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This paper investigates the orbital stability of solitary waves for the generalized symmetric regularized-long-wave equations with
two nonlinear terms and analyzes the influence of the interaction between two nonlinear terms on the orbital stability. Since J
is not onto, Grillakis-Shatah-Strauss theory cannot be applied on the system directly. We overcome this difficulty and obtain the
general conclusion on orbital stability of solitary waves in this paper. Then, according to two exact solitary waves of the equations,
we deduce the explicit expression of discrimination d"(c) and give several sufficient conditions which can be used to judge the
orbital stability and instability for the two solitary waves. Furthermore, we analyze the influence of the interaction between two
nonlinear terms of the equations on the wave speed interval which makes the solitary waves stable.

1. Introduction

Symmetric regularized-long-wave equations (SRLWE)

1,
U =~ = (V407 )
X

@

v, +u, =0,

which are the mathematical models describing the propaga-
tion of weakly nonlinear ion acoustic waves [1] and the typical
equations in the field of nonlinear science, arise in many
other areas of nonlinear mathematical physics [2]. References
[1, 2] studied the solitary wave solutions, conservation laws,
and interaction among the solitary wave solutions of (1).
Moreover, [3-5] discussed the global solution and numerical
solution of (1).

Many authors have studied some extended forms of (1).

Guo [3] studied the periodic initial value problem for
generalized nonlinear wave equations including (1)

ut_uxxt+px+f(u)x :g(%P,ux),
pt+ux:h(P)’

)

by spectral method, then proved the existence and unique-
ness of the global generalized solution and classical solution,
and gave the convergence and error estimates for the approx-
imate solution in 1987. Zhang [6] obtained the exact solitary
wave solutions for a class of the generalized SRLWE with
high-order nonlinear terms in 2003.

In terms of the orbital stability of solitary wave solutions,
Chen [7] studied it in 1998 for the following generalized
SRLWE:

Uy — Uy + f(u)xt —Uyxtt = 0, (3)

where f(u) is a C' function, satisfying f(s) > 0ifs >
0 and [f(9) = o(lsl’); If') = ollsIP™) as s
for p > 1. In particular, ¢. > 0 in the solitary wave
solution (¢, 1//C)T (T represents transposition) in Assump-
tion 1 of [7]. Moreover, H. only has a simple negative
eigenvalue, whose kernel is spanned by ¢.. In addition, the
rest of its eigenvalues are positive and bounded away from
Zero.
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In this paper, we will consider the orbital stability and
instability of solitary wave solutions for the following gener-
alized SRLWE with two nonlinear terms:

2 3
Uy — Uy = (v +byu” + byu )x,

b, = constant, b; >0, i=2,3, (4)

ve+u, =0.

Our purpose is to investigate the influence of the interaction
of the nonlinear terms on the orbital stability.

Equation (4) is the generalization of (1). If (4) is converted
into (3), then f(u) = zuz + b3u3, where f(u) has two
nonlinear terms and the symbols of b,, b; are unfixed. Indeed,
f(u) is not always positive when u > 0, so the problem
studied in this paper is not included by [7]. In the other
hand, according to Theorem1 in this paper, (4) has two
bell-profile solitary wave solutions (¢, v;)", i = 1,2, where
¢,(&) > 0and ¢,(§) < 0. But the orbital stability of the
solitary wave solution (¢, (§), wZ(E))T is not considered in [7].
In this paper, we will consider it as well. So the content of this
study is new. More significantly, we will study the influence
of the interaction between nonlinear terms b,u* and by’ on
the orbital stability. It is meaningful for the stability in the
application of the practical problems and the selection of the
models.

The paper is organized as follows. In Section 2, we will
present two exact bell-profile solitary wave solutions of (4)
and local existence for the solution of Cauchy problem. In
Section 3, we will verify that (4) and its solitary wave solutions
meet the requirements of the orbital stability theory of
Grillakis-Shatah-Strauss and give the general conclusion. In
Section 4, according to two exact solitary waves of the equa-
tions obtained in Section 2, we deduce the explicit expression
of discrimination d” (¢) and give several sufficient conditions
which can be used to judge the orbital stability and instability
for the two solitary waves. Moreover, we will analyze the
influence of two nonlinear terms on the orbital stability. In
Section 5, we will focus on studying the orbital instability
of solitary wave solutions for (4). Since the skew symmetric
operator J is not onto, we will define a new conservational
functional I(#1) = jR iidx and estimate solutions of the initial
value problem. We will construct a formal Lyapunov function
and present the sufficient condition on orbital instability of
solitary wave solutions.

2. The Bell-Profile Solitary Wave
Solutions and Local Existence for
the Solution of Cauchy Problem

According to [6], the solitary wave solution of (4) satisfies

u(ot) =ul)=u(x-ct)

v(x,t) =v(&) =v(x—ct)
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" &)+ cu' €)= v &) + (b’ (§) + by’ (B)),.,

V@© =L @),
C
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where /(&),u”(§) — 0,|§] — oco. Their exact expressions
are given by the following theorem.

Theorem 1. Suppose that ¢* —1 > 0.

(1) If bse > 0, or by = 0 and byc > 0, then (4) has a bell-
profile solitary wave solution

u(x,t) =9 €3) =@ (x—ct),
1 (62)
v(x,t) =y © = Z‘P1 (x —ct),

where

Ajsech® (a,/2) &
2+ Bysech? (a/2) &
3v2(* - 1)

(Xl = ) Al = 5
¢ Ve [283c + 9, (c> - 1)]

¢ (§) = (6b)

(6¢)

b A
ikt o
3adc

(2) If by > 0, or by = 0 and b,c < 0, then (4) has another
bell-profile solitary wave solution

u(x,t) =9, (§) =y (x—ct),

1 (7a)
v(xt) =y, (§) = = (x —ct),
where
A,sech® (a,/2) &
= , 7b
92 (%) 2 + Bysech? (a,/2) & (7b)
bA
«=a, A,=-A, By=-1+ 32“22 =-2-B,.
2
(7¢)

Next, we study the local existence for the solution of Cauchy
problem for (4) by semigroup theory. Firstly, we give two
lemmas (see [8, 9]).

Lemma 2 (Hille-Yosida-Phillips). A linear unbounded opera-
tor A is the infinitesimal generator of a C, semigroup of {T'(t) :
t > 0} if and only if A is a closed operator with dense domain
and there exist real numbers M and w, such that when A > w,
one has
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(1) A € p(A),
2) I[IRGA < M/A-w)", n=1,2,...,

where p(A) is the resolvent set and R(A; A)" is the resolvent of
A.

Lemma 3. Consider the Cauchy problem of nonlinear equa-
tion

%:Au(mf(t,u(t)), t>0, ©

u(0) =uy uy€X.

