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There are many published papers about fractional integrodifferential equations and system of fractional differential equations. The
goal of this paper is to show that we can investigate more complicated ones by using an appropriate basic theory. In this way, we
prove the existence and uniqueness of solution for a 𝑘-dimensional system of multiterm fractional integrodifferential equations
with antiperiodic boundary conditions by applying some standard fixed point results. An illustrative example is also presented.

1. Introduction

Fractional differential equations have recently been studied
by many researchers for a variety of problems (see, e.g.,
[1–33] and the references therein). Antiperiodic boundary
value problems occur in the mathematical modeling of a
variety of physical processes (see, e.g., [3–6, 29, 30] and the
references therein). On the other hand, the study of a coupled
system of fractional order is also very significant because
this kind of system can often occur in applications (see, e.g.,
[7, 15, 24, 28, 29] and the references therein). We are going to
investigate a complicated case in this work. Let 𝑇 > 0 and 𝐼 =

[0, 𝑇]. In this paper, we study the existence and uniqueness of
solution for the 𝑘-dimensional systemofmultiterm fractional
integrodifferential equations
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One can find the next result in [34].

Theorem 2. Let 𝐸 be a Banach space and 𝑇 : 𝐸 → 𝐸 a
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󵄨󵄨󵄨󵄨󵄨󵄨
(𝑥
𝑛

𝑗
)
󸀠

(𝑡) − (𝑥
0

𝑗
)
󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

≤
𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑛

𝑗
− 𝑥
0

𝑗

󵄩󵄩󵄩󵄩󵄩
,

sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨󵄨

𝑐

𝐷
𝛽
𝑖𝑗

𝑥
𝑛

𝑗
(𝑡) −
𝑐

𝐷
𝛽
𝑖𝑗

𝑥
0

𝑗
(𝑡)

󵄨󵄨󵄨󵄨󵄨󵄨

= sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1

Γ (2 − 𝛽
𝑖𝑗

)
∫

𝑡

0

(𝑡 − 𝑠)
1−𝛽
𝑖𝑗(𝑥
𝑛

𝑗
)
󸀠󸀠

(𝑠) 𝑑𝑠

−
1

Γ (2 − 𝛽
𝑖𝑗

)
∫

𝑡

0

(𝑡 − 𝑠)
1−𝛽
𝑖𝑗(𝑥
0

𝑗
)
󸀠󸀠

(𝑠) 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

= sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1

Γ (2 − 𝛽
𝑖𝑗

)

× ∫

𝑡

0

(𝑡 − 𝑠)
1−𝛽
𝑖𝑗 [(𝑥
𝑛

𝑗
)
󸀠󸀠

(𝑠) − (𝑥
0

𝑗
)
󸀠󸀠

(𝑠)] 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)
sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨󵄨
(𝑥
𝑛

𝑗
)
󸀠󸀠

(𝑡) − (𝑥
0

𝑗
)
󸀠󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

≤
𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑛

𝑗
− 𝑥
0

𝑗

󵄩󵄩󵄩󵄩󵄩
,

sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨
𝜙
𝑖𝑗

𝑥
𝑛

𝑗
(𝑡) − 𝜙

𝑖𝑗
𝑥
0

𝑗
(𝑡)

󵄨󵄨󵄨󵄨󵄨

= sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫

𝑡

0

𝜆
𝑖𝑗

(𝑡, 𝑠) 𝑥
𝑛

𝑗
(𝑠) 𝑑𝑠 − ∫

𝑡

0

𝜆
𝑖𝑗

(𝑡, 𝑠) 𝑥
0

𝑗
(𝑠) 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫

𝑡

0

𝜆
𝑖𝑗

(𝑡, 𝑠) 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨
𝑥
𝑛

𝑗
(𝑡) − 𝑥

0

𝑗
(𝑡)

󵄨󵄨󵄨󵄨󵄨

≤ 𝜆
0

𝑖𝑗

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑛

𝑗
− 𝑥
0

𝑗

󵄩󵄩󵄩󵄩󵄩

(10)

for 𝑖, 𝑗 = 1, 2, . . . , 𝑘. Since ‖𝑥
𝑛

𝑗
− 𝑥
0

𝑗
‖
𝑋

→ 0 for 𝑗 = 1, 2, . . . , 𝑘,
the sequences {

𝑐

𝐷
𝜇
𝑖𝑗 𝑥
𝑛

𝑗
(𝑡)}, {

𝑐

𝐷
𝛽
𝑖𝑗

𝑥
𝑛

𝑗
(𝑡)}, and {𝜙

𝑖𝑗
𝑥
𝑛

𝑗
(𝑡)} con-

verge uniformly on [0, 𝑇] and also lim
𝑛→∞

𝑐

𝐷
𝜇
𝑖𝑗 𝑥
𝑛

𝑗
(𝑡) =

𝑐

𝐷
𝜇
𝑖𝑗 𝑥
0

𝑗
(𝑡), lim

𝑛→∞

𝑐

𝐷
𝛽
𝑖𝑗

𝑥
𝑛

𝑗
(𝑡) =

𝑐

𝐷
𝛽
𝑖𝑗

𝑥
0

𝑗
(𝑡), and lim

𝑛→∞
𝜙
𝑖𝑗

𝑥
𝑛

𝑗
(𝑡) = 𝜙

𝑖𝑗
𝑥
0

𝑗
(𝑡) converge uniformly on [0, 𝑇] for 𝑖, 𝑗 =

1, 2, . . . , 𝑘. Since

󵄩󵄩󵄩󵄩󵄩
𝑇 (𝑥
𝑛

1
, 𝑥
𝑛

2
, . . . , 𝑥

𝑛

𝑘
) − 𝑇 (𝑥

0

1
, 𝑥
0

2
, . . . , 𝑥

0

𝑘
)

󵄩󵄩󵄩󵄩󵄩∗

= sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨
𝑇
1

(𝑥
𝑛

1
, 𝑥
𝑛

2
, . . . , 𝑥

𝑛

𝑘
) (𝑡)

− 𝑇
1

(𝑥
0

1
, 𝑥
0

2
, . . . , 𝑥

0

𝑘
) (𝑡)

󵄨󵄨󵄨󵄨󵄨

+ sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨
𝑇
2

(𝑥
𝑛

1
, 𝑥
𝑛

2
, . . . , 𝑥

𝑛

𝑘
) (𝑡)

− 𝑇
2

(𝑥
0

1
, 𝑥
0

2
, . . . , 𝑥

0

𝑘
) (𝑡)

󵄨󵄨󵄨󵄨󵄨
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+ ⋅ ⋅ ⋅ + sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨
𝑇
𝑘

(𝑥
𝑛

1
, 𝑥
𝑛

2
, . . . , 𝑥

𝑛

𝑘
) (𝑡)

− 𝑇
𝑘

(𝑥
0

1
, 𝑥
0

2
, . . . , 𝑥

0

𝑘
) (𝑡)

󵄨󵄨󵄨󵄨󵄨

+ sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨󵄨
(𝑇
1

(𝑥
𝑛

1
, 𝑥
𝑛

2
, . . . , 𝑥

𝑛

𝑘
))
󸀠

(𝑡)

− (𝑇
1

(𝑥
0

1
, 𝑥
0

2
, . . . , 𝑥

0

𝑘
))
󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

+ sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨󵄨
(𝑇
2

(𝑥
𝑛

1
, 𝑥
𝑛

2
, . . . , 𝑥

𝑛

𝑘
))
󸀠

(𝑡)

− (𝑇
2

(𝑥
0

1
, 𝑥
0

2
, . . . , 𝑥

0

𝑘
))
󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

+ ⋅ ⋅ ⋅ + sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨󵄨
(𝑇
𝑘

(𝑥
𝑛

1
, 𝑥
𝑛

2
, . . . , 𝑥

𝑛

𝑘
))
󸀠

(𝑡)

− (𝑇
𝑘

(𝑥
0

1
, 𝑥
0

2
, . . . , 𝑥

0

𝑘
))
󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

+ sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨󵄨
(𝑇
1

(𝑥
𝑛

1
, 𝑥
𝑛

2
, . . . , 𝑥

𝑛

𝑘
))
󸀠󸀠

(𝑡)

