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We continue the study of discrete anisotropic equations and we will provide new multiplicity results of the solutions for a discrete
anisotropic equation. We investigate the existence of infinitely many solutions for a perturbed discrete anisotropic boundary value
problem. The approach is based on variational methods and critical point theory.

1. Introduction

The aim of this paper is to investigate the existence of
infinitely many solutions for the following perturbed discrete
anisotropic problem:

= A (o (k) [Au (k- DIP*D7 Au (k- 1)

= Af (k,u (k) + pug (k,u (k)),
u(0)=u(T+1)=0,
where T' > 2 is a fixed positive integer number, [1,T] is the
discrete interval {1,...,T} ¢ N, Au(k — 1) = u(k) — u(k — 1),
a:[1,T+1] = (0,+00),and p : [0,T] — (1, +00) are some

fixed functions, and f, g : [1, T] xR — R are two continuous
functions. Let

keq,T], (P

p = krel%&l%]p(k),
+ j—
p —kren[g]p(k),
€]

« = min «a(k),

ke[1,T+1]
a = max a(k).

ke[1,T+1]

Many problems in applied mathematics lead to the study
of discrete boundary value problems and difference equa-
tions. Indeed, common among many fields of research, such

as computer science, mechanical engineering, control sys-
tems, artificial or biological neural networks, and economics,
is the fact that the mathematical modelling of fundamental
questions is usually tended towards considering discrete
boundary value problems and nonlinear difference equations.
Regarding these issues, a thoroughgoing overview has been
given in, as an example, the monograph [1] and the reference
therein. On the other hand, in recent years some researchers
have studied the existence and multiplicity of solutions for
equations involving the discrete p-Laplacian operator by
using various fixed point theorems, lower and upper solutions
method, critical point theory and variational methods, Morse
theory, and the mountain-pass theorem. For background and
recent results, we refer the reader to [2-20] and the references
therein. For example, Atici and Guseinov in [3] investigated
the existence of positive periodic solutions for nonlinear dif-
ference equations with periodic coefficients by employing a
fixed point theorem in cone. Atici and Cabada in [2], by using
the upper and lower solution method, obtained the existence
and uniqueness results for a discrete boundary value prob-
lem. Henderson and Thompson in [12] gave conditions on the
nonlinear term involving pairs of discrete lower and discrete
upper solutions which led to the existence of at least three
solutions of discrete two-point boundary value problems, and
in a special case of the nonlinear term they gave growth
conditions on the function and applied their general result
to show the existence of three positive solutions. Chu and
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Jiang in [9] based on fixed point theorem in a cone, due to
Krasnoselskii, characterized the eigenvalues and showed the
existence of positive solutions to a discrete boundary value
problem. Jiang and Zhou in [13] employing a three-critical
point theorem, due to Ricceri, established the existence of at
least three solutions for perturbed nonlinear difference equa-
tions with discrete boundary conditions. Wang and Guan
in [20], by using the Five Functionals Fixed Point Theorem,
obtained the existence criteria for three positive solutions
of a p-Laplacian difference equation. Bonanno and Candito
[5], employing critical point theorems in the setting of finite
dimensional Banach spaces, investigated the multiplicity of
solutions for nonlinear difference equations involving the
p-Laplacian. Cabada et al. in [6], based on three critical
points’ theorems, investigated different sets of assumptions
which guarantee the existence and multiplicity of solutions
for difference equations involving the discrete p-Laplacian
operator. In [4] Bian et al. by using critical point theory
studied a class of discrete p-Laplacian periodic boundary
value problems; some results were obtained for the existence
of two positive solutions, three solutions, and multiple pairs
of solutions of the problem when the parameter lies in some
suitable infinite or finite intervals. In [15], by using variational
methods and critical point theory, the existence of infinitely
many solutions for perturbed nonlinear difference equations
with discrete Dirichlet boundary conditions was discussed.

