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A predator-prey model with modified Holling-Tanner functional response and time delays is considered. By regarding the delays
as bifurcation parameters, the local and global asymptotic stability of the positive equilibrium are investigated. The system has been
found to undergo a Hopf bifurcation at the positive equilibrium when the delays cross through a sequence of critical values. In
addition, the direction of the Hopf bifurcation and the stability of bifurcated periodic solutions are also studied, and an explicit
algorithm is obtained by applying normal form theory and the center manifold theorem. The main results are illustrated by

numerical simulations.

1. Introduction

The dynamic relationship between prey and predators has
long been and will continue to be one of the dominant sub-
jects in mathematical ecology due to its universal existence
and importance [1-12]. In [13, 14], the author proposed the
following predator-prey model based on the model in May
[15]:

d—u—ru<1—£>— (u)v
dt K)-PWT

a3

where u and v denote the population of prey and predator,
respectively, and r and s are the intrinsic growth rates of prey
and predator, respectively. The parameter K represents the
carrying capacity of the prey and the ratio u/h represents
the carrying capacity of the predator. It has been assumed
that both prey and predator populations grow logistically and
that the predator consumes the prey according to a functional

p(u).

@

In recent years, models with time delay have been exten-
sively studied by many authors [5, 16-26]. The authors of [1]
discussed model (1) with a discrete delay:

du ( u(t-1)
—=ru(l-——
dt K

a-l0-%))

and obtained the stability of equilibria, the existence of
Hopf bifurcation, and the direction of bifurcating periodic
solutions. This paper focuses mainly on the effects of both
spatial diffusion and time delay on system (1). It is assumed
that the delay affects predation and consumption and that the
system has homogeneous Neumann boundary conditions:

) — muv,

2)

ou

muv (t - 1,)
ot

2 >

=d1Au+ru<l—%)— xeQ, t>0,

atu

@=d2Av+v s I—L , x€Q, t>0,
ot u(t-1,)
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au_%_o)

— = = =0Q, t >0,
on onm X

u(x,t) =uy(x,t), xe€Q, te[-1,0],

v(x,t) =vy(x,t), x€Q, te[-1,0],

(3)

where d, and d, are the diffusion coefficients of prey and
predator, respectively, A = 0*/0x* denotes the Laplacian
operator, and 7 is the outward unit normal vector on 0Q). For
convenience, it is assumed that Q) = (0, Irr), [ > 0 and that all
parameters are positive.

The rest of this paper is structured as follows. In Section 2,
the local stability of equilibria is analyzed using the associated
characteristic equations, and the occurrence of the Hopf
bifurcation with time delays is presented. In Section 3, the
global asymptotical stability of the interior equilibrium for
any 7,,7, > 0 is proved by means of the upper-lower
solution method. In Section 4, using normal form theory and
the center manifold theorem, the stability and direction of
bifurcating periodic orbits are investigated. Finally, numerical
simulations and a brief discussion are presented.

2. Local Stability and Hopf
Bifurcation Analysis

In this section, the local stability of the equilibria of system
(3) is analyzed. Denote

X =c([o,1n],R),
(4)

() = (up, vy) + (g, v2) T=T 11Ty
foru = (uy,u,), v = (v, v,) € X; then (X, (-,-)) is a Hilbert
space. In the abstract space C([-7,0], X), system (3) can be
regarded as an abstract functional differential equation.

System (3) has two nonnegative equilibria (K,0) and
(u*,v"), where

Vvi==u, (5)

and u” is the positive root of the equation
rhu’® + (mK — rhK) u* + arhu — arhK = 0. (6)

Let A(u) = rhu’ + (mK — rhK)u? + arhu — arhK; then A(0) =
—arhK < 0, A(K) = mK® > 0, which guarantee the existence
of u™ € (0,K).