− (𝑇
1

(𝑥
0

1
, 𝑥
0

2
, . . . , 𝑥

0

𝑘
))
󸀠󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

+ sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨󵄨
(𝑇
2

(𝑥
𝑛

1
, 𝑥
𝑛

2
, . . . , 𝑥

𝑛

𝑘
))
󸀠󸀠

(𝑡)

− (𝑇
2

(𝑥
0

1
, 𝑥
0

2
, . . . , 𝑥

0

𝑘
))
󸀠󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

+ ⋅ ⋅ ⋅ + sup
𝑡∈𝐼

󵄨󵄨󵄨󵄨󵄨󵄨
(𝑇
𝑘

(𝑥
𝑛

1
, 𝑥
𝑛

2
, . . . , 𝑥

𝑛

𝑘
))
󸀠󸀠

(𝑡)

− (𝑇
𝑘

(𝑥
0

1
, 𝑥
0

2
, . . . , 𝑥

0

𝑘
))
󸀠󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

,

(11)

by using the above inequalities and the continuity of 𝑓
𝑖

(𝑖 =

1, 2, . . . , 𝑘), we get

󵄩󵄩󵄩󵄩󵄩
𝑇 (𝑥
𝑛

1
, 𝑥
𝑛

2
, . . . , 𝑥

𝑛

𝑘
) − 𝑇 (𝑥

0

1
, 𝑥
0

2
, . . . , 𝑥

0

𝑘
)

󵄩󵄩󵄩󵄩󵄩∗
󳨀→ 0. (12)

Thus, 𝑇 is continuous in 𝑋
𝑘. Let Ω be a bounded subset of

𝑋
𝑘. Choose positive constants 𝑙

1
> 0, . . . , 𝑙

𝑘
> 0 such that

|𝑓
𝑖
(𝑠, 𝑥(𝑠))| ≤ 𝑙

𝑖
for all 𝑥 = (𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑘
) ∈ Ω and 𝑖 =

1, 2, . . . , 𝑘. Thus, for each 𝑥 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑘
) ∈ Ω we have

󵄨󵄨󵄨󵄨𝑇𝑖 (𝑥) (𝑡)
󵄨󵄨󵄨󵄨 ≤

1

Γ (𝛼
𝑖
)

∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+
1

2Γ (𝛼
𝑖
)

∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+
Γ (2 − 𝑝

𝑖
) |𝑇 − 2𝑡|

2𝑇1−𝑝𝑖Γ (𝛼
𝑖

− 𝑝
𝑖
)

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑝
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+

󵄨󵄨󵄨󵄨󵄨
𝑝
𝑖
𝑇
2

− 4𝑇𝑡 + 2 (2 − 𝑝
𝑖
) 𝑡
2
󵄨󵄨󵄨󵄨󵄨

Γ (3 − 𝑞
𝑖
)

4 (2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

≤
𝑙
𝑖

Γ (𝛼
𝑖
)

∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−1

𝑑𝑠

+
𝑙
𝑖

2Γ (𝛼
𝑖
)

∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−1

𝑑𝑠

+ 𝑙
𝑖

Γ (2 − 𝑝
𝑖
) |𝑇 − 2𝑡|

2𝑇1−𝑝𝑖Γ (𝛼
𝑖

− 𝑝
𝑖
)

∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑝
𝑖
−1

𝑑𝑠

+ 𝑙
𝑖

󵄨󵄨󵄨󵄨󵄨
𝑝
𝑖
𝑇
2

− 4𝑇𝑡 + 2 (2 − 𝑝
𝑖
) 𝑡
2
󵄨󵄨󵄨󵄨󵄨

Γ (3 − 𝑞
𝑖
)

4 (2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

𝑑𝑠

≤ (
3

2Γ (𝛼
𝑖

+ 1)
+

Γ (2 − 𝑝
𝑖
)

2Γ (𝛼
𝑖

− 𝑝
𝑖

+ 1)

+
(4 − 𝑝

𝑖
) Γ (3 − 𝑞

𝑖
)

4 (2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖 𝑙
𝑖
,

󵄨󵄨󵄨󵄨󵄨
(𝑇
𝑖

(𝑥))
󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨

≤
1

Γ (𝛼
𝑖

− 1)
∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−2

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+
Γ (2 − 𝑝

𝑖
)

𝑇1−𝑝𝑖Γ (𝛼
𝑖

− 𝑝
𝑖
)

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑝
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+

󵄨󵄨󵄨󵄨𝑇 − (2 − 𝑝
𝑖
) 𝑡

󵄨󵄨󵄨󵄨 Γ (3 − 𝑞
𝑖
)

(2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

≤ (
1

Γ (𝛼
𝑖
)

+
Γ (2 − 𝑝

𝑖
)

Γ (𝛼
𝑖

− 𝑝
𝑖

+ 1)

+
Γ (3 − 𝑞

𝑖
)

(2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖
−1

𝑙
𝑖
,

󵄨󵄨󵄨󵄨󵄨
(𝑇
𝑖

(𝑥))
󸀠󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨

≤
1

Γ (𝛼
𝑖

− 2)
∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−3

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+
Γ (3 − 𝑞

𝑖
)

Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

≤ (
1

Γ (𝛼
𝑖

− 1)
+

Γ (3 − 𝑞
𝑖
)

Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖
−2

𝑙
𝑖

(13)
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for all 𝑖 = 1, 2, . . . , 𝑘. Hence,

󵄩󵄩󵄩󵄩𝑇
𝑖

(𝑥)
󵄩󵄩󵄩󵄩 ≤ (

3

2Γ (𝛼
𝑖

+ 1)
+

Γ (2 − 𝑝
𝑖
)

2Γ (𝛼
𝑖

− 𝑝
𝑖

+ 1)

+
(4 − 𝑝

𝑖
) Γ (3 − 𝑞

𝑖
)

4 (2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖 𝑙
𝑖

+ (
1

Γ (𝛼
𝑖
)

+
Γ (2 − 𝑝

𝑖
)

Γ (𝛼
𝑖

− 𝑝
𝑖

+ 1)

+
Γ (3 − 𝑞

𝑖
)

(2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖
−1

𝑙
𝑖

+ (
1

Γ (𝛼
𝑖

− 1)
+

Γ (3 − 𝑞
𝑖
)

Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖
−2

𝑙
𝑖

= 𝑀
𝑖
𝑙
𝑖

(14)

for all 𝑖 = 1, 2, . . . , 𝑘 and so ‖𝑇(𝑥)‖
∗

≤ ∑
𝑘

𝑖=1
𝑀
𝑖
𝑙
𝑖

= 𝑀
󸀠. This

implies that the operator 𝑇 is uniformly bounded. Now, we
show that 𝑇Ω is an equicontinuous set. Let 0 ≤ 𝑡

1
< 𝑡
2

≤ 𝑇.
Then, we have

󵄨󵄨󵄨󵄨𝑇𝑖 (𝑥) (𝑡
2
) − 𝑇
𝑖

(𝑥) (𝑡
1
)
󵄨󵄨󵄨󵄨

=

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1

Γ (𝛼
𝑖
)

∫

𝑡
2

0

(𝑡
2

− 𝑠)
𝛼
𝑖
−1

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

−
1

Γ (𝛼
𝑖
)

∫

𝑡
1

0

(𝑡
1

− 𝑠)
𝛼
𝑖
−1

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

−
Γ (2 − 𝑝

𝑖
) (𝑡
2

− 𝑡
1
)

𝑇1−𝑝𝑖Γ (𝛼
𝑖

− 𝑝
𝑖
)

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑝
𝑖
−1

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

+
[2𝑇 (𝑡

2
− 𝑡
1
) − (2 − 𝑝

𝑖
) (𝑡
2

2
− 𝑡
2

1
)] Γ (3 − 𝑞

𝑖
)

2 (2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
𝑙
𝑖

Γ (𝛼
𝑖
)

∫

𝑡
1

0

[(𝑡
2

− 𝑠)
𝛼
𝑖
−1

− (𝑡
1

− 𝑠)
𝛼
𝑖
−1

] 𝑑𝑠

+
𝑙
𝑖

Γ (𝛼
𝑖
)

∫

𝑡
2

𝑡
1

(𝑡
2

− 𝑠)
𝛼
𝑖
−1

𝑑𝑠

+ [
Γ (2 − 𝑝

𝑖
) 𝑇
𝛼
𝑖
−1

𝑙
𝑖

Γ (𝛼
𝑖

− 𝑝
𝑖

+ 1)
+

Γ (3 − 𝑞
𝑖
) (3 − 𝑝

𝑖
) 𝑇
𝛼
𝑖
−1

𝑙
𝑖

(2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
]