There seems to be increasing interest in the existence of
solutions to discrete anisotropic equations, because of their
applications in many fields such as models in physics [21-
24], biology [25, 26], and image processing (see, for example,
Weickert's monograph [27]). We also mention Fragala et al.
[28] and El Hamidi and Vétois [29] as essential references
in treating the nonlinear anisotropic problems. Besides,
Mihiilescu et al. (see [30, 31]) were the first authors who
studied anisotropic elliptic problems with variable exponents.
On the other hand, numerous researches have been under-
taken on the existence of solutions for discrete anisotropic
boundary value problems (BVPs) in recent years. As to the
background and latest results, the readers can refer to [32-
38] and the references therein. For example, Mihdilescu et al.
in [36], by using critical point theory, obtained the existence
of a continuous spectrum for a family of discrete boundary
value problems. Galewski and Wieteska in [34] investigated
the existence of solutions of the system of anisotropic discrete
boundary value problems using critical point theory, while
in [33], using variational methods, they derived the intervals
of the numerical parameter for which the problem (P{ 9) has
at least 1, exactly 1, or at least 2 positive solutions. They also
derived some useful discrete inequalities. Molica Bisci and
Repovs in [37] considered advantage of a recent critical point
theorem to establish the existence of infinitely many solutions
for anisotropic difference equation:

~A (18w (k- )PS0 Au (k- 1)) = Ay (u (k)
kez[1,T], 2
u(0)=u(T+1)=0,
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where A is a positive parameter, f, : R — R is a continuous
function for every k € Z[1,T] (with T > 2), and Au(k - 1) =
u(k) — u(k — 1) is the forward difference operator, assuming
that the map p : Z[0,T] — R satisfies p~ := ming, 11 p(k) >
1as well as p* := maxo ) p(k) > 1. Steglinski in [38], based
on critical point theory, obtained the existence of infinitely
many solutions for the parametric version of the problem

(P){’g), in the case where y = 0.

Motivated by the above works, in the present paper, by
employing a smooth version of [39, Theorem 2.1], which is
more precise version of Ricceri’s Variational Principle [40,
Theorem 2.5] under some hypotheses on the behavior of the
nonlinear terms at infinity, we prove the existence of definite

intervals about A and g in which the problem (P{ %) admits
a sequence of solutions which is unbounded in the space E
which will be introduced later (Theorem 6). Furthermore,
some consequences of Theorem 6 are listed. A partial case
of main result is formulated as Theorem 5. Replacing the
conditions at infinity on the nonlinear terms, by a similar one
at zero, we obtain a sequence of pairwise distinct solutions
strongly converging at zero; see Theorem 14. Three examples
of applications are pointed out (see Examples 8, 13, and 16).

2. Preliminaries

Our main tool to ensure the existence of infinitely many

solutions for the problem (P/{’g ) is a smooth version of
Theorem 2.1 of [39] which is a more precise version of
Ricceri’s Variational Principle [40] that we now recall here.

Theorem 1. Let X be a reflexive real Banach space and let
D,¥ : X — R be two Gateaux differentiable functionals such
that @ is sequentially weakly lower semicontinuous, strongly
continuous, and coercive and Y is sequentially weakly upper
semicontinuous. For every r > inf @, let one put

SUP e (J—c0,r) ¥ (V) — ¥ (1)

r) = inf >
o ued 1 (J-co,r[) r—®@ (u)
y = liminf ¢ (r), €)

§:= liminf ¢(r).

r—(inf xP)*
Then, one has the following:

(a) For every r > infx® and every A € 10,1/@(r)[, the
restriction of the functional I, = ® — A¥ to ®7'(] -
00, [) admits a global minimum, which is a critical
point (local minimum) of I, in X.

(b) If y < +00, then, for each A € 10,1/y[, the following
alternative holds:

either
(by) I, possesses a global minimum
or

(b,) there is a sequence {u,} of critical points (local
minima) of I, such that

Jim @ (u,) = +co. (4)
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(c) If § < +00, then, for each A € 10,1/8], the following
alternative holds:

either

(c,) there is a global minimum of ® which is a local
minimum of I,
or

(c,) there is a sequence of pairwise distinct critical
points (local minima) of I, which weakly con-
verges to a global minimum of ®.

We refer the reader to the paper [41-47] in which
Theorem 1 was successfully employed to ensure the existence
of infinitely many solutions for boundary value problems.

Here and in the sequel we take the T'-dimensional Banach
space

E={u:[0,T+1] > R:u(0)=u(T+1)=0}, (5

endowed with the norm

T+1 1/2
Jull = (Z |Au (k - 1)|2) : (6)

k=1

Remark 2. We consider that whenever E is a finite dimen-
sional Banach space in Theorem 1, in order to show the
regularity of the derivative of ® and V¥, it is merely enough to
indicate that ®' and ¥’ are two continuous functionals on E*.

