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There are many published papers about fractional integrodifferential equations and system of fractional differential equations. The
goal of this paper is to show that we can investigate more complicated ones by using an appropriate basic theory. In this way, we
prove the existence and uniqueness of solution for a k-dimensional system of multiterm fractional integrodifferential equations
with antiperiodic boundary conditions by applying some standard fixed point results. An illustrative example is also presented.

1. Introduction Dhex (1), DM x, (F),
Fractional differential equations have recently been studied cphr X, (). ¢ Dl Xi (t)) ,
by many researchers for a variety of problems (see, e.g.,
[1-33] and the references therein). Antiperiodic boundary e

D 2 = > > 3. > >
value problems occur in the mathematical modeling of a % (0= /2 <t *1 (1), %, (1) * (1)
variety of physical processes (see, e.g., [3-6, 29, 30] and the . (t o (t xo (F
references therein). On the other hand, the study of a coupled $a1x1 (8) 5 2%, (£) 5.5 opexyc (2)
system of fractional order is also very significant because ‘D'1x,(t), ‘D*x, (1),...,
this kind of system can often occur in applications (see, e.g.,
[7,15, 24, 28, 29] and the references therein). We are going to ‘D x (1), ¢ p* xq (1),
investigate a complicated case in this work. Let T' > O and I =
[0, T]. In this paper, we study the existence and uniqueness of ‘DP2x, (),..., ¢ D X (t)) ,

solution for the k-dimensional system of multiterm fractional
integrodifferential equations

D¥x, (1) = f, (t,x1 (1), %, () - % (1), ‘D%x, (t) = £ (t,xl ()%, (£) 5. r 2 (B

Grixy (), P1a%, (£) 5. e (£) Grxy (), Praxy (8) 5o,

‘Dxy (1), ‘DM x,y (1), P (), D x (1),


http://dx.doi.org/10.1155/2014/896871

‘Dex, (t),..., ‘DM x; (1),
CDﬁklxl (t) ,
DPex, (t),..., ‘DPx, (t)) ,

(tel),

@
with antiperiodic boundary conditions x;(0) = -x;(T),
‘DFix;(0) = =“DFix;(T), and ‘D% x;(0) = —“D%x,(T) for i =
1,2,...,k, where“D denotes the Caputo fractional derivative,
o; € (2,3], ppr i € (0,1), g5, By € (1,2) fori, j = 1,2,...,k,
((pijxj)(t) = f(: )Lij(t, s)xj(s)ds, and fj € C(IxR*, [R),)tij : Ix
I — [0, 00) are continuous functions for alli, j = 1,2, ..., k.
Hereafter, we will use vector notations. Define the space X =
{u(t) : u(t) € C*(I)} endowed with the norm lxllx =
sup,;|x(t)] + sup,;|x' ()] + sup,;1x" (£)]. In fact, (X, || - lIx)
and the product space (Xk = XxXx---xX/ |-,

k

endowed with the norm [(x;,x,,....,x)l, = lxllx +
lx,llx + <=+ + llxglly are Banach spaces. The Riemann-
Liouville fractional integral of order g is defined by I? f(¢) =
(1/T(q)) jot( f(s)/(t —s)"™ds (t > 0and q > 0), provided
the integral exists. The Caputo derivative of order g for
afunction f € C"([0, 00), R) is defined by ‘D £ (¢) = (1/T(n—
D) [, (fO S/~ )T ds = " fO (1) for t > 0and n -
1 < g < n [25]. Recently, Wang et al. proved the following
result [30].

