +
byx, + ot +d,).

Assume that Q ¢ R? is a bounded domain. We can make
the solutions ¢,, ¥, like the condition in Theorem 2 and
satisfy [|Ay e, VY [l oo ||D2(p1|| 100 < M, respectively. Then
the following problem:

(3, +u-V)w=B-Vj, in Qx(0,00),
(36)

(0, +u-V)y=0 in Qx(0,00)

has stable solution.

Assume that ¢, y are another solutions of the equations.
Let ¢, v denote the solution pair of a little disturbance and
letp = ¢ — ¢, ¥ = v — y; be the difference of ¢, ¢,,
v, y,, with initial value [lg,(x)lz — 0, [[Voy(x)l;z — O,
lvo(x)l 2 — 0, [Vyy(x)ll;z — 0 in the sense of L*(Q) and
again assuming that boundary value ¢ — ¢;, ¥ — v, in the
sense of L*(0Q) (1 L (0Q), V¢ € (0, T]. Then subtracting one
equation from each other in (36), we get

AQ, + Vg -VAp - Vo, - VAg,
=V y - -VAy - V'y, - VAy,, in Qx(0,00),
Y+ Vie-Vy—Vte, -Vy, =0, in Qx(0,00),
¥ (%1%, 0) = ¥, (%1, %,,0), (37)

¢(x1,x2,0) =@, (xpxz) 0)
in Qx0,

v=¢=h(x,t) on dQx(0,00).

Abstract and Applied Analysis
Similar to uniqueness, we can obtain
1d,__n2 1d 2 1d,_—mn2
P V 2 P 2 P V 2
et K PR T P
=- J A (Vo - Vie,)dx + J AYV$ - Viydx
Q Q
+ J Ay, Vo -V ydx - J YV, - Vigdx
Q Q
+ J Vi, - VyAydx + J Ve Vy, Ay dx
Q Q (38)
+ J QAQV Q- fids + J PAQV* g, - 7ids
20 20

+J g_oAq)IVLaﬁds—J' QAYV Y - fids
a 0Q

)

- J PAYV Y, - fids — J PAY\ VY - ids
0Q oQ

- I YVt - fids.
2 Jaa

It is easy to see that
1d, 2 1d,—2 1d,_—» —12
A R (P

—12 —12
+ Vol + vl:)

TG (||9_0”L2(ao) "Vla 12(00) “A¢”L°°(BQ)

+ "¢"L2(BQ) “VLE 12(00) ||A¢"L°°(BQ)

+ "¢"L2(E)Q) “VL?" 12(00) |Ag, ||L°°(aQ)

()

+ "¢”L2(ao) “VLW 12(00) ”Aallm(am

+ "¢"L2(BQ) “VL% 12(0) “AW”L‘”(BQ)

+ "¢"L2(BQ) “VL‘//" 2(00) Ay, |lL°°(BQ)

W0 [V 200 W00

+ "wLZ(aQ) “VL% 12(00) ”wan(aQ)) .

Since ¢ — ¢, ¥ — v, in the sense of L*(3Q) (| L™(3Q),
we can make, for every € > 0,

(P

+ ||¢||L2(BQ) ”VLﬁ

12(3Q) ”A¢"L°°(BQ)

12(3Q) "A¢"L°°(60)

+ ||¢"L2(BQ) ”VL?" 1200) ag, ||L°°(an)

+ ||¢||L2(ag) ”VLW 1200) "AWHL‘XJ(BQ)
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+ “¢"L2(BQ) "VLV/I "LZ(aQ) ||A1W_[/||L°°(GQ)

+ “¢"L2(BQ) "Vlw L2(0Q) "AWl "L"O(aQ)

+ W"LZ(ao) ||V*¢ 12(00) W"Lm(aa)

#1200 [V 12 oy P ) < €
(39)

Using the Gronwall inequality in (%), for every V¢ ¢
(0, 7T1],

V2. + 19312 + s < e (199 ey O
195 (e O + 17 (3 O + 266 (40

— 0.

As ¢ — @, ¥ — v, in the sense of L*(9Q) () L®(3Q)
and [@o()l: — 0, [Vgg()llz — 0, iyl 2 — 0,
[Vyo(x)ll;z — 0, in the sense of L*(Q). So we reach the
stability of the solution in the finite time.

5. The Lyapunov Stability of
Steady State Solution

In this section we discuss the stability of the steady state
solutions, in L*(Q) for problem (41).

Definition 4. A steady state solution v is said to be stable if
and only if U in any one of the neighborhood V, there is a
neighborhood W of v, making any solutions v(t,-) with the
initial condition v(0, -) € W satisfy u(t,-) € V (Vt > 0).

