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We introduce and study well-posedness in connection with the symmetric vector quasi-equilibrium problem, which unifies its
Hadamard and Levitin-Polyak well-posedness. Using the nonlinear scalarization function, we give some sufficient conditions to
guarantee the existence of well-posedness for the symmetric vector quasi-equilibrium problem.

1. Introduction

Vector equilibrium problem provides a very general model
for many problems like the vector variational inequality
problem, the vector complementarity problem, the vector
optimization problem, the multiobjective game problem, the
vector network equilibrium problem, and the vector saddle
point problem (see, e.g., [1-3] and the references therein).

Well-posedness plays an important role in the theory
and numerical methods for optimization. The first concept
of well-posedness was introduced by Tykhonov [4] for a
global minimization problem having a unique solution.
Lucchetti and Patrone [5] introduced the notion of well-
posedness for variational inequalities. Lignola and Morgan
[6] studied the well-posedness of optimization problems with
variational inequality constraints. Fang et al. [7] investigated
well-posedness for equilibrium problems and optimization
problems with equilibrium constraints. Hu et al. [8] studied
well-posedness of systems of equilibrium problems.

The notions of well-posedness can be mainly divided into
three groups, namely, Hadamard type, Tykhonov type, and
Levitin-Polyak type. Researchers have studied the relations
between the Hadamard well-posedness and Tykhonov well-
posedness for different problems (see [9, 10]). Most of
the literature deals with directly specific notions of well-
posedness. Huang et al. [11] investigated the Levitin-Polyak

well-posedness of variational inequalities problems with
functional constraints. S. J. Li and M. H. Li [12] studied
the Levitin-Polyak well-posedness of vector equilibrium
problems. Li et al. [13] investigated Levitin-Polyak well-
posedness of generalized vector quasi-equilibrium problems.
Peng et al. [14] studied Levitin-Polyak well-posedness of
generalized vector equilibrium problems with both abstract
set constraints and functional constraints. Salamon [15]
considered the Hadamard well-posedness by using the vector
topological pseudomonotonicity. Peng et al. [16] investigated
the Hadamard well-posedness of vector equilibrium prob-
lems by considering the perturbations of both vector-valued
functions and feasible sets. Li and Zhang [17] studied the
Hadamard well-posedness for the vector-valued optimiza-
tion problems. Long and Huang [18] considered the a-well
posedness for the symmetric quasi-equilibrium problems.
Recently, Han and Gong [19] studied the generalized Levitin-
Polyak well-posedness of symmetric strong vector quasi-
equilibrium problems. Deng and Xiang [20] introduced and
studied the generalized well-posedness for the generalized
vector equilibrium, which unifies its Hadamard and Levitin-
Polyak well-posedness.

Motivated and inspired by the papers mentioned above,
in this paper, we introduce a well-posedness concept for
the symmetric vector quasi-equilibrium problem, which
unifies its Hadamard and Levitin-polyak well-posedness. By
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employing the scalarization function, we give some sufficient
conditions to guarantee the existence of the well-posedness
for the symmetric vector quasi-equilibrium problem in real
locally convex Hausdorft topological vector spaces. The
results presented in this paper generalize and extend Theorem
4.2 of [16] and Theorem 4.1 of [20].

2. Preliminaries

Let X and Y be nonempty subsets of real locally convex
Hausdorft topological vector spaces F and W, respectively.
Assume S : XxY = Xand G : XxY =3 Y are two set-valued
mappings. Let Z be a real topological vector spaceand C ¢ Z
be a closed convex pointed cone with intC # 0, where intC
denotes the topological interior of C. It is well known that the
cone C can induce the following orders:
z, <z, iffz,-z €C,

ift z, -z, € intC.

)
z, <z,

Letg: Xx X XY — Zandy: X xY xY — Zbetwo
vector valued functions. Let C; and C, be two closed convex
pointed cones of Z with intC,; # @ and intC, # @. In this
paper, we consider the following the symmetric vector quasi-
equilibrium problem (in short SVQEP): find (x, y,) € X xY
such that x, € S(xy, ¥5), ¥y € G(xp, ¥,), and

Vu € S (%9, %) »
Vv € G(xy, ¥p) -

¢ (xg, s y) ¢ —intCy,

. 2
¥ (%0, 3p) ¢ —intCy,

Some special cases of SVQEP are as follows.