Lemma 1. For each y € C([0,T]), the unique solution of the
boundary value problem

‘D'xt)=yt), (te[0,T], T>0, 2<a<3)

x(0) = —x (T, ‘DPx (0) = —“DPx (T), (2)

‘Dix(0)=-—DIx(T), (0<p<l1,1<q<2)

is given by x(t) = IOT G, (t,s)y(s)ds, where G,(t,s) is Green’s
function defined as

G, (t,9)
(t=5)"" = (1/2) (T -9)*"

I'(a)
T(2-p)(T-2t)(T-s)*""
2T (a— p) T' P
[pT? — 4Tt +2(2 - p)*]T (3 -q) (T —s)* 7"

- 1G-p)T(a-q) T P ost

(T _ S)(X*l
2T («)
I (2-p)(T-26)(T—s)* "
2T (a— p) T' P
[pT? - 4Tt +2(2-p) T (3-¢q) (T —s)* "

) 1= p)Ta-q) T e
G

One can find the next result in [34].
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Theorem 2. Let E be a Banach space and T : E — E a
completely continuous operator. Suppose that the set V = {u €
E:u=uTu, 0 <y < 1} is bounded. Then T has a fixed point
in E.

We will use the last two results for solving the prob-
lem (1).
2. Main Results

Now, we are ready to state and prove our main results. For
eachi=1,2,...,k, put

r2-p)
2T (o — p; + 1)

N (4-p)T(3-q) ) o
42-p)T(a—g;+1)

NI
I'(«)

T(a—p;+1)
+ r(3_ql) o —1
(z—pi>r<ai—qf+1)>T
1 r(d-gq) -2
+<r(ai—1> ' r<a,»—q,-+1))T

3
M.:
' (zr(oci+1)Jr

(4)

and M = min, ;{1 - Zfil M;(b; + Cij’\?j + dij(j:limj/r(z B
pii)) +e; (TP [T(3= B)))}, where AJ; = sup,¢/| [ A;;(, s)ds|

foralli, j = 1,2,..., k. Define the operator T : X* — X* by

T, (x) (t)
T, (x) (t)
Two={ | (5)
Ty (x) (t)
where x = (x;,%,,...,x;) and
T _~
T; (x) () = J G, (t,5) fi (s, x(s))ds (6)
0
fori=1,2,...,k, where
fi(s,x(s))
= f; (s,x1 (8),x5(8) 5. x1.(5),
$i1x1 (8)5 x5 (8) 5+ - o ey () (7)

CDHilxl (S) s CDMZXZ (S) P CDHik-xk (S) >

Dfix, (s), ‘D, ()., ‘D, (S)) '
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Thus, for eachi = 1,2,...,k, we have

(T,) (¢) = ﬁ Lt (£- 9% f (s, x () ds
r(2-p)

TVAT C

T ~
x J (T = )% P71 F (s, x (s)) ds (8)
0

[T-(2-p)t]T3-q)
(2-p)T(e;—q)T*4

T
« j (T = )97 F (s, x (s)) ds,
0

(T, (x))" (t) = t— )% f (s, x(s)) ds

1 t
I(a; —2) Jo (
r'(3-q)
T (o —q;) T ©)

T
x J (T = )% 7 £ (s, x (s)) ds.
0

Theorem 3. The operator T : X* — X is completely contin-
uous.

Proof. First, we show that the operator T : X* — X is
continuous. Let 0 < y;; < land 1 < B; < 2fori,j =
1,2,...,kand let {(x7, x3,...,x;)} be a sequence in X* such

that (x},x},...,x}) — (x),x),...,x}). Then, we have

sup ' “pHii x;.' (t) — “DHi x(; (t)|
tel

= ; t — &) Hij (4 !
|y Jy €9
1 oy
] ML
|1
el r(l_lf‘ij)
X JO (t—s)Hi [(xy)' (s) - (x?), (S)] 5
T N ’
Sty O () el
T Hi

| =l
il

sup

‘D (1) - D o)
tel

= sup (=9 (x7)" () ds

tel

o r (t-9)'Pi(x))" (5)ds
T(2-B;) do

1

r(2-8y)