If the following two conditions hold:
(1) A is the infinitesimal generator of a Cy semigroup T (t)
in X;
(2) f € C(R" x X, X) satisfies the Lipschitz manner, which

means for any T > 0,

there exists K = K(t), such that || f(t,u) — f(t, V)|l < K(t)|lu -
vll, forallu,v € X,t € [0,T], then the initial value problem (8)
has a unique solution

w(t) =T (6) g + IOT(t—s)f(s,u(s))ds ©)

in R,

From Lemmas 2 and 3, we can prove the following
Lemma 4, which describes the local existence for the solution
of Cauchy problem for (4).

Lemma 4. For any i, € X(HY(R) x L*(R)), there exists ty >
0, which only depends on ||tiy| y, such that (4) has a unique
solution it € C([0,t,); H'(R) x L*(R)) with ©1(0) = .

Proof. Firstly, (4) can be written as
u, = (A- 1)_1(1/ + b’ + b3u3)x,
b, = constant, by >0, (10)

Vi = —Uy,

where A = */ox% (A-1)" is the pseudodifferential
operator. The initial value problem of (10) is equal to

diu(t) . .
— SARO+fBAM), >0, .
1:2(0) :ao,
where
. u (t) . u(0)
10-(30)  w=(o):
A-1)"a
A= <_%x ( (1)) x) , (12)

= (070G b)),

Since for any T' > 0, there exists K = K(t), such that for
any ii,, 4, € X, t € [0,T], we have

If (i)~ f (6.3,)]
’((A - 1)71(b2uf + b3uf)x>

0
- ((A - 1)‘1(192145 + b3u;)x>H 13)
0
_ ”((A - 1)_1 [b2 (uf - ug) + by (u‘i’ - u;)]x)
0

<K (®) |y - ity

Therefore, f(t,i(t)) satisfies the local Lipschitz manner.
Now we want to verify that A is the infinitesimal generator
of a C, semigroup in X and D(A) = H' x L%,
According to Lemma 2, we only need to prove that there
exists w, such that

1
-—w

(14)

Jor-ar] = ;

itA >wand A € p(A).

Indeed, since A € p(A), for any ¥ = (g;) € X, we have
ii = (1) € D(A) and (AI - A)ii = 7. Thus & = (AI - A)™'7.
Taking the Fourier transform yields

o A A (R .
RSP + &/ (8 + l)v1 A+ E/(1 +52)V2’
U A i V. (16)

BT EEE ) B (148

By (15), we have

A AA-w) A-w)&
A - @] < /\2+EZ/(£(:+ 1)1/1 " A% (& +a1))+£2v2
_ A-w)é&
< [l+ A2(§2+a1,)+52v2'

17)

Since (A — w)E/(A2(E2 +1) + &) — 0as|é] — oo, there
exists positive real number N;, when |£] > N, such that |(A -
WE/(XE +1) + E)| < 1 thatis, |(A — )iy | < 7] + [7).

Solving the inequality |(A - WE/AVE + 1) +E) < |(A -
w)é/A*| < 1 when [¢] < N, we can obtain that when w >
N, /4,

(A= @) i| <[] + 7). (18)



By (16), we know

AA-w)
A2+ 82 (& + 1)1/2
A-w)& 5
/\2 +&/(8+ 1)

| A @) &
S|v2|+‘ e Evl.

A -w) i, <

(19)

Since (A-w)[€]/A* — 0as|&| — 0, there exists a positive
real number N,, when |£| < N,, such that |(A - w)&/A?| < 1;
that is, [(A — w)il,| < [9,] + [7,].

Solving the inequality (A — w)[&]/A? <
we can obtain that when w > N, /4,

1 when || > N,,

|A = w) @,| < |9,] + 1] (20)

Combining (18) and (20) and choosing w = Max{N,/4,
N, /4}, then we get (14) due to the definition of the operator
norm.

In conclusion, we can obtain Lemma 4 from Lemmas 2
and 3. ]

3. General Results for the Orbital Stability of
Solitary Wave Solutions

Equation (4) can be written in a Hamiltonian form

dii !
YT @), 21
I JE (i) (21)
where
0 ((1-A)" o> o
] ax( DU a-L @

E (i) = —J (vu+ %Lﬁ N 3u4>dx, 23)
R

E' @) = (g, 8‘;) _ (-V - bzf‘li— b3u3>_ (24)

Let X = HYR) x L*(R), whose dual space is X* =
H Y(R) x L*(R), and the inner product of X is

(), 80,) = J (uyuy +vyvy + v, y,) dx,
R (25)

Vi, i, € X.
There exists a natural isomorphism I : X — X" defined by

(Itiy,1y) = (4, 1,), where (:,-) denotes the pairing between
X and X*, and

(i, ity) = J-R (tyuy + vyv,) dx. (26)
From (25) and (26), we know that I = (} %, ). And we can

verify that J is an skew symmetric operator; that is, (Jii, V) =

=@, JV).
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Let T be a one-parameter group of unitary operator on X
defined by T(s)i(-) = #i(- — s), where ii(s) € X, forall s € R.
Obviously, T'(0) = (—aéax 78(/)Bx ) Since T'(0) = JB, we can
get B=(%""2).

- (5 2D
()
:%L(uz—uxxu+vz)dx.

Then V/() = (7.47) = (), V(@) = (132
The solitary waves (6a) and (7a) of (4) can be written as

V(i)=-= (Bu i)y =—

q?ic:(iﬁcgjig):ﬂct)@(m, =12 (28)

where ¢, (x) and @, (x) are defined by (6b) and (7b), respec-
tively. Now, we consider the orbital stability of solitary waves

T(ct)¢;(x). Avoiding repetition, we let ¢ (x) be one of @, (x)
and ¢,(x). We will verify that (4) and the solitary wave

T(ct)$,(x) satisfy the three assumption conditions of the
orbital stability theory presented by Grillakis et al. in [10].

Verification of Assumption 1. From Lemma 4 in Section 2, we
obtain that the initial value problem of (4) has a unique
solution. And it is easy to prove that E(i) and V(i) defined
by (23) and (27) satisty

E (@ (t)) = E ((0)) = E (i),

V(i (t) = V (#@(0)) = V (i),

(29)
respectively.
This shows that (4) satisfies the Assumption 1 in [10].

Verification of Assumption 2. Firstly, we can prove the follow-
ing lemma.

Lemma 5. §_ is a bounded state solution of (4), satisfying
E'(¢.) +cV'($) =0.

Proof. Substituting the solution ¢, = %) into (4), we obtain

Pet = Yer>
—CPegr + CPop = (llfc + by + bﬂ)ﬁ)i' (30)
Integrating (30) once, we get
P =Y +ap,
31

—@e + o = (v, + byl + byl ) + ay,

where a,, a, are integral constants.
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P Ve Per — 0as[§| — co,s04a; = 0anda, = 0. Thus,

P =Y,
5 s (32)
P tCP. =Y. + b2<Pc + b3(Pc'

Furthermore,
E'(¢)+cV'(¢.)