(DIUC, =C, =C,oxu,y) = f(u,y) - f(x,y), and
y(x,v,y) = g(x,v) — g(x, y) for all (x, y) € X xY, where
f,g: XxY — Z are two mappings, then (SVQEP) reduces
to the problem of finding (x,, ¥,) € X x Y such that x;, €

S(xg> ¥o)s Yo € G(x¢, ¥), and

F(x30) = f (%0, 30) ¢ —intC,  Vix € S(xq, 3o) »
g (x0:y) = g(x0, ) ¢ —intC,  Vx € G(xo, y)-

This problem was studied in Fu [21] and Han and Gong [19].

(I) If Z = (-00,+00) and C; = C, = [0,+00), then
(SVQEP) reduces to the following problem: find (x,, y,) €
X x Y such that x, € S(xq, ¥)> ¥y € G(x0, ), and

(3)

Yu € S(xg, o) »
Vv e G(xg, ¥p) -

¢ (0,1 ¥9) 2 0,
v (X05 > ¥o) 2

(III) If Z = (-00,+00), C; = C, = [0,+00), p(x,u, y) =
f(u,y) — f(x, y), and y(x,v,y) = g(x,v) — g(x, y) for all
(x,y) € X xY,where f,g: X xY — Z are two mappings,
then (SVQEP) reduces to the symmetric quasi-equilibrium
problem: find (x,, y,) € X x Y such that x, € S(x,, ¥,), ¥, €
G(xy, ¥p), and

£ y0) = f (%0 %)
9 (x0,¥) = g (0 %) »

(4)

Vx € S(xg, ¥p) »

Vx € G(xg, ¥p) - ©)

This problem was considered in Long and Huang [18].

Journal of Applied Mathematics

It is well known that SVQEP includes many important
problems as special cases, such as equilibrium problems,
Nash equilibrium problems, quasivariational inequalities,
variational inequalities, and fixed point problems.

Now we recall some useful definitions and lemmas.

Let (X,d) be a metric space. Denote a family of all
nonempty compact subsets of X by K(X). For any A,B €
K(X), let

H (A, B) = max {sup infd (a,b),supinf d (a, b)} (6)

acA beB beB 9€A

denote the Hausdorff metric on K(X). It is well known that
(K(X), H) is complete if and only if (X, d) is complete.

Definition I. A sequence {(x,,, ¥,,)} € X XY is called a Levitin-
Polyak (in short LP) approximating solution sequence con-
verging to (x,, ¥,) for SVQEDP, if there exists ¢, > 0 with
€, — 0such that

d (¥ G (% ) < &
YueS(xp %), ()
Vv e G(xg ¥p) >

d (%S (X Yn)) < &5
¢ (xg, U, y) + €€, ¢ —intCy,
v (x0, vs ¥) + €48, ¢ —intC,,
where e; € intC, and e, € intC, are given points.

Definition 2 (see [3]). Let E, Z be two real Hausdorft
topological spaces, X ¢ E a nonempty subset, and C ¢ Z
a closed convex pointed cone. A mapping F : X — Z is said
to be

(i) C-upper semicontinuous (C-u.s.c.) (resp., C-lower
semicontinuous (C-ls.c.) at x, € X if, for any neigh-
borhood V of zero in Z, there exists a neighborhood
U of zero in E such that

F(x)€F(x))+V-C, V¥xeUnX,

(8)
(resp., F(x) € F(xy)+V +C, Vx e UNX).

(ii) C-u.s.c. (resp., C-ls.c.) on X if it is C-u.s.c. (resp., C-
Ls.c.) at every point x € X.

Definition 3 (see [22]). Let X and Y be two topological spaces.
A set-valued mapping F : X =3 Y is said to be

(i) upper semicontinuous (u.s.c.) at x,, if, for any open set
V' 5 F(x,), there is an open neighborhood O, of x,

such that F(x') ¢ V for each x’ € O,,>

(ii) lower semicontinuous (Ls.c.) at x,, if, for any open set
V N F(x,) # 0, there is an open neighborhood O, of
x, such that F(x") NV # 0 for each x’ € (O

(iii) continuous at x; if it is both upper and lower semi-
continuous at x,

(iv) upper semicontinuous (lower semicontinuous or
continuous) on X if it is upper semicontinuous (lower
semicontinuous or continuous) at every x € X,
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(v) an usco mapping if F is upper semicontinuous on X
and F(x) is compact for each x € X,

(vi) closed if and only if its graph Graph(F) := {(x, y) €
X XY :yeF(x)}is closed.

Lemma 4 (see [23]). Let X and Y be two topological spaces
and F X = Y a set-valued mapping. Suppose that
Y is compact. Then F is closed if and only if it is upper
semicontinuous.