Lemma 3 (see [48, Section 2]). (a.1) For every u € E with
llull > 1 we have

T+1
> u (= DIPED > TR P ()
k=1

(a.2) For every u € E with |lu| < 1 we have

T+1 . .
3 1Au (k= 1)PED > T8 22y (8)
k=1

(a.3) For every u € E and for any m > 2 we have

T+1
(T+ D2 ™ < Y |Au (k- 1)"
k=1 9

<S(T+1)|lul™.

(a.4) If p* = 2 there exists positive constant C,+ such that
foreveryu € E

T+1
3 Jau (k- DPE < 2 (T+1)<CP+ lull? +1). (10)
k=1

(a.5) For every u € E and for any m > 2 we have

T+1

T
YolAu (- D" <2 Ju (k)™ (1)
k=1 k=1

(a.6) For every u € E and for any p,q > 1 such that 1/p +
1/q = 1 we have

ul., = max |u(k
ledloo = ma. fu K|

T+1 1/p (12)
<(r+n' < > 1Au (k- 1)|P> :

k=1
Put

F(k,t) = Ltf(k,f)df Vkt)e[L,T]xR.  (13)

Remark 4. We recall that amap f : [1,T] x R — R is
continuous if it is continuous as a map of the topological space
[1,T] x R into the topological space R. In this paper, the
topology on [1, T] will be the discrete topology.

A special case of our main result is the following theorem.

Theorem 5. Let f: R — R be a continuous function and put
E(t) = [; f(§)dE for all t € R. Assume that

lim infw =0,
lim supﬁ = +00
E—+o0 Ep

Then, for every continuous function g : R — R whose G(t) =

_[Ot g(&)dE, for every t € R, is a nonnegative function satisfying
the condition

G
g, = T”PEE?OO—SHPUEE 2 (15)
and for every u € [0,u, [, where p,; = (1/g,)(1 -
AT? pliminfy_,, ., (F(§)/EF)), the problem
— A(1Au (k= DIP Au (k- 1))
=Af (w(k) +ug wm(k)), kell,T], (16)

u@)=u(T+1)=0

has an unbounded sequence of solutions.

3. Main Results

We present our main result as follows.

Theorem 6. Assume tha; B
(A1) liminfe_,, (Y, supyF(k, 1)/ ) < (p o™/
20T ph)lim supe_, oo (Vi F(k, E)/E).
Then, for each A € |A, A, [, where
2at
/\1 = . T >
P hm SupE_HOO (Zk:l F (ta E) /EP )

«
TP pliminfe o, (Yie supycF (k. t) /€ )’

17)

A,



for every continuous function g : [1,T] x R — R whose
G(k,t) = Iot gk, &)dE for every (k,t) € [1,T] xR, is a
nonnegative function satisfying the condition

T

_1 supy, G (k, t
lim Zicy pIthE (k-1) <o (18)
(04 E—+00 fP

and for every u € [0, py ) [, where

Mg,)t

" oo

Pt I supy,.F (k,t (19)
! <1—AT P i g et Pzt € )>,

o E—+00 &r
the problem (P){ %) has an unbounded sequence of solutions.

Proof. Fix A € JA;,A,[ and let g be a function satisfying the
condition (18). Since A < A,, one has Hyx >_0. Fixp € [0, P‘g,i[
and put v, == A, and v, = A,/(1 + (/M)A 900)- If 9oy =
0, clearly, v, = A, v, = Ay, and A € Jv, [ If g # 0,
since ¢ < p, 3, we obtain A/, + g, < 1, and so A,/(1 +
(#/M)A,9.,) > A, namely, A < »,. Hence, since A > A, = »,
one has A € ]v;,v,[. Now, set Q(k,t) = F(k,t) + (u/A)G(k, t)
for all (k,t) € [1,T] x R. Take X = E and define on X two
functionals ® and V¥ as follows:

|Au (k- 1)[P*D

T+1 (X(k)

@ (1) =
) ;pm—n
(20)

T — T
W) = YFku(k)+EY Gk u®).
k=1 Ao

Since X is a finite dimensional Banach space, ¥ is a Gateaux
differentiable functional and sequentially weakly upper semi-
continuous whose Géteaux derivative at the pointu € X is the
functional ¥'(u) € X*, given by