× (𝑡
2

− 𝑡
1
)

=
𝑙
𝑖

Γ (𝛼
𝑖

+ 1)
(𝑡
𝛼
𝑖

2
− 𝑡
𝛼
𝑖

1
)

+ [
Γ (2 − 𝑝

𝑖
) 𝑇
𝛼
𝑖
−1

𝑙
𝑖

Γ (𝛼
𝑖

− 𝑝
𝑖

+ 1)
+

Γ (3 − 𝑞
𝑖
) (3 − 𝑝

𝑖
) 𝑇
𝛼
𝑖
−1

𝑙
𝑖

(2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
]

× (𝑡
2

− 𝑡
1
) ,

󵄨󵄨󵄨󵄨󵄨
(𝑇
𝑖

(𝑥))
󸀠

(𝑡
2
) − (𝑇

𝑖
(𝑥))
󸀠

(𝑡
1
)
󵄨󵄨󵄨󵄨󵄨

≤

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1

Γ (𝛼
𝑖

− 1)
∫

𝑡
2

0

(𝑡
2

− 𝑠)
𝛼
𝑖
−2

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

−
1

Γ (𝛼
𝑖

− 1)
∫

𝑡
1

0

(𝑡
1

− 𝑠)
𝛼
𝑖
−2

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

−
Γ (3 − 𝑞

𝑖
) (𝑡
2

− 𝑡
1
)

Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
𝑙
𝑖

Γ (𝛼
𝑖

− 1)
∫

𝑡
1

0

[(𝑡
2

− 𝑠)
𝛼
𝑖
−2

− (𝑡
1

− 𝑠)
𝛼
𝑖
−2

] 𝑑𝑠

+
𝑙
𝑖

Γ (𝛼
𝑖

− 1)
∫

𝑡
2

𝑡
1

(𝑡
2

− 𝑠)
𝛼
𝑖
−2

𝑑𝑠

+
Γ (3 − 𝑞

𝑖
) 𝑇
𝛼
𝑖
−2

𝑙
𝑖

Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
(𝑡
2

− 𝑡
1
)

=
𝑙
𝑖

Γ (𝛼
𝑖
)

(𝑡
𝛼
𝑖
−1

2
− 𝑡
𝛼
𝑖
−1

1
)

+
Γ (3 − 𝑞

𝑖
) 𝑇
𝛼
𝑖
−2

𝑙
𝑖

Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
(𝑡
2

− 𝑡
1
) ,

󵄨󵄨󵄨󵄨󵄨
(𝑇
𝑖

(𝑥))
󸀠󸀠

(𝑡
2
) − (𝑇

𝑖
(𝑥))
󸀠󸀠

(𝑡
1
)
󵄨󵄨󵄨󵄨󵄨

≤
1

Γ (𝛼
𝑖

− 2)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫

𝑡
2

0

(𝑡
2

− 𝑠)
𝛼
𝑖
−3

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

− ∫

𝑡
1

0

(𝑡
1

− 𝑠)
𝛼
𝑖
−3

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
𝑙
𝑖

Γ (𝛼
𝑖

− 2)
∫

𝑡
1

0

[(𝑡
1

− 𝑠)
𝛼
𝑖
−3

− (𝑡
2

− 𝑠)
𝛼
𝑖
−3

] 𝑑𝑠

+
𝑙
𝑖

Γ (𝛼
𝑖

− 2)
∫

𝑡
2

𝑡
1

(𝑡
2

− 𝑠)
𝛼
𝑖
−3

𝑑𝑠

=
𝑙
𝑖

Γ (𝛼
𝑖

− 1)
[2(𝑡
2

− 𝑡
1
)
𝛼
𝑖
−2

+ 𝑡
𝛼
𝑖
−2

1
− 𝑡
𝛼
𝑖
−2

2
]

(15)

for all 𝑖 = 1, . . . , 𝑘. As 𝑡
2

→ 𝑡
1
, the right-hand side of the

above inequalities tends to zero. Thus, by using the Arzela-
Ascoli theorem one can conclude that the operator 𝑇 : 𝑋

𝑘

→

𝑋
𝑘 is completely continuous. This completes the proof.
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Theorem 4. Assume that there exist positive constants 𝑎
𝑖

> 0,
𝑏
𝑖𝑗

≥ 0, 𝑐
𝑖𝑗

≥ 0, 𝑑
𝑖𝑗

≥ 0, and 𝑒
𝑖𝑗

≥ 0 (𝑖, 𝑗 = 1, 2, . . . , 𝑘) such that

󵄨󵄨󵄨󵄨𝑓𝑖 (𝑡, 𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑘
, 𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑘
, 𝑧
1
,

𝑧
2
, . . . , 𝑧

𝑘
, 𝑤
1
, 𝑤
2
, . . . , 𝑤

𝑘
)
󵄨󵄨󵄨󵄨

≤ 𝑎
𝑖

+

𝑘

∑

𝑗=1

𝑏
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝑥
𝑗

󵄨󵄨󵄨󵄨󵄨
+

𝑘

∑

𝑗=1

𝑐
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝑦
𝑗

󵄨󵄨󵄨󵄨󵄨

+

𝑘

∑

𝑗=1

𝑑
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝑧
𝑗

󵄨󵄨󵄨󵄨󵄨
+

𝑘

∑

𝑗=1

𝑒
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝑤
𝑗

󵄨󵄨󵄨󵄨󵄨

(16)

and ∑
𝑘

𝑖=1
𝑀
𝑖
(𝑏
𝑖𝑗

+ 𝑐
𝑖𝑗

𝜆
0

𝑖𝑗
+ 𝑑
𝑖𝑗

(𝑇
1−𝜇
𝑖𝑗/Γ(2 − 𝜇

𝑖𝑗
)) + 𝑒
𝑖𝑗

(𝑇
2−𝛽
𝑖𝑗/Γ(3−

𝛽
𝑖𝑗

))) < 1 for all 𝑥
𝑖
, 𝑦
𝑖
, 𝑧
𝑖
, 𝑤
𝑖

∈ R, 𝑡 ∈ 𝐼, and 𝑖, 𝑗 = 1, 2, . . . , 𝑘.
Then problem (1) has at least one solution.

Proof. First, we show that 𝑉 = {𝑥 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑘
) ∈ 𝑋

𝑘

:

𝑥 = 𝜇𝑇(𝑥) for some 𝜇 ∈ [0, 1]} is bounded. Let 𝑥 =

(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑘
) ∈ 𝑉. Then, for each 𝑡 ∈ 𝐼 we have

𝑥
𝑖

(𝑡) =
1

Γ (𝛼
𝑖
)

∫

𝑡

0

𝜇(𝑡 − 𝑠)
𝛼
𝑖
−1

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

−
1

2Γ (𝛼
𝑖
)

∫

𝑇

0

𝜇(𝑇 − 𝑠)
𝛼
𝑖
−1

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

+
Γ (2 − 𝑝

𝑖
) (𝑇 − 2𝑡)

2𝑇1−𝑝𝑖Γ (𝛼
𝑖

− 𝑝
𝑖
)

× ∫

𝑇

0

𝜇(𝑇 − 𝑠)
𝛼
𝑖
−𝑝
𝑖
−1

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

−
[𝑝
𝑖
𝑇
2

− 4𝑇𝑡 + 2 (2 − 𝑝
𝑖
) 𝑡
2

] Γ (3 − 𝑞
𝑖
)

4 (2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

𝜇(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠.