_ (—wc ~b,p; - 3<Pf) +C<¢c - S"e{f)
—Pc ' (33)
_ (—1//5 — byl — by — g + c<pc>
P +cy, '

Due to (32), we have E'((EC) + cV'(q_S'C) =0. O

The above Lemma 5 shows that (4) hgs the tgounded
state solutions, and the two solitary waves ¢, and ¢, given
in Theorem 1 both are the bounded state solutions of the
equation.

Verification of Assumption 3. We consider spectrum analysis
of the operator H..
Now we define the operator H, : X — X" as H, =

E"(¢,) + V" ($.), where

woa [ =2bu—3but ~1 woa [(1-A0
E(u)—( 0 ) V(i) = 0o 1)

-1
(34)
Therefore,
H=E'(§)+ o' (3
_ <—2b2(pc - 3byg? —1) e <1 -A o)

aZ
_ (—2b2§0c—3b3§0cz—Cﬁ +C —1>
= X .
-1 c

For any i,,il, € HY(R) x L*(R), we have (H,iiy, 1) =
(H,il,, 1;). This means that H, is a self-conjugate operator,
that is, H, = H, and that I"' H_ is a bounded self-conjugate
operator on X. The eigenvalues of H, consist of the real
numbers A which ensure that H, — AI are irreversible.

From (30), we have —c.zzz + cp e = ((1/c)g, + byl +
b)) ¢- Namely,

~2b,p, - 3b 2—ca—2+(c—1) =0. (36

2P 3P, axz c Pex = .
Let L = -2b,¢, — 3b3(pf — ¢(8*/0x?) + (¢ - (1/c)). Since the
existence of solitary wave solution ¢, = (97) of (4) is based

on the condition that > =1 > 0,c— 1/c > 0 asc¢ > 1, and
~2b,p, — 3byp> — 0as |§| — oo, it is easy to know that
0,.(L) = [c—1/c, +00) by Weyl’s essential spectrum theorem.

Moreover, from (36), we have Ly, = 0, where x = 0 is
a unique zero point of ¢_,. By Sturm-Liouville theorem we
know that zero is the second eigenvalue of L. Thus L only
has one strictly negative eigenvalue —o in the case of ¢ > 1,
whose corresponding eigenfunction is denoted by y; that is,
Ly = -a’y.

Therefore, H, has a unique simple negative eigenvalue,
and zero is its eigenvalue and the rest of its spectrums are
bounded away from zero. So, H, satisfies the Assumption 3
in [10].

According to [10, 11], we can get the following lemma.

Lemma 6. For any real function y € H'(R) with (y,x) =
(9, @cy) = 0, there exists 8 > 0 such that (Ly, y) > 5||y||f{z(R).
Let ¥, = ((1/92);( ) We have

<HCZC’ XC>
- I [~2b9.x* - 3920 — e + (6 - 2 ) 1] v
R c
= (L x)
=0’ (xx) <0.
(37)
Let @, = ( 1 /(ic)ipcx ) and then
<HC¢)CX’ ¢)CX>
= -[R [_2b2¢c¢fx - 3b3(Pf¢fx ~ CPexxxPex T <C - %) (Pfx] dx
= (Lo Pex) = 0.
(38)
Le
p{pexii=(2) (o) = (uoe) =0
(39)
1 1
<P2’ EX> = <p2> z(ch> = 0} :
We have
<HCﬁC’ ﬁC)
_ 2 2 2
= JR [ = 2b,p.py — 3bs9; P} (40)
1 2 1 2
~CPrexhy ¥ (c - ;) P+ —(pr—cpy) | dx.

Thus (H_B,, B.) = (Lpy» py) = Sl > 0 for any B, € P
when c > 1.



According to the above analysis, when ¢ > 1, we can make
spectrum decomposition for H,. Let

N:{kl)_('clkl ER}’
Z= {k2¢cx | k2 ER}’

p={peexip=(2). () = (g =0,

<P2> %X> = <P2’ %‘ch> = 0}-

For any ii € N, ui#0, (H.ii, i) < 0 due to (H.k,}.,
k1X5> = k?<Hc)-€c’ Xc> = _k%O‘Z(X’ X> <0.

Forany Z € Z, Z+0, (H.Z,Z) = 0 due to (H.k,@.,»
k2¢cx> =0.

For any ﬁc €Pp, ﬁc #0, <Hcﬁc’ﬁc> > 6“[55"1%-12@)'

Thus the space X can be decomposed as a direct sum X =
N + Z + P, where Z is the kernel space of H,, N is a finite-
dimensional subspace and P is a closed subspace.

We now define d(c) : R — Rasd(c) = E((EC) + cV($C),
and then

)+ V(6)=V (%)

(42)

d'(© = (E'(8.).4) +c (V' ($.).

According to the above verification of Assumptions 1-3, (4)
and its solitary wave solutions satisfy the three assump-
tions of Theorem 2 in [10], so we can obtain the following
general conclusion on orbital stability of solitary waves for

(4).

Theorem 7. Suppose that byb, 0, by > 0, ¢ > 1, and . =
T(ct)(z(x) is the solitary wave solution of (4). Then,

1 qgc is orbitally stable as d"(c) > 0;
2) qgc is orbitally unstable as d"' (c) < 0.

Remark 8. The proof of the conclusion (2) in Theorem 7 will
be given by Theorem 26 in Section 5.

4. Orbital Stability and
Influence of the Interaction between
Nonlinear Terms on It

In this section, by using two exact solitary waves (6a), (6b),
and (6¢) and (7a), (7b), and (7c) given in Theorem1, we
will give the explicit expressions for the discrimination d (c).
Then with the analysis method, we will give several sufficient
conditions to judge the orbital stability and instability of
the solitary waves. Furthermore, we will also analyze the
influence of the interaction between two nonlinear terms on
the orbital stability. We assume that b; > 0 and ¢ > 1 in this
section.
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4.1. Discrimination d;'(c). In view of (42), we have

d; (c)

=V ()

J- ( 2 . (43)
Pic = PicxxPic + Wic) dX, i=1,2.

le

Next, we simplify (43). According to (6a) and (7a) in
Theorem 1, we have y; = (1/c)g;. Substituting it into (43),
and letting z = e"""s(oci > (), we obtain

1
d (C) = E J §0,c PicxxPic T Ww)
_L J 1 + —= + ] dx
) N (ch (Ptcx
_1 J + ] dé
= 2 Jx (PlC (Plcf