T
¥ wyv=) f(u(k)vk
k=1 1)

+

>|I=I

T
Y gUu (k) v(k),
k=1

for every v € X,and ¥' : X — X" is a compact operator.
Moreover, @ is a Gateaux differentiable functional of which
Gateaux derivative at the point u € X is the functional
®'(u) € X*, given by

o' () (v)
T+1 (22)

= Y a (k) |Au (k= )P D7 Au (k- 1) Av (k- 1)
k=1

for every v € X. Furthermore, ® is sequentially weakly lower
semicontinuous (see [5, Remarks 2.2 and 2.3]). Put I = ® —

AW. We observe that the solutions of the problem (P/{’g ) are
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exactly the solutions of the equation I%(u) = 0. So, our end is
to apply Theorem 1 to ® and ¥. Now, we wish to prove that
y < +00, where y is defined in Theorem 1. Let {£,} be a real
sequence such that £, > 0 foralln € Nand §, — +0o as
n — oo and

. 22:1 Sup|t|£f,,Q(k)t)

lim =

n—00 55

(23)
T
_, su k,t
:liminfzk_1 pltleQ( ),
E—+00 51’

Putr, = (a /TP p")EF foralln € N. Letn, € N be such that
(p/a)r, > 1forall n > ny. We claim that

O ((—o0,7,)) € {u: Jull, <&, Vh e [0,T+1]}. (24)
Indeed, if v € X and ¢(v) < r,,,, one has

& oalk) (k-1)
Zp(k_l) |Au (k- D)IP*D <7, (25)
k=1
Then,
1/p(k=1) + 1/p”
|Au (k - 1)| < (p(k_ l)rm> ! < (P_rm> (26)
o (k) o

foreveryk € [1,T+1]. Consequently, sinceu € X, we deduce
by easy induction that

lu (k)| < [Au (k= 1) + |u(k - 1)]

+ 1/p” + 1/p”
4 P
< <;rn> + |u (k- 1)] Sk(;rn> (27)

+ 1/p”
< T(p—_rn> =&,

o

for every k € [1,T] and this gives (24). Hence, taking into
account the fact that ®(0) = ¥(0) = 0, for every n large
enough, one has

(SUP,c1(1-cor,y ¥ (1) = ¥ ()
r, — O (u)

o(r,) = inf

ued!(J-co,r,[)

- SUP,eq1(]-co,r, ) ¥ (V)

Tn

_ Ticr supye, QK1)

S aE T

Y supee F (k) + (#/1) G (k1)
a & TP p*

(28)

< ZLI supj ¢ F (k. 1)
S aE T pt

L B L S0P, G (k)
Xowg T et
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Moreover, it follows from Assumption (A1) that

T
. D SuppeF (ko 1)
lim inf - < +00,
S g

which concludes that

T
Dkt supjy<e F (k, 1)
lim - < +00.
n—00 P
&n

Then, in view of (18) and (30), we have

. ZZ:I SuP|t|sE,,F(k’ t)
lim

T

# Zk 1 SUPjce G (k,t)

+ lim < +00,

n—00 A En
which follows

Yoy Supice F (k) + (A1) G (k. 1)

lim - < +00.

n—00 5’117
Therefore,
y <liminfg(r,)

S spyee, Fb0) + (BA) G (1)
~ nsoo “—55_/Tp’p+

< lim

Since

ZL supy ¢, Q (k. £) < Zle supy ¢ F (k,t)
& ) &

Zle supy e G (k,t)

+

>|I=I

&

taking (18) into account, one has

- T
oy lim inf L1 8uPy<Q (ko 1)
A Eotoo &

Pt T su F(k,t) 7
< p lim infzk_1 P|t|_s£ (1) + ¢
E—+00 EP

Moreover, since G is nonnegative, we have

T
lim supM >1

|€]—>+00 £P |&]—>+00 EP

=Yc0"

T
sup Qi1 F+(k> f)‘

(29)

(30)

31

(32)

(33)

(34)

(35)

(36)

