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It is a hot topic that circulant type matrices are applied to networks engineering. The determinants and inverses of Tribonacci
circulant type matrices are discussed in the paper. Firstly, Tribonacci circulant type matrices are defined. In addition, we show
the invertibility of Tribonacci circulant matrix and present the determinant and the inverse matrix based on constructing the
transformation matrices. By utilizing the relation between left circulant, g-circulant matrices and circulant matrix, the invertibility
of Tribonacci left circulant and Tribonacci g-circulant matrices is also discussed. Finally, the determinants and inverse matrices of

these matrices are given, respectively.

1. Introduction

Circulant type matrices have important applications in vari-
ous networks engineering. Exploiting the circulant structure
of the channel matrices, Eghbali et al. [1] analysed the realistic
near fast fading scenarios with circulant frequency selective
channels. The optimum sampling in the one- and two-
dimensional (1D and 2D) wireless sensor networks (WSNs)
with spatial temporally correlated data was studied with
circulant matrices in [2]. The repeat space theory (RST)
was extended to apply to carbon nanotubes and related
molecular networks, where the corresponding matrices are
pseudocirculant in [3]. Preconditioners obtained by circulant
approximations of stochastic automata networks were con-
sidered in [4]. In [5], circulant mutation whose differential
equations obtained neither are of repliator-type nor can
they be transformed straightway into a linear equation was
introduced into autocatalytic reaction networks. Jing and
Jafarkhani [6] proposed distributed differential space-time
codes that work for networks with any number of relays
using circulant matrices. Wang and Cheng [7] studied the
existence of doubly periodic travelling waves in cellular net-
works involving the discontinuous Heaviside step function
by circulant matrix. Pais et al. [8] proved conditions for

the existence of stable limit cycles arising from multiple
distinct Hopf bifurcations of the dynamics in the case of
circulant fitness matrices.

Circulant type matrices have been put on the firm basis
with the work in [9, 10] and so on. Furthermore, the g-
circulant matrices are focused on by many researchers; for the
details please refer to [11-13] and the references therein.

Lately, some scholars gave the explicit determinant and
inverse of the circulant and skew-circulant involving famous
numbers. Jiang et al. [14] discussed the invertibility of cir-
culant type matrices with the sum and product of Fibonacci
and Lucas numbers and presented the determinants and the
inverses of these matrices. Jiang et al. [15] considered circulant
type matrices with the k-Fibonacci and k-Lucas numbers
and presented the explicit determinant and inverse matrix
by constructing the transformation matrices. Jiang and Hong
[16] gave exact form determinants of the RSFPLR circulant
matrices and the RSLPFL circulant matrices involving Perrin,
Padovan, Tribonacci, and the generalized Lucas number by
the inverse factorization of polynomial. Bozkurt and Tam
gave determinants and inverses of circulant matrices with
Jacobsthal and Jacobsthal-Lucas numbers in [17]. Cambini
presented an explicit form of the inverse of a particular cir-
culant matrix in [18]. Shen et al. considered circulant matrices
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with Fibonacci and Lucas numbers and presented their
explicit determinants and inverses in [19].

The Tribonacci sequences are defined by the following
recurrence relations [20-22], respectively:

T,=T,,+T,,+T,s 1)

where Ty =0,T, =1,T, =1,n> 3.
The first few values of the sequences are given by the
following table:

3456 7 8 --- @)
247 13 24 44 .-~

T,

n

n|012
011
Let t, t,, and 5 be the roots of the characteristic equation
x* — x* = x — 1 = 0 and then we have
b+t +i3 =1,
tty + ity + it =1, (3)
tityty = 1.
Hence the Binet formulas of the sequences {T,,} have the form
T, = bt + byt + bt} (4)

where b, is the ith root of the polynomial 44y® — 2y — 1 for
i=1,2,3.