(17)

Hence,

𝑥
󸀠

𝑖
(𝑡) =

1

Γ (𝛼
𝑖

− 1)
∫

𝑡

0

𝜇(𝑡 − 𝑠)
𝛼
𝑖
−2

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

−
Γ (2 − 𝑝

𝑖
)

𝑇1−𝑝𝑖Γ (𝛼
𝑖

− 𝑝
𝑖
)

∫

𝑇

0

𝜇(𝑇 − 𝑠)
𝛼
𝑖
−𝑝
𝑖
−1

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

+
[𝑇 − (2 − 𝑝

𝑖
) 𝑡] Γ (3 − 𝑞

𝑖
)

(2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

𝜇(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠,

(18)

𝑥
󸀠󸀠

𝑖
(𝑡) =

1

Γ (𝛼
𝑖

− 2)
∫

𝑡

0

𝜇(𝑡 − 𝑠)
𝛼
𝑖
−3

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

−
Γ (3 − 𝑞

𝑖
)

Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

𝜇(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

𝑓
𝑖

(𝑠, 𝑥 (𝑠)) 𝑑𝑠

(19)

for all 𝑖 = 1, 2, . . . , 𝑘. Thus, we get
󵄨󵄨󵄨󵄨𝑥𝑖 (𝑡)

󵄨󵄨󵄨󵄨 = 𝜇
󵄨󵄨󵄨󵄨𝑇𝑖 (𝑥) (𝑡)

󵄨󵄨󵄨󵄨

≤ [

[

𝑎
𝑖

+

𝑘

∑

𝑗=1

𝑏
𝑖𝑗

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩
+

𝑘

∑

𝑗=1

𝑐
𝑖𝑗

𝜆
0

𝑖𝑗

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩

+

𝑘

∑

𝑗=1

𝑑
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩

+

𝑘

∑

𝑗=1

𝑒
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩
]

]

× (
3

2Γ (𝛼
𝑖

+ 1)
+

Γ (2 − 𝑝
𝑖
)

2Γ (𝛼
𝑖

− 𝑝
𝑖

+ 1)

+
(4 − 𝑝

𝑖
) Γ (3 − 𝑞

𝑖
)

4 (2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖 ,

󵄨󵄨󵄨󵄨󵄨
𝑥
󸀠

𝑖
(𝑡)

󵄨󵄨󵄨󵄨󵄨
= 𝜇

󵄨󵄨󵄨󵄨󵄨
(𝑇
𝑖

(𝑥))
󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨

≤ [

[

𝑎
𝑖

+

𝑘

∑

𝑗=1

𝑏
𝑖𝑗

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩
+

𝑘

∑

𝑗=1

𝑐
𝑖𝑗

𝜆
0

𝑖𝑗

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩

+

𝑘

∑

𝑗=1

𝑑
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩

+

𝑘

∑

𝑗=1

𝑒
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩
]

]

× (
1

Γ (𝛼
𝑖
)

+
Γ (2 − 𝑝

𝑖
)

Γ (𝛼
𝑖

− 𝑝
𝑖

+ 1)

+
Γ (3 − 𝑞

𝑖
)

(2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖
−1

,

󵄨󵄨󵄨󵄨󵄨
𝑥
󸀠󸀠

𝑖
(𝑡)

󵄨󵄨󵄨󵄨󵄨
= 𝜇

󵄨󵄨󵄨󵄨󵄨
(𝑇
𝑖

(𝑥))
󸀠󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨

≤ [

[

𝑎
𝑖

+

𝑘

∑

𝑗=1

𝑏
𝑖𝑗

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩
+

𝑘

∑

𝑗=1

𝑐
𝑖𝑗

𝜆
0

𝑖𝑗

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩

+

𝑘

∑

𝑗=1

𝑑
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩

+

𝑘

∑

𝑗=1

𝑒
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩
]

]

× (
1

Γ (𝛼
𝑖

− 1)
+

Γ (3 − 𝑞
𝑖
)

Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖
−2

.

(20)
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Hence, ‖𝑥
𝑖
‖ ≤ 𝑀

𝑖
[𝑎
𝑖

+ ∑
𝑘

𝑗=1
𝑏
𝑖𝑗

‖𝑥
𝑗
‖ + ∑

𝑘

𝑗=1
𝑐
𝑖𝑗

𝜆
0

𝑖𝑗
‖𝑥
𝑗
‖ +

∑
𝑘

𝑗=1
𝑑
𝑖𝑗

(𝑇
1−𝜇
𝑖𝑗/Γ(2−𝜇

𝑖𝑗
))‖𝑥
𝑗
‖+∑
𝑘

𝑗=1
𝑒
𝑖𝑗

(𝑇
2−𝛽
𝑖𝑗/Γ(3−𝛽

𝑖𝑗
))‖𝑥
𝑗
‖]

for 𝑖 = 1, 2, . . . , 𝑘. This implies that

𝑘

∑

𝑖=1

󵄩󵄩󵄩󵄩𝑥
𝑖

󵄩󵄩󵄩󵄩 ≤

𝑘

∑

𝑗=1

[

𝑘

∑

𝑖=1

𝑀
𝑖

(𝑏
𝑖𝑗

+ 𝑐
𝑖𝑗

𝜆
0

𝑖𝑗
+ 𝑑
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

+ 𝑒
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)
)]

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩
+

𝑘

∑

𝑖=1

𝑀
𝑖
𝑎
𝑖

(21)

and so ‖𝑥 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑘
)‖
∗

≤ (∑
𝑘

𝑖=1
𝑀
𝑖
𝑎
𝑖
)/𝑀. Therefore,

the set 𝑉 is bounded. Now by using Theorem 2, the operator
𝑇 has at least one fixed point. This implies that the problem
(1) has at least one solution.

Theorem 5. Suppose that there exist nonnegative constants
𝜂
𝑖𝑗

≥ 0, 𝜃
𝑖𝑗

≥ 0, ]
𝑖𝑗

≥ 0, and 𝜉
𝑖𝑗

≥ 0 for 𝑖, 𝑗 = 1, 2, . . . , 𝑘

such that

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑡, 𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑘
, 𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑘
, 𝑧
1
,

𝑧
2
, . . . , 𝑧

𝑘
, 𝑤
1
, 𝑤
2
, . . . , 𝑤

𝑘
)

− 𝑓
𝑖

(𝑡, 𝑥
󸀠

1
, 𝑥
󸀠

2
, . . . , 𝑥

󸀠

𝑘
, 𝑦
󸀠

1
, 𝑦
󸀠

2
, . . . , 𝑦

󸀠

𝑘
,

𝑧
󸀠

1
, 𝑧
󸀠

2
, . . . , 𝑧

󸀠

𝑘
, 𝑤
󸀠

1
, 𝑤
󸀠

2
, . . . , 𝑤

󸀠

𝑘
)

󵄨󵄨󵄨󵄨󵄨

≤

𝑘

∑

𝑗=1

𝜂
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝑥
𝑗

− 𝑥
󸀠

𝑗

󵄨󵄨󵄨󵄨󵄨
+

𝑘

∑

𝑗=1

𝜃
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝑦
𝑗

− 𝑦
󸀠

𝑗

󵄨󵄨󵄨󵄨󵄨

+

𝑘

∑

𝑗=1

]
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝑧
𝑗

− 𝑧
󸀠

𝑗

󵄨󵄨󵄨󵄨󵄨
+

𝑘

∑

𝑗=1

𝜉
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝑤
𝑗

− 𝑤
󸀠

𝑗

󵄨󵄨󵄨󵄨󵄨
,

(22)

𝑘

∑

𝑗=1

𝜂
𝑖𝑗

+

𝑘

∑

𝑗=1

𝜃
𝑖𝑗

𝜆
0

𝑖𝑗
+

𝑘

∑

𝑗=1

]
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

+

𝑘

∑

𝑗=1

𝜉
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)
≤

1

2𝑘𝑀
𝑖

(23)

for all 𝑡 ∈ 𝐼, 𝑥
𝑖
, 𝑦
𝑖
, 𝑧
𝑖
, 𝑤
𝑖
, 𝑥
󸀠

𝑖
, 𝑦
󸀠

𝑖
, 𝑧
󸀠

𝑖
, 𝑤
󸀠

𝑖
∈ R, and 𝑖 = 1, 2, . . . , 𝑘.

Then the problem (1) has a unique solution.