Lemma 5 (see [24]). Let A and A, (n = 1,2,...) all be
nonempty compact subsets of a metric space X with A, — A
in the Hausdorff metric topology. Then the following statements
hold.
(1) U A, U A is also nonempty compact subset of X.
(ii) If x, € A,,x,, — x, then x € A.

(iii) For any x € A, there exists x,, € A, such that x, — x.

Lemma 6 (see [25]). Let X and Y be two topological spaces
and F : X =Y be an usco mapping. Then for any net {x,} ¢ X
with x, — xand y, € F(x,), there exists a subnet {y,} C y,
such that y, — y € F(x).

Lemma 7 (see [26]). For any fixed point e € intC, the
nonlinear scalarization function &, : Y — R is defined by
¢ (y)=inf{reR:yere-C}, VyeY. 9)

The nonlinear scalarization function &, has the following
properties:

(i) &,(y) <r o yere—intC,
(i) & (y) sre yere-C,
(iii) &,(y) = r © y ¢ re —int C,
(iv) &(y) >re y¢re-C,

W& (y) =1 © y € re— 0C, where 0C denotes the
topological boundary of C.

Lemma8. If¢p: XX X XY — Zis C-upper semicontinuous,
then &, is upper semicontinuous.

Proof. For any fixed r € R = (-00, +00), let
B={(x,u,y) e XxXxY: & (p(x,u,y))=r}. (10)

In order to show that £,¢ is upper semicontinuous, we only
need to show that B is closed. Letting (x,,,u,, y,) € B with
(X, Uy ¥,) — (x,u, ), then

§ep (X th ) 2 7 (1)
and Lemma 7 shows that
¢ (x,,u,, y,) ¢ re —int C. (12)
Suppose to the contrary that (x,u, y) ¢ B. We have

E(p(xuy)) <r (13)

It follows from Lemma 7 that
¢ (x,u,y) —re € —intC. (14)

This implies that there exists a neighborhood V' of zero
element in Z such that

¢ (x,u,y)—re+V € —intC. (15)

Since ¢ is C-upper semicontinuous, for the above V, there
exists a positive integral number N such that, whenn > N,
one has

¢ (Xt y,) €@ (X0, y) +V = C. (16)

From (15) and (16), when n > N, we have

¢ (Xt y,) €@ (X0, y) +V =C
Cre—intC-C (17)

C re—intC,

which is in contradiction with (12). Thus, (x,u, y) € Band so
&.¢ is upper semicontinuous. This completes the proof.  [J

Example 9. Let X =Y = R = (—00,+00) and C = [0, +00).
Let

2, ifx=y=z=1;
if x y z 18)
otherwise.

09 - |

X+y-2z

Then it is easy to check that ¢ is C-upper semicontinuous and
so Lemma 8 shows that &,¢ is upper semicontinuous for any
e € intC.

3. Bounded Rationality Model and Definition
of Well-Posedness for SVQEP

Let (X, d,) and (Y, d,) be two metric spaces and Z be a Banach
space with a norm || - ||. Let C; and C, be nonempty closed
convex pointed cones of Z with apex at the origin such that
intC, # 0and intC, # 0.

In this section, we first define the problem space A of
SVQEP as follows: A = {(¢,¥,5,G) : ¢ : X x X xY —
Z is Cj-upper semicontinuous on X x X x Y,y
X xY xY — ZisC,-upper semicontinuous on X X
Y x Y oxxy) = 0 and wy(x, y,¥) =
0 forall (x,y) € X xY, sup(x)u)y)dXXXYII(p(x, u, Y
+00 SUP(., e xxyxy W% > Y)| < +00, §: X XY = X and
G : XXY =3 Y are continuous with compact values, and there
exists (x, y) € X x Y such that x € S(x, y), ¥y € G(x, y) and
o(x,u, y) ¢ —intC,y(x,v,y) ¢ —intC, for all u € S(x, y)
and v € G(x, y)}.

AN



4
Forany A; = (¢, v, S;,G;) € Awithi = 1,2, define
p(AnA) = sup o (v y) - gy (x,u,y))
(x,u,y) €XxXXY
+ osup |y (v y) -y (v )|

(x,v,)€XXYXY

+ sup H (S (% ),S, (%))
(x,y)€XXY

+ sup H, (G (x,y),G,(x,9)),
(x,y)€XXY
(19)

where H; and H, denote the Hausdorftf metric on K(X) and
K(Y), respectively. Then it is easy to see that (A, p) is a metric
space.