In this paper, we consider circulant type matrices, includ-
ing the circulant and left circulant and g-circulant matrices.
If we suppose T,, is the nth Tribonacci number, then we define
a Tribonacci circulant matrix which is an n x n matrix with
the following form:

Circ (T}, Ty, -+, T,)

T1 T2 Tn
T, T, -~ T, €)
T, T3 o Ty

Besides, a Tribonacci left circulant matrix is given by

LCirc (T}, Ty, , T,)

T1 T2 . Tn
T, T, - T, (6)
Tn Tl e Tn—l

where each row is a cyclic shift of the row above to the left.
A Tribonacci g-circulant matrix is an n X n matrix with
the following form:

T, T, - T,
Tn—g+1 Tn—g+2 e Tn—g
Ag,n = Tnf‘2g+1 Tnf.2g+2 e Tn‘—Zg R 7)
T T T

g+l g+2 7 g
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where g is a nonnegative integer and each of the subscripts
is understood to be reduced modulo n. The first row of A,
is (T, T,...,T,), and its (j + 1)th row is obtained by giving
its jth row a right circular shift by g positions (equivalently,
g mod n positions). Note that g = 1 or g = n + 1 yields
standard Tribonacci circulant matrix. If g = n — 1, then we
obtain Tribonacci left circulant matrix.

Lemma 1. The n x n tridiagonal matrix is given by

T, T 0
T3 T, T)
3T T
An S . . > (8)
T3 T, T)
T3 T, T

0 T3 T,
then
detA,

<(T2+ wlr§—4rlrg) /2>n+1—((12— \TE - 4T1T3> /Z)n+1
\T2 - 41Ty ’

2
T, # 41|13,

n\" 2
(n+ D(E) , T, = 4T T
&)
Proof. detA, = 1, - detA,_, — 17175 - detA,_;;letx + y =
T,, Xy = 7,73 and then let x, y be the roots of the equation
x* - T,x + 1,73 = 0.
We have

detA, =y +xy" "+ X"y + x"

n+l _ n+l
r oy sy XFE Y (10)
= x=y
n+1)x", x=y,

where x = (7,+ /15 — 41,73)/2 and y = (1, — 15 — 47,73)/2.

Hence,

detA,

n+l n+l
((TZ +12 - 41113) /2) - ((TZ -\ - 41113) /2)
\TF - 47Ty,

2
T, 41,73,

(n+1) (%)n, T = AT,
(1)
O
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Lemma 2. Let

a 4 4z - 4,5 4, 4y
T, T
T3 T, T)

B, = T, T (12)

3 T, T
be an n x n matrix; one has
n . .
detB, = Z(—l)“"r;’_’a,» -detA,_;, (13)
i=1
where
detA,

<(T2 +12 - 4111’3) /Z)i - ((T2 -2 - 4rlr3> /Z)i
\T2 - 41Ty,

T\
1(—2) , T§=4T1T3.
L\ 2

>

2
T, # 41,73,

(14)
Specifically, det A, = 1.

Proof. Accoding to the last column determinant expansion
and Lemma 1, we obtain

detB, = 7, -det B, | + (-1)""'a, - detA,_,
=1, (7, -det B,_, + (-1)"a,_, - detA,_,)
+(-1)""a, -detA,

= 77" det B, + (-1)'"*1]%a, - det A,

(15)
+ (1) g, - det A,
1
+oo+(=1)""a, - detA,_,
G . .
= Z(—l)“"r;’_’ai detA, ;.
i=1
O

2. Determinant and Inverse of Tibonacci
Circulant Matrix

In this section, let D,, = Circ(T;,T,,...,T,) be a Tribonacci
circulant matrix. Firstly, we give the determinant of the
matrix D,. Afterwards, we discuss the invertibility of the
matrix D,, and we find the inverse of the matrix D,,.

Theorem 3. Let D, = Circ(T},T,,..
circulant matrix; then we have

.,T,) be a Tribonacci

n—-2
detDn = Tl - Tn + ZAI (Tn—i+1 - Tn—i) 61

i=1

n-3
_Tn +A (Tl - Tn - Tn—l) + ZAHlTn—i—Z] 62’
i1

(16)

where T, is the nth Tribonacci number, and

. -b+ Vb* - 4ac
B 2a ’

n-3
51 = (T1 - Tn - Tn—l) (Tl - Tn+1)

n-2 X
+ Z(—1)1+1(T1 ~ )" Ty - det A,
i

n-2
i n—i-2
62 = Z(_1)1+1(T1 - Tn+1) (Tn—i+1 - Tn—i) : detAi—l’
i=1

detA;
[((b+ V&P —4ac) /2) - ((b- V&> —4ac) /2)

Vb? - 4ac ’

= b* # 4ac,

i-1
1(2) , b =4ac,

a=T -T,

b= _Tn - Tn—l’

c=-T,

ne

17)