1 J+°°1[ 242 ]2
20 Jo  z|(1+2)*+2Bz

«; 22 -1 ’
x<l1+l2+|i#] dz
c (1+2)" +2B;z

1 QA2 oo
= <1 + —2> —r J %dz
e/ Jo [(1 +2)% + ZBiz]

1

(o) 2 —_ 2
+ z(z 1) 4dz,
0 [(1 +2z)% + 2B,-z]

(44)

where «;, A;, B; are given by (6¢) and (7¢).
Since -2 < B; < 0, we can solve above two integrations.
Then,

d. (©)
-(1+2)
= 3
B +1
2
XAi [
\/‘Bi(Bi+2)
B; +1
X | m—2arctan| ——— -2

\/—Bi (B; +2)

x (20;B; (B; + 2))71
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B +1
+Aja; 42(3+2B,+B}) - 3———
171 1 1 _B1 (B, + 2)
B +1
X | m—2arctan| ———
-B;(B; +2)
2 A
x (12B;(B, +2)°) .
(45)
If
\V2b,c
B; =B, =-1 2 (46)

\/c [2bZc + 9b, (2 - 1)]
then (45) can be simplified into the following form:

dy (o)

1
6a|byc — V2b
3@*”“ 2

V2b, c (47)
X [ﬂ—Zarctan(T\jm>]}

1 3¢ b ca®
==t —+= |-
by " 2by 902 ) 3b,

If
V2b,c
Ve [283¢ + 98, (2 - 1)]

(48)

then (45) can be simplified into the following form:

d; ()

1
= 6 [byc + \2b
3\/b3c{ FVBe :

X | 7 + 2 arctan \/Ebz < )
3 \b(c2-1)

1 3¢ b ca’
=+ =) - =
2bye 2k, 902 ) 3b,

By calculating, we have

dy (c)
k(3c-3/c-k*)D,
4byc3?

Ve =1 (16¢* + 7K - (8 + 3k*) & - 7k*c + 16)
" 6byc® (¢ — 1+ k?c) ’

(50)

7
d, (c)
k (3c -3/c— k2) D,
- 4byc3/?
V2 =1 (16c* + 77 - (8 + 3k*) ¢ - 7kc + 16)
i 6b;c® (¢ — 1 + kc) ’
(51)
where
k:%, Dlzﬂ—Zarctan<k %),
32—
’ (52)
c
D, = 2 arct k .
, =70+ 2arc an( \/c2—1>
Furthermore, suppose that
c
M, = k"cz — D
= k\{ ZC [n—Zarctan(k\/ 2C >] ,
cc -1 c -1
(53)
— k c
M=z P
=k ¢ [7‘[+2arctan<k ¢ >]
-1 -1
Then (50) can be written as
dy (c)
V@
o 12b,2
X |: -3M, <3c—§—k2>
c
2(16¢* + 7k*c* — (8 + 3k*) > = 7k*c + 16)
+
c(c?-1+Kk%)
(54)
And (51) can be written as
dy ()
VeI
C12b,2
<[ (3e- 200
c
2(16¢* +7K°c* - (8 + 3k*) & - 7k*c + 16)
* c(c?-1+k%)
(55)



Therefore, we only need to consider the conditions such that
d:'(c) > 0 hold in (54) and (55) to study the orbital stability
of the solitary waves ¢, while needing to consider d'(c)<0
to study instability.

4.2. Discussion on M, and M,. In this section, we consider
M, and M, in the case of ¢ > 1 and by > 0.

(1) For M,. If b, > 0, then k > 0. Suppose that x =
k~/c/(c? —= 1) € (0,+00), and then

lim ky|—— =0,

emtoo \ 2~ 1

lim x =
c— +00

(56)

limx = limk
c—1 c—1 ce —

= +00.

Let g(x) = x(mr — 2 arctan x). We have

!
X) =m—2arctan x — ,
g x) 1+ x?

4 (57)

-—— < 0.
(1+x2)

g!l (x) —

Moreover, g(x) can obtain the local maximum at x,, where
x, satisfies g’ (x,) = 0 and
2

2x,

g (xg) = xo (m — 2 arctan x,) T < (58)

Since

lim M, = lim g(x)= lim x(w—2arctanx) =2,
X — +00 X — +00 X — +00

M, €(0,2).
(59)

When b, < 0, it is easy to know that x € (-00,0), and
then M, € (-00,0).

(2) For M,. When b, > 0, it is clear that x € (0, +00), and
then M, € (0,+00). Butifb, < 0, then k < 0 and
x = k+/c/(c? = 1) € (-00,0). Therefore

lim M, = lim x(w+2arctanx) = -2. (60)
X — —00

X — —00

Similarly, we can get M, € (-2,0).

4.3. Orbital Stability of Solitary Waves for (4) in the Case of
3¢ —3/c—k* > 0. Based on (54), (55), and above dis-
cussion on M,;, M,, we want to obtain much more simple

conditions on the orbital stability of solitary waves ¢,, and

(/525 .

4.3.1. Orbital Stability of §,,. (1) If b, > 0, then M, € (0,2).
At this time, —3M, (3¢ —3/c - k%) < 0. In order to find ¢ such
that di'(c) > 0, we only need to consider M, = 2 in (54). It is
easy to see that d'l'(c) > 0 when c satisfies

7c¢t + K2 + 107 - KPc+7 > 0. (61)

Thus, ¢, is orbitally stable.
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Ifb, < 0, -3M,(3¢c — 3/c — k*) > 0. In order to make
d’(c) > 0, that s, ¢, is orbitally stable, only when c satisfies

16¢* + 7k’ — (8 +3k*) &~ 7k*c +16 > 0. (62)

(2) Ifb, > 0, then M, € (0,2). Here, -3M, (3c—3/c—k*) <
01in (54). In order to make d;’ (¢) < 0, we onlyneed to consider
M, = 0in (54). Then, it is easy to see that d;’(c) < 0 when ¢
satisfies

16¢* + 7k — (8 + 3k*) & — 7k’ +16 < 0. (63)

Thus, ¢, is orbitally unstable.

4.3.2. Orbital Stability of §,.. (1) If b, > 0, then M,
(0, +00). In order to make d;’(c) > 0, it is easy to know that

-

¢, is orbitally stable if ¢ satisfies (62).
If b, < 0, then M, € (-2,0). In order to make d;’(c) >0,
we only need to consider M, = -2 in (55). It is easy to know

that ¢, is orbitally stable if ¢ satisfies (61).
(2) If b, < 0, in order to make d;’(c) < 0, we only need to

consider M, = 0 in (55). Then, it is easy to know that ¢,_ is
orbitally unstable if ¢ satisfies (63).

In addition, we know that 3c — 3/c —k* > 0is equal to ¢ >
(1/27b3) (b2 +[b4 + 72962 or ¢ < (1/27b;)[b} — b2 + 729b2],
but we always assume ¢ > 1 through this section. So if we
assume ¢, = (1/27b3)[b22+ b} +729b7], then 3¢-3/c-k*>>0
is equal to ¢ > ¢,.