Next we define the bounded rationality model M =
{A, X, Y, f, @} for (SVQEP) as follows.

(i) (A, p), (X, d,) and (Y, d,) are metric spaces.

(ii) The feasible set of the symmetric vector quasi-
equilibrium problems A € A is defined by

fQ)={(x,y) e XxY:x€S(x,y),y€G(xy)}. (20)
(iii) The solution set of problem A € A is defined by
EA) = {(x,y) € XxY:(x,y) € f(A) such that
¢ (x,u,y) ¢ —intC, Yu € S(x, ), (21)
v (x,v,y) ¢ —intC, Vv eG(x, y)}.
(iv) For any (x, ¥) € X x Y, define

d((xy), fV) =d; (x,S(x, ) +d, (3. G(x. y)). (22)

(v) The rationality function of the problem A € A is

defined by
@ (4 (x. )
:max{ sup £, (x,19), sup —sezw(x,v,w},
ueS(x,y) veG(x,y)
(23)
where e, € intC, and e, € intC,.
Lemma 10. (i) For any A € A and (x,y) € f(A),

D(A, (x,y)) = 0.
(ii) Forany A € A, E(A) # 0.
(iii) For A € A and e > 0 with (x, y) € f(A), D(A, (x, y)) <
€ if and only if
¢(x,u,y)+ee, ¢ —intC,, VYueS(x,y),
(24)
v(x,v,y)+ee, ¢ —intC,, VveG(x,y).
In particular, (x, y) € E(A) ifand only if (x, y) € f(A) and
DA, (x, ¥)) = 0.
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Proof. (i) For any A € A and (x,y) € f(A), we have x €
S(x,y) and y € G(x, y). From Lemma 7(v), we know that

& 9(x,x,y) = 0and &, w(x, y,y) = 0, since ¢p(x,x,y) = 0
and y(x, y, y) = 0. Thus, one has

@ (4, (x, 7))

m{ sup —£,9(x10y), sup —fezwx,v,y)}
ueS(x,y) veG(x,y)

> max{—feltp(x)x, ) )—Eez‘l/(x))” )’)} =0.
(25)

(ii) It is obvious that E(A) # @ forall A € A.

(iii) Assume that A € A and € > 0 such that ®(A, (x, y)) <
€. Then we have

max{ sup —Eelip(x,u,y), sup —EEZw(x,v,y)}se

ues(x,y) veG(x,y)
(26)
and so
S - @ (1 y) <€ 27)
with
V;;lg)’y) & y(nny) <e (28)
It follows that
Eo(xuy)=—-e VueS(xy),
(29)
Evxny)z-e VweG(xy).
By Lemma 7(iii), one has
¢ (x,u,y)+ee ¢ —intC,, VYueS(x,y),
v (x,v,y) +ee, ¢ —intC,, VveG(x,y). G0

Conversely, assume that A € A and € > 0 with (x, y) €
f(A) such that

¢(x,u,y)+ee; ¢ —intC;, VYueS(x,y),
31
v(x,v,y) +ee, ¢ —intC,, VveG(x,y).
Then Lemma 7(iii) shows that
Ep(xuy)z-e VueS(xy),
(32)
E0(xvy)=—6 YeG(xy).
These inequalities imply that
sup —&, 9 (xuy)<e
ues(x,y)
(33)

sup —& v(xny)<e
veG(x,y)
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Therefore, we get

® (4 (x,9))
= max { sup & ¢(xu,y), sup —& y(xv, y)}
ueS(x,y) veG(x,y)
<E€.
(34)
This completes the proof. O

Remark 11. Lemma 10 is a generalization of Lemma 3.1 of
Deng and Xiang [20].

Example 12. Let X = Y = (-00,+00),C; = C, = C =
[0,+00), and e; = e, = 1. Assume that

S(xy)=G(x,y)=[0,1], Vx,yeXxY,
(p(x,u,y)zx—u, W(x,v,y)zy_y’ (35)
V(x,y) e XxY, ueS(x,y), veG(x,y).

Then it is easy to see that
f)={(xy):x€[0,1],y € [0,1]},

® (1 (7)) 6

=max<{ sup — &, (x—u), sup —51(}/—")}-

uel0,1] ve[0,1]

(i) If (x,y) € f(A), then x € [0,1] and y € [0,1]. It is
obvious that

O (A (x,¥))=0. (37)

(ii) For any A € A, one has
EQ) ={(xy):x=1,y=1}#0. (38)

(iii) It is easy to check that (x,y) € E(A) if and only if
®(A, (x, ¥)) = 0. Moreover, taking x = 0,y = 1/2,
then (x, y) = (0,1/2) ¢ E(A) and ®(A, (x, y)) =1 #
0.