Proof. Obviously, det D, = 1 satisfies (16). In the case where
n>1,let

1 0
-1 1
-1 1 -1
-1 1 -1 -1
L = 0 1 -1 -1 -1 |

0 1 ;1;1;1

01 -1-1 -1 (18)
1 0 0---00
0A"2 0 .01
0 A3 0 -1

I, = .
0 A 1 00
0 1 00



be two n X n matrices and then we have

T, py Ty Ty - T3 T,
0 p 93 ¢ © Pu-1 P
0 ps ¢ T,5 - T, T,
ILDI,=| 00 b a ., (19)
0 0 ¢ b a
c b. a
where
b = Z Ly AT,
n—-2
P> _T T + ZA n—i+l Tn—i)’
(S 1
i+
P :_Tn+A(T1 _Tn_Tn—l)+ZA Tn —i—2>
i1 (20)
¢ =Ths i~ Ty ((=3,...,m),

¢=T1_Tn_Tn—1

A -b + Vb? - 4ac
- 2a ’
a=T,-T,, b=-T,-T,,, c=-T,.

‘We obtain

detI’ det D, detII,

=T, - (P20, — p30,)

T + ZA ( n—i+l )] 61 (21)

-T,+A(T, -

1) ZAHlTn i— 2:|

where

8, =(T,-T,-T, ) (T, -

n-3
Tn+1)

n-2 .
+ DT = T,)

i=2

Ty - detA,

n—i—-2
Tpi1) (Tpipr = Tppy) - det A,

8, = Z( DT -

(22)
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Let
¢ T, I; T, Ty
b a
@,= b 2. :
c b a
c b a
(23)
P3 Py " P2 P Pn
b a
= ¢t
c b a
c b a

be two (1 — 2) x (n — 2) matrices, and §; = det B,,, and §, =
det G,,.

Aoccording to Lemma 2, thus

81 = (Tl - Tn - Tn—l) (Tl - Tn+1)ni3

n-2 .
+ Z(_I)IH(TI _Tn+1)n_l ’ n i-1 detA

8, = Z( DTy = T)" ™ (T — T,y) - det A,
(24)
While
detT, = detII, = (-1)" D022 (25)
we have
detD, = - T, +ZA weir1 — Ti) | 01

~T,+A(T,-T,-T, )+ ZA’“Tn . 2]
(26)
O

Theorem 4. Let D, = Circ(T},T,,...,T,) be a Tribonacci
circulant matrix; if n # 2 and n # 2km(arctan(+Vdac — b*/
b)) ' (k=1,2,...,n—1), then D,, is an invertible matrix.

Proof. When n = 2 in Theorem 3, then we have det D, = 0.
Hence, D, is not invertible.

In the case wheren > 2,since T,, = by t] +b,t} +bst’;, where
b, is the ith root of the polynomial 44y° — 2y — 1, we have

F() = Y1)

j=1

= Y (] + byt + byt]) ()

j=1
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_ bt (1-1]) b, (1-1) bt (1-13)
11—tk 1 - t,wk 1 - tywk

1- Tn+1 + (_Tn - Tn—l)wk - anZk
1 — ok — w2k — 3k
(k=1,2,...,n-1).
(27)

If there exists o' (I = 1,2,...,n — 1) such that f(wl)
0, we obtain 1 — T,,, + (-T,, - T, )" — T,w* =
for 1 — o* — 0™ - @ # 0. Thus, @ = (T, + T,,
V(=T = T, + 4T, (T, - T,,,))/ - 2T,

Leta =T,-T,,,b=-T,-T, ;,andc = —T; if b*—4ac >

0, we have «' is a real number.
While

+ o |l

sin2l/n) = 0. We have o = -1 for 0 < (2ln/n) < 2m,
but 1 — & — w* — w** = 0. We obtain f(wk) # 0 for any
W (k= 1,2,...,n=1), while f(1) = ¥, T; = =(1/2)(1 -
Tn - Tn+2) # 0.

Ifb* — dac < 0, ' is an imaginary number.