Summarizing above results, we have the following theo-
rem.

Theorem 9. Suppose that by > 0 and ¢ > ¢,, where ¢, = (b3 +
\[bd + 72962)/27b, > 1.

(1) ¢, is orbitally stable if b, > 0 and the wave speed c
satisfies (61), or b, < 0 and the wave speed c satisfies
(62); $,. is orbitally unstable if b, > 0 and the wave
speed c satisfies (63).

(2) @, is orbitally stable if b, > 0 and the wave speed ¢
satisfies (62), or b, < 0 and the wave speed c satisfies
(61); §,, is orbitally unstable if b, < 0 and the wave
speed c satisfies (63).

4.4. Orbital Stability of Solitary Waves for
(4) in the Case of 3¢ — 3/c — <o

4.4.1. Orbital Stability of §,,. (1) Ifb, > 0, -3M, (3¢ — 3/c —
k%) > 0. In order to make d'l'(c) > 0, we only need to consider
M, = 0in (54). It is easy to see that ¢, is orbitally stable if ¢
satisfies (62).

(2) If b, > 0. In order to find c such that d;’(c) < 0, we
only need to consider M; = 2 in (54). It is easy to see that
d;’(c) < 0 when c satisfies

7t + K2 + 102 - K+ 7 < 0. (64)

Thus, ¢, is orbitally unstable.
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Ifb, < 0, -3M,(3c — 3/c — k*) < 0. In order to make
d!(c) < 0, it is easy to know that @, is orbitally unstable if ¢
satisfies (63).

4.4.2. Orbital Stability of §,.. (1)Ifb, < 0, then M, € (=2,0).
At this time, 3M,(3¢ — 3/c - k?) > 0. In order to find ¢ such
that d;'(c) > 0, we only need to consider M, = 0in (55). It is
easy to see that ¢, is orbitally stable if ¢ satisfies (62).

(2)Ifb, > 0,then M, € (0,+00). In order to make d;’(c) <
0, it is easy to know that @, is orbitally unstable if ¢ satisfies
(63).

Ifb, < 0, then M, € (-2,0). Here, 3M, (3¢ - 3/c - >0
in (55). In order to find c such that d;’(c) < 0, we only need to
consider M, = -2 in (55). It is easy to see that ¢,_ is orbitally
unstable if ¢ satisfies (64).

Summarizing above results, we have the following theo-
rem.

Theorem 10. Suppose that b; > 0 and 1 < ¢ < ¢, where
o = (b7 + b +72962)/27b; > 1.

(1) ¢, is orbitally stable if b, > 0 and the wave speed ¢
satisfies (62). ¢, is orbitally unstable if b, > 0 and the
wave speed c satisfies (64), or b, < 0 and the wave speed
¢ satisfies (63).

(2) ¢y, is orbitally stable if b, < 0 and the wave speed ¢

satisfies (62). ¢, is orbitally unstable ifb, > 0 and the
wave speed c satisfies (63), or b, < 0 and the wave speed
¢ satisfies (64).

4.5. Corollaries and Influences of Nonlinear Terms on Orbital
Stability of the Solitary Waves for (4). In this part, we will
firstly consider the orbital stability of the solitary waves for
(4) with only one nonlinear term. Secondly, we will discuss
the effect of nonlinear terms on orbital stability of the solitary
waves for (4).

Corollary 11. Suppose thatb; > 0 and ¢ > 1. Ifb, = 0, (4) has

the solitary wave solutions §;, = (:’;Eg ) , i=1,2, where

0= o=t
o = Vel Alz—“z(cz_l), B, =-1,

‘ Vbt (65)
n© =2 @D ho-lne,
P S e A

c Vbie

Under the given conditions, we can easily conclude that the
solitary waves §,., i = 1,2, are both orbitally stable.

Proof. When b, = 0, the above solitary waves (65) of (4) can
be deduced from Theorem 1 directly.

Actually, it is clear that k = 0 as b, = 0. Substituting k = 0
into (50) and (51), we have

4 20— +2

d/l :d” —
1 () =d; () 3b;c? Z_1

(66)
We know that 2¢* — ¢ + 2 > 0 in (66), so d;'(c) >0, 1=
1,2,if ¢ > 1 and by; > 0. Thus, we know that the solitary
waves ¢, i = 1,2, of (4) are both orbitally stable according
to Theorem 7. O

Corollary12. Whenc > 1andb; = 0, then (4) has the solitary

wave solution §_ = (;’;Eg ), where

B Asech? (a/2) & 1
‘P(f)—m> V’(f)—z?’(f),
z 3(c-1 )
a= Yoot A:C—_), B=0.
c b,c

Under the given conditions, we know that the solitary wave §,
of (4) is orbitally stable.

Proof. When b; = 0, the above solitary wave (67) of (4) can
be deduced from Theorem 1 directly.

Moreover, similar to deducing (50) and (51), by calculat-
ing, we can obtain

1
d%o=§j;@f—%m%+wﬂdx
=5 J [(1+ )2+ 2] ax
1 1
=5 [+ 5) o o] ae

J+°°1 2Az ]2
o zl(1+2z)*+2Bz

2_4 2
X 1+l+ & dz
2 | (1+2)>*+2Bz

2 400
S (L N E—
0 [(1 +2z)? +ZBZ]

L
2a
(68)

2
+2A% J-mo 2(22 _ 1) dz.

0 [(1 +2)% + 232]4
Substituting (67) into the above formula yields
(c2 - 1)3/2 (3c2 + 2)

312
b

(69)

d©=13

Therefore
18 Ve2 -1 (Zc4 +ct+ 2)

(70)
5 v}

d"’ ©
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We know that 2c*+c2+2 > 0in (70). According to Theorem 7,

¢, is orbitally stable if ¢ > 1 and b, = 0. Thus, Corollary 12
holds. =

According to the above Corollaries 11 and 12, we know
that if (4) has only one nonlinear term b, (uz)x orb, ) o that
is, by = 0 or b, = 0, the solitary waves of (4) are both orbitally
stable if ¢ > 1. That is to say the wave speed intervals which
make the two solitary waves stable are both (1,+00). But
according to Theorems 9 and 10, when (4) has two nonlinear
items b, (%), and by(u°) ,, the stability of solitary waves will
be affected by the interaction between them. For convenience,
we call the solitary wave whose wave speed ¢ satisfies ¢ > ¢,

(¢ = (1922 + /by + 729b32) /27b;) the big wave speed solitary
wave, while we call the solitary wave whose wave speed ¢

satisfies ¢ < ¢, the small wave speed solitary wave. Generally,
we have the results from Theorems 9 and 10 as follows.