By Definition 1 and Lemma 10, foralle, > O withe, — 0,
the LP approximating solution set for the problem A is defined
as

E(he,) = {(xy) e XxY:d((x.9), f (V) <&,
O (L (x7)) < &}

and the set of solution for the problem A is defined as

E() = E(),0)

={(x,y) e XxY:(x,y) € f(1),D(A(x,¥)) = 0}.
(40)

39)

Next we define the Levitin-Polyak well-posedness and the
Hadamard well-posedness for (SVQEP) as follows.

Definition 13. (i) If, for any (x,, y,) € E(A,¢,),¢, > 0 with
g, — O, there exists a subsequence {(xnk, ynk)} c {(x, v)}
such that (xnk, ynk) — (x,y) € E(A), then the problem A € A
is said to be generalized LP well-posedness.

(ii) If E(A) = {(x, y)} (a singleton), for any (x,, y,) €
E(MAg,),e, > 0 with g, — 0, there exists a subsequence
{(xnk, ynk)} c {(x,, y,)} such that (X V) — (%) € E(M),
then the problem A € A is said to be LP well-posedness.

Definition 14. (i) If, for any A, € A with A, — A and any
(x> ¥u) € E(A,), there exists a subsequence {(x,,, y, )} ¢
{(x,,x,)}, such that (Xp> V) — (x,9) € E(A), then the
problem A € A is said to be generalized Hadamard well-
posed.

(ii) If E(A) = {(x, »)} (a singleton), for any A,, € A with
A, — Aandany (x,,y,) € E(\,), we have (x,,y,) —
(x,y) € E(A), then the problem A € A is said to be Hadamard
well-posed.

By Definitions 13 and 14, we introduce the definition
of (generalized) well-posedness, which unifies its Levitin-
Polyak well-posedness and Hadamard well-posedness.

Definition 15. (i) If forany A, € AwithA, — A, (x,,y,) €
E(A,,¢,), &, > 0 with e, — 0, there exists a subsequence
{(xy> yu )b € {(x,, ¥} such that (x,,,y,) — (xy) €
E(A), then the problem A € A is said to be generalized
well-posed.

(ii) If E(A) = {(x, )} (a singleton), for any A,, € A with
A, = A (x,,y,) € E(A,,¢,), ¢, > 0withe, — 0, we have
(x> ¥,) — (x,y) € E()), then the problem A € A is said to
be well-posed.

Lemma 16. If the problem A € A is (generalized) well-posed,
then

(i) the problem A € A must be (generalized) LP well-posed;

(ii) the problem A € A must be (generalized) Hadamard
well-posed.

Proof. We only prove the statement of generalized well-
posedness. The proof of the well-posedness is similar to the
generalized well-posedness.

(i) For any (x,,y,) € E(Ag,), letting A, = A, we
know that A, — A and (x,,y,) € E(A,,¢,). Since the
problem A € A is generalized well-posed, there exists a
subsequence {(xnk, ynk)} c {(x,, y,)} such that (X V) —
(x,y) € E(A). Thus, it follows that A is generalized LP
well-posed.

(ii) For any A, € Awith A, — Aand (x,,y,) € E(A,),
letting €, = 0, it is easy to see that (x,, y,) € E(A,,¢,). Since
the problem A € A is generalized well-posed, there exists a
subsequence {(xnk, ynk)} c {(x,, y,)} such that (xnk, ynk) —
(x,y) € E(A). Therefore, we know that A is generalized
Hadamard well-posed.

This completes the proof. O



4. Some Sufficient Conditions for
Well-Posedness of SVQEP

Assume (X, d;) and (Y, d,) are compact metric spaces. In this
section, we give some sufficient conditions to guarantee the
existence of the well-posedness for SVQEP.

Lemma 17. (A, p) is a complete metric space.
Proof. Let{A, = (¢,,¥,,S,,G,)} be a Cauchy sequence in A.

Then for any given & > 0, when integral numbers 1 and n are
large enough, we have

pndy) = sup o, (xuy) = @, (x|
(x,u,y) XX XXY

+osup |y (v y) =y (v )|
(x,1,y)€XXY XY
+ sup H (S, (x,9),S, (%))
(x,y)eXXY
+ sup Hy(G,(x,9),G,(x.y)) <e
(x,y)€eXXY

(41)

It follows that {¢,(x, u, ¥)} and {y, (x, u, y)} are both Cauchy
sequences in Z for any fixed (x,u,y) € X x X x Y and
(x,v,¥) € X xY x Y, respectively. Moreover, we know that
{S,.(x, )}, {G,(x, )} are both Cauchy sequences in K(X) and
K(Y) for any fixed (x, y) € X x Y, respectively.