If
cos <21_71) RS
n -2T,
> (29
sin <21_7'[> _ \/_4Tn (Tl - Tn+1) - (_Tn - Tnfl)
n) -2T,
or
<217r> T,+T,,
cos| — | = ,
-2T,
(30)

n

we obtain n = 2km(arctan(+Vdac — b?/ — b))_l, such that
f(wl) = 0.If1 - o — 0 - 0¥ = 0, we have 0 = -1
and if n is an even number, then f(wk) = Z;':l Tj(wk)f‘1 =
T, - T, + -+ —=T, < 0. By Lemma 1 in [15], the proof is
completed. O

5
Lemma5. Let ® = (&Y ) be an n x n matrix; then
1 1
‘ e
ol = )

1 1
——AT'U AT+ 2AuvAT!
14 14
where £ = a — VAU, V is a row vector, and U is a column
vector.

Proof. Consider

1 1
-

<a V>‘ ¢ e
U A 1 1
—EA_IU A‘1+EA_1UVA_1

1 0
- (O In—l) - In’

. ) (32)
- -~vA™
4 14 ) <a V)
1 1 U A
--A7'U AT+ -AT'uvAT!
14 14
1 0
= =1I,.
(0 In—l) " O
Lemma 6. Let the matrix G = [g; j]::]_'jl be of the form
Ty -Ty  i=)
-T,-T,, i=j+1,
= nooon 33
9i= T, i=j+2, (33)
0, otherwise;
then the inverse €' = [91{,;']2]_':31 of the matrix & is equal to

1 B giit

! > i > j)

9i,; =11~ Thun B-«a (34)
0, i< j)

where

_ (_Tn_Tn—1)+ \/(_Tn_Tn—1)2 + 4Tn (Tl _Tn+1)
2 (Tl - Tn+1)

>

(_Tn - Tn—l) - \/(_Tn - Tn—l)2 + 4Tn (Tl - Tn+1)
2 (Tl - Tn+1)

(35)

Proof. Let¢;; = ZZ;? gi,kg;{, j- Obviously, ¢ ; = 0 fori < j. In
the case where i = j, we obtain

1

T, =1
n+1) T1 _ Tn+1 (36)

!
Gi = 9ii9; = (T1 -



Fori > j+ 1, we obtain

n-3
!
Gj~= Zgi,kgk, j
k=1

! ! !
= Yii-29i-2,j t 9ii-19i-1,j T 9ii9i,

. 1 </3ij1 eSS )
T =Ty B-«
1 /)’i*j — o
+ (_Tn - Tn—l) : T T (
17 4n+l ﬁ -

1 /3i—j+1 _ (xi—j+1
+(T) = Tpyy) -
Ty - Th B«

(37)

=0.

Hence, we verify €' = I_,, where I_; is (n — 3) x (n — 3)
identity matrix. Similarly, we can verify '% = I,_;. Thus,
the proof is completed. O

Theorem 7. Let D, = Circ(T,,T,,...,T,) be an invertible
Tribonacci circulant matrix; then one has

D' = Circ <x; + <—l - %)xé - x) —x;,

2

where

n-2
=T -T,+ ZAI (Tn—i+1 - Tn—i) >

i=1

n—i-2>

n-3
py=-T,+A(Ty =T, - T, )+ Y A"'T,
i=1

x; =0,
o =L
> op
-2
r_ Y3 (Tl - Tn+l) Z?:z 9irVi+2
X3 = 7 + ; 5

V3 Zn%gl/’ 5%

! i=2 JilFi+

Xy = _% + Zgil)’m
i=1
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(T1 - Tn+1) 272_13 9i1Pi+3 272_22 9irYi+2
e 3

n—k+1 n—k+1
Vs Q2 GitPisk-
xl’<=_ e 7 el Z i1Vitk-1
i=1
n—k -
B (T, = Tpi1) Yic1 o 9i1Pi+k-1 Z?:zz 9irYis2
e b
(k>4).
(39)
Proof. Let
1 0 0 0
0 1
L= o -2 1 0 0 | (40)
j2)
0 0 0 1
thus
T, pp Ty Ty -+ 15 T,
0 P ¢35 @0 0 Qo @,
0 0 p3 py " Por Pa
LD, =] 0 0 b a ,
0 0 ¢ b a
c b. a
(41)
where
T, -T,-T, -2 (1,-T
P3 -1 n n—-1 ( n n—l)’
J2)
P
pi = Tn—i+1 - 172 (Tn—i+3 - Tn—i+2) (42)
(i=4)5)"' $n))
¢ =Thsi —Tyap (i=3,...,n).