Proof. Let 𝑁
𝑖

= sup
𝑡∈𝐼

|𝑓
𝑖
(𝑡, 0, 0, . . . , 0)| < ∞ for 𝑖 =

1, 2, . . . , 𝑘, 𝑟 ≥ 2𝑘max
1≤𝑖≤𝑘

{𝑀
𝑖
𝑁
𝑖
}, and

𝐵
𝑟

= {𝑥 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑘
) ∈ 𝑋
𝑘

| ‖𝑥‖
∗

≤ 𝑟} . (24)

We show that 𝑇𝐵
𝑟

⊆ 𝐵
𝑟
. Let 𝑥 = (𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑘
) ∈ 𝐵
𝑟
. Then

󵄨󵄨󵄨󵄨𝑇𝑖 (𝑥) (𝑡)
󵄨󵄨󵄨󵄨 ≤

1

Γ (𝛼
𝑖
)

∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+
1

2Γ (𝛼
𝑖
)

∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+
Γ (2 − 𝑝

𝑖
) |𝑇 − 2𝑡|

2𝑇1−𝑝𝑖Γ (𝛼
𝑖

− 𝑝
𝑖
)

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑝
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+

󵄨󵄨󵄨󵄨󵄨
𝑝
𝑖
𝑇
2

− 4𝑇𝑡 + 2 (2 − 𝑝
𝑖
) 𝑡
2
󵄨󵄨󵄨󵄨󵄨

Γ (3 − 𝑞
𝑖
)

4 (2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

≤
1

Γ (𝛼
𝑖
)

∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−1

× [
󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 0, 0, . . . , 0)
󵄨󵄨󵄨󵄨󵄨

+
󵄨󵄨󵄨󵄨𝑓𝑖 (𝑠, 0, 0, . . . , 0)

󵄨󵄨󵄨󵄨 ] 𝑑𝑠

+
1

2Γ (𝛼
𝑖
)

∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−1

× [
󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 0, 0, . . . , 0)
󵄨󵄨󵄨󵄨󵄨

+
󵄨󵄨󵄨󵄨𝑓𝑖 (𝑠, 0, 0, . . . , 0)

󵄨󵄨󵄨󵄨 ] 𝑑𝑠

+
Γ (2 − 𝑝

𝑖
) |𝑇 − 2𝑡|

2𝑇1−𝑝𝑖Γ (𝛼
𝑖

− 𝑝
𝑖
)

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑝
𝑖
−1

× [
󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 0, 0, . . . , 0)
󵄨󵄨󵄨󵄨󵄨

+
󵄨󵄨󵄨󵄨𝑓𝑖 (𝑠, 0, 0, . . . , 0)

󵄨󵄨󵄨󵄨 ] 𝑑𝑠

+

󵄨󵄨󵄨󵄨󵄨
𝑝
𝑖
𝑇
2

− 4𝑇𝑡 + 2 (2 − 𝑝
𝑖
) 𝑡
2
󵄨󵄨󵄨󵄨󵄨

Γ (3 − 𝑞
𝑖
)

4 (2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

× [
󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 0, 0, . . . , 0)
󵄨󵄨󵄨󵄨󵄨

+
󵄨󵄨󵄨󵄨𝑓𝑖 (𝑠, 0, 0, . . . , 0)

󵄨󵄨󵄨󵄨 ] 𝑑𝑠

≤ ([

[

𝑘

∑

𝑗=1

𝜂
𝑖𝑗

+

𝑘

∑

𝑗=1

𝜃
𝑖𝑗

𝜆
0

𝑖𝑗
+

𝑘

∑

𝑗=1

]
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)
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+

𝑘

∑

𝑗=1

𝜉
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)

]

]

𝑟 + 𝑁
𝑖
)

× (
3

2Γ (𝛼
𝑖

+ 1)
+

Γ (2 − 𝑝
𝑖
)

2Γ (𝛼
𝑖

− 𝑝
𝑖

+ 1)

+
(4 − 𝑝

𝑖
) Γ (3 − 𝑞

𝑖
)

4 (2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖 ,

󵄨󵄨󵄨󵄨󵄨
(𝑇
𝑖

(𝑥))
󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨

≤
1

Γ (𝛼
𝑖

− 1)

× ∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−2

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+
Γ (2 − 𝑝

𝑖
)

𝑇1−𝑝𝑖Γ (𝛼
𝑖

− 𝑝
𝑖
)

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑝
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+

󵄨󵄨󵄨󵄨𝑇 − (2 − 𝑝
𝑖
) 𝑡

󵄨󵄨󵄨󵄨 Γ (3 − 𝑞
𝑖
)

(2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

≤
1

Γ (𝛼
𝑖

− 1)

× ∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−2

× [
󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 0, 0, . . . , 0)
󵄨󵄨󵄨󵄨󵄨

+
󵄨󵄨󵄨󵄨𝑓𝑖 (𝑠, 0, 0, . . . , 0)

󵄨󵄨󵄨󵄨 ] 𝑑𝑠

+
Γ (2 − 𝑝

𝑖
)

𝑇1−𝑝𝑖Γ (𝛼
𝑖

− 𝑝
𝑖
)

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑝
𝑖
−1

× [
󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 0, 0, . . . , 0)
󵄨󵄨󵄨󵄨󵄨

+
󵄨󵄨󵄨󵄨𝑓𝑖 (𝑠, 0, 0, . . . , 0)

󵄨󵄨󵄨󵄨 ] 𝑑𝑠

+

󵄨󵄨󵄨󵄨𝑇 − (2 − 𝑝
𝑖
) 𝑡

󵄨󵄨󵄨󵄨 Γ (3 − 𝑞
𝑖
)

(2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

× [
󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 0, 0, . . . , 0)
󵄨󵄨󵄨󵄨󵄨

+
󵄨󵄨󵄨󵄨𝑓𝑖 (𝑠, 0, 0, . . . , 0)

󵄨󵄨󵄨󵄨 ] 𝑑𝑠

≤ ([

[

𝑘

∑

𝑗=1

𝜂
𝑖𝑗

+

𝑘

∑

𝑗=1

𝜃
𝑖𝑗

𝜆
0

𝑖𝑗
+

𝑘

∑

𝑗=1

]
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

+

𝑘

∑

𝑗=1

𝜉
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)

]

]

𝑟 + 𝑁
𝑖
)

× (
1

Γ (𝛼
𝑖
)

+
Γ (2 − 𝑝

𝑖
)

Γ (𝛼
𝑖

− 𝑝
𝑖

+ 1)

+
Γ (3 − 𝑞

𝑖
)

(2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖
−1

,

󵄨󵄨󵄨󵄨󵄨
(𝑇
𝑖

(𝑥))
󸀠󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨

≤
1

Γ (𝛼
𝑖

− 2)

× ∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−3

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+
Γ (3 − 𝑞

𝑖
)

Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

≤
1

Γ (𝛼
𝑖

− 2)

× ∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−3

× [
󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 0, 0, . . . , 0)
󵄨󵄨󵄨󵄨󵄨

+
󵄨󵄨󵄨󵄨𝑓𝑖 (𝑠, 0, 0, . . . , 0)

󵄨󵄨󵄨󵄨 ] 𝑑𝑠

+
Γ (3 − 𝑞

𝑖
)

Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

× [
󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 0, 0, . . . , 0)
󵄨󵄨󵄨󵄨󵄨

+
󵄨󵄨󵄨󵄨𝑓𝑖 (𝑠, 0, 0, . . . , 0)

󵄨󵄨󵄨󵄨 ] 𝑑𝑠

≤ ([

[

𝑘

∑

𝑗=1

𝜂
𝑖𝑗

+

𝑘

∑

𝑗=1

𝜃
𝑖𝑗

𝜆
0

𝑖𝑗
+

𝑘

∑

𝑗=1

]
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

+

𝑘

∑

𝑗=1

𝜉
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)

]

]

𝑟 + 𝑁
𝑖
)

× (
1

Γ (𝛼
𝑖

− 1)
+

Γ (3 − 𝑞
𝑖
)

Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖
−2

(25)

for 𝑖 = 1, 2, . . . , 𝑘. Hence,

󵄩󵄩󵄩󵄩𝑇
𝑖

(𝑥)
󵄩󵄩󵄩󵄩 ≤ ([

[

𝑘

∑

𝑗=1

𝜂
𝑖𝑗

+

𝑘

∑

𝑗=1

𝜃
𝑖𝑗

𝜆
0

𝑖𝑗
+

𝑘

∑

𝑗=1

]
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

+

𝑘

∑

𝑗=1

𝜉
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)

]

]

𝑟 + 𝑁
𝑖
) 𝑀
𝑖

≤
𝑟

𝑘

(26)
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for 𝑖 = 1, 2, . . . , 𝑘. Hence, ‖𝑇(𝑥)‖
∗