(1) For given by > 0, when |b,| is larger, the wave speed
interval which makes the solitary waves stable will
become smaller for the big wave speed solitary wave,
but the wave speed interval which makes the solitary
waves stable will become larger for the small wave
speed solitary wave.

(2) For given b,. For the big wave speed solitary wave, the
wave speed interval which makes it stable will become
larger if b; is bigger and the wave speed interval will
become smaller if b; is smaller. For the small wave
speed solitary wave, the wave speed interval which
makes it stable will become smaller if b; is bigger and
the wave speed interval will become larger if b; is
smaller.

Summarizing the above results, it is significant to analyze
the effect by multiple nonlinear terms on orbital stability of
the solitary waves, at least in the application. For example,
fix b, in (4). If we need to know the orbital stability of the
small wave speed solitary wave in practical problems, since
the wave speed interval which makes it stable will become

larger as by is smaller, and (b; + b} + 729b2)/27b; — +00 as

b, — 0, it has little influence on the stability to ignore by’ in
the application. But if we need to consider the orbital stability
of the big wave speed solitary wave, the wave speed interval
which makes it stable will become smaller as b, is smaller, so
it is not suitable to ignore byu’ in the application here.

5. Instability of the Solitary Waves

In this section, we will prove the conclusion (2) given in

Theorem 7; that is, the solitary wave solution @, is orbitally
unstable if d”(¢) < 0.

Since J given in Section 3 is not onto, we cannot apply
Grillakis-Shatah-Strauss theory on the system (4) directly.
In order to prove instability, we define a new conservational
functional

(o)

I (@) = J i (x) dx. (71)

-0
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We will prove that d"(c) < 0 is the sufficient condition
to judge orbital instability of solitary wave solutions by
estimating to the solution of initial value problem.

5.1. Estimate to the Solution of Initial Value Problem for (4)

Lemma 13. The unique solution ii(t) of (4) with initial data
91(0) = i, satisfies

E(@(t)) = E (u,v) = constant, t € R",

(72)

V (@ (t)) =V (u,v) = constant, t € R,

where E(ii) = — [ (vu + (by/3)u” + (by/4)u*)dx and V(@) =
(1/2) jR(—uxxu +u? +1°)dx.

From Lemma 4, (23), and (27), we can prove Lemma 13
easily. We now prove that 1(i) = f; il(x)dx is an invariance.

Lemma 14. If jR uy(x)dx and jR vo(x)dx converge, then
I(u) = fR udx and 1(v) = JR vdx converge and are constants
foranyt € R".

Proof. Integrating (4) separately yields

Jbu(x,t)dx—Jbu(x,O)dx

a a

—”b3<i—1)1 (v+ by + by dxdr
~ o Ja ox\ ox? 2 ? ’
b b teb g
J v(x,t)dx—J v(x,O)dx:—j J —u(x,7)dxdr.
a a 0 Ja ax

(73)

Now we analyze the second formula and have
t (b t
- J J udxdr = - J [u(b,7) —ul(a, 1)l dr. (74)
0 Ja 0

For any fixed 7, u(b,7) — 0and u(a,7) — 0,asa — —o0
andb — +o0,

b oot
—J J u,drdx — 0. (75)
a JO
Thus
b b
J v(x,t)dx—J v(x,0)dx — 0. (76)
Similarly,
b b
J u (e, f) dx - J 1 (x,0) dx — 0. (77)

Hence I(u) = jR udx and I(v) = JR vdx exist and are equal to

jR uy(x)dx and JR vo(x)dx, respectively. This completes the
proof of Lemma 14. O

The next theorem is the key step in the proof of instability,
and it is the main result of this section.
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Theorem 15. Let A'u, € L' and v, € L', where A* =

1- Bz/iixz)k/2 (k € Z). Assume that ii = (%) satisfies (4)
and u(0, x) = u,. Then

sup
—00<X<00

r i(z,t)dz

-0

Sc0(1+t2/3+t9/10), (78)

where the constant ¢, only depends on ii,.

In order to prove Theorem 15, we need a series of lemmas.
The first one is the well-known Van der Corput lemma [12].
The proofs of the following Lemmas 17 and 18 are similar to
those which are given in [13], and we omit the details.

Lemma 16 (Van der Corputlemma). Let h(§) be either convex
or concave on [a,b] with —co < a < b < oo. Ifh"(f) +0in
[a,b); then

h .
J MO gg

a

-1/2
< 4{min |n" (£)|} . (79)

[a,b]

i () = S (1) iy (x) = % J' e

1 . ¢
o cos(ﬁt) imsm(mt)

1

Lemma 17. Supposet > 0,n > 0, one has

n .
sup l J e’th(f’“)df
-n

—00<a<+00

where ¢, is a constant and h(§,a) = /1 + & + ad.

Lemma18. For 1< p < oo, ifu € LF(R), we have A™'u € L¥
and ||A_1u||p < luadl-

<q(P+e),  (80)

The following lemma concerns the decay of the linear
evolution operator.

Lemma 19. Suppose that S(t) the evolution operator of the
linear equation

-1
at+<° 1-4) )ax=o,

RN a(0)=a0=<”v‘§>. (81)

That is to say, S(t)i(0) = (t). IfAlu0 e L' and vy € L', we
have S(t)ii, € L™ and

||S(1‘)L70||0O <¢ (t71/3 + til/lo) (“Alu()"1 + ||v0||1) ,  (82)
where ¢, is a constant.

Proof. The solution of the linear equation is

-y (§) dE

- L+& sin( d t) cos( d t)
i V148 V1+8 (83)
83
cos (— d t) d sin (— d t)
:LJ'OO S5 V1 + &2 1+&2 1+&2 A (©)dE
21 Joco E E 0 >
i\/1+fzsin(— t) cos(— t
1+&2 V1+&
where i, is the Fourier transform of . . 1 Z J+oo (% N m) S /1+Ezt(X/t)£)d£|
According to Fubini’s theorem and Lemmas 17 and 18, we 4 —c0
have 1 o o
< — Uo| + [A v | + [Vo| + |Alug| ) d
ﬁ 3 g, (8l K70l + [ 7]
|2 (¢)]
1 J .
7 +— u +A v
=|S(t)u0(x)| 47_[2 R| O(y) O(y)|
n v > _
1 on (a L1 )eit(_g/ s “ L HCEN 1/ 0E-(r/0)8) d&‘ dy
4 -00 0 V1+ EZ 0
1 J 1
t - vy (¥) £ M ug (y)
N 4L y r’o (% N Ezﬁ())eit(—f/ 1+52r(x/r>£>d5| 4n 2 R| |
e « J " HCEN 08 /008) dfl dy.
<Ly (1 £ AT ) -SVIE 00 g ”
- 477 0= 0 (84)

