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The authors discuss multiple solutions for the nth-order singular boundary value problems of nonlinear integrodifferential
equations in Banach spaces by means of the fixed point theorem of cone expansion and compression. An example for infinite
system of scalar third-order singular nonlinear integrodifferential equations is offered.

1. Introduction

Singular nonlinear boundary value problems of the ordinary
differential equations appeared frequently in applications.
With Taliaferro [1] treating the general problem, Calle-
gari and Nachman [2] considered existence questions in
boundary layer theory, and Luning and Perry [3] obtained
constructive results for generalized Emden-Fowler problems.
Results have also been obtained for singular boundary value
problems arising in reaction-diffusion theory and in non-
Newtonian fluid theory [4]. Singular nonlinear boundary
value problems of the ordinary differential equations have
made great progress in recent years (please see [5-8]).

In the above papers, singular problems are studied in
scalar case. In Chen [9], the boundary value problems of a
class of nth-order nonlinear integrodifferential equations of
mixed type in Banach space are considered, and the existence
of three solutions is obtained by using the fixed point index
theory. But such equations do not have singular nonlinear
terms. As much as we know, there are a few papers ([10-18])
to consider the singular problems in abstract Banach spaces.
In Liu [10], the following singular problems in Banach spaces
E

=" ()= f(tx®),x' (1), VO<t<T;

1)
x(0) = x' (0) =6,

were investigated by constructing a special convex closed set
and using Monch fixed point theorem, where 0 denotes the
zero element of E. In [10], (1) under certain conditions, there
is at least one solution. And, in the methods, under normal
circumstances, to investigate the singular problems, at first,
one needs to consider the approximation problems which
have no singularities. However, in the study of integrodiffer-
ential equations in infinite dimensional Banach space, this
method is very complicated and difficult.

In this paper, not considering approximative problems,
informed by the characteristic of nonlinear term, we con-
struct a new cone, and through the cone we create a
new special cone. Moreover, through finding the relations
from |lul,. to IIu("_Z)IIC (u belongs to the special cone), we
triumphantly overcome the singularity and use the fixed
point theorem of cone expansion and compression directly
to obtain the existence of multiple solutions for singular
boundary value problems of nonlinear integrodifferential
equations in Banach spaces. Finally, an example of scalar
third-order singular nonlinear integrodifferential equations
for an infinite system is offered. With the previous methods,
one can not get the results in this paper.

Let P be a cone in Banach space E which defines a partial
orderingin Eby x < yifandonlyif y —x € P.Let P, = {u €
P : |lull < r} (r > 0). P is said to be normal if there exists a
positive constant N such that 6 < x < y implies [|x|| < N|yl|,
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where 0 denotes the zero element of E, and the smallest N
is called the normal constant of P. For convenience, in the
following, we set P as a normal cone and N = 1. Let P, =
{u € P:u > uyllull}, in which u; € Pand 0 < [uyll < 1.
Obviously, P, is a normal cone of E, and the normal constant
of P, also is 1. Cone P, is the key to overcome the singular
nonlinear term (please see the last example).

We consider the following singular boundary value prob-
lem (SBVP for short) for an nth-order nonlinear integrodif-
ferential equations in Banach spaces E:

—u® (1)

= f(tu@),u @),....u" 2 ©),(Tw) ), (Suw) 1),

0<t<1; (2
u0)=6, (i=01,...,n-2),
u" V(1) =6,
where | = [0,1], f € C[(0,1) X
P\ {6} x P\ {6} x -~ x P\ {0} X P, x P, P,],
n+l
(Tu) (t) = jtk(t, s)u(s)ds,
0
1
(Su) (t) = J h(t,s)u(s)ds, 3
0
Vte],

with k € C[D,R,] (D ={(t,s) e Jx] :t >s}), h e C[] x
J,R,] (R, denotes the set of all nonnegative real numbers).

v Visens V15 V,) issingularatv; =0 (i = 0,1,...,
n-2),t=0,and/ort = 1if

lim |[f (v, v)| = +00, (i=0,1,...,n-2), (4
v; >0

vVt €(0,1), v, € P, (k=n-1,n), vjePl\{G} (j=0,1,...,
n-2),

ling f(tvgs.. v, = +oo,
t— 0"
(5)
and/or lim |f (& vgs.. s w,)| = +o00,
t—1"

Vv, € P\ {0} (i = 0,1,...,n—2),v]- €eP (j=n-1n).
Let J' = (0,1). Amap u € C"%[J,E] nC"[J', E] is called
a solution of SBVP (2) if it satisfies (2).

2. Preliminaries and Several Lemmas

Denote C"2[J,E] = {u : uisa map from J into E and
u("_z)(t) is continuous on J}. The norm of u € C"2[J, E] is
defined by

el = i=01,111ﬁ§1—2 {“u(i) "c} ’ ©)
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where

= mge ) 6=0m2 )

Obviously (C"*[], E], || - ||) is a Banach space.
Let

C P ={u? eClLE:u” (t) e Py, te )i
(8)
=0,1,2,...,n-2}.

Obviously, C"[], P,] is a cone of C"2[], E]. For r > 0, we

write Py 1= {fuepl :|lul <r} andP_IY ={uelP :|ul<rh
Let u (0,11 — E be continuous. We call

the abstract generalized integral jol u(t)dt convergence if

lim, _, o+ _Ll u(t)dt exists. Analogously, we can define the
convergence of other kinds of abstract generalized integrals.

We will use « to denote the Kuratowski measure of non-
compactness of set in space E. For details of the Kuratowski
measure of noncompactness, please see [19].

Lemma 1 (see [19]). Let H be a bounded set of C"[], E].
Suppose that H™ = (u™ : u e H} is equicontinuous. Then,

o (1) = s, fa (O 0)

i=0,1

' )
= max {ntlea]x {oc (H(') (t))}} ,

i=0,1,...,m
where
HY () ={u? ) te JueH},
(i=0,1,2,...,m), (10)
HY () ={u” ) :ueH}, (i=012...,m).

Lemma 2 (see [19]). If H ¢ C[], E] is bounded and equicon-
tinuous, then a(H(t)) is continuous on J. Moreover,

a({J]u(t)dt : ueH}) < Loc(H(t))dt. an
Lemma 3 (see [19]). Let H be a bounded set of C"[J, E]. Then,
a,, (H) = a(H(J)),
% (H) 2 a(H' (D)o (H) 2 (H™ (D), 1y
o (H) 2 %a(H(’”) n).
where HO(]) (i = 0,1,2,...,m) is defined by Lemma 1.
Lemma 4 (the fixed point theorem of cone expansion and

compression [see [20]]). P is a cone of real Banach space E.

Let
Pe\P, :={xeP:r<| x| <R}, R>r>0. (13)

Suppose that A : Py \ P, — P is a strict set contraction such
that one of the following two conditions is satisfied:
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(i) Ax 2 x, Vx € P, |x|| = rand Ax £ x, Vx € P,

lxll = R;
(i) Ax 2 x, Vx € P, x| = Rand Ax £ x, Vx € P,
llxll = r.

Then, A has at least a fixed point in Py \ P,.

3. Main Results and an Example
To continue, let us formulate some conditions.
(H,) There existb € L[J',R,],a; € L[J',R,] (i =0,1,...,

n), g; € C[(0,+00),(0,400)] (i = 0,1,...,n—2),and h; €
C[[0, +00), [0, +0)], (i = 0, 1,...,n), such that

||f (t’ Vo> Vis -5 V2> V1> vn)”

<b0)+ 3 a0 (g (D) + b (Iwl)

(14)
+ g (6) By (V) + @0 O B, (0]

Vte(0,1), v, e L\ {0} (i=0,1,...,n-2), v,_,v, € P,
where g; is nonincreasing and 4;/g; (i = 0,1,...,n - 2) and
h,_y, h, are nondecreasing.

(H,) ForanyR > r > 0,
1
J s (b (s)
0
n-2 n—1-i
s h. (R)
+ Y a(s)g (—r) <1 + ’—>
; (n—-1-1i)! 9; (R) (15)
+a,,(s)h,_; (K'R) +a,(s)h, (h*R)> ds
< +00.
And, there exists a R, > 0 such that
1
J s (b (s)
0
n=2 n—1-i h (R
+ Zai (s) g: (S—,R()) (1 + i 0))
0 (n—1-i) i (Ry) (16)

+ A1 (5) hn—l (k*RO) + a, (5) hn (h*R0)> ds

<Ry,

where b, q; (i =0,1,...
0,1,..

,n),g; (i=0,1,...,n—-2),and h; (i =
.,n) are defined as in condition (H;), and

k™ := max {k(t,s)},
(t,s)eD
(17)

h* = max {h(t,s)}.
(t.5)eTx]

(H;) Forany R > r > 0, [a,b] C (0,1), f is uniformly
continuous on
[a,b]

= = = =— _ 55— (18
XPIR\PLXPIR\Per”'XPIR\PlrXPIRXPIR’ (18)

n+l

and there exist L; >0 (i =0, 1,...,n), such that

a(f(t,ByBy,...,B,)) < Y L (B,),
i=0 (19)
vt€(0,1), B;c P, \P, (i=0,1,...,n-2), B, ;,B,CP,_.

Remark 5. Obviously, condition (Hj) is satisfied automati-
cally when E is finite dimensional.

(H,) There exist 0 < « < 1/2,and ¢ € P (P;" denotes
the dual cone of P,) such that ¢(v) > 0 for v > 6. At the same
time, one of the n — 1 conditions is satisfied

% (f (t> Vo> Vs« -+ Vn))
— +00,

¢ ("j) (20)

as q)(vj) >0, v;e P, "Vj' —0

uniformlyint € [«,1 - «], with j € {0,1,...,n—2}.

Remark 6. Because f(t, vy, vy,...,V,)issingularatv, = 0 (i =
0,1,...,n-2), condition (H,) is easy to be satisfied. And only
one of the n — 1 conditions is satisfied.

(Hs) There exist 0 < « < 1/2,and ¢ € P;" (P denotes
the dual cone of P, ) such that ¢(v) > 0 for v > 0. At the same
time, one of the following # — 1 conditions is satisfied:

o v )
¢ ("j) (21)

as (p(vj) >0, v;e P, ||v]|| — +00

uniformlyint € [a, 1 - «], with j € {0,1,...,n—2}.

Remark 7. In condition (Hj), only one of the n— 1 conditions
is satisfied.

To avoid singularity, let
Q= {u eC2[1,P,] : u” (0)

=0, (i=0,1,...,n-2), u?” (¥

tn—l—i . (22)
> mu(l) (S) i=0,1,...,n=2), t,s

s}

Obviously, Q is a normal cone in C"2[J, E], and the normal
constant of Q is 1.



Lemma 8. Suppose u € Q. Then,

lullcs = |72 (23)

tn—l—j

>
c

i o =

>

n—1-j)! (24)

(j=0,1,...,n-2), Vte].

Proof. For any u € Q, that is, u0)=60(=01,...,n-2),

< ], < 7.

"u(i) (t)" = ‘Ut u™ (5) ds
0

(25)

(i=0,1,....,n-3), Vte].

Therefore,
R
which implies that
il = "], 7

Because of u™ 2 () > tu""?(s),Vt,s € J, and the normal
characters of P, it is easy to get

[ @) 2 e[, vier @)
Hence,
U JE—— r (t—9)"7u" (s)ds
(n=3-j)tJo
1 ! n-3—j _ (n-2)

>—— | (t-9) su (1)ds

(1’1 -3 ])' 0 (29)
_ T
eI

(j=0,1,...,n=-3), Vt,T € ].

It follows from (28) and (29) and the normal characters of P
that

. - -j e
[ @] = = 1,
(n—1-j)! (30)
(j=0,1,...,n-2), Vte].
By (27) and (30), the conclusion holds. O

Remark 9. Formula (23) implies that the norm of u € Q is

decided by (n — 2)th-order derivative u"2),

Remark 10. Inequality (24) implies that u™2 controls dis-
tance between 6 and u® (I =0,1,...,n— 2). This is one of

the keys to apart from the singularities of the nonlinear term

f.
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Lemma 11. For j = 1,2,...
holds:

H(1-1-s))

,n — 1, the following conclusion

(1-a-s))

' < Gjyy (t,9) < ' , (31)
J: J:
where
J=1 _ (4 — )1
t,#, 0<s<t<1;
(-1t
Gi(t,s) = (32)
(-1
Proof. In fact, for j = 1,2,...,n—1, Vs, € ], we get
sup G, (t.50)
te]
Ho(t-s,) ti
=max4y sup —————, Sup — (33)
0<sy<t<1 ]! Ostgoslj!
_ 1 iJ
= ﬁmax{l —(1-5) .5}
Consider
1-(1-s,) =), Vs, €. (34)

It follows from (33) and (34) that
1 .
sup G,y (t,5) = o (1 -(1- SO)J) » Ysp €] (35)
te] J:
that is,
1 j
Squj+1(t,5)=T'(1_(1_S) ), Vse]. (36)
te] J:

On the other hand, for j = 1,2,...,n — 1, it is easy to get

. f Gj+1 (tr S)

in
o<ttt
LI L (RO L
= —min{ inf ———~—, inf —
! 0<s<t<1 t] O<t<s<1t/
(37)
j
- imin{ inf (1—(1—5> >1}
]! 0<s<t<1 t
1 .
= ﬁ(l -(1-5)).
It follows from (36) and (37) that
t(1-(1-s) 1-(1-s)
Q < Gj+1 (i’,S) < g’
J! J! (38)
Vvt € (0,1].
Since for t = 0 (38) holds, we get (31). O
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Lemma 12. Suppose conditions (H,) and (H,) are satisfied.
Then, forany R > r > 0, A : Qg \ Q, — Q, in which the
operator A is defined by

1

(Au) (t) = j G, (ts)

0
F(su©) . (9, u" D (), (Tu) (), (Sw) )
-(s)) ds, Vte],
where
w’ 0 <s<t< 1;
(n-1)!
G, (t,s) = : (40)
"
m, 0<t<s<l.

Proof. At first, we show that the operator A defined by (39) is
reasonable for u € Qg \ Q, with any R > r > 0. In fact, for
u € Qe \Q, withR > [lu ()] = ("7 /(n—1-i))r, by (H,)
and (H,),

1
J s(b(s)
0
n-2 Sn—l—i
+ ;ai (s) g; (—(ﬂ_ = mr) <1 +

+a, ,(s)h,_; (K'R) +a, (s)h, (h*R)> ds

h; (R) >
9: (R) (41)

< +00,

which implies that (Au)(t) defined by (39) is reasonable for

te]. .
Next, we show that (Au)(t) € C"*[J,P,]. For ud(t) €

P, (i=0,1,...,n-2),

t

(Tw) (1) = L k(t,s)u(s)ds > L K (2, 5) thy 1t (5)] ds
> u, L k(t,s)u(s)ds| = uy |(Tu) @),

(42)
1
(Su) (t) = Jl ht,s)u(s)ds > J h(t,s)ug [|u(s)| ds
0 0
2 U,

1
J; h(t,s)u(s) ds|| = ug (S2) (1)1,

which implies (Tu)(t) € P, and (Su)(t) € P,. This together
with

feC|(0,1)
(43)

x P\ {0} x P\ {0} x---x P\ {0} x P, x P, P, |,

n+1

gives

1
(40" 0 = | G109
0
(), (9, u" P (s), (Tu) (s), (Su) (5)) ds
1
= jO Gn—l (t’ S)
g | £ ((9), 0 (9), ..t P (9), (Tw) (), (Sw) ()

1
. (s))" ds > u, J-o G, (t,s)

- f (u (s),u' (5),..., u™ 2 (s), (Tw) (s), (Su) (s)) ds

=u|(Aaw® @), vte), (=01,...,n-2).

Therefore, (Au)(t) € C"[], P,] holds.
Finally, by Lemma 11 and (39) and (40), one can see

AP =6 (=01,....,n-2),
1

(4uw)® (¢) =j Gyt (6:9)
0

S (59, (), u"P (), (Tu) (5), (Su)

tn—l—l 1
(s))ds > P L G, (1,9) (45)
S (59,4 (9, u"P (), (Tu) (5), (Su)
! 0
(s))ds = oo A @),
vt,bre], I=0,1,...,n-2).
It follows from (44) and (45) that A : Q; \ Q, — Q. O

Lemma 13. Let cone P be normal and let conditions (H,) and
(H,) be satisfied. Then, u € Qg \ Q, is a fixed point of operator
Aifand only ifu € C*[J', E] n Qg\Q, is a solution for SBVP
(2.

Proof. By Lemma12, A : Qx \ Q, — Q. Foru € C"[J,E],
Taylor’s formula with the integral remainder term gives

0 =3 5u0 )4 Jt(t— YU (5)d
u —izoi!u oD o )" u (s)ds, )
vVt e].

Substituting

" (0) = u™ V(1) - r u® (s) ds (47)
0



into (46), we get

n-2 ti . t
u(t) = Zi_'u(z) ) + _u(nfl) (1)
=0 "*

(n-1)!

C(n 11)! <Jl MU (5) ds (48)
EEAVA

t
- J t =" u™ (s) ds), Vt e J.
0

Letu € C"[(0,1), E] nC"%[], E] be the solution of SBVP (2).
Then, (48) implies

1
uh) ==, Uo 7 (su(s), ' ()., "D (s), (Tu) (s)
(Su) (5)) ds — jo (t—s)" (49)
f(sus),u ().t (), (Tw) (s), (Sw) (5)) ds] .

Comparing this with (39) and (40), we have u(t) = (Au)(t),
which means u(t) is the fixed point of the operator A in Qp \
Qr'

On the other hand, let u(t) € Qg \ Q, be the fixed point
of the operator A. By (39) and (40),

u? (1) = (A () = ﬁ [J: O (s u(9),u' (9),
ot (8), (Tw) (s), (Sw) (5)) ds — Lt (-5 (50)
(s () u' ()50, u" P (s), (Tu) (5), (Su) (5)) ds} ,
where j = 1,2,...,n— 1. It follows by taking t = O and t = 1
in (50) that
u0)y=6, (i=01,...,n-2),

u" (1) =6,

1 (51)
WD) = J f(sus),u (5),...,u" ™ (s), (Tw)
t
(5),(Su) (s))ds, te]h
that is,
u () = —f (tbu),u' (t),....,u" D @), (Tu)
(52)

(1), (Sw) (1), te].
Then, (51)-(52) imply that u is the solution for SBVP (2) in
C"[(0,1), E|nC"*[], E]. O

Lemma 14. Suppose conditions (H,)-(H;) are satisfied. Let

1
D, (t) = “0 Gt (t5) f (5,1 (s),..,u™ (), (Tw)
(53)

-(s),(Su)(s))ds:uEB}, (1=0,1,....,n-2),

Abstract and Applied Analysis

witht € ], B< Qg \ Q,. Then,

n-2 .
a(D; () < Y L (BY () + L, k" (B()))
i=0 (54)
+L,h"a(B()), (=0,1,...,n-2),
with BY(J) .= {u?(s) :s e Jue B} (i=0,1,...,n—2).

Proof. Apart from the singularities, let
1-8
Dy (t) = ‘“ G, ()
8
f(su(),eou P (s), (Tu) (), (Sw) (s)) ds = (55)

1
ueB}, Uzaann—m,0<6<§,teL

By conditions (H,) and (H,), forany t € J, u € B, one can see
that

Il Gt (t,5) f (5,10 (s), ., u™ (), (Tw) (s), (Su)
0

1-6
+(s))ds - L G, (ts)
F(su () u" P (), (Tw) (s), (Su) (s)) ds

s n-2 Sn—l—i
< L s (b(s) + ;a,- (s) g; (mr>

h; (R)
<1 ’ g; (R)

) +a,y (B (K°R) +a, (5) (56)

n-2
h, (h*R)> ds + Jl S (b(s) +Y a0
1-6

i=0
s hi (R)
'gi<(n— I —i)!r) (1 a )"

-h,_ (K*R) +a,(s)h, (h*R)> ds,

(1=0,1,...,n-2).

By virtue of absolute continuity of the Lebesgue integrable
function and (56), it is easy to see that

Aro,, .00 — 0>
(57)

asd — 0, Vte], I=0,1,...,n-2),

in which dpp, )0t denotes the Hausdorff distance
between D; s(t) and Dy(t). Therefore,

a(D;(t) = gi_{no‘x (D (1)),
(58)
Vee], I=0,1,...,n-2).
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Now, we check that

n-2 .
a(D, (1) < Y Lia(BY () + L, k" a(B()))
i=0 (59)

+L,h"a(B())).

For B ¢ Qg \ Q,, it is easy to see that A(B) ¢ C"'[],P,] €
C"*[], E] is bounded, which implies that D5 (I = 0,1,...,
n — 2) are bounded. Since

1-6
J Gn—l (t’ 5)
5
F(su(s)se.u" P (s), (Tw) (s), (Su) (s)) ds
€(1-20)%0 (G, (t9) (60)
- f (s,u(s),...,u("fz) (s), (Tu) (s), (Sw) (s)) .5
€[6,1-9)),

we have

1-6
a (D, 55(t) =a ( {J G, (t,s)
S
f(su(s),..,u" P (s), (Tu) (s), (Su) (s)) ds :
ueB}) <a((1-20)c0 (G, (ts)

F(su(s),..,u" P (s), (Tu) (s), (Su) (5)) : s

(61)
€[6,1-08],ueB)) <a((G,(ts)

F(su(s), .. u"P (), (Tu) (), (Su) (5)) : s
e@J—SLueB»

<a(f(IpB(Is),....B" P (Iy), (TB) (I5) , (Su)

‘(15))))

where I; = [8,1 - 8], BY(Iy) = (uP(s) : s € Ij,u € B} (I =
0,1,...,n —2), (TB)(I5) = {(Tu)(s) : s € Is,u € B}, and
(SB)(Is) = {(Su)(s) : s € I5,u € B}. Taker, = 6"/ (n-1))r,
R, = Rmax{1,k", h*}, such that

. _
BY (Is) Pig, \ Py, 62)

(1=0,1,...,n-2), (TB)(I5),(SB) (I5) C Py,

Obviously, (TB) ¢ C[], E] and B ¢ C[J, E]; moreover, both
of them are equacontinuous on I;. It follows from (62), (H;),
and Lemmas 1 and 2 that

a(f(Is B(Is),-... B" 2 (Iy) . (TB) (I5) , (Sw) (Iy)))

= maxa (f (s,B(Iy)....B" ™ (Iy).(TB) (I5),

(Su) (Ia))) = gLi“ (B(i) (Ia)) + L, ((TB) (Iy))
+ L, ((SB) (Is)), (63)

a((TB) (I5)) = max o ((TB) (s))

= maxa({rk(s,r)u(r)dr:ueB})
selg 0

< Jsa(k(S,T)B(T))dT <k*a(B())).
0

Analogously, it is easy to get
«((SB) (I5)) < W a (B(])) (64)

It follows from (H;), (61), (63), and (64) that

n-2 .
a(D, 55 (1) < Y Lia(BY () + L, k" (B()))
i=0

+L,h"a(B())).

Hence, by (58), we know (59) is true, and the conclusion
holds. O

Lemma 15. Let conditions (H,), (H,), and (H,) be satisfied.
Suppose that 0 < y < 1, in whichy = Y10 L, + L, k™ +
L,h* +2L,_,. Then, A is a strict set contraction from Qg \ Q,
into Q.

Proof. By Lemma 12, (H,), and (H,), it is easy to see that
A(Qz \ Q,) c Qand A is a bounded operator. We check that
A(Q_R \ Q,) — Qis continuous. In fact, letu,,,u € Q_R \Q,,
llu,, —ull,,_, = 0 (m — o0).Fori=0,1,...,n—2,itis easy
to get

n—1-i

>

i t
R > “uin) (t)" > ml’

tVl—l—i (66)

(1)
Rz|u’(t) ||z ———,
1 0 12 o,

Vte].



For Vt € ], by (31) and (50),
(n-2) 2 !
[(4,) " @ - (a2 )] = H [RACENE
Uy, (5), 1) ()., uisfz) (5),(Tu,,) (s), (Su,,) (s)) ds

1
- J G, (t, s)f(s,u (s),u (s),...,u" 2 (s),(Tw)
0

1
- (s),(Su) (s)) ds|| < L s "f (s, u,, (s),u:n (s),

..,uffz) (5),(Tu,,) (s), (Su,,) (s)) - f (s, u(s),
u' (8),...,u" P (s), (Tw) (5), (Sw) (5)) | ds.

By (66) and conditions (H,;) and (H,), it is easy to get
"f (s, Uy, (), 1) ()., uﬁr’,’_z) (s),(Tu,,) (s), (Su,,)

(9) = f(su@),u' (s),...,u"? (s),(Tu)

n-2
- (s), (Su) (5))]| < 2s (b )+ Y a(s)
i=0

Sn—l—i
‘g"<(n—1—i)!r><l+

‘h, (K'R) +a,(s)h, (h*R)> .

(68)
h; (R)
g; (R)

)

From (67), by Lebesgue dominated convergence theorem,
combined with the equicontinuity of {Auiz_z)}:n‘fl and the
continuity of (Au)™2(¢), we have

(4, ) = ()" )] — o,

(69)
as m — 00,
uniformly for ¢ € J. Therefore,
. (n-2) (n-2)
o]
. (n-2) n—
= ,,,lgnoonggx ||(Aum) () - (Aw) (t)|| (70)
. (n-2) —
= max lim_ |(Aum) (t) - (Aw)"™? (t)” = 0.
Combining this with (23), we get
u, —Au — 0, asm — oo. 71
lAw,, - Au],_, (71)

Hence, A : Q_R \ Q, — Qs continuous.

Let B ¢ Qg \ Q, be bounded, so A(B) ¢ C"'[J,P,] ¢
C"%[],E] is bounded. It is easy to prove that (A(B))("_l) is
bounded, so (A(B))(”fz) is equicontinuous. By Lemma 1,

Ga (AB) = | max {n;ea]x fa((a®)® <t>)}} .72
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where a((AB)P (1) = a({(Aw)P(t) : u € S}) (¢ is fixed,
1=0,1,...,n—-2). On account of Lemmas 14 and 3, it is easy
to see that

a((A(B)) (1) = a(Dy (1))
< SjLioc (B (D) + Lk a(BU))
+ L a(B())) (73)
< (S‘fLi +L, k" +L,h" + 2Ln_2> «, 5 (B)
=
=ya,_, (B).

Similarly,

a((ABYY 1) <yo,, (B), (=1,2...,n-2). (74)

Thus, we get «,_,(A(B)) < y«,_,(B) by (72), (73), and (74).
Since A is bounded and continuous and 0 < y < 1, the
conclusion holds. O

Theorem 16. Suppose that the conditions (H,), (H,), (H;),
(H,), and (Hs) are satisfied. Then, SBVP (2) has at least two
solutions u, and u* in C"[(0,1), E] n C"2[J, E], satisfying

0 < fuf,y < Ro <[]l (75)

Proof. Suppose that the conditions (H,), (H,), and (H,) are
satisfied. Foral € {0,1,2,...,n—2},0 < & < 1/2,let M >
(n—1-1)1/6""7(1-(1-8)""")(1-28). Thereisa0 < 8 < R,
such that

o(f(Lu®),u' ®),....u"? t),(Tu) (t),(Su) (1))
> Mo (u? (1)), (76)
te[8,1-08], u” e P\ {6}, (i=0,1,...,n-2), |ul,, <pB.
Now, for any 0 < r; < f3, we show that
Autiu, ueQ, |ul,_,=r, (77)

in which <, is partial ordering defined by Q. In fact, suppose
that thereisa u; € Q, ||lu|l,,_, = r;, such that Au,<,u,. Then,
forl € {0,1,2,...,n—-2},t € [5,1 - 8], we have

1
P (1) > (Auy)? (¢) = jo )

- f (s, uy (), 1y (s), ... ,u(ln_z) (s),(Tuy)

671—1—1 (1 _ (1 _ 6)n—1—l)
n-1-D!

(78)

(), (Suy) (5)) ds >

1-8
. L F (510 (9) sl (5), ot (), (Tay)

(5), (Suy) (5)) ds.
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By (76) and (78), one can see that

611—1—1 (1 _ (1 _ a)n—l—l) 1-8
(n-1-1) L

f(s

o’ M) 29 [

uy (s), 1y (s), .. .,u(ln D (), (Tuy) (s), (Suy) (s)) ds]

M (1-a=8) ) e (79)
- n—1-1) L olf (s,
) (s) ,...,ui" 2 (s), (Tuy) (s), (Syy) (s))] ds
671—1—1 (1 _ (1 _ S)n—l—l) 1-6
§ (n-1-D) L My () (5)) ds
Hence,
1-6 .
L 0] (”(1) (t)) dt
n—1-1 n—1-1
_6 (1-a-8""")a-20 (50)
(n-1-1D!
1-6 0
-M L ‘P(”1 (s)) ds
Then, it follows from M(8" /(1 - (1 - 8)" )1 - 28)/(n -
1-D) > 1, 9w (t)) = 0 and (80) that
p(ul (1) =0, vte[s1-0]. (81)
Since u; € Q, by (24), we get
O — T
(82)
> L" (n= 2>|| (Vt € [8,1-6))
T (n-1-1) ’ ’
which implies
||u§”’2) =0 (83)

It contradicts [lu, ||,,_, = , > 0. Thus, (77) holds.
On the other hand, by conditions (H,), (H,), and (Hs),
forl € {0,1,2,...,n—-2},0< & < 1/2,let

§ (n-1-1)
(- -oy -2 &Y
There exists 7 > 0 such that
o (f (bu@),u' @),....u"D (@), (Tw) ), (Su) (1))
> Mo ("2 (1)), (85)
te(0,1-0], u” e P\ (B}, (i=0,1,...,n-2), [u?] >~

9
Set
n-1-Dt
Rl > max {((ylfl—l)’Ro} . (86)
We show that
Autiu, ueQ, |ul,_, =R, (87)

In fact, by (24), if there is u; € Q, |luyll,,_, = R, such that
Au, < uy, then

e (t)”_ | 2|, vtels,1-6]. (88)

-

It is easy to see by (86) and (88) that

|0 0] > - _oR, >T. (89)

—1-
t€[§l 5] Z)' "ul”n 2

In the same way, similar to the proof of (77), (87) holds.
Finally, by condition (H,), one can see
Autiu, ueQ, |ul,_, =R, (90)

In fact, if there is u; € Q, llu;ll,_, = R, such that Au, >, u,,
then

1
0 <u"? (1) < (Au)" P (1) = J G, (t5)
- f (s, up (s),uy (). ,ui” 2 (s), (Tu,) ©n

(), (Suy) (s)) ds, Vte].

Hence,

1
Re= il o600
n-2 Sn—l—i hi (RO))
. | ——R 1+ ——=
" ;a, ©)ai ((” —-1-9)! O) ( ' i (Ro) (92)

+ A1 (5) hn—l (k*RO) + a, (S) hn (h*R0)> ds

<R,.

This is a contradiction. Therefore, (90) is true.

Above all, we set R = Ry, r = r,. By (H,), (H,), (H;),
and Lemma 15, we know that A : QR \ Q,, — Qisastrict
set contraction. By virtue of (77), (87), and (90), applying
Lemma 4 twice, we obtain that operator A has at least one
fixed point in Qp \ Qg and Qg \ Q,, respectively. By
Lemma 13, SBVP (2) has at least two solutions u, € Qg \GRU
andu” € Qg,\Q,, satistying 0 < flu,[l,_, < R, < e ll,_,. O

An application of Theorem 16 is as follows.
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Example 17. Consider SBVP of infinite system for scalar
nonlinear third-order singular integrodifferential equations:

—u’” t) = 1 . *
n dn\Jt (1 —t) en3/2 (”2n (t))l/z
u, (£) 1-¢/2
1/3
4(n+2) o, (u£n+1) (t))
1-¢t72 L
——— sup (u, (¢
e D, () (93)

e L
P —— i (9)d
" Jo 1+(t—s)u”(s) s

t5 1
+—J t+s)u,(s)ds, 0<t<1;
6 Jo
u, (0) =1 (0)=u, (1)=0, (n=12,...).

Conclusion 18. Infinite system (93) has at least two solutions:

{u, O}, (n=1,23,..),
(94)
v, ®}, (n=1,23,..)
such that
u,(t) — 0,
v, () — 0,
(95)

as n — 00,

0< supmax {u (t)} <1l< supmax {v (t)}

n te[0,1] 0,1]

Proof. Let ] = [0,1], E = Cy = {u = (U, uy, ..., U,,...) ¢
u, — 0} with norm |ul| = sup,|u,l, and P = {u =
(Uy..sy,...) € Cy tu, =0, n = 1,2,...}. Obviously
P is a normal cone in E and the normal constant N = 1.
Letu, = (1/4,1/9,...,1/(n + 1)%,...). Then, it is easy to see
uy € P,0 < flul = 1/4 < L,and P, = {u € P : u, >
ugllull, n=1,2,....}. Infinite system (93) can be regarded as
SBVP of the form (2) in E. In this situation,

k(ts) = e C[D,R,],

o

1+(t—3s)
(D=A{(t,s) e Jx]:s<t}),

h(t,s)=t+seC[]x],R,],

), (96)

u= (U, Uy sy
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f=Ufreeos fur--2), with
t4
(t,u, v,w, x) =
J: = o ()
+ C e, L (97)
1/3

4(n+2)  s5p (V(n+1))

1— /2 2 5
— vI* + t =Xy

3( ) 6

Obviously, for (t,u, v,w, x) € (0,1)x P, \ {0} x P, \{0} x P, x P,,
it is easy to see that

61’[3/2
6113/2 u 1/2 1/2
(1) e — [l
1/2
ol () 2
4n+2) " 4n+2) T 4m+2)(n+1) ’
2/3
1/3 1 1/3
51 (Viyny) 2 5n(n+2) v > 0
1 1 (98)
= ? 2 — VI,
12 3(n+1)
1 2
2| —— w,
NEn
1 2
X, 2| — X ,
NEnLT
n=12,...,
which implies that
1] < 1 Cn+ Dt ult?et
Tt -t e ut? 4(n+2)
l _ t1/2 1 _ t1/2
+ 5 T - > (99)
5n(1/ (n+2))"" vl 3(n+1)
t? £
+an+gxn, n=12,....

Sinceu, — 0,v, — O,w, — 0,x, — 0,asn — +oo,
one can see that |[f,|] — 0,asn — +oo. Thatis, f € E.
Obviously, f € P. By (99), we can see

4 1/2 44

t [l
1/2 +
2 [lull 12

1
< +
1A W
32/3 (1 _ 412
(1) |
50vI'? 12

1- 12
v+ 5 ||w|| (100)

£
+ —[x] .
< Ixl
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On the other hand, it follows from (97) and (98) that

folt oL,
U, v, w, XxX) =2
" an\t(1—1)  6n32 ||u|/?
R AW
4(n+2)(n+1)
. 1-t172 . I_HMIHV+#
2+ &
sn(1/ (n+2)" v'? 3 (n+1)? 4
u)+ix> 1 (n+1)>
6" (n+ 1) \dnE(1 -0 (101)
n+1)*t m+1wﬂwwﬂ
6m32 |ul|'?  4(n+2)
n+2P(m+ 1 (1-£1) g
+ s vl
5n v 3
2 £
+—lwl+=1lx] |, n=12....
4 6
It is easy to get
2
(n+1) >4,
n
1 2
(177 5
n3/2
n+1 S 1 (102)
4(n+2) 6
2/3 2 2/3
n+2)"” (n+1) 243_’
5n 5
n=1,2,
It follows from (100), (101), and (102) that
1 1 t
(t,u,v,w, x) = +
I m+ 1> \4t@-1)  2]u)"?
P A A Ut B B
6 5 v 3 (103)
2 5
t t 1
+—wl+—=lx|| |2 —— =u ,
L lwl+ 1 ||> P 171 = wou | £
n=12,....