≤ 𝑟. Now, for each 𝑥 =

(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑘
), 𝑦 = (𝑦

1
, 𝑦
2
, . . . , 𝑦

𝑘
) ∈ 𝑋
𝑘, and 𝑡 ∈ 𝐼 we get

󵄨󵄨󵄨󵄨𝑇𝑖 (𝑥) (𝑡) − 𝑇
𝑖

(𝑦) (𝑡)
󵄨󵄨󵄨󵄨

≤
1

Γ (𝛼
𝑖
)

∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 𝑦 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+
1

2Γ (𝛼
𝑖
)

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 𝑦 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+
Γ (2 − 𝑝

𝑖
) |𝑇 − 2𝑡|

2𝑇1−𝑝𝑖Γ (𝛼
𝑖

− 𝑝
𝑖
)

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑝
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 𝑦 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+

󵄨󵄨󵄨󵄨󵄨
𝑝
𝑖
𝑇
2

− 4𝑇𝑡 + 2 (2 − 𝑝
𝑖
) 𝑡
2
󵄨󵄨󵄨󵄨󵄨

Γ (3 − 𝑞
𝑖
)

4 (2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 𝑦 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

≤ (

𝑘

∑

𝑗=1

𝜂
𝑖𝑗

+

𝑘

∑

𝑗=1

𝜃
𝑖𝑗

𝜆
0

𝑖𝑗
+

𝑘

∑

𝑗=1

]
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

+

𝑘

∑

𝑗=1

𝜉
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)
)

× (
3

2Γ (𝛼
𝑖

+ 1)
+

Γ (2 − 𝑝
𝑖
)

2Γ (𝛼
𝑖

− 𝑝
𝑖

+ 1)

+
(4 − 𝑝

𝑖
) Γ (3 − 𝑞

𝑖
)

4 (2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖

× (

𝑘

∑

𝑗=1

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

− 𝑦
𝑗

󵄩󵄩󵄩󵄩󵄩
) ,

󵄨󵄨󵄨󵄨󵄨
(𝑇
𝑖

(𝑥))
󸀠

(𝑡) − (𝑇
𝑖

(𝑦))
󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨

≤
1

Γ (𝛼
𝑖

− 1)

× ∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−2

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 𝑦 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+
Γ (2 − 𝑝

𝑖
)

𝑇1−𝑝𝑖Γ (𝛼
𝑖

− 𝑝
𝑖
)

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑝
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 𝑦 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+

󵄨󵄨󵄨󵄨𝑇 − (2 − 𝑝
𝑖
) 𝑡

󵄨󵄨󵄨󵄨 Γ (3 − 𝑞
𝑖
)

(2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 𝑦 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

≤ (

𝑘

∑

𝑗=1

𝜂
𝑖𝑗

+

𝑘

∑

𝑗=1

𝜃
𝑖𝑗

𝜆
0

𝑖𝑗
+

𝑘

∑

𝑗=1

]
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

+

𝑘

∑

𝑗=1

𝜉
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)
)

× (
1

Γ (𝛼
𝑖
)

+
Γ (2 − 𝑝

𝑖
)

Γ (𝛼
𝑖

− 𝑝
𝑖

+ 1)

+
Γ (3 − 𝑞

𝑖
)

(2 − 𝑝
𝑖
) Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖
−1

× (

𝑘

∑

𝑗=1

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

− 𝑦
𝑗

󵄩󵄩󵄩󵄩󵄩
) ,

󵄨󵄨󵄨󵄨󵄨
(𝑇
𝑖

(𝑥))
󸀠󸀠

(𝑡) − (𝑇
𝑖

(𝑦))
󸀠󸀠

(𝑡)
󵄨󵄨󵄨󵄨󵄨

≤
1

Γ (𝛼
𝑖

− 2)

× ∫

𝑡

0

(𝑡 − 𝑠)
𝛼
𝑖
−3

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 𝑦 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

+
Γ (3 − 𝑞

𝑖
)

Γ (𝛼
𝑖

− 𝑞
𝑖
) 𝑇2−𝑞𝑖

× ∫

𝑇

0

(𝑇 − 𝑠)
𝛼
𝑖
−𝑞
𝑖
−1

󵄨󵄨󵄨󵄨󵄨
𝑓
𝑖

(𝑠, 𝑥 (𝑠)) − 𝑓
𝑖

(𝑠, 𝑦 (𝑠))
󵄨󵄨󵄨󵄨󵄨

𝑑𝑠

≤ (

𝑘

∑

𝑗=1

𝜂
𝑖𝑗

+

𝑘

∑

𝑗=1

𝜃
𝑖𝑗

𝜆
0

𝑖𝑗
+

𝑘

∑

𝑗=1

]
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

+

𝑘

∑

𝑗=1

𝜉
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)
)

× (
1

Γ (𝛼
𝑖

− 1)
+

Γ (3 − 𝑞
𝑖
)

Γ (𝛼
𝑖

− 𝑞
𝑖

+ 1)
) 𝑇
𝛼
𝑖
−2

× (

𝑘

∑

𝑗=1

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

− 𝑦
𝑗

󵄩󵄩󵄩󵄩󵄩
)

(27)

for 𝑖 = 1, 2, . . . , 𝑘. This implies that

󵄩󵄩󵄩󵄩𝑇
𝑖

(𝑥) − 𝑇
𝑖

(𝑦)
󵄩󵄩󵄩󵄩

≤ 𝑀
𝑖

(

𝑘

∑

𝑗=1

𝜂
𝑖𝑗

+

𝑘

∑

𝑗=1

𝜃
𝑖𝑗

𝜆
0

𝑖𝑗
+

𝑘

∑

𝑗=1

]
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

+

𝑘

∑

𝑗=1

𝜉
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)
) × (

𝑘

∑

𝑗=1

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

− 𝑦
𝑗

󵄩󵄩󵄩󵄩󵄩
)

(28)
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for 𝑖 = 1, 2, . . . , 𝑘 and so

󵄩󵄩󵄩󵄩𝑇(𝑥) − 𝑇 (𝑦)
󵄩󵄩󵄩󵄩∗

≤ [

[

𝑘

∑

𝑖=1

𝑀
𝑖

(

𝑘

∑

𝑗=1

𝜂
𝑖𝑗

+

𝑘

∑

𝑗=1

𝜃
𝑖𝑗

𝜆
0

𝑖𝑗
+

𝑘

∑

𝑗=1

]
𝑖𝑗

𝑇
1−𝜇
𝑖𝑗

Γ (2 − 𝜇
𝑖𝑗

)

+

𝑘

∑

𝑗=1

𝜉
𝑖𝑗

𝑇
2−𝛽
𝑖𝑗

Γ (3 − 𝛽
𝑖𝑗

)
)]

]

× (

𝑘

∑

𝑗=1

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

− 𝑦
𝑗

󵄩󵄩󵄩󵄩󵄩
) .

(29)

Since ∑
𝑘

𝑖=1
𝑀
𝑖
(∑
𝑘

𝑗=1
𝜂
𝑖𝑗

+ ∑
𝑘

𝑗=1
𝜃
𝑖𝑗

𝜆
0

𝑖𝑗
+ ∑
𝑘

𝑗=1
]
𝑖𝑗

(𝑇
1−𝜇
𝑖𝑗/Γ(2 −

𝜇
𝑖𝑗

)) + ∑
𝑘

𝑗=1
𝜉
𝑖𝑗

(𝑇
2−𝛽
𝑖𝑗/Γ(3 − 𝛽

𝑖𝑗
))) < 1, 𝑇 is a contraction and

so, by using the Banach contraction principle, 𝑇 has a unique
fixed point. Now, one can easily get that the problem (1) has a
unique solution.

3. Example

Here, we provide an example to illustrate one of our results. It
is considerable that there are some examples which provide
nonuniqueness of solutions for some fractional differential
equations (see, e.g., [32]).