Therefore, from (35) and (36) and from Assumption (A1) and
(33), one has

Ae v,

20t

:| plim SUP|g|—+00 (Zlf:l Q(k,¢) /Ef) ,

c

(37)

o
TP p*liminfg_,,, (25:1 supy £ Q (k. 1) /fpi)

s
c10,—]|.
Y
For fixed A, inequality (33) assures that condition (b) of
Theorem 1 can be used and either I3 has a global minimum or

there exists a sequence {u,} of solutions of the problem (P/{ 9)
such that lim,,_, [lul| = +0c0.
The other step is to verify that the functional I3 has no
global minimum. Since
- T
4 Fk,
=< p—lim sup—zk_1 ( E)>

38
A 207 oo & 8

we can consider a real sequence {y,} with y, > 1 foralln € N
and a positive constant 7 such that y, — +00 asn — co and

- T
F (k,
i<‘l’< p Zk:I é yn) (39)
2 20t Yf:

for each n € N large enough. Thus, we consider a sequence
{w,} in X defined by setting

y, forke[1,T]
w, (k) = (40)
0 fork=0,T+1.

Thus
) T+1 5
fwa” =Y |Aw, (k- D] = 2y;, (41)
k=1
20 < (w,) < 220 (42)
p+ n P— n °
On the other hand, since G is nonnegative, we observe
T
¥ (w,) Z F(k,y,). (43)
So, from (39), (42), and (43), we conclude that
IX (wn) =0 (wn) - X\P (wn)
20c
- L) F(k,
Z (k> y,) ”
207 (1-21)
< (—_)Yf >

p



for every n € N large enough. Hence, the functional I3
is unbounded from below, and it follows that I; has no
global minimum. Therefore, Theorem 1 assures that there
is a sequence {u,} < X of critical points of I3 such that
lim ®(u,) = +o0o, which from Lemma 3 follows that
lim [lu, |l = +0o. Hence, we have the conclusion. ]

n—00

n—00

Remark 7. Under the conditions

T

_supp e F (k, t
lim inf 251 wPseF ()
E—+00 Ep

F (k,
lim sup ="——+— Zk L E)
E—+00 sp

(45)

Theorem 6 assures that for every A > 0 and for each

p € [0,1/g,[ the problem (P/{’g ) admits infinitely many
solutions. Moreover, if g, = 0, the result holds for every
A>0and y>0.

Now, we give an application of Theorem 6 as follows.

Example 8. Let T = 10, let p(k) = 2 + k/5 for all k € [0, 10],
leta(k) = 1+ 1/k for all k € [1,11], and let a,, be a sequence
defined by

a, =4,

(46)
. =1+ ION/ZaZ

forn>2

and let b, be a sequence such that b, = 4* and b, = a} —a, |
for all n > 2. Consider the problem

(E

= Af (k,u (k) + pe*u k), ke

%) e = 1)[*% k= 1))
[1,10], (47)

u(0)=u(11) =0,

where f(k,t) = ekh(t) for all (k,t) € [1,10] x R with

ht) = Zzb (1-

t—a,+ - D a,-1a
2| Noriag®
vVt € R,

where x|, 5 denotes the characteristic function of the interval
[a, B]. According to the above data we have p~ = 2, p* = 4,
o = 12/11, " = 2, and G(k,t) = €"t*/2 for all (k,t) €
[1,10] x R and it is easy to verify that a,,;, — 1 > a, and
.[::—1 h(t)dt = b, for all n € N. Then, one has F(k,a,) =

&k J:” h(&)dE = aﬁ, and it is easy to see that
Yt supyeF (ki)
lim inf —— =

E—+00 lglp_

m ZZ:I ekF (an+1 B 1)

T (@ - 1)
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10
1 a, e
= lim Zk LI Z
2200 n—00 an 2200

T
_ F(kt
lim supzk—l—f) lim 4( Z k
E—to0 EP n—-+00 at &
(49)
Hence, using Theorem 6, since
T p* Zzzl supy G (k. 1)
Joo = — lim =
04 E—+00 Ep
(50)
2T k
_ 800
_8001 S 2t L & < 400,
3 &—+o0 fz

problem (47) for every A € ]2/ Zk 1e 6/ Zk e k[ and Y €

[0,(6-A Y2, €)/1600 ¥, €[ has an unbounded sequence
of solutions in the space

Ejp={u:[0,11] — R:u(0)=u(11)=0}. (51

Remark 9. Assumption (A1) in Theorem 6 could be replaced
by the following more general condition:

(A2) there exist two sequences {0,} and {#,,} with#, > 0
for every n € N and (204+/p_)6£+ < (/TP p* )P for all

n € Nandlim,_,, 7, = +00 such that

Zk 1 SUpPjye, F (k1) - Zk L F(k.6,)

lim
n—+0o TP P 2 + GP
(a/T? p*) i —(2a*/p) =2
P .. Zk  F K, E)
E e

Indeed, clearly, by choosing 6, = 0 foralln € N, from (A2) we
obtain (A1). Moreover, if we assume (A2) instead of (A1) and

choose r, = anf /TP p* for alln € N, applying the same
argument in the proof of Theorem 6, we obtain

¢ (ra)
SUPveo!(]-corr, p¥ () - le;l F (k,w, (k))
= Y (@) /p U= 1) [Au (k- DIPEY (53)
_ ZL SUP ey, F (1) — ST F(k.6,)
(/TP p*) i = (2" /p~) 67

where w,,(¢) is the same as (40) but y, is replaced by 6,,.. We
have the same conclusion as in Theorem 6 with the interval
1A, A, [ replaced by the interval
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A[ _ 20(+

p*hm Sllpla_)_',oo (zzzl F (k) E) /EP+) )

(54)

1imn—>+oo ((ZZ:I Sup|f|5”lnF (k’ t) B IZ;I Fk

Here, we point out a simple consequence of Theorem 6.

Corollary 10. Assume that

(A3) liminf,_, o (Yr_, supyeF(k,)/E7 ) < o™ /TP p*;

(A4) limsupy ., ., (Yi, F(k, £)/EP) > 20" /™.

Then, for every arbitrary function g € C ([1,T] x R,R)
whose G(k,t) = _[Ot g(k,&)dE for every (k,t) € [1,T] x R is
a nonnegative function satisfying condition (18) and for every
u € [0,py,[, where

Mg,l
Pt T F(k t (55)
= ! <1—T P lirnlnfzkflsupltl__E ( )>,
9o A gp
the problem

— A (e (k) [Au (k = DPCD 7 Au (k- 1))

= f (k,u(k)) + pug (k,u (k)),
u)=u(T+1)=

ke[1,T], (56)

has an unbounded sequence of solutions.

Remark 11. Theorem 5 is an immediate consequence of
Corollary 10.

We here give the following consequence of the main
result.

Corollary 12. Let f; € C ([1,T] x R,R) and let F,(k,t) =
_[Ot f1(k, &) for all t € R. Assume that )
(A5) liminfy o, (Yo, supyyeFy (k1) /EP ) < +00;

(A6) lim supy ., (Y4, Fy (k, §)/EP) = +oo.
Then, for every function f; € C ([1,T] x R,R), denoting

Fi(k,t) = JZ fi(k,&)dE for allt € R for 2 < i < n, satisfying

max{supF(k & 2<z<n]>

EeR (57)
) F. (
min {hmlnf d }> —00,
E—+00
for each
o

Ae |0, — | 58
] T? p*liminf; ., (F, (t,8) /EP )[ 9

0.))/ (/17 prynt = o) 68)) [

for every arbitrary function g € C ([1,T] x R,R) whose
Gkt) = |, gtk E)dE for every (k,t) € [LT] xR, isa
nonnegative function satisfying condition (18) and for every
u € [0, g [, where

nug,)t
TP

:L<1 p'
Yo o

the problem

lim Zk supyeeFy (k1)) (59)
E—H—oo £P ’

= A (k) |Au (k- DIPSD7 Au (k- 1)

=AY fiku (k) + pg (ku(k)), ke[1,T], (60)

i=1
u@)=u(T+1)=
has an unbounded sequence of solutions.

Proof. Set F(k,&) = Y| Fi(k,&) for all £ € R. Assumption
(A6) along with the condition

min {lifm ian (P -8 ;2<i< n} > —00 (61)
ensures that
F (k, F. (k,
D LI D Y0 #1133
E—+00 » E—>+oo Ep (62)
= +00.