According to Lemma 5, let

ps vV
L (43)

be an (n — 2) x (n — 2) matrix and we obtain

1 Vg
F' = £ £ , (44)
T o, UV
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where the elements of last row of II(2;' @ F') are given by the
following equations:
p r_
ps=T =Ty~ Ty = = (T, = T,a), x; =0,
)2
X = !
T - T
U= (-T,-T,,-T,,0,...,0)", 2
(45) n-2
V= (ppPsre-Pn)» DN (T - To) X5 GnYirz
4 4
n-3 n—4 3 w3
=p,— b;9i1Pi+3 - c;piH. X = & Zi:zggﬂpm + Zgn)’m
i=1
n-3 n-2
Let _ (Ty = Tpr) 2155 9iPivs 2ics GnViea (50)
e b
1 —p, T, + P13 T, 4+ P1®y
o P> P
0 1 3 n n—k+1 n—k+1
Vs Xica GirPivk-1
I, = 2 P ) X = - + GirYitk-1
? 0 0 1 0 e l; *
n—k+1 n-2
0 0 0 1 _ (Ty = To) T GiPivkr Xiss GinVieo
(46) ¢
(k>4),
where where
Tn—i ~ Tn—i .
- yi=%, (i=3,4...,n),
b= ZTMA”_(M), ? »
= p3 = Tl - Tn - Tn—l -£ (Tn - Tn—l >
n-2 pz (51)
=T, =T, + YA (T, ;o1 -T,.)> P
P2= %170 ; (Toier = T pi = Tocirr = = (Tucias = Toiaa)
(47) )2
¢i=Tn+3—i_Tn+2—i’ (i=3>""n)’ (i=4,5,...,ﬂ).
b+ Vb —4ac By Lemma 6, if D;l = Circ(x;, x5, ..., x,), then its last row
A= Y, elements are given by the following equations:
a= Tl Tn+1> b__Tn_Tnfl’ C=_Tn' X2 :_x;+<_1+%>x;_x4,p
2
!
We have X3 = X
X4 =X = X,
,I,D,ILIL, = 9, & F, (48)

! ! !
X5 = Xy = Xp1 ~ X
(52)
where &, = diag(T), p,) is a diagonal matrix and &, ®F is the

direct sum of 2, and F. If we denote I' = I, I} and IT = II, IT,,

btai o ! ! /
we obtain Xk = Xnkt3 ™ Xnkra T Xnks T Xnkie
_ _ _ (5<k<n),
D, =11(2,'eF")I. (49)
X =x;+<—1—&>x;—xfl—xg.
)2

Since the last row elements of the matrix IT are 0, 1, (T,_; —
T, Py (T =T, ) P> - > (T5 =Ty Py (T, — T3)/ p,> then Hence, the proof is compeleted. O



3. Determinant and Inverse of Tibonacci Left
Circulant Matrix

In this section, let D; = LCirc(T},T,,...,T,) be a Tibonacci
left circulant matrix. By using the obtained conclusions, we
give a determinant formula for the matrix D! . Afterwards, we

discuss the invertibility of the matrix D] . The inverse of the

matrix D], is also presented. According to Lemma 2 in [15] and
Theorems 3, 4, and 7, we can obtain the following theorems.

Theorem 8. Let D = LCirc(T,, T, ...,
left circulant matrix; then one has

T,) be a Tribonacci

(_1)("—1)(71—2)/2

|:[T T+ZA(711+1 )]81

det D; =

(53)
- [ _Tn+A(T1_Tn_Tn—1)
+ZA’“Tn . 2] ]
where T, is the nth Tribonacci number.
Theorem 9. Let D, = LCirc(T,Ts,...,T,) be a Tri-
bonacci left circulant matrix. If n # 2 and n #

2krm(arctan(+Vaac — B2/ — b)) (k=1,2,...

is an invertible matrix.