(I) Since Z is a complete space, there exists z € Z such
that lim,, , . @,(x,u, y) = z. Let p(x,u, y) := z. We show
that ¢ is C, -upper semicontinuous and

sup o (x5, y)|| < +o0. (42)

(x,u,y)eXXY XY

For any open neighborhood V of zero in Z, since ¢,, is C,-
upper semicontinuous, there exists an open neighborhood U
of (x,u, y) such that

%
9 (¥ y') € @u (1 y) + 5 = Co,
(43)

v (x’,u',y') eU.
Sincelim,, _, .., (x,u, ¥) = @(x,u, y), for nlarge enough, one
has
! ! ! ! ! ! V
(p(x,u,y)é(pn(x,u,y)+g,
(44)

W<

¢p (0 y) €p(xuy) + —.

It follows from (43) and (44) that

go(x',u',y') ceo(x,u,y)+V-Cy, V(x',u',y') eU

(45)
and so ¢ is C, -upper semicontinuous.
On the other hand, A,, € A shows that
sup |, (21, y)| < +o0. (46)

(x,u,y) EXXXXY
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Since lim,, _, ¢, (x,u, ¥) = @(x,u, y), it is easy to see that

su X, U, < +00.
(x,u,y)E)I()XXxY "(P ( y)” (47)

Moreover, from the fact that lim, , ¢@,(x,u,y) =
@(x,u, y) and @,(x, x, y) = 0, we know that ¢(x, x, y) = 0.

(II) Similar to the proof of (I), we know that there
exists a C,-upper semicontinuous mapping y such that

lim, , w,(xu, y) = w(x,u, y) with w(x, y, ) = 0 and

su X, U, < 400.
(x,u,y)e)I{)xYxY ”W ( y)" (48)

(III) Since S,,(x, y), G, (x, y) are both Cauchy sequences,
K(X) and K(Y) are complete, we know that there exist sets
M € K(X)and N € K(Y) such that

Jim S, (x,y) = M, Jim G, (x,y) = N. (49)

Let S(x, ¥) := M and G(x, y) := N. Then the fact that S,, and
G,, are both continuous with compact set-values shows that S
and G are both continuous with compact set-values.
(IV) We prove that there exist x € S(x, y) and y € G(x, y)
such that
¢(x,u,y) ¢ —intC;, Vue S(x,y),
(50)

v (xvy) ¢ —intC,, VveG(x,y).

In fact, since (¢,,¥,,S,,G,) € A, there exist sequences {x,}
and {y,} such that x,, € S, (x,, ¥,), ¥, € G,(x,, ¥,), and

Pn (xw u, yn) ¢ —int C1> Vu € Sn (xn’ yn) (51)
with
V(X v, y,) ¢ —intCy, Vv € G(x,, ¥,)- (52)

Since X and Y are compact, there exist subsequences {x,, } C
{x,}and{y,} c {y,}suchthatx, — xe€Xandy, — ye¢
Y. From the continuities of S and G, we have

Hl (S (xnk’ ynk) ,S(x,y)) - O’

(53)
H, (G (%0 7,)» G (3, 5)) — 0.
When n, m are large enough, one has
sup H, (S, (x,9),S,(x.p)) < e (54)

(x,y)eXXY

and so

H, (S"k (x"k’y"k) N (x”k’y”k)) sée (55)



Journal of Applied Mathematics

holds for #; large enough. By the definition of the Hausdorft
metric, we have

dy (x5 (x, y))

<d, (x,x, ) +d; (%, S, (%4> V)
+ Hy (S, (%00 ¥ )»S (%))

=d, (x.x, )
+ Hy (S, (%0 7, )8 (%:7))

<d, (x,x, )
+ Hy (S, (%0 ) S (%0 )
+ H, (S (%5 9, )»S (%, 9)).