Moreover, Assumption (A5), together with the condition

max{supF,- (k,&);2 Sign} <0, (63)
EeR
implies that
T
_,su F(k,t
lim inf Zicy P|t|§£ &0
E—+0co EP
. (64)
_sup,F; (k. t
< liminfzk_1 pltlje 160 < +00.
E—+00 €P
Hence, the conclusion follows from Theorem 6. O



Here we give the following example to illustrate Corol-
lary 12.

h(k)t* (5+10sin® (Int) + 2sin 2Int)) if (k,t) € [1,100] x (0, +00),
fl (k’ t) =

2t

(1+£2)

>

fa (k. t) = =1 (k)

respectively, where A, : [1,100] — R are two nonnegative
continuous functions. Consider the problem

= A (€A (k- 1)]* TV Au (k- 1)
=A(fi + f») (k,u(k)), ke[1,100], (66)
u(0) =u (101) = 0.
A direct calculation shows p~ =2, p* =4, and

Fy (k1)

h(k)* (1+2sin® (Int)) if (k) € [1,100] x (0, +00)
"o if (k,£) € [1,100] x (~00,0], (67)

t2
E, (k,t) = -1 (k) —.
s (et) = ~1(0) -

Put
m if m is even,
a,, =
e ifmisodd,
(68)
bm — emT[
for every m € N.
Then
i 22:1 supjy<, Fi (k1) 0 if m is odd,
im = =
mmreo a, +00 ifmiseven,
(69)
T
. Fi (k. b,
lim supL}) =+00
m—+00 bm
So,
ZZ:I supj e Fy (k1)
lim inf — =0 < +00,
E—>+00 |E|p

(70)

T
L F, (k,t
lim sup—zk‘1 ;( ) = +00

E—+00 |£
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Example 13. Let T = 100, p(k) = (k + 100)/50 for all
k € [0,100], and a(k) = €* for all k € [1,101]. Let f,, f, :
[1,100] x R — R be defined by

if (k,t) € [1,100] x (-00,0],

(65)
Moreover,
SupFZ (ka E) = 0)
EeR
(71)
_ 2
lim ian2 (k,’ J =lim infL)6 =0>—00.
E—>+OO gp E—>+oo 52 (1 + fz)
Hence, all assumptions of Corollary 12 with 4 = 0 are

satisfied. So, for every A € (0,+00), problem (66) has an
unbounded sequence of solutions in the space

Eyoo = {u:[0,101] — R:u(0) =u(101) =0}.  (72)

Arguing as in the proof of Theorem 6 but using con-
clusion (c) of Theorem 1 instead of (b), one establishes the
following result.

Theorem 14. Assume that

(A7) liminfy o (Y, supyF(k,)/EP) < (p o/
20" p* TP Ylim sup,_g: (Y F(k, E)/EP).
Then, for each A € A5, A [, where
L 20"
3 p’hm Supg_)(rr (ZZ:I F (k) 6) /€P+ ) ,
(73)

(04
T? pHiminfe_o: (Xh, supyeeF (k1) /)

Ay

for every arbitrary function g € C([1,T] x R,R) whose
Gk, t) = Iot gk, &)dE for every (k,t) € [1,T] x Ris a
nonnegative function satisfying the condition

T’ p' lim 22:1 supj<G (k. 1) <
o §-or &r

+oo  (74)

gO =
and for every p € [0, py ) [ where

‘ug,/\

P+ T_ _F(k,t (75)
= 1 1- AT p liminf Zicy Supltl_j' () ,
9o a g0 &p

the problem (P){ %) has a sequence of pairwise distinct solutions
which strongly converges to 0 in E.
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Proof. Fix A € ]A;,A,[ and let g be the function satisfying
condition (74). Since A < A,, one has Hox > 0. Fix u €
10,4 5[ and set v; := A5 and v, = /(1 + (u/M)A,g,). If
go = 0, clearly, v; = A5, v, = A, and A € Jvs, v, [. If gy # 0,
since ¢ < p, 3, one has

i +Ug, < 1, (76)
Ay
and so
Ay —
— = >A 77)
+ (.“M) 4o

namely, A < v,. Hence, recalling that A > A, = »,, one has
e 13, vyl

Now, put Q(k, t)
k € [1,T]. Since

= F(k,t) + (@/M\)G(k, t) for all t € R and

Zle supj < Q (k1) < 25:1 supyy < F (k. 1)

& - &
. (78)
) E Yot supy <G (k. 1)
A
taking (74) into account, one has
T? p* I su kt
p limiank_l P|t|ng( )
o E-0* EP
. (79)
P pt _supy:F (k,t) 7
e limianIH Pie<g ( )+gg0.
o E-0* EP A