,n—1), then D:l

Theorem 10. Let D) = LCirc(T,, T, ..., T,) be a Tribonacci
left circulant matrix. If D,, is an invertible matrix, then we have

D;_I:Circ< ( 1—‘&>x;—x;—x;,
J2)

! ! ! ! ! ! !
Xy =Xy = Xg = Xgseeos Xy 5 =X, 1 — X,

x:H - x;, x;,—x; + (—1 + &> x; - xi),
J2)
(54)
where
x; =0,
o=t
> p
r_ Vs (T, +1)ZI 2 iVis2
x3 = 7 + 7 5
-3
' Y3 Z?—z 9i1Pi+3

Xy == - P -+ Zgil)’m
=1

Abstract and Applied Analysis

B (T = To1) Z?j 9i1Pi+3 Z?:_zz GirViv2
7 )

n—k+1

n—k+1
Vs Yica  Gi1Pivk-1

x,i =- ; + Z 9i1Visk-1 (55)
i=1
_ (T, = Toy) X1 o 9i1Pi+k-1 2?2_22 JirYis2
e bl
(k>4).
4. Determinant and Inverse of Tibonacci
g-Circulant Matrix
In this section, let D, = g-Circ(T},T5,...,T,) be a

Tibonacci g-circulant matrix. By using the obtained conclu-
sions, we give a determinant formula for the matrix D,
Afterwards, we discuss the invertibility of the matrix D,
The inverse of the matrix D_, is also presented. From
Lemmas 3 and 4 in [15] and Theorems 3, 4, and 7, we deduce
the following results.

Theorem 11. LetD = g-Circ(T,, T,, ..., T,) be a Tribonacci
g-circulant matrix and (n, g) = 1; then one has

n—-2
deth,n = det@g- I:[Tl T, + ZA n—i+1 Tn—i)] o

i=1

_Tn+A(T1 _Tn_Tn—l)

+ZA’+1Tn i ,
(56)
where T, is the nth Tribonacci number.
Theorem 12. Let D, = g-Circ(T,,T5,...,T,) be a Tri-

bonacci g-circulant matrix and (n,g) = 1. Ifn # 2 and

n + 2kn(arctan(+Vaac — B2/ - b)) (k = 1,2,....n— 1),

then D, is an invertible matrix.

Theorem 13. Let D, = g-Circ(T\, T, ..., T,) be a Tribonacci
g-circulant matrix and (n, g) = 1. If D, is an invertible matrix,
then one has

D;’1n= [Circ( ( 1—%>x3—x;—x;,

' 1 Ps\ P 1o
— X+ |-+ X3 = Xp Xy Xy 1 = Xps Xy o
2
o B ) ar
Xy | = Xypooor Xy — Xy — X5 — Xg o
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where

x; =0,
o=t

? 2

r_ Vs (T = Tyi1) 2?2_22 JirYi+2
x3 - 7 € >

n-3 n—.
Vs 2ies 9ilPi
xl; = _% + zgil)’m
i=1
-3 -2
_ (Ty = Tput) X055 9irPivs 2icy GnViea (58)
e b
s Zn—k+1 Gi1 Pisk n—k+1

! i=2 11 Fi+k—

X =~ l 7 + z Ii1Visk-1
i=1
n—k n—
_ (Ty = Tpi1) Yic1 ! i1 Pi+k-1 Zi=22 9irYis2
E b

(k>4).

5. Conclusion

The related problem of Tribonacci circualnt type matrices is
studied in this paper. We not only discuss nonsingularity of
Tibonacci circulant type matrices, but also give the explicit
determinant and inverse of Tribonacci circulant matrix,
Tribonacci left circualant matrix, and Tribonacci g-circualant
matrix. Furthermore, according to Theorem 11 in [23] and
the result in Theorem 3 in the paper, identities can be easily
obtained:

(1-T,)" -~ (q +d}) +
L,-L,

(_Tn)n

T T+ZA(711+1 )]81

-|-T,+A(T,-T, -

1) ZAH]Tn i-2

(59)

where T, is the nth Tribonacci number, L, is the nth

generalized Lucas number, and

_ (Tn+2 B Tn+1) +

1~ P >

d. = (Tn+2 - Tn+1) !
1 > >

U = \/(Tn+2 - Tn+1) 4T ( n+l — )
_ —b+ Vb - 4ac

>

2a

9
n-3
51 = (T1 -T, Tn—l) (Tl - Tn+1)
+ Z( 1)1H n+1)n_i ? n i— ldetA
n-2 . —ia
62 = Z(_I)IH(TI - Tn+1) (Tn—i+1 - Tn—i) detAi—l
i=1
detA,;
[ ((b+ V&7 —4ac) /2)' - ((b- V¥ —dac) /2)
b? — 4ac ’
- b* #+ 4ac,
i-1
1<é> , b =dac
2
a=T,-T, b=-T,-T,_, c=-T,.
(60)

In addition, we will develop solving the problem in [24-
26] by circulant matrices technology.
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