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This paper is devoted to studying the boundary behavior of self-affine sets. We prove that the boundary of an integral self-affine set
has Lebesgue measure zero. In addition, we consider the variety of the boundary of a self-affine set when some other contractive
maps are added. We show that the complexity of the boundary of the new self-affine set may be the same, more complex, or simpler;

any one of the three cases is possible.

1. Introduction

Let (X, p) be a complete matric space. Recall that a map S :
X — Xis contractive if there exists a constant 0 < r < 1 such
that p(S(x), S(»)) < rp(x, y). We call a finite set of contractive
maps {S j};'il an iterated function system (IES). It is well known
[1] that there exists a unique nonempty compact subset K
X such that K = U;il Sj(K). We call K the invariant set or
attractor of the IFS. Moreover, if we associate the IFS with a set
of probability weights {p; > 0 : i = 1,...,m}, then there exists
a unique probability measure y supported on K satistying the
equation

u =Y pu(S' ). )
j=1

We call y the invariant measure.

Let A be a d x d expanding real matrix; that is, all
its eigenvalues have modules larger than one. Let A be the
smallest absolute value of A’s eigenvalues, choose ¢ € (1, 1),

and define || x| for each x € R? as

(o)
Il = Y e |7, )
n=1
where | - | is the Euclidian norm in R%. Then [l - |l is @ norm

in R%. Let p(x, ) = lx — yl be the induced metric. It is easy

to check that the map S(x) = AN x + ¢) with x,¢ € R is
contractive under the metric p.
Let A be a d x d expanding real matrix and 9 =

{d,,d,,....d,} c R?. We call the family of maps on R4

S(x)=A"(x+d,), i=12...,m (3)

a self-affine IFS. The corresponding invariant set K and
invariant measure y are called a self-affine set and a self-affine
measure of the IFS, respectively. Furthermore, if the matrix A
in (3) is an orthonormal matrix multiple a constant, then such
IES is called self-similar, and the invariant set and invariant
measure are called self-similar set and self-similar measure of
the IFS, respectively.

Our main interests in this note are the structures and
properties of the boundary 0K of a self-affine set K. For
self-similar IFS, Lau and Xu [2] showed that dim;(0K) <
d provided that the self-similar IFS satisfies the open set
condition (OSC). He et al. [3] studied the calculation of
dimy(0K) for integral self-similar IFS. Furthermore, the
overlapping cases were considered by Lau and Ngai in [4].
For self-affine sets, however, less is known about K and dK
(see [5-7]). There is no method to compute the Hausdorft
dimension and the Lebesgue measure Z(0K) of oK for
overlapping self-affine set.

Motivated by these results, we consider the Lebesgue
measures of the boundaries of integral self-affine sets. We
prove that they have Lebesgue measure zero.
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Theorem 1. Let {A™ (x + dj)};il be a self-affine IFS defined

on R%. Assume that A and d; are all integral. Let K be the self-
affine set of the IFS; then Z(0K) =

Consider two IFSs {Sj};il and {sj};l:p m < n (they
may not be self-affine). Let K; and K, be the invariant sets,
respectively; then K; € K,, so dim(K;) < dim(K,). We think
about the natural question: what is the relationship between
0K, and 0K,?

We prove that any one case of dim;(0K,) = dimy(0K,),
dimy(0K,) < dimg(dK;), and dimy(0K,) > dimg(dK,)
may occur.

2. Proofs of Results

For an IFS {S. }7 , on R%, we use the following notations
throughout the paper. Let £, = {1,...,m} (or X if there is

no confusion), and 2* = | J,,; 2". For any I = i,i,---i, € "
and ] = jijo--- ji € 5 let I = iyiy+- ipj1jp -+ jr and
pr=pipi, " Pi,» Sp=8; 08,008,
dy=d, +Ad;, +---+A"'d,, (4)
D, =D+AD +---+ A D.

Also, we use Z(E), E°, and OE to denote the Lebesgue

measure, the interior, and the boundary of a subset E ¢ R,
respectively.

Theorem 2. Let {(/)J

on R under some norm || - | with the invariant sets K, and
K,,, respectively. If the invariant set K, contains interior points,
then there exist an € N and o € Z° such that the IFSs

1, and {1//1}1 L be two contractive IFSs

F = A¢piiyi, 1 1 < i; < m}and F U G generate the same
attractor aky + o, where & = {y; ; ., + 1 < j; < k} and
(p]-(x) = aqﬁj(a*l(x —a)+a, j=1,...,m
Proof. Observe that
U (aK, + a) U (a</>] )
j=1 j=1
©)

=a (Uqﬁ] (Kl)> +a=aK, +a.
j=1

This means that aK; + « is the invariant set of {(p]} for any

a>0and & € R%. Hence it is also the invariant set of the IFS
F . Now we need only to prove that aK; + « is the invariant
set of F U € for some a,n € Nand a € 7.