This together with (55) shows that d, (x, S(x, y)) = 0 and so

x € S(x, y). Similarly, we can get y € G(x, y).
Next we prove that

(56)

¢ (x,u,y) ¢ —intC,, VueS(x,y). (57)

By contradiction, we assume that there exists u, € S(x, y)
such that

@ (x,uq, y) € —intC,. (58)

Then there exists an open neighborhood V' of zero in Z such
that

¢ (x,up, y) +V € —intC,. (59)

By Lemma 5, there is a sequence .{unk} withu, € S”k (x?k, V)
such that u, — u,. Since Pp, 18 C,-upper semicontinuous
and ¢, (x,ug, y) — @(x, 1y, y), we have

v
n (xnk)unk)y”k) € Pn, (x’ uO’y) + 2 Cp
(60)

\4
u (o115 y) € 9 (xs1g, ) + =

From (59) and (60), we get
o (xnk,unk,ynk) € -C, —intC, c —intC,,  (61)
which is in contradiction with the fact that ¢,, (x,, .1, y, ) ¢

—intC, forallu € S, (x,,, ¥, ).
Similarly, we can show that y € G(x, y) satisfies

v(x,v,y) ¢ -intC,, VYveG(x,y). (62)

(V) Let A = (¢,9,5,G). Then A € Aand A, — A
Therefore, (A, p) is a complete metric space. This completes

the proof. O

Lemmal8. f: A = X xY isan usco mapping.

Proof. It is easy to see that f(A) is closed for any given A € A.
In fact, for any

(% ) € f (1)
={(x.y) eXxY:xeS(x,y),y € G(x, )}

with x, — xand y, — y, we have x,, € S(x,, y,) and
vy, € G(x,, y,) and so

d, (%8 (x, ) d; (x.x,) +d; (x,, S (%, ))

< dy (3,%,) + Hy (S (% y) » S (%, ) -
(64)

It follows from the continuity of S that d,(x,S(x,y)) = 0
and so x € S(x, y). Similarly, we can get y € G(x, y). Thus,
(x,y) € f(A) and so f(A) is closed. Since X x Y is compact,
we know that f(A) is compact for any given A € A. In order
to show that f is an w.s.c. mapping, from Lemma 4, it is
sufficient to show that Graph(f) = {(A,(x,y)) : (x,y) €
f(A)} is closed.

Let (A, (x,,y,)) € Graph(f) with (A,,(x,,y,) —
(A, (x, ¥)). Then the completeness of (A, p) shows that A € A.
Moreover, we have x,, € S,(x,,, y,) and y, € G,(x,, y,) and

Hl (Sn (xn’ yn) ’S (xn’yn)) - 0’
HZ (Gn (xn’ yn) ’G (xn’ yn)) i 0’
Hl (S (xn’yn)’s(x’y)) - 0’

H, (G (%, y4) .G (x,9)) — 0.
By the definition of the Hausdorff metric, it follows that

dy (xS (x,y)) < dy (%, x,) + dy (%, S, (%0 ¥))
+ Hy (S, (% ¥) > S (%, 7))
+ Hy (S (% ) »S (%, ) — 0,
dy (5.G (%, 7)) < dy (3> yu) + Ay (> Gy (X0 )
+Hy (G, (%0 70) » G (%, 7))

+ H, (G (%, 7,),G (%, y)) — 0.

From (66), we have (A, (x, y)) € Graph(f). This completes
the proof. O

(63)

(65)

(66)

Lemma 19. For any (A, (x,y)) € A x X XY, the rationality
function © is lower semicontinuous at (A, (x, y)).

Proof. For any given r € R = (—00, +00), let
M={L(x,y) e AxXxY:®(A(x,y))<r}. (67)

In order to show ®(A, (x, y)) is lower semicontinuous, we
only need to show that M is closed. Let (A, (x,,¥,)) € M
with (A,,, (x,, ¥,,)) — (A, (x, ¥)). We show that (A, (x, )) €
M, that is, ®(A, (x, y)) < r, which is equivalent to

max<| sup —& ¢(xu,y), sup —& v(x V,J’)]’ <7,
uesS(x,y) veG(x,y)
(68)



where e; € intC, and e, € intC,, that is,

Eo(xuy)z-r, VueS(xy),
(69)
Ev(xny)z-r, YWweG(xy),
which is equivalent to (by Lemma 7)
¢ (x,u,y) ¢ -re; —intC,;, VueS(x,y),
(70)
v(x,v,y) ¢ -re,—intC,, VveG(x,y).