= sup
tel

X Lt (t-s)'P [(x;.‘)” (s) - (x?)” (s)] ds

T2 By
< ———sup

T (3 - ﬁij) tel

(x;l)” ) - (x?)u (t)|

2—L..
B NN
j Jll>

T(3-5)

sup ¢} (1) = ¢} (0
tel

t t
L /\ij (t,s) x;.' (s)ds - L Aij (t,s) x‘; (s)ds

= sup
tel

< sup
tel

t
J /\ij (t,s)ds
0

stlg? |x;l t) - x? (t)|

0 n 0
< A, e
- Al] ”x] x] ||

(10)

fOriyj = 132)---3k~ Since ”x?l - xoll - OfOrj = 1’2""’k’
ik

the sequences { "D x;’(t)}, {CDﬁ’jx?(t)}, and {¢i].x;.‘(t)} con-

nooo DY xi(t) =

D4 X1, lim,, o, “Dx(r) = “DPx%(1), and lim

X(t) = (pijx?(t) converge uniformly on [0,T] for i,j =

1,2,...,k. Since

verge uniformly on [0,T] and also lim

nﬂoogbij

n n n 0 0 0
“T(xl,xz,...,xk)—T(xl,xz,...,xk)

*

= sup |T1 (x, x5, xp) (F)
tel

0.0
- T (xl,xz,...

,xp) (8)]

+ sup 'Tz (2], x5 xp) ()

tel

0.0
—Tz(xl,xz,...

,xp) )



++- 4 sup 'Tk (x5 xp) (B)
tel

- T (x(l),xg,...,xz) (t)|

(Ty (&, x50 x) ()

+ sup
tel
(1 (o)) )

(T, (x4, X0, x)) ()

+ sup
tel
(T (o)) )

+ -+ sup
tel

(Te (<o) ()

~ (T (o)) @)

(T, (e ) ()

+ sup
tel

- (1 () )

+ sup (T2 (X?, x;, ey xZ))” (t)
tel
n
(1 (5 x)) )
+ - +sup (Tk (XT; x;’ cees xZ))” (t)
tel

~ (T (o) )
()

by using the above inequalities and the continuity of f; (i =
1,2,...,k), we get

"T (x5 xp) — T(x?,xg,...,xZ)”* — 0. (12)

Thus, T is continuous in X*. Let Q be a bounded subset of
X*. Choose positive constants [, > 0,...,I; > 0 such that
Iﬁ(s,x(s))l < Liforal x = (x,%x,...,%,) € Qandi =
1,2,...,k. Thus, for each x = (xy, x,,...,x;) € Q we have

1 ! o-1|7
'ﬂ“”msfaﬁL“‘” 17, 5 x ()| ds
P JT (T = )% |f; (s, x ()| ds
2T (er;) Jo e
T(2-p)IT -2t

" 2TPT (o - p;)

X JT (T — )% P! 'ﬁ (s,x (S))| ds
0

IN

IN

(7, () (8)] <

IN

(T ()" ()] <
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|p,-T2 —4Tt+2(2 - p;) t2| r(3-gq;)
+
42-p)T (o —q,) T*%

T ~
X J (T —5)% 47! ‘f, (S,x(S))| ds
0
l;
I ()
i
2T (o)

L2 p)IT -2 JT
F2TPT (o - py)

t
I (t —s)% 'ds
0

+

JT (T — )% 'ds

0

(T - s)% Pl ds
0

|pT? - 4Tt +2(2- p) |7 (3 - q))
' 4(2-p)T (o, —q;) T>4

T
X J (T —s)% %7 ds
0

3 r'(2-p)
<2r((x,.+1) " 2T (o — p; + 1)

(4-p)T(3-q;) o
4(z—p,->r<a,»—q,-+1))T b

1 t .
mjo (t—s)™ 2|fi(5’x(5))'ds

N r2-p)
TP (o = p;)

x JT (T — s)% P! | fi(s,x (s))| ds
0

+ IT-(2-p)t|T(3-q)
(2-p)T (s —q)T*%

T -
X J (T —5)% 47! ‘f, (S,X(S))| ds
0
1 . I'(2-p;)
[(a) T(a—p;+1)

r(3-49) ) -1
T ' li’
(2-p)T(x;—g;+1)

+

1 ‘ L
m Jo (t=9)" |f: (S’x(s))lds

r (3 - Qi)
T (a; —q;) T>4

x JT (T —5)% 47! ‘f~1 (s, x (s))| ds
0

I(3=a
S 1 + (3 ql) T(xi—zli
[(a—1) T(a—q;+1)