Note that K, contains interior points; we can find a
constant » > 0 and a point x, € K, with rational entries such
that B,,(x,) ¢ K;. Hence B,,,(0) C aK, — ax, for all positive
real number a > 0. Since {w,}k , are contractive in the norm
[ - Il, we can choose integers a,n € N large enough such that
K, ¢ B,(0) and |y;(aK, + a)| < ar forall ] € X with
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IJ| > n, where |E| is the diameter of the set E ¢ R? under the
norm || - ||. Also, we can assume that « = —ax, € z°. Noting
K, < B, (0) € B,,,(0) € aK; + «, I‘//jljz---jn(aKl +a)| < ar
and observing

Vi, (@K1 +0) 0Ky 2955, (K5) 0, (6)
we have

Vi iy, (aK; + @) € aK; +a. (7)

Therefore
aK, +a = Uf(aK1+(x) c U f(aK, + &) CakK; +a.

feF feFug

(8)
We see that aK, + « is the invariant set of & U . This
completes the proof. O

In Theorem 2, [FS & is a subset of IFS #U¥ and they have
the same invariant set aK; + . So do the same boundary of
the invariant set. On the other hand, the invariant set of &
is K,. Obviously, either dimy(0(aK; + «)) < dimy(0K,) or
dimy(0(aK, + «)) > dimy(0K,) may occur.

In the following, we consider the Lebesgue measure of 0K
for the self-affine IFS (3). We will prove Theorem 1; that is,
Z(0K)=0if Aand d jare all integral. For this, we first prove
some lemmas.

Lemma 3. Let the IFS in (3) be integral; that is, all entries of
A and d; are integers. Assume that the self-affine set K has

positive Lebesgue measure; then K° + 0.

Proof. Note that the fact that A and d; are all integral implies
that the IFS is uniformly discrete, and the assertion follows
from [7, Theorem 3.1]. O

Lemma 4. Let the IFS in (3) be integral. Suppose that {dj}’]il

contains a complete set of residues (mod AZ%). Then the self-
affine measure y in (1) is absolutely continuous with respect to
the Lebesgue measure provided that

1 .
Z pj= —|det (A)|’ i=1,...,m. )

ji(di—d;)eAZ¢

Proof. Without loss of generality, assume that & =
{d,,....d,} is a complete set of residues modAZ?) with
| det(A)| = €. Then @n = D+AD+---+A"' D isa complete
set of residues (mod A"Z%).

Foreachi e {l,...,¢},let]; ={j: 1< j<m, (dj—di) €
AZd} and pj= 1/€#I; if j € I;; then we have

Qb=

JeI;

|det(A)| =1,...,¢. (10)

Hence such probability weights {p;}!", satisfying (9) always
exist.
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To prove the absolute continuity of y, by making use of
[8, Theorem 3.5], we need only to show that

Y py<ldet(A), vn>0, zeZ%
Jjex'd;=z

(1)

We will prove this by induction on n. By (9), the inequality
(11) holds for n = 1. Assume that (11) holds for n = k. Let
z=d;+ Az, withd; € Dand z, € Z?.1f ] € =¥, j € 3, and
dj; = z,thend; + Ad; = d; + Az,, 50 (d; - d;) € AZ?, and let

d;j=d;+ Ae; withe; € 7% we have e; +d; = z,. Therefore

Z pjj = Z pj Z Py

Jjesktld; =z je(d;-d)eAz?  JesFd;=z,-e;

< |det (A)[* Y

jez,(dj—d,-)eAZd

p; < Idet (A) .

(12)

Hence (11) is also true for n = k + 1. This completes the proof.
O

Remark. Lemma 4 gives a sufficient condition for the exis-
tence of L'-solutions of integral refinement equations:

f(x) =|det (A)] Y p;f (Ax-d,) 13)

j=1

provided that {d,,...,d,} < Z% contains a complete
set of residues (modAZd). Condition (9) ensures that the
refinement equation has a unique (up to a scalar multiple)
bounded L'-solution with compact support if pj’s satisty (9).
Condition (9) is an extension of the “sum role.”

Lemma 5. Let the IFS in (3) be integral. Suppose {dj};'il

contains a complete set of residues (mod AZ?); K is the cor-
responding self-affine set. Then Z(0K) = 0.

Proof. Lemma 4 implies that there exist probability weights
{ pj};y':l such that the corresponding self-affine measure y is
absolutely continuous with respect to the Lebesgue measure
and so Z(K) > 0.

Lemma 3 implies that K° # @, so K° is a nonempty
invariant open set (i.e., UT:I S;(K°) € K°) and w(K°) > 0.
Then [8, Theorem 4.13] implies that ¢(dK) = 0. On the other
hand, [8, Theorem 3.12] implies that the Lebesgue measure
restricted on K is also absolutely continuous with respect to
p. Hence Z(0K) = 0. O

Now we can prove the main theorem of the paper.

Proof of Theorem 1. If K° = @, then 0K = K and Lemma 3
implies that Z(0K) = 0.

Now we consider the case K° # 0. Let </5j(x) = A"l(x+dj),
(pj(x) = agbj(a*l(x —o)+a = AN x —a + adj + Aa),
j=1,....,mandy;(x) = A (x+z,),i=1,...,k, where Z =
{zy = 0,...,2,} is a complete set of residues (modAZ%).

Making use of Theorem 2 and the notations there, there exist
an € Nand a € Z% such that the IFSs # and ¥ U @
have the same attractor aK + a. Let 9 = a9 - a + Aa.
Then FU¥Z = {A(x+d) : d € D, U Z,}. Note that
9, UZ, contains a complete set Z,, of residues (mod AZ%);
Lemma 5 implies that £ (0K) = a ‘LK + «)) = 0. We
complete the proof. O
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