—00



12

Therefore,

i ()] < g ("AluO"Ll + “VOHLl)

<(f o)

+ (Wollsae + A7 w0l + [ o] 1)

(o]
X sup U Mo g
—00<x <00 —00
<co(n PP (v + "Alu()”Ll) '

(85)
Choosing 7 = t'/°, we have
IS @) dio| < co (72 +£70) (Iwolly + A" wo],) > (86)

where t > 0. This completes the proof of Lemma 19. O

Proof of Theorem 15. Let w(t) = S(¢)ii,. Then w(¢) satisfies

2\
) OQ__) -
Wy + axz w, = 0’

1 0

with @ (0) = ii,. (87)

The solution #(t) of the nonlinear (4) can be written as

() =w(t)+ % Jot S(t-1) (‘A2 (bzz2 + b3u3)) .
(88)

LetU(x,t) = [ ii(y,0)dy,U(x,0) = [*_ii(y,0)dy, and
W t) =[5 @(y.0)dy. Then Ulx,t) = W(t) - [, St -
7) (A’2(b2162+b3u3) ) dr.

We estimate both two terms in the above formula on the

right-hand side separately. Firstly, from the equation for w(t),
we can obtain

D) = il -, Jt<‘1) (I_A)_1>@(T)dr. (89)

0 0
Therefore
t -1
W(t):UO—L (;’ =y )w(r)dr. (90)

Since w(t) = S(t)ii,, we obtain

W (x,1)|
LG s ()
Lt S(1) <(1 _30)_11/0) dr

t -1
R 1-A
sw¢yp+Jku%( u)%)
0 0

< |1:20|L1><L1 +

(91)
= |1j20|L1><Ll +

dr.
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Using Lemma 19, substituting ( “‘AMKIVO ) for (), we have

|W (x, t)' < |a0|L1><L1

+¢ Lt (T—l/s " 1;1/10) dr (||A71V0||L1 + "”o"y)

< (1+22+82) (ol + ol ) -
(92)

Let

7 (x 1) = Lt S(t—1) <A_2 (bZ“; * b3”3)) dr.  (93)

3 . . . A—Z( 2 3)
Using Lemma 19 again, and substituting ( b +bau )
for (30 ), we obtain

|V (x,1)]

B Jt S(t—1) (A"2 (b2u2 +b3u3)>
0

0
t
S%L(a_ﬂ4ﬂ+a_ﬂ4ﬂqmvw@f+bwﬁmﬁﬁ

dr

(94)
In view of Lemma 18, we have
|a (B + by1s®) |, < |outs® + byt .- (95)
Therefore
|? (x, t)|

<a [ (C-0 w0 ) (], + ], o

2/3

£ 1),

<t
(96)

Summarizing the estimate of Wi(x,t) and Y(x,t) above
yields the result of Theorem 15; that is,

Jx i (2,1) dz

—00

sup <q(1+£7+0). (97)

—00<Xx<00

O

5.2. Proof of Instability

Theorem 20. Let ¢ #0 be fixed. Ifd" (c) < 0, then there is a
curve w — @, such that V(®,) = V(¢.), D, = @, and on
which E(ii) has a strict local maximum at il = §,.

Proof. Let x, be the unique negative eigenfunction of H,
which has been proved in Section 2. Next we define
D, =, +s(w) ¥, forw—-c, (98)

where s(w) satisfies s(c) = 0 and V(i)w) =V(@,).
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By the implicit function theorem, the function s(w) can
be determined. In fact,

O /x| o

5.V (0 +5%) oo

= <V, (@c) > XC> = J_oo (AZ(PC Xt Y XZ,C) dx,
(99)

where y, = (X“ ) with x; . = (c = A)x,,» and A is the unique
negative eigenvalue of H. and ¢, = cy,, ¢, > 0, x;, >
0, A’g, > 0. Therefore

2V (@, + %)

{s=0,w=c}

- Jj: (AZ‘PC “Xie TV Xz,c) dx (100)

+eo 1
= (82 . — . .
J ( Pc Xl,c + c (C _ A) Pc Xl,c) dx #0

—00

It is easy to see that

4 5 (d,)

dw?

w=c

(101)

od
where y = —<

ow

_ 9%

% +s (©) X

So it suffices to show that (H_y, y) < 0. Since
av (@c) _ dv (éw)'w=c

do dw
= (V' (@), 7) = (V' ($0)s 7)o

0=

(102)

then
d"(c) = <V’ (¢c),%> =(V'(9.)
= (V' (§),7) = (V' (3) .5 O &)
== (© (V' (3.): %)

Y
Hjy=H e
Cy Cac

j-s(0X)

(103)

= (B @)+ V" (@) T4 S @ 1

Note that E'(¢,) + cV'(§,) = 0. We derivate it with respect to
¢, and then

0P 0
E"(§) 2=+ V! (§) + V" (3) S =o0.

% (104)

Namely,

(E" () + V" ($.)) E% +V'()=0.  (105)

13

So
Hj=-V'(3,)+5s (c)Hf.,
(H.j, 7)

v’ @) + s (¢) H_ % aa(PC +5 () Xc>

_ < (
agoc ! /5 ! i
. <_ (6 22 )+ (V' (§.),5 © &)
' <S' (©) H.% aa%> + (S OHI5 O F) (106)
=5 (o) < H_.X., %> + (S’ (C))Z (H{e> Xe)
=5 <H 9”“,>a>
=S @OV (6,7 + (5 ©) (Hfo 1)

=d"(©+ (s ©) (Hef &) < 0.

Hence, (dz/dwz)E(CT)w)Iw:C = (H.y,¥) < 0. The result in

Theorem 20 holds. O

S ©) (Hoio Z2)

Lemma 21 (see [14]). There exists € > 0 and a unique c! map
«:U, — R, such that forany i € U, andr € R,

(1) (@¢+a@), T (0).) =0,

() a@(-+7r)=a@)-r,

(107)
1o (0/0x) P (- — o (ih))
(3) a (i) = @ (0/05) 3, (= a@))
where
U =fie X:infli-rgli<e}.  aos)

Next we define an auxiliary operator B which will play a
critical role in the proof of instability.

Definition 22. For ii € U,, B(ii) is defined by the formula

B(@) = j (- — (@) - (I, j (- — a (&) a—I_l(x’ (i) .
(109)
By Lemma 21, B(ii) can also be written as
B(u) = y(-—a(i))
_myea@) a2
(i1, (0%/0x*) §. (- —a (1))  Ox ox2 P
(110)

where I = (129

The next lemma summarizes the properties of B.
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Lemma 23 (see [14]). B(ii) : U, — X isa C! function.
Moreover, B commutes with translations, B(§,) = ¥ and for
any it € U,, (B(id), Iii) = 0.