Example 1. Consider the following 3-dimensional system:

𝑐

𝐷
𝛼
1 𝑥
1

(𝑡)

= 12𝑒
−cos2𝑡

+ 𝑒
−𝜋𝑡

(𝑥
1

(𝑡) + 𝑥
2

(𝑡) + 𝑥
3

(𝑡))

× (9121√𝜋

× (1 +
󵄨󵄨󵄨󵄨󵄨

𝑐

𝐷
𝜇
11 𝑥
1

(𝑡) +
𝑐

𝐷
𝜇
12 𝑥
2

(𝑡) +
𝑐

𝐷
𝜇
13 𝑥
3

(𝑡)
󵄨󵄨󵄨󵄨󵄨
))
−1

+
5 + cos𝜋𝑡

8124(𝑡 + 4)
2

× (

3

∑

𝑘=1

𝑒
−|𝑥
𝑘
(𝑡)|sin2(𝑡3+4)

2𝑘𝑘!
ln (1 +

󵄨󵄨󵄨󵄨𝜙1𝑘𝑥𝑘 (𝑡)
󵄨󵄨󵄨󵄨))

+
8𝑒
−12sin2(𝑥

2
(𝑡))cos3𝑡

2450 (2𝑡 + 387𝑒3)

× (

3

∑

𝑘=1

𝑒
−𝑘𝑡 cos 𝑘𝜋

4𝑘𝑘!

𝑐

𝐷
𝜇
1𝑘 𝑥
𝑘

(𝑡))

+
1

2130(𝑡 + 6)
3

× (

3

∑

𝑘=1

𝑒
−(2+cos 𝑡) sin (

𝑐

𝐷
𝜇
1𝑘 𝑥
𝑘

(𝑡))
𝑐

𝐷
𝛽
1𝑘

𝑥
𝑘

(𝑡)

𝑘+1√𝑒 (2 +
󵄨󵄨󵄨󵄨󵄨
𝑥
𝑘

(𝑡) +
𝑐

𝐷
𝜇
1𝑘 𝑥
𝑘

(𝑡)
󵄨󵄨󵄨󵄨󵄨
)

) ,

𝑐

𝐷
𝛼
2𝑥
2

(𝑡)

= 5𝑡
2

+
cos3𝑡

6421𝜋 (2 +
󵄨󵄨󵄨󵄨󵄨󵄨
𝑥
1

(𝑡) +
𝑐

𝐷
𝛽
21

𝑥
1

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨
)

× (

3

∑

𝑘=1

(𝑡 − 1/2)
4

𝑥
𝑘

(𝑡)

3 + sin𝑥
𝑘

(𝑡)
) +

(3 − 𝑡)
1/2

5180

× (

3

∑

𝑘=1

(
𝑐

𝐷
𝛽
2𝑘

𝑥
𝑘

(𝑡))
3

1 +
󵄨󵄨󵄨󵄨󵄨󵄨

𝑐

𝐷
𝛽
2𝑘

𝑥
𝑘

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

3
𝜙
2𝑘

𝑥
𝑘

(𝑡))

+

𝑒
−5𝑡 sin (

𝑐

𝐷
𝛽
22

𝑥
2

(𝑡))

1145 (1 + 𝑒𝑡)

× (

3

∑

𝑘=1

𝑒
−𝜋𝑡(1+|𝑥

𝑘
(𝑡)+𝜙
2𝑘
𝑥
𝑘
(𝑡)|) 𝑐

𝐷
𝜇
2𝑘 𝑥
𝑘

(𝑡)

√17 + sin (
𝑐

𝐷
𝜇
2𝑘 𝑥
𝑘

(𝑡)) (1 +
󵄨󵄨󵄨󵄨󵄨

𝑐

𝐷
𝜇
2𝑘 𝑥
𝑘

(𝑡)
󵄨󵄨󵄨󵄨󵄨
)

)

+
𝑒
(1−cos2𝑥

1
(𝑡))
2

2918 (1 +
󵄨󵄨󵄨󵄨𝑥2 (𝑡)

󵄨󵄨󵄨󵄨)

× (

3

∑

𝑘=1

ln (1 +
󵄨󵄨󵄨󵄨󵄨󵄨

𝑐

𝐷
𝛽
2𝑘

𝑥
𝑘

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨
)

ln (𝑒 + cos2𝑥
𝑘

(𝑡) + sin2 (
𝑐

𝐷
𝛽
2𝑘

𝑥
𝑘

(𝑡)))

) ,

𝑐

𝐷
𝛼
3𝑥
3

(𝑡)

= 15cos2𝑡 +
6 + cos 𝑡

360(𝑡 + 7)
5

× (

3

∑

𝑘=1

𝑥
𝑘

(𝑡) +
𝑐

𝐷
𝛽
3𝑘

𝑥
𝑘

(𝑡)

2 +
󵄨󵄨󵄨󵄨𝑥𝑘 (𝑡)

󵄨󵄨󵄨󵄨 + cos (
𝑐

𝐷
𝜇
3𝑘 𝑥
𝑘

(𝑡))
)

+
𝑒
−cos4𝑡

1200𝜋 (17 +
󵄨󵄨󵄨󵄨𝑥3 (𝑡) + 𝜙

33
𝑥
3

(𝑡)
󵄨󵄨󵄨󵄨)

× (

3

∑

𝑘=1

ln (1 +
󵄨󵄨󵄨󵄨󵄨
𝜙
3𝑘

𝑥
𝑘

(𝑡) +
𝑐

𝐷
𝜇
3𝑘 𝑥
𝑘

(𝑡)
󵄨󵄨󵄨󵄨󵄨
)

12 + sin (
𝑐

𝐷
𝜇
3𝑘 𝑥
𝑘

(𝑡)) +
󵄨󵄨󵄨󵄨󵄨󵄨

𝑐

𝐷
𝛽
3𝑘

𝑥
𝑘

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

) ,

𝑥
𝑖

(0) = −𝑥
𝑖

(1) ,

𝑐

𝐷
𝑝
𝑖𝑥
𝑖

(0) = −
𝑐

𝐷
𝑝
𝑖𝑥
𝑖

(1) ,

𝑐

𝐷
𝑞
𝑖𝑥
𝑖

(0) = −
𝑐

𝐷
𝑞
𝑖𝑥
𝑖

(1) ,

𝑖 = 1, 2, 3,

(30)

where 𝑝
1

= 1/9, 𝑝
2

= 3/5, 𝑝
3

= 1/7, 𝑞
1

= 3/2, 𝑞
2

= 11/10,
𝑞
3

= 7/6, 𝛼
1

= 17/8, 𝛼
2

= 7/3, 𝛼
3

= 12/5, 𝜇
11

= 1/3, 𝜇
12

=

1/15, 𝜇
13

= 1/20, 𝜇
21

= 1/19, 𝜇
22

= 1/17, 𝜇
23

= 1/12,
𝜇
31

= 1/14, 𝜇
32

= 2/7, 𝜇
33

= 4/13, 𝛽
11

= 8/7, 𝛽
12

=

13/12, 𝛽
13

= 15/13, 𝛽
21

= 6/5, 𝛽
22

= 15/8, 𝛽
23

=

5/4, 𝛽
31

= 10/9, 𝛽
32

= 7/5, 𝛽
33

= 12/11, 𝜙
11

𝑥
1
(𝑡) =

∫
𝑡

0

((𝑡 − 𝑠)𝑒
(𝑡−𝑠)
2

/919)𝑥
1
(𝑠)𝑑𝑠, 𝜙

21
𝑥
1
(𝑡) = ∫

𝑡

0

((𝑡 − 𝑠)
3

𝑒
(𝑡−𝑠)
4

/

727)𝑥
1
(𝑠)𝑑𝑠, 𝜙

31
𝑥
1
(𝑡) = ∫

𝑡

0

((𝑡 − 𝑠)
2

𝑒
(𝑡−𝑠)
3

/500)𝑥
1
(𝑠)𝑑𝑠,
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𝜙
12

𝑥
2
(𝑡) = ∫

𝑡

0

(4𝑠
3√𝑠4 + 7/831)𝑥

2
(𝑠)𝑑𝑠, 𝜙

22
𝑥
2
(𝑡) = ∫

𝑡

0

((3𝑠 +

6)/700(𝑠
2

+ 5𝑠 + 4))𝑥
2
(𝑠)𝑑𝑠, 𝜙

32
𝑥
2
(𝑡) = ∫

𝑡

0

(6𝑠/901(4 +

𝑠
2

))𝑥
2
(𝑠)𝑑𝑠, 𝜙

13
𝑥
3
(𝑡) = ∫

𝑡

0

(𝑒
(𝑡−𝑠)/2

/925)𝑥
3
(𝑠)𝑑𝑠, 𝜙

23
𝑥
3
(𝑡) =

∫
𝑡

0

(𝑒
(𝑡−𝑠)/3

/1875)𝑥
3
(𝑠)𝑑𝑠, and 𝜙

33
𝑥
3
(𝑡) = ∫

𝑡

0

(𝑒
(𝑡−𝑠)/4

/

3200)𝑥
3
(𝑠)𝑑𝑠, with 𝜆

0

11
= (𝑒 − 1)/1838, 𝜆

0

21
= (𝑒 − 1)/2908,

𝜆
0

31
= (𝑒 − 1)/1500, 𝜆

0

12
= 2(8√8 − 7√7)/2493, 𝜆

0

22
=

(ln 2 + 2 ln(5/4))/700, 𝜆
0

32
= 3 ln(5/4)/901, 𝜆

0

13
=

2(√𝑒 − 1)/925, 𝜆
0

23
= (
3√𝑒 − 1)/625, and 𝜆

0

33
= (
4√𝑒 − 1)/800.