(13)
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foralli =1,2,...,k. Hence,
3 r(2-p,
17, ) < 1 Cop)
2T (o; +1) 2T (e —p; +1)

(4-p)T(3-q) o;
ehr i) L
+( 1 N r(2-p)
[() T(-p;+1)

+ (3 ql) o;—1 )
<z—pi>r<ai—q,»+1))T ’

I'(3-g;
+ 1 + ( q1) Tcx,-—ZZi
[(a—=1) T(a—q;+1)

= Ml

11

foralli = 1,2,...,k and so ||T(x)|,

Then, we have

lT,’ (x) (tz) - T; (x) (t1)|

—l ! Jtz(t — )% (s, x(s)) ds
CT(@) b 7 o

1 h o;—1
i :)J. (t, —5)% fi(s,x(s)) ds
r(2-p)(t-t)

TPT (o — p;)

T
X J (T = )% P fi (s, x (s)) ds
0

Pre-tn)-eopE-2)re-a)

< Y¥, M, = M'. This
implies that the operator T is uniformly bounded. Now, we
show that TQ) is an equicontinuous set. Let 0 < t; < t, < T.

2(2-p)T(;—q;) T4

T
x J (T = )% f (s, (s)) ds
0

<t [ -9 = -9 s

" e )J (t, =) ds

[F(Z—Pi)T“ill T(3-q)(3-p)T%]
T(a;—p;+1) (2-p)T (o —q;+1)

x (t, —t;)

((X+1)(2_ 1)

T(2-p)T ' T(3-q)(3-p)T"
+
T(,—p+1)  (2-p)T(0;—q +1)

X (ty—t1),

(T () (1) = (T; (%)) (t,)]

<| (1 I)J (t =)™ fi(s,x () ds

1 31 s =
_mjo (tl_S) fi(5>x(5))d3

B [(3-q)(t,—t)
[ (o; —q;) T4

T
x J (T = )% f (s, x () ds
0

IN

=9 -9 s

I(a;—1)

+ (t, - s)“*ds

F(oc,—l)J

[(3-gq)T%
+ r( (tZ_tl)
a—q;+1)

L a1
“FE )

T(3-q)T%"
+ s —
T (a;—q;+1)

(T ()" (85) = (T; ()" (1))

(t,—t1),

1

T (o —2)

J (t,—s)" 3ﬁ (s, x(s))ds

- r (t - s)“"_3ﬁ (s,x(s))ds

0

< g 6= -

1

+ _h J (t,—s)“ds

T (o -2)
i ﬁ [2(t, - 1,) 7 4 1572 — 1577

(15)

foralli = 1,...,k. Ast, — t;, the right-hand side of the
above inequalities tends to zero. Thus, by using the Arzela-

Ascoli theorem one can conclude that the operator T : X* —
X is completely continuous. This completes the proof. [
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Theorem 4. Assume that there exist positive constants a; > 0, "y = 1 J' ‘ PRNGAY d
b;j>0,¢;>0,d;>0,ande; >0 (i, j = 1,2,..., k) such that % () T (e; —2) OH( 9 Silsx()ds
_ r (3 B qt) (19)
|_f1 (t) xl) xza e ’xk’ y1:y2) s yk) Zl) F ((xl — ql) TZ*%'
T
Z s B W Wy )| x| -9 fsx 9 ds
0
k .
Sai_'_z‘i |x1|+z J|;VJ| (16) foralli=1,2,...,k. Thus, we get
=

|x; (0)] = p|T; (x) ()]

k k k
0
+ 2yl + eyl < |a+ by ||x1||+ZM 2
j=1 j=1 j=1

T ~Hij
andzf;M(b # G+ (T T2 p) e (TP (3 - + qu o
Bii )<1forallxl,y1,zl,w eR telandi,j=1,2,...,k ‘M‘J

en problem (1) has at least one solution. T -B;j
) +Z € || i
Proof. First, we show that V' = {x = (x,x,,...,%,) € X" : ﬁt]

x = uT(x) for some y € [0,1]} is bounded. Let x =
(x1,%