Lemma 24 (see [14]). There exists a C* function
O:{pel,: V@) =V(g,)} — R (111)
which is invariant under translations, such that
E(¢.) <E®+1(®) (E' (3),B®)), (112)

foranyv € U, with V (V) = V(§,) and V is not a translate of ¢..

Lemma 25 (see [14]). According to Theorem 20, there is a
curve w — @, which satisfies E(®,) < E(§,.) for w#c,
V(&)w) =V(@,), and (E'(&)w), B(&)w)) changes sign as w passes
through c, with ¢ #0.

Theorem 26. If (4) has a bell-profile solitary wave solution @,
when d"(c) < 0, then ¢, is orbitally unstable.

Proof. Firstly, we consider c#0. Let ¢ > 0, small enough,
and U, be the tubular neighbourhood defined above. By
Lemma 25 we can choose i, € X which is arbitrarily close
to @, such that V(i,) = V(@,), E(i,) < E(@.), and
(E'(iy), B(ily)) > 0. To prove the instability of @, it suffices
to show that there are some elements i, € X which are
arbitrarily close to @, but the solution #i(x, t) with the initial
data i exits from U, in finite time. Let [0, t;) be the maximal
interval for which #i(x, t) lies continuously in U,, where t; >
0. Let T be the maximum existence time for the solution
#i(x, t) with initial data . If T is finite, it is easy to see that
@, is orbital instability by definition, so we may assume that
T = +00 and our purpose now is to show that #; < +oo; that
is to say, it is instability if it blows up at a finite time. The proof
is as follows.

Firstly, in view of Lemmas 4, 13, and 14 and Theorem 15,
we know that i enjoys the following properties:

eC([0,t));X), (0,x)=1i(x),

E (i (t)),V (i (t)) are constant, fort € [0,¢;),
I(u(t)),I(v(t)) converge and are constant,

for t € [0,t;), (113)

sup [l (x, t)llx < ¢,
0st<t,

r i(y.t)dy

—00

sup 302(1+t2/3+t9/10),

x€R

where ¢; depends on ¢, and ¢, ¢, depends on ¢;, [|[vll;:, and
gkl
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Let B(t) = a(ii(t)), where « is defined by Lemma 21 and
define

- _ dd))c _ (ﬁc ! =
y(2) = e -t (©) Xe>
Te-| 7@ (114)

(o)
A(t) = J Y(x-B@)-i(xt)dx, 0<t<t,
where the function A(t) serves as a Lyapunov function, and

7= j 5 (x) dx. (115)

Due to the assumptions above, it is observed that

J (14 1202 %% gy < oo,
- o (116)
j (1 + <) ?7.dx < co.

—00

Therefore [° (1+ |x])'/?[j(x)ldx < 0o, such that |}] < +co.

. Indeed, if H is the Heaviside function and W(x) =
|-, #(2)dz - §H(x), then

W (x) = Jx y(z)dz for x <0,
- (117)
W(x):—J y(z)dz for x > 0.
Now we can have
AO=| (7 (- pO) - 7H (x- p©) i (ur)dx

+7J°O H(x-B(®)) -t () dx
(

(118)

Hence, by (113),

|A®)] < |[¥ - FH| li@)lo + ¢, (1+ 7 + 1) 19)
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It follows from Minkowski’s inequality that
o 5 1/2
<J I7(x) - FH()| dx>
0 L, A\
= (J |Y(x)| dx>
0 0 5 1/2
< J- (J |I5(2)| dx) dz
0 0 L\
J (J 15(2)] dx) dz

0
J |7 (2)| V=zdz < .

(120)

[ I 2 1/2
Similarly, ([ [Y - §H(x)[ 'dx) < co. Therefore

A <1+ +£1), foros<t<t.  (121)

Since A(t) = (Y(x — B(t)), ii(x, 1)), and B(t) = a(ii(t)), now
we estimate dA(t)/dt, by calculating, and have

dA (t)
dt

_ /A (x-Bw®) 5 0.
= <T,u(x,t)> + <Y(x—ﬁ(t)),au(x,t)>

_ <_<1y(x-ﬁ),a>a’ (@) +?(x—ﬁ),%ﬁ(x,t)>.
(122)

Since dii/dt = JE'(ii), where ] = (9/0x)I"! and (3/0x)Y =
Iy, it follows that

dA o ..
2= (U= p0). ) 2ol @
1 (- 0).TE @) )

S e R R (123)
= (U3 G- ). 2 @

x-B),E (a)>

=—(B(@),E (@)).

Since 0 < E(@,) — E(ily) = E($,.) — E(ii(t)), from Lemma 24,
we can deduce that

0 <TI@ (1) (B (t),E (@(t)). (124)

Since (E'(i,), B(iiy)) > 0 and it is continuous, we can obtain
(E' (1)), B(#i(t))) > 0. Therefore forall 0 < ¢ < ty, II(a(t)) >
0. Moreover, since ii(t) € U, and II(@,) = 0, we may assume
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that 0 < II(ii(t)) < 1,0 < t < ty, by choosing & smaller if
necessary. So for all t € [0, ,), by Lemma 24, we have

(B (1), E (i)
> T1(a (1) (B (@ (1), E' (@ (1))

(125)
>E(§.) - E(@ (1))
= E(¢.) - E(il) = & > 0,
—Z—‘? >E(¢.)—E(ily) =¢ >0, fortel0,t). (126)
Integrating (126) on [0, t,), we have
A0) - A(t)) 2 &ty = [E(¢.) — E(i1g)] ;. (127)
And then
AO-A®) __ 2140) )

"TE(@) - E(y) T E () ~ E (i)

Since |A(t)] < (1+ 3 +1°/1%) we can conclude that t, < 0o.
This completes the proof of Theorem 26. O

6. Conclusions

In this paper, we studied the orbital stability and instability
of solitary waves for (4) with two nonlinear terms. By using
the orbital stability theory proposed in [10, 11], we obtained a
general theorem judging the orbital stability for solitary waves
of (4) in Section 3 based on proof of the local existence of
the solutions, existence of the bounded state solution, and
the spectral analysis of operator H,. In Section 4, we gave
the explicit expressions for the discrimination d; (c), i =
1,2, of orbital stability in terms of the two exact solitary
waves ((pi,wi)T, i = 1,2, of (4). Furthermore, we deduced
Theorems 9 and 10 which could easily judge the orbital
stability of the two solitary waves ((pi,l//i)T, i = 1,2, and
analyzed the influence of the two nonlinear terms on the
orbital stability. Finally, we studied instability in Section 5. We
defined a new conservational functional and estimated to the
solution of initial value problem to overcome the difficulty
that we could not apply Grillakis-Shatah-Strauss theory on
the system directly since J is not onto. We constructed a
formal Lyapunov function and proved Theorem 26.
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