1

So, f € C[(0,1) x P, \ {6} x P, \ {6} x P, x P,,P;] and
f(t, vy, vy, vy, v5) is singular at v; = 6(i = 0,1), t = 0, and/or
t = 1. Thus, by (100), condition (H,) holds for

b(t) = b
NIE)
1,4
t)=—t,
a (t) 2
o (t) =~ (1-17)
1 5 )
2
t) = >
a, (t) 4
5
a; (t) = —, (104)
9 () = >
0 y1/2
1
a () =5
1 y1/3
hy(y)=hs(y) =y
hy () = "%,
hy(y) =
For any R > r > 0, by (100), we have, with k* = 1 and
h* =2,
1 4
J s \/_ (1+R)
0 \ 4+/s(1-5) 2\/—
s(1-s'? $ 6 (105)
+M(1+R4/3) Sr+i2 R>ds
2+/sr 6
< +00.
On the other hand, taking R, = 1, by (105), we have
1 s(1-s'? 3
J +2s* g 1+1)+ a
4\/5(1 —5) 2-/s 4
106)
6
+S—2>ds—z £ 2+i+i<1.
6 8 5 65 16 21

By (105) and (106), condition (H,) is satisfied.
Forany R > r > 0, [a,b] c (0,1), it is clear that f is
uniformly continuous on

[a,b]

x P\ P, xP_\P, x--- (107)

n+1

P, \ P, x P xP,..
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Let f = f' + f2+ £, with

1 1 1 1
= e finn)s
2 2 2 2
=l fornfinn)s (108)
3 3 3 3
F=(ffefis)s
where
1 t*
fl(t,u,v,w,x): +
" dnt(1-1)  endl2 (uZn)l/Z
A
1/3
4n+2) 50 (v,)
112 ,
+ —— vl
sr M (109)
4
fj (t,u,v,w,x) = an,
5
fj tu,v,w,x) = S
n=12,....
For any
z2=(2,,2y...+2y...) € f (t,By, By, By, B;)
o _(110)
(Vt € [a,b], By, B,  Pg\ Py, By, By € Prg),
by (99) and (109), we get
P 1 L n+ nut RV
T anfa(1-b) 212 A(n+2)
1- 1/2 1- 1/2 (111
a a Rz )

+ +
5n(1/ (n+2)Pr13 3 (n+1)>
n=12,....
So, the relative compactness of f'(t, By, By, B,,B;) in C,

follows directly from a known result (see [21]): a bounded set
X of C,, is relatively compact if and only if

lim {sup [max {|Z,| : k> n}]} =0. (112)
n—oo zeX

Hence,

1
oc(f (t, BO’BI’BZ’B,’a)) =0,
o ()
Vt € [a,b], By, B, C Pg\ Py, By, B; C Ppp.
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By (109), it is easy to get
1
o (f2 (. By, By, Bz>33)) < 1 (B,),
(114)
vt € (0,1), By, B, € Pz \ P,,, By,B; C P,

1
a (f3 (t, 30’31’32’33)) < —«(Bs),

(o)

(115)
vt € (0,1), By, B, € Pz \ P,,, By, B; C Py
Combining this with (109), (113), and (114), one can see
a(f (t By, By, By, By))
1
so (f (t, BO’BI’BZ’B3))
2
to (f (t, By, By, Bz>Bs))

116
+0‘(f3 (t’BO’Bl’BZ’B?a)) e

1 1
< Z(X(Bz) + g(X (33) S

vVt € [a,b], By, B, C Pz \P,,, By,B; CPp.

Therefore, condition (H;) holds.
For any u € P,, define ¢ by ¢(u) = u,. It is easy to see
¢ € P, ol = 1. Let [a,b] = [1/4,3/4], for

(t 1, vy 0, ) € [}12 <RABDRAB R

x Py,

and it is easy to see 0 < (1/4)|lull < u; < [lull, 0 < (1/4)|v] <
vy < |vll. Thus, (97), (101), and (102) imply that

o(ftuvw,x)  f(Luv,wx)
Judll 0 () -0 u
’ 11 1/2 1 (118)
1/27 ull
> llm —_— 2 — s = s
=0 u lull = 0211 |33/
o (ftuvwx) fi (tu,v,w, x)
Il — +oo ) v oo v
¢ . ! (119)
R T

T vl > 40024y, vl — +o0 24

The conditions (H,) and (H;) follow from (118) and (119). It
is easy to see that

1 1 7
=—4+-=2<1 120
YTiT3 T (120)
for
Ly =0,
L, =0,
L, =1 (121)
27y
1
L,=—.
*7 6

Therefore, by Theorem 16, our conclusion holds. O
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