Assume that Q ¢ R* is a bounded domain. We can make
the solutions ¢,, ¥, like the condition in Theorem 2 and
satisfy [| Ay, [z, [V |0, [D*@; 10 < M, respectively. Then
the following problem solutions:

(0,+u-V)w=B-Vj, in Qx(0,00),
(41)
(0, +u-V)y =0 in Qx(0,00)
are Lyapunov stable.

Assume that ¢, y are another solutions of the equations.
Let ¢, v denote the solution pair of a little disturbance and
letp = ¢ — ¢, ¥ = v — y, be the difference of ¢, ¢,
Y, y,, with initial value [[o,(x)[l;2 — 0, [[Vey(x)l;2 — O,
lWo(lz: — 0, IVyy(x)ll;z — 0, in the sense of L*(Q)
and assume that boundary value ¢ — ¢,, ¥ — vy, in the
sense of L*(0Q) [ L°(0Q), Vt € (0, T]. Then subtracting one
equation from each other in (41), we get

Ag; + Vg -VAp — Ve, - VAg,

=V'y-VAy - V'y, - VAy,, in Qx(0,00),

Y +V Q- -Vy-Vie -Vy, =0, in Qx(0,00),
¥ (x1,%,,0) = ¥, (x1,%,,0),

@ (x,%,,0) = %o (%1, %,,0)
in Qx0.
(42)

Similar to uniqueness, we can obtain
1 — 1d,_—
P V_ 22 P 2 P V 2
L e A
= —J Ap (Vo -Vig,)dx + J AYVe - Viy dx
Q
+ I Ay, Vo -V ydx - J Yy, - Vigdx
Q
+J Vi, Vu/At//dx+J Vo - Vy, Ay dx
! (43)

+J PAQV P - nds+J PAQV g, - fids
a0 20

+J PAQ, V' Q- nds—J QAYV Y - fids
E 20

)

- I g_oAWVLﬂ%ds—J' [
0Q 0Q
1 j TV - g ds,
2 Jaa
It is easy to see that
_ 2 d ,_—
S g 1Vl + 5 2 Il + 5 o Vvl

< c(Iv9lz: + Ivalz: + [ll:)

+ (&) (|l¢I|L2(aQ) ||VJ_¢ 12(3Q) ||A¢“L°°(BQ)

+ "¢||L2(BQ) “VLE 12(00) ||A¢”L°°(ao)

+ ||¢||L2(BQ) “VLa 12(00) A, ||L°°(a9)

+ "¢”L2(BQ) “VLW 12(00) ”Awllm(am

+ ||¢||L2(BQ) ”VLV’l 12(00) “AWLw(aQ)

+ "¢”L2(BQ) ”VLW 12(00) ”AV’IULOO(BQ)

+ "W"LZ(BQ) ”VLa 12(00) W”LDO(BQ)

+ "wlle(BQ) HVL(PI 12(2Q) HWHL"O(E)Q)) .

Since ¢ — @,, ¥ — v, in the sense of L*(3Q2) (| L™ (3Q2),
we can make, for every € > 0,

("¢”LZ(BQ) ||VJ-¢ 12(2Q) ”A¢”L"°(BQ)

+ ||¢||L2(ag) HVLW 12(00) "A¢"L°"(€)Q)



+ ||§_0||L2(ao) "Vlau 1200) lag, ||L°°(an)

+ “¢"L2(BQ) "Vlw L2(0Q) "AWHL“‘(BQ)

+ ||§_"||L2(ao) "Vl‘/’l 12(00) "Awum(aa)

+ ||§_"||L2(ao) "Vlw 12(0) (N "L‘”(bQ)

+ “wuLz(aQ) ||Vl¢ 12(3Q) "w"LOO(aQ)
17200 [V 012 o 1oy ) < €
(44)

Using the Gronwall inequality in (), for every Vt €
(0,1,

IV91%: + 1v@lz: + 1915 < & (IV9 (61 22, 0)12
+ Vg (61 25, )2 + [ (10 % O)12) + 2 (45)

— 0.

As ¢ — @, ¥ — vy, in the sense of L*(3Q) ()L (0Q)
and @o(X)lz: — 0, Vool — 0, gz — 0,
IVy, (%)l — 0, in the sense of L*(Q). Definition 4 is satis-
fied. So we reach the Lyapunov stability of the steady state
solutions in finite time.

6. Conclusions

In this paper, we studied the symmetry groups by using the
classical Lie Group method to structural equation solutions.
First, we perform Lie symmetry analysis for the MHD
equation and get its infinitesimal generator. Then, we obtain
many solutions by it. It can be seen by the results of this paper
that the Lie Group method is an effective method for studying
nonlinear partial differential equations.
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