By way of contradiction, assume there exists u, € S(x, y) or
vy € G(x, y) such that

¢ (x,uy, y) € —re; —intC, (71)
or
v (x, v, y) € —re, — int C,. (72)

Without loss of generality, assume that (71) holds. Then there
exists a neighborhood V' of zero in Z such that

¢ (x,ug, y) +V C —re; —intC;. (73)
For u, € S(x,y), since S(x,y) and S,(x,,y,) are
compact with S,(x,,y,) — S(x,y), by Lemma5, there

exists u,, € S,(x,, y,) with u, — u,. Since ¢, is C,-upper
semicontinuous and ¢, (x, 1y, ¥) — @(x,u,, ¥), we have

%
Pn ('xn’un’yn) € Pn (xs”o,)/) + E _Cl;

v (74)
¢u (X210, y) € 9 (3,110, y) + -
It follows from (73) and (74) that
(2% (xn’ Uy» yn) € —re; — int C1' (75)

On the other hand, since (A, (x,,, ¥,,)) € M, we know that
®(A,, (x,, y,) < rand so

max { sup - Eel(Pn (xn’ u, yn) >

UES, (X, ¥n) 76)
76

sup - Eezll/n (xn’ Vs yn)} ST

VEG, (X, ¥,)
It follows that

Eel(Pn (xn’ u, yn) >-r, Vue Sn ('xn’ yn) : (77)

Now Lemma 10 implies that

Pn (xn’ u, yn) ¢ —re; — int Cl’ Vu € Sn (xn’ yn) > (78)
which is in contradiction with (75). Thus, we know that
®(A, (x, ¥)) is lower semicontinuous. This completes the
proof. O
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Theorem 20. Forall A € A, the problem A is generalized well-
posed. Moreover, for all A € A, if E(A) = {(x, y)} (a singleton),
then the problem A is well-posed.

Proof. LetA, € AwithA, — Aand (x,,y,) € E(A,,¢,) with
g, — 0. Then

d((xp y4)s f (A0)) < & (79)

D@ (A, (X5 ¥)) < & (80)

By (79), there exists (x,,y,) € f(A,) such that d((x,, y,),
(X,,y,)) — 0. Since f is an usco mapping, by Lemma 6,
there exists a subsequence {(Enk,ynk)} c {(x,, y,)} such that
(xnk,ynk) — (x,y) € f(A). It follows that

d (x> ) > (%))
= d((xnk’y"k)’(xnk’ynk)) (81)

+d ((Enk’ynk) NER y)) —0

and so

(X V) — (59) € f V). (82)

On the other hand, the lower semicontinuity of ® shows that

0<®(\(x,)) <liminf @ ()Ln, (xnk,ynk))
(83)
<liminfe, =0,

which implies that ®(A, (x, y)) = 0. It follows from (82) and
(83) that (x, y) € E(A) and so the problem A is generalized
well-posed.

Moreover, we show that, if E(A) = {(x,y)}, then the
problem A is well-posed. If the sequence {(x,, y,)} does not
converge to (x, y), then there exist an open neighborhood O
of (x, y) and a subsequence {(xnk, ynk)} of {(x,, ¥,)} such that
(X, V) ¢ O. By the proof of the first part, we know that
(xnk, ynk) — (x, ). This is in contradiction with (xnk, ynk) ¢
O. This completes the proof.

Example 21. Let X =Y = [0,2] x [0,2], Z = (-00,+00) X
(=00, +00), C = [0, +00) X [0, +00),and e = (1, 1). Let

$(%,9)=G(x,y)=[0,1]x[0,1], V(x,y) € XxY,

¢louy)=x-u yvy)=y-v

Vx,ue X, VyveY.
(84)

Then it is easy to see that A = (¢, v, S, G) € A and
f)={(x,y) 1 x€[0,1]x[0,1],y € [0,1] x [0,1]} (85)
with
EQ) ={(xy) e fW) | x=(x,%),y= (),

max {x;, x,} = 1, max {y,, y,} = 1}.

(86)

Furthermore, by Theorem 20, the problem A is generalized
well-posedness.
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Remark 22. When ¢ = y and S = G, the well-posedness for
the problem A was studied by [20]. Theorem 20 presented in
this paper can be considered as a generalization and extension
of Theorem 4.1 in [20].

From Theorem 20, we have the following corollaries.

Corollary 23. For all A € A, the problem A is (generalized)
Hadamard well-posed.

Corollary 24. Forall A € A, the problem A is (generalized) LP
well-posed.

Remark 25. When ¢ = vy, S = G, the generalized
Hadamard well-posedness for the problem A was studied
by [16]. Corollary 23 presented in this paper generalizes and
extends Theorem 4.2 in [16].

Remark 26. We note that, when
p(ouy)=f(wy)-f(xy),
v (xv,y)=gxv)-g(xy),

the generalized LP well-posedness for the symmetric vector
quasi-equilibrium problem was studied by [19].

(87)
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