Moreover, since G is nonnegative, from Assumption (A7), we
have

S QKD T FRD)

lim sup (80)
E—0* &p £0" &p
Therefore, from (79) and (80), we obtain
+
RN AR ; 2OCT N’
prlimsupg o (T, Q (K, ) /EP7)
o (81)

TP ptliminfy g (X, supeQ (k. 1) /EP7)
< A5 Ay

We take X, @, ¥, and I3 as in the proof of Theorem 6. We
prove that 8 < +c0. For this, let {£,} be a sequence of positive
numbers such that &, — 0" asn — +00 and

T
_su F (k,t)
nlggo Zk—l p£|t1|j<fn < 400. (82)
n

Putr, = (a /TP p")&F foralln € N. Let us show that the
functional I; has not a local minimum at zero. For this, let
{y,} be a sequence of positive numbers and 7 > 0 such that
y, — 0" asn — oo and

<1< p Zk lF(k yn) (83)
A 20t Yn

for each n € N large enough. Let {w,} be a sequence in X
defined by (40). So, owing to (42), (43), and (83), we obtain

IX (wn) =0 (wn) - X\P (wn)

o T
k
k; V) 39
. _
“27) .
<—a (1 T)y,f <0

IS
for everyn € Nlarge enough. Since I;(0) = 0, that means that
0 is not a local minimum of the functional I5. Hence, part (c)
of Theorem 1 ensures that there exists a sequence {u, } in X of
critical points of I3 such that [lu,|| — 0asn — oo, and the
proof is complete. O

Remark 15. Applying Theorem 14, results similar to Remark 9
and Corollaries 10 and 12 can be obtained.

We end this paper by giving the following example as an
application of Theorem 14.

Example 16. Let T = 5, p(k) = k* + 2 for all k € [0,5], and
a(k) = K*+1forallk € [1,6]andlet f, : [1, T]x(R\{0}) —» R
be the function defined by

- (nfin(2)) (1)

a2
i)
(e (3)).

Fon - {Z"fl (®)

Let g(k,t) = 2 1n(k?) for all (k,t) € [1,5] x R. Direct
calculations show p~ = 2, p© = 27, a” = 2, a" = 26,
G(k,t) = £ In(k*)/3 for all (k,t) € [1,5] xR, and

()
R

if (k1) € [1,
if (k,t) € [1

5] x (R\ {0}),
,5] x {0}.
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P (ln (tlz)) sin? <ln (ln <ln (tlz)))) + 42! (%) if (k) € [1,T] x (R \ {0)), 56

0

Thus
T
_sup i F (k, t
limiankfl P|t|j§ (k. t)
E—0* gp
5
_supy, i F (k, t
L @
T 5
_ F(k, _, F(k,
lim Supzkfl—ff) = lim supM = +00
E—0" E £—0* E
Hence, using Theorem 14, since
TP p* I supy, .G (k1)
go = 2~ lim Lo ‘2;'5‘5 =0, (88)

the problem
A ((k2 +1) [Au (k= DIF Au (k- 1))
= Af (ku (k) + uln (K)o’ (k), ke[1,5], (89

u(0)=u(6)=0

for every (A, i) € (0,+00) X [0, 00) has a sequence of pairwise
distinct solutions which strongly converges to 0 in the space

Es={u:[0,6] — R:u(0)=u(6)=0}. (90)

Remark 17. If f and g are nonnegative then the nontrivial
solutions of the problem (P{ %) are positive. Indeed, let u, bea

nontrivial solution of the problem (P{ 9); assume that the dis-
crete interval of = {k € [1,T]; u,(k) < 0} is nonempty. Put
(k) = min{u, (k), 0} for k € [1,T]. Clearly,v € E and one has

T+1
Y o) |Au, (k- D" A, (k- 1) AV (k- 1)
k=1

T 3 T 3 (91)
=AY f (kou, ()T (k) =Y g (ko u, ()7 (k)
k=1 k=1
=0.
Since f and g are nonnegative, by choosing v = u,, one has

0<a Z |AM* (k - 1)|P(k_1) < 05 (92)
ked

that is,
Ju.]., <o, (93)

which contradicts with the fact that u, is a nontrivial
solution. Hence, u, is positive.

if (k,t) € [1,T] x {0}
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