Then, we have

󵄨󵄨󵄨󵄨󵄨
𝑓
1

(𝑡, 𝑥
1

(𝑡) , 𝑥
2

(𝑡) , 𝑥
3

(𝑡) , 𝜙
11

𝑥
1

(𝑡) ,

𝜙
12

𝑥
2

(𝑡) , 𝜙
13

𝑥
3

(𝑡) ,
𝑐

𝐷
𝜇
11

𝑥
1

(𝑡) ,

𝑐

𝐷
𝜇
12𝑥
2

(𝑡) ,
𝑐

𝐷
𝜇
13

𝑥
3

(𝑡) ,

𝑐

𝐷
𝛽
11𝑥
1

(𝑡) ,
𝑐

𝐷
𝛽
12

𝑥
2

(𝑡) ,
𝑐

𝐷
𝛽
13

𝑥
3

(𝑡))
󵄨󵄨󵄨󵄨󵄨󵄨

≤ 12 +

3

∑

𝑗=1

1

9121√𝜋

󵄨󵄨󵄨󵄨󵄨
𝑥
𝑗

(𝑡)
󵄨󵄨󵄨󵄨󵄨

+

3

∑

𝑗=1

3

8124 × 8 × 2𝑗 × 𝑗!

󵄨󵄨󵄨󵄨󵄨
𝜙
1𝑗

𝑥
𝑗

(𝑡)
󵄨󵄨󵄨󵄨󵄨

+

3

∑

𝑗=1

8

2450 × 387𝑒3 × 4𝑗 × 𝑗!

󵄨󵄨󵄨󵄨󵄨

𝑐

𝐷
𝜇
1𝑗

𝑥
𝑗

(𝑡)
󵄨󵄨󵄨󵄨󵄨

+

3

∑

𝑗=1

1

4260 × 63 ×
𝑗+1√𝑒

󵄨󵄨󵄨󵄨󵄨󵄨

𝑐

𝐷
𝛽
1𝑗

𝑥
𝑗

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

,

󵄨󵄨󵄨󵄨󵄨
𝑓
2

(𝑡, 𝑥
1

(𝑡) , 𝑥
2

(𝑡) , 𝑥
3

(𝑡) , 𝜙
21

𝑥
1

(𝑡) ,

𝜙
22

𝑥
2

(𝑡) , 𝜙
23

𝑥
3

(𝑡) ,
𝑐

𝐷
𝜇
21 𝑥
1

(𝑡) ,

𝑐

𝐷
𝜇
22𝑥
2

(𝑡) ,
𝑐

𝐷
𝜇
23 𝑥
3

(𝑡) ,
𝑐

𝐷
𝛽
21 𝑥
1

(𝑡) ,

𝑐

𝐷
𝛽
22𝑥
2

(𝑡) ,
𝑐

𝐷
𝛽
23 𝑥
3

(𝑡))
󵄨󵄨󵄨󵄨󵄨󵄨

≤ 5 +

3

∑

𝑗=1

1

6421 × 64 × 𝜋

󵄨󵄨󵄨󵄨󵄨
𝑥
𝑗

(𝑡)
󵄨󵄨󵄨󵄨󵄨

+

3

∑

𝑗=1

√3

5180

󵄨󵄨󵄨󵄨󵄨
𝜙
2𝑗

𝑥
𝑗

(𝑡)
󵄨󵄨󵄨󵄨󵄨

+

3

∑

𝑗=1

1

1145 × 4

󵄨󵄨󵄨󵄨󵄨

𝑐

𝐷
𝜇
2𝑗 𝑥
𝑗

(𝑡)
󵄨󵄨󵄨󵄨󵄨

+

3

∑

𝑗=1

𝑒

2918

󵄨󵄨󵄨󵄨󵄨󵄨

𝑐

𝐷
𝛽
2𝑗

𝑥
𝑗

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

,

󵄨󵄨󵄨󵄨󵄨
𝑓
3

(𝑡, 𝑥
1

(𝑡) , 𝑥
2

(𝑡) , 𝑥
3

(𝑡) , 𝜙
31

𝑥
1

(𝑡) ,

𝜙
32

𝑥
2

(𝑡) , 𝜙
33

𝑥
3

(𝑡) ,
𝑐

𝐷
𝜇
31 𝑥
1

(𝑡) ,

𝑐

𝐷
𝜇
32𝑥
2

(𝑡) ,
𝑐

𝐷
𝜇
33 𝑥
3

(𝑡) ,

𝑐

𝐷
𝛽
31𝑥
1

(𝑡) ,
𝑐

𝐷
𝛽
32

𝑥
2

(𝑡) ,
𝑐

𝐷
𝛽
33

𝑥
3

(𝑡))
󵄨󵄨󵄨󵄨󵄨󵄨

≤ 15 +

3

∑

𝑗=1

1

74 × 360

󵄨󵄨󵄨󵄨󵄨
𝑥
𝑗

(𝑡)
󵄨󵄨󵄨󵄨󵄨

+

3

∑

𝑗=1

1

1200𝜋 × 17 × 11

󵄨󵄨󵄨󵄨󵄨
𝜙
3𝑗

𝑥
𝑗

(𝑡)
󵄨󵄨󵄨󵄨󵄨

+

3

∑

𝑗=1

1

1200𝜋 × 17 × 11

󵄨󵄨󵄨󵄨󵄨

𝑐

𝐷
𝜇
3𝑗 𝑥
𝑗

(𝑡)
󵄨󵄨󵄨󵄨󵄨

+

3

∑

𝑗=1

1

74 × 360

󵄨󵄨󵄨󵄨󵄨󵄨

𝑐

𝐷
𝛽
3𝑗

𝑥
𝑗

(𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨

.

(31)

Here, 𝑀
1

≅ 5.401859055, 𝑀
2

≅ 5.327781471, 𝑀
3

≅

4.713515099,
3

∑

𝑖=1

𝑀
𝑖

(𝑏
𝑖1

+ 𝑐
𝑖1

𝜆
0

𝑖1
+

𝑑
𝑖1

Γ (2 − 𝜇
𝑖1

)
+

𝑒
𝑖1

Γ (3 − 𝛽
𝑖1

)
)

≅ 0.015425405 < 1,

3

∑

𝑖=1

𝑀
𝑖

(𝑏
𝑖2

+ 𝑐
𝑖2

𝜆
0

𝑖2
+

𝑑
𝑖2

Γ (2 − 𝜇
𝑖2

)
+

𝑒
𝑖2

Γ (3 − 𝛽
𝑖2

)
)

≅ 0.036796259 < 1,

3

∑

𝑖=1

𝑀
𝑖

(𝑏
𝑖3

+ 𝑐
𝑖3

𝜆
0

𝑖3
+

𝑑
𝑖3

Γ (2 − 𝜇
𝑖3

)
+

𝑒
𝑖3

Γ (3 − 𝛽
𝑖3

)
)

≅ 0.01958673 < 1.

(32)

Thus, by using Theorem 4, 3-dimensional system (30) has at
least one solution.

4. Conclusions

Fractional integrodifferential equations, system of fractional
differential equations, and their applications represent a topic
of high interest in the area of fractional calculus and its
applications in various fields of science and engineering.
Antiperiodic boundary value problems occur in the math-
ematical modeling of a variety of physical processes. The
goal of this paper is to investigate a complicated case by
using an appropriate basic theory. In this way, we prove the
existence and uniqueness of solution for a new 𝑘-dimensional
system of multiterm fractional integrodifferential equations
with antiperiodic boundary conditions.
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