From analysis of the characteristic equation of (K, 0), it
can easily be determined that it always has a saddle point. To
analyze the stability of the positive equilibrium (u*,v"), the
first step is to linearize system (3) at (u*, v*):

% =dAU (t) + L(U,), (7)
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where dA = (d,A, d,A),

dom (dA) = {(u, W iu,v e C*([0,In],R),
(8)
ou 3 ov

a—azo,xzo,lﬂ'},

and L : C([-7,0],X) — X is defined as
L(¢)

2ru” 2amu™v* mu”
— _ 0) - — & (-
[” K (a+u*2)2]¢1( ) a+u*2¢2( Tl)

%‘151 (=1,) = 5¢, (0)

)

for ¢ = (¢1,¢,)" € C([-7,0], X).
The characteristic equation of (7) is

/\y—dAy—L(eAy)=0, y edom(dA), y+0. (10)

Recall that —A under the Neumann boundary condition
has eigenvalues 0 = yy < p; < pty < -+ <y, < pyq <o
and lim; _, p; = 0o, with the corresponding eigenfunctions

y,,(x). Substituting

[ee]
Yin
= L (x 1
y Zow ( )( m) (1)
into (10), the following expression results:
2 % 2 * % *
,_2ru”  2amu v2 Cud - mu*ze_,\r1
K (a+u?) atu <y1n>
S e Yan
s s~ td,
=2 <yln> .
Yon
(12)

Hence, it can be concluded that the characteristic equation
(10) is equivalent to the equation

MP+AAL+B,+Ce? =0, n=0,1,2,..., (13)

where

2ru” 2amu’v*
A =u (d +d,) - ,
n .l’ln( 1t 2) r+ K +(a+u*2)2+s

2ru* 2amu’v*
Bn =\r- - 2 _tundl (_S_AundZ)’ (14)
K (a+u*?)
s mu T=17+T
ha+u*? Cor

The stability of the positive equilibrium (u*,v") can be
determined by the distribution of the roots of (13). It is locally
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asymptotically stable if all the roots of (13) have negative real
parts for all n = 0,1,2,.... Obviously, 0 is not a root of (13)
foralln =0,1,2,.... Whent =0aswellas 7, = 7, =0, (13)
can be simplified as

M +AL+B,=0. (15)

It can be verified that

*

A,>0, B,>0, ifr- <0 (16)
that is,
. K
u > —, 17
5 17)
which requires that
K 1
A<_):@K3—ﬂK3——arhK<0 (18)
2 4 8 2
or
2m—-rh <0. (19)

Therefore, the following theorem can be stated.

Theorem 1. If 2m — rh < 0 holds, the interior equilibrium
(u™,v") of system (3) with T, = 7, = 0 is asymptotically stable.

When T # 0, assume that A = iw, (w, > 0) is a root of
(13). Substituting it into (13) yields:

2 -
w, — B, = CcoswyT,

(20)
wyA,, = Csinw,T;
that is,
wy + (A% - 2B,)wy + B, - C* =0, (21)
where
A2 2B, = | -r+ e amu v2 + p,d;
K (a+u?)
+ (S + /’lndZ) ’
(22)

2
N 2amu’v* eud
Uny
K (a+u?)? "

* 2
x(s+ynd2)2—<sﬂ> .

ha+u
This leads to the following theorem.
Theorem 2. If 2m — rh < 0 and B> — C* > 0 hold for n =

0,1,2,..., then the interior equilibrium (u™,v") of system (3)
is asymptotically stable for all T), T, > 0.

Proof. If B, — C* < 0, then there exists N, > 0 such that, for
0 < n < Ny, (20) has a unique positive real root:

2
. Jan—A%WAz—an) 4B o)
2

From (20), it follows that

2
wyA, wy — B,

sinw,t = , cosw,T = (24)
C
Then (13) has a pair of pure imaginary roots +iw, when
2k
T=Tk=TO+—7T, k=0,1,2..., (25)
Wo
where
2
1 w, — B
Ty = — (arccos 0 ) (26)
w, C

Substituting A(7) into (13) and taking the derivatives with
respect to 7 lead to

nA@ RO e <—/\ LA > =0. (27)
dr dr dr
For 7 = 1,, considering Ce ™" = w? — B, — iwyA,,, it follows
that
si n{—dRe()L(T))} = si n{Re(—d/\(T)>}
& dt A=iw, -8 dr A=iw,

iCuw,ye om0
= sign 1 Re - -
2wyi + A, — Ctye %

.3 . 2
iwy — Bwyi + wiA, )}

= sign yRe
& { <2woi+An_To(wg_Bn_iw0An)

Il

2.
aq

=1

wSAn+i(w8 _ano) )}

R
¢ ( —1o (W - B,) + A, +i(Tow, A, + 2w,)

(w(z)An [—TO (wé - Bn) + An]

I
»
2.

aQ
=}

+ (wg - ano) (tow A, + 2w0))
X ( [—TO (wg - Bn) + An]2

a1
+[towoA,, + 2w0]2 ) }



4
_ { wy [Ai + 2w - ZBn] }
= sign 5 5
[-7 (g = B,) + A,]" + [rowy A, + 2w, ]
2
. 2 2Bn_A2n+ \/(AZn_ZBn) —4(3%—C2)
= sign § wj - 5
2
X ( [—To (wé - Bn) + An]
S -1
+ [rowp A, + 2wy ] ) =1.
(28)
In other words, (dA/dT)|,_,, > 0. O

From the above discussion, the following theorem can be
stated.

Theorem 3. IfB. — C* < 0 holds, then the following statements
are true.

D IfO0 < 1, + 1, < T then the interior equilibrium
(u*,v") of system (3) is asymptotically stable.

(2) If 1y + 7, > 7, then the interior equilibrium (u™,v*) of
system (3) is unstable.

(3) System (3) undergoes a Hopf bifurcation at the interior
equilibrium (u*,v*) fort, + 17, =1, k=0,1,2,....

3. Global Stability

This section mainly proves that the interior equilibrium
(u™,v") is globally asymptotically stable with the upper-
lower solution method in [27, 28]. For simplicity, let
(u (8, x), v (t,x)) > (uy(t, x),v,(t, x)) denote u,(t,x) >
u,(t, x) and v, (¢, x) > v, (¢, x).

Lemma 4 (see [29]). Assume that u(t, x) is defined by

ut—dlAu=ru(1—£>, xeQ, t>0,
K
ou _
on

u(x,0) = uy (x) > 0,

0, xe€0Q, (29)

x € Q.

Then lim, _, . ju(x,t) = K.

Theorem 5. If r — (m/2~/ah) K > 0, then for system (3), the
positive equilibrium (u”,v") is globally asymptotically stable.

Proof. From the maximum principle of parabolic equations,
itis known that for any initial value (u,(t, x), v, (£, x)) > (0,0),
the corresponding nonnegative solution (u(t, x), v(t, x)) is
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strictly positive for ¢ > 0. Because r — (m/2+/ah) K > 0, it
is possible to choose ¢, satistying

-1
m m m r
0 - K —+—=0+h .
<£0<(r 2vah )[2\/ah+2\/E+K(+)]
(30)
Because
ou u\ mutv(t-1)

dlAu=ru(l——) _ru<1—£>
K K

(31)

ot

a+ u?

according to Lemma4 and the comparison principle of
parabolic equations, there exists £, > 0 such that, for any
t > t, u(x,t) < K + ¢ = u. This in turn implies that

@_dlszsv I—L SSV(l— hy > (32)
ot u(t—rz) K +¢,

fort > t; + 7,.
Hence there exists t, > t, such that, for any t > ¢,,

v(x,t)sK:l€0+soév. (33)
Consequently,
2
t_
a_u_dlAu:m(l_z>_m
ot K a+ u?
2
u\ muv(t-1)
Ssru(1-2) TR 34
_ru< K) 2+Jau (34)
u\ m(K+Mh+1)g)
2ru<1——>——u
K 2h+/a

fort > t, + 1.
Because r — (m/2+/ah) K > 0, it can be easily verified that

K(I—M)>O,

2rh+/a
(35)
K+(h+1
(1o mEr B De)y
2rh+/a
Hence, there exists t; > t, such that, for any ¢ > t;,
m(K+(h+1)g) .
2Kl l-———— |- = U 36
wtuzxe(1-EZEDO) )y )
This implies that
2
@—dlAv=sv I—L ZSV—Sh—V (37)
ot u(t-1,) u

for t > t; + 7,. Again it can be verified that

Y
h
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and hence there exists t, > t5 such that, for any t > ¢,,

K (K+(h+ l)eo) & .
>~ (1-——— )0 ey (39
v (xt) h( e L2y (39)
Therefore, for t > t,, it is possible to obtain
usu(xt)<u, v<v(x,t) <V, (40)

and u, u, v, v satisfy

u muy
02r(1——>— =>
K a+u

u muv
oer(1- L) M
K/ a+u?

025(1—}1?1/),
u
(1-%)
0<s|1-—.
u

This implies that (1, V) and (u, v) are a pair of coupled upper
and lower solutions of system (3), as in the definition in [29],
for the reason that (3) is a mixed quasimonotonic system.

It is clear that there exists K > 0 such that, for any (1, v) <
(up,vy), (Uy,v,) < (U, ),

(41)

2
u muyv u mus v
T, 1——1> 121—r2<1——2> 2;
K a+uj K a+uy|  (42)
<K (Juy —uy] + vy = wa)»
hv hv
sv1<1——1>—s 2(1——2>
! U (43)
luy = wy| + vy = v,
Define two iteration sequences @™, %) and (g('”), 1_/('")) as
follows: for m > 1,
_ - 1 -
o _ zom-n) | L —one)
K
ﬁ(m—l) m—(m—l) (m—1)
x|{r|{1- - 3 >
K a+u™mv
—om) _ —m-1) , L _m-1) Hv ™
v =y + —sv 1- ,
—(m)
. (44)
S e o Loy
u u s
LDy D m-1)
X|r{l-= - — 3 R
K a+ulmb
_ 1 D
V(m):V(m1)+_S(m1) 1- = ,
yo=y s )
where @?,7?) = @7), @, v?) = (4, v).
Then, for m > 1,
(m) (m+1) _ (m+1)
(w) < (u™,v"™) < (™, ¥
(45)

< (@™, 7)< (@™, 5) < @,9),

and there exist (&,7) > (0,0) and (#1,7) > (0,0) such that
lim ™ = lim,, , V"™ = ¥ lim u™ =

Z(m)

m— o0 m— 00—

lim,, , o, =7, and

<=1
——
N——

o
I
)
/N
~
/N
—
|
~l=
N————
Q
T3
o |3
%) < %]
N————
(e}
I
<)
/N
(%)
/N
—
[
STENES
N————
N———

(46)

Because (u*,v") is the unique positive constant equilibrium
of system (3), it must hold that (&, V) = (@, V) = (u”,v").

According to the results of [27, 28], the solution
(u(x, 1), v(x,t)) of system (3) satisfies

lim u(x,t) =u*, limv(xt)=v",
t — 00 t — 00

uniformly for x € Q.

Hence, the constant equilibrium (1", v*) is globally asymp-
totically stable. O

4. Direction and Stability of Hopf Bifurcation

Part Two has already shown that system (3) undergoes Hopf
bifurcation at the interior equilibrium (u*,v*) for 7; + 7, =
T, k =0,1,2,.... In this section, the direction, stability, and
period of the periodic solutions from the steady state will be
studied by applying the method introduced by Hassard et al.
[30] and the center manifold theorem due to [31-35].

For convenience, let u' = u(t — 1,),v' = v(t), 7 = 7, + 7,.
Then system (3) is equal to a single-delay system:

_au' =d,Au' +ru<1 - u_’) - —mu'zv' (t-7)
= 1 bl
K

ot a+u'?
x € (0,lm), t>0,
!
o —dAv +v' s l—h—v , (48)
ot u'
x € (0,lm), t>0,
ou' o
a—n—$—0, X—O,Zﬂ',t>0.

Let x(t) = u'(tt) —u*, y(t) = v'(7t) = v*, T = 7, + . Then
p = 0 is the Hopf bifurcation value of system (48), which can
be written as follows:

ou (t)

P 1odAU (t) + 1oL (

U)+G(U,), (49)



6
where
L(¢)
2ru” 2amuv* mu”
_ [T N (a N u*z)z :|¢1 0) - m% (-1) ’
%(pl (0) — s, (0)
G (¢, 1) = udAd (0) + pL (¢) + (4 +79) F(¢),
_(F(¢)
F@=(£()
(50)
with
F (¢) = [r(¢1 (0) +u") <1 AU (OI)<+ w )
m(¢y (0)+u")’ (¢ D+ v*)} 4O
a+¢,(0)+u
mu® (51)
- m‘/’z (-1),
h *
B )= 56,0 +v) (1- D))

-2, (0) + 59, 0)

for ¢ € C([-1,0], X).

From the previous discussion, it is known that +iw, is
a pair of simple purely imaginary eigenvalues of the linear
system (7) and the following linear functional differential
equation:

d
Zf):%L@ﬂ. (52)

By the Riesz representation theorem, there exists a 2x2
matrix function #(0, ) (0 € [-1,0]), whose elements are
bounded variables, such that

(o) L(@) = [ dn(@)9(@).

(53)
for ¢ € C([-1,0],R?).
In fact, it is possible to choose
n(0,u)
[r - 2ru” B 2amu’v* ]
02
= (o + 1) K (a+u?) 3(0)
% s
0 mu”
+ Ta+u |60+ |,
0 0
(54)
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where §(0) is a Dirac delta function satisfying

1, 6=0,
M®=t’9¢0 ©5)
For ¢ € C'([-1,0], R?), define A(0) as
%, 0 € [-1,0),
AW0)pO) =1 ,
| aneos@. 0-o 9)
-1
0, 0 €[-1,0),
R(0 0) =
0)¢ () {F(¢)”)’ 0-0.
For y € C'([~1,0], (R*)*), define
—%, s€(0,1],
AT (y(s)=1 , (57)

| ane.oven. s-o

Then A(0) and A* are adjoint operators under the bilinear
form:

(w(s):(0))y = ¥ (0) ¢ (0)
0 6 (58)
[ [ ve-odm0os@d

Therefore, +iw, are eigenvalues of A(0) as well as A”.
Next, the eigenvectors of A(0) and A™ corresponding to the
eigenvalues iw, and —iw, can be calculated. Let

qw)=<é>é%%? (59)

Under the condition A(0)g(0) = iw,7,q(0), that is,
S 2rut 2amutv mu'

r — 1w, —
K (a+u*2)2 O atux? (1)
Ty C
N

- -5 —iw,

h

(60)

it follows that
s

C=—">
h(s +iwy)

(61)

Similarly, let g*(s) = E(1 D)e™ ™, and with A*g*(0) =
—iw,1,q" (0), that is,

2ru” 2amuv” L s
r— - iw, =
K (a+u?) h 1
To . D
mu® )
- S T -+ iw, (62)
a+u*

(%)
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it is possible to obtain

* * * * 2 .
b —h(r—Zru /K = 2amu™v /(a+u 2) +zw0)‘ (63)

s
According to the conditions (q*,g) = 1 and (¢*,9) = 0,

0

0
@) =7 00~ | FTE-oam0og@a

-5 D)(¢)- [ [ Ea D)oo

X (é) W0tk JE

O .
:E<1+BC—j 0(1 ]._))dq(O,G)((l:)elonke}
L -1

*

mu

_{ p— — 0 - %2
=E{1+DC+(1 D)z, a+u
0 0

% (é) e—iwo‘rk }

E{1ﬁcc<m—>}

a+u*?
(64)
Therefore,
1
1+ DC +1,C (—mu*/ (a + u*2)) e’ (65)
Let ® = (g(6), GO0, ¥ = (q*(s).3" ()T, T = (19); then
(¥, D), = I. (66)

Therefore, the center subspace of system (52) is P =
span{q(0), q(0)}, and the adjoint subspace is P* = span{g*(s),
g (s)}. Let f, = (fol,foz),where

i-() #-()): (67)

Using the notion from [30], it is also possible to define

c: 0:‘-'1](01*'021[02 (68)
forc = (¢, c,)" € C2.
Define (y - f,)(0) = w(0) - f, for w(0) € [-1,0] and

I

In
(u,v) = 1 J v dx + 1 J U, v,dx (69)
In Jo Im Jo

for u = (u;, u,), v = (v;,v,) € C([0, In], R?).
Hence,

@ f) = (8 5)- (8. 1)) 70)

for ¢ € C([-1,0],X). Then the center subspace of linear
system (7) is given by P-C, where

Peng = CD(\I" <¢’fo>)o * Jor
PnC={(q®)z+q(0)Z) fy:z€C},

$eC,
(71)

and C = P\ C & PsC, where PyC is a stable subspace.
According to [30], it is known that the infinitesimal
generator A(; of linear system (7) satisfies

Ayy =y (0). (72)

Moreover, y € dom(Ay,) if and only if
1 (0) € C,
§(9) (0) = 1Ay (0) + 7oL ().

y(0) € dom (4),

Setting p = 0 in (49), the center manifold

2 =2
W@Ez%d@%+%ﬂ®ﬁ+%ﬂm%+m(w

can be obtained in P¢C. The flow of system (49) can be written
as

u =00,z fo+W(z(1),2(1), (75
where
2 (t) = iw,Tyz () + g (0)
x(G(D(z(1),Z(1)) - fy+ W (2,2),0), fo)

2 jwytyz (1) + g (2,2),

(76)
9(z.2) =q* (0)

x(G(®(z(1),Z2() - fy + W (2,2),0), f,)

2 =2

Va —
=00 O) 5 + 91 O)2Z+ 9 O) 5

2—
z°z
+921(9)7+"'-

(77)

From Taylor’s formula,

m(u+u*) (v+v)

fuv) =
' a+ w+u*)?
%2 % * ok *2
mu v 2amu’” v mu 2
= >+ U+ SV + byu
a+u* (a+u*) a+u”

+ bjuv + b30u3 +b’v+0(4),



Abstract and Applied Analysis

— r — s
%rjﬁﬂ@i‘%)Jﬁz]

1 lT[
v X L (W' (0) + 2w, (0)) dx

_ _sh1 [ —
- 2FrDy L (W (0)C + 2w (0) C) dx

(78) 1 (i Q) /A iweTo 1) —iw, T,
—ETobul_ (W20 (0)Ce +2W;,7 (0) Ce
T Jo
+ Wy (1) +2W,7 (-1)) dx

+ ETOBE 1 jln (Wi (@ C+2w,) (0)C
u* lT[ o 20 11

8
sh(v+v")
gu,v) = "
u+u
v 1 2 1 2
=sh| —-—=su+-v+ u +—v -
< h k2 h  hu* u* hu*
2 3
h2y*2 h2 2u +O(4)>’
where
2amu’”
by =——,
(a+u*)
amv’® (a2 +2au*? + u*4) — damu**v* (a + u*z)
20 =
(a+ u*2)4
i am (a + u*z) — damu™? (a + u*z)
b1 = >

(a+u?)’
by = [-8amu™v* (a+u"?) - 8amv”
x (3u* - 2au™ ) + 64amu™>v" |
x(a+u?)((a+u)?) ",

0@ =0(lwwI").

Let G(¢,0) = 7, (G,, G, )", where
Gy = (% = b ) 1 0) = by 05 (1)

- b3o‘l5f 0) - b21‘/5f 0)¢, (-1) +O(4),

s sh 2s
Gy == ¢1 (0) = —26,(0) + =26, (0) ¢, (0)
2s 2 N 3
~ 2 06, (0) + b 0 +0@®).
From (77),
2 r —iw, T,
920 = 2ET, [<_E - b20> -b,,Ce ]
+ﬁ@ﬂ"i_ﬁ@+ﬁq,
hu*  u* u*
g = Exg [2 <_% - bzo) -b, (Ce_iw"f" + Eeiw‘)r‘))]

+E@3LE%_ZTc6+%(C+Eﬂ,
hu u u

Yo2 = ZETo [(‘% - bzo) - b11aeiw070]

>

+ W52 (0) + 2w} (0)) dx

~2E1yby, (Eeiw‘ﬂ“ + 2Ce_iw°T°>
~ 2B, D> (€ +2C)

O hy2

— - —= S

— 6Etyby, + 6ET,D——.

0%0 02

(81)

In the last formula, W,,(0), W,,(~1), W;;(0), and Wy, (-1)
are still unknown. Therefore, it is necessary to compute
W,,(0) and Wy, (0), as described below.

(79) From (74), it is possible to obtain
W = W,ozz + W, 22 + W, 22 + Wy,2Z + -+
2 2 (82)
AyW = AUWZ()? + AyW 2z + WOZAU? e
In addition, W(z, z) satisfies
(80)

W =AW + X,G(9(z,2)" - f, + W (2,2),0)

~0 (W (X6 (P2 fo+ W (22),0). fo)), " fo

2 Z
2 AUW+H20? +H11zE+H02? e

(83)
Therefore,
2iwyTyWyy = AyWyy + Hyys
~AyW,, = Hy,, (84)
=2iw,TyWy, = AyWy, + Hy,.
For-1<6<0,

2 =2
V4 _ z
HZO? +H11ZZ+H02? + o

=-0 (\P, <X0G ((D(Z’Z)T fo+tWi(z2) ’O) ’f0>)0 for
(85)
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and therefore

Hy, (0) = = [9209 (0) + 0,9 ©O)] - fo»
Hy, 0) = -[9190) + 3,19 0)] - fo.

From (84) and (86),

Wzo (0) = 2iwy T\ Wy (0) + [g20q (0) + 9029 O] fo-

Solving for W, (),
ig509 (0) 19,9 (0) 2iw, 7,0
Ww. 6 = . . E oY
20 (0) w,tg fot 3wy, fo+Ee
Similarly,

—ig;14 (0) f+ ig,,9(0) f

Wy, (0) = 0 o+t Ey
Wy Ty Wy Ty

(86)

(87)

(88)

(89)

where E, and E, are both two-dimensional vectors and can

be determined as follows.

For 6 = 0, according to the definition of A, and the first

two equations of (84),

0

2iwgty Wy 0) = | ] (6,0) Way (6) + Hi (0)

0
_ L dn (6,0) Wy, (8) = H,, (0).

Then
Hy, (0) = —[9209 (0) + G, q (0)] - fo + 274
—% — by - bllce_iwor0
s e B
hu*  u* u*
Note that

0 A
J 1 dn (6,0) ™% (0) = iw,T,q (0),

O .
J 1 dn (6,0) e ™™ (0) = —iw,7,3 (0).

(90)

(o1

(92)

It follows that

r —iw, T
—— ~ by — b, Ce ™"

271,

s —ﬁC2+£C
hu*  u u*

*

= 9209 (0) + g,q (0) + 2iw, oWy, (0)

0
[ dne.ow,©)

=—-g9(0) +

- ﬁ dn (6,0) [

909 (0)
3

+ 2iwy 7y E,

Wy Ty

. 10
21w, T, 01) %

3w, T,

0 .
<2in101 - J dn (6,0) ez"“ﬂ°9> E,
-1

ig509 (6) + igp,q (6) +E eZinTOG]
1

2ru® 2amu’v”* mu i,
r_ _ _
% K (a+u?)? a+tu?
s
— -s
h
. 2ru* 2amu’vc o omut
2iw, — 1 + > = 2iwgTo
=T K (g + u*z) a+u
=T
s
—— 2iwy + S
o
h
Therefore, it is possible to obtain
E, =E} - Ey,
where
. 2ru” 2amu’vt o omut
2iwy — 1+ 5 - 2wy
El] _ K (a+u*2) a+u
s
—— 2iw, + s
o
h
r —iwW, T,
—— —byy — b, Ce™™
Ep=2 s sh _, 2s
s - O+ —=C
hu u u
Similarly,

Hy, (0) = - [g1,9(0) + .‘_]uq(o)] “fotTo

X

r . —_—
2 _ b ) _ b C —1W) Ty C 1wy Ty
< Ko 11 ( e +Ce )
2sh _— 2s

2s
hu*

u

*CC+—*
u

(c+C)

(93)

(94)

(95)

(96)
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FIGURE 1: Convergence to positive equilibrium. Here the parameters are assumed to be 7, = 0, 7, = 1.5, and the initial values are u(x,t) =
0.1 +0.01¢ sin x, v(x,t) = 0.5+ 0.01t cos x, and t € [-1.5,0], x € [0, 7].

Then Then g,, is expressed by the parameters. Therefore, the fol-
lowing values can be computed:
r —iwWyTy |, 7 ,iWTy 2
T, ’ <_E ) b20> _ l;lu (Ce e ) ¢ (0) = <920911 ~2|gul’ - 90 ) + 91
0 — — - >
S22, 2 (C+T) 2w, 3 2
hu*  u* u*
0 4y = _Re (¢, (0))
=914+ 3,30 - [ dn©.0W,©) 2= " Re ' (1) 100)
=g119(0) +g,,4(0) B, =2Re(¢ (0)),
0 — ig. a(0 97 Im {¢; (0)} + u, Im {A' (1,
_J’ d11(0,0)[ 1911‘1(9)+1911Q( )+E2] (97) T, = - {a O+, { (o)}.
-1 WoTo Wy Ty wyT,

Theorem 6. If u,, f3,, and T, are defined as above, then the

0
- —J dn 6,0 E,
-1

-r+
:‘[O
—= s

h

Therefore, it is possible to obtain

2ru™ 2amu*vt omu”
+ 2 *2
K (a + u*z) at+u
s

E, =Ey - Ey,
where
2ru” 2amu’vt mu®
-+ e + Y 5

E, = S(a+u )" atu

- s
2 <—L - b20> -b, (Ce_iw°T° + EeinTO)
Ep = K
22 2s  2sh

hu*  u*

— 2s —
cC+=(c+0)

(98)

(99)

following are true:

(@) if yy > 0 (u, < 0), then the Hopf bifurcation is
supercritical (subcritical);

(ii) if B, < 0 (B, > 0), then the periodic solutions are stable
(unstable);

(iii) if T, > 0 (T, < 0), then the period of the bifurcating
periodic solutions of system (3) increases (decreases).

Remark 7. The direction and stability of the Hopf bifurcation
have already been computed when 7 = 7,. The other
Hopf bifurcation value 7, can be analyzed using the same
procedure.

5. Simulations and Discussion

This paper has considered a delayed predator-prey model
with modified Holling-Tanner functional response. The effect
of time delays on the positive equilibrium of system (3) has
been investigated. The results obtained here show that the
time delay plays an important role in determining system
stability. Theorem 3 shows that the time delay can cause a
stable equilibrium to become unstable or, in other words, that
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1

FIGURE 2: Convergence to positive equilibrium. Here the parameters are assumed to be 7, = 0, 7, = 7, and the initial values u(x,t) =

0.1 +0.01¢ sin x, v(x,t) = 0.5+ 0.01t cos x, and t € [-7,0], x € [0, 7].

there is a critical value 7,, such that, for 0 < 7, + 7, < 7,
equilibrium (u*,v") is stable; when 7, + T, approaches 7,
equilibrium (u*,v*) bifurcates into periodic solutions; and
when 1, + 7, > 7y, the equilibrium becomes unstable.

Numerical simulations are performed to illustrate the
dynamic behavior of system (3). Assume thatr = 1,a = 1,
h=1,K=2s=1m=4d, =01,d, =02 and[ = 1.
In this case, 7, = 2.201. As shown in Figure 1, the positive
equilibrium is stable when 7, + 7, < 7,,, and the predators and
prey tend to a steady state. However, if 7, +7, > 7, the positive
equilibrium loses its stability and Hopf bifurcation occurs,
leading to oscillatory behavior. These results are identical to
the numerical results illustrated in Figure 2.

In both figures, the upper diagram represents the prey and
the lower diagram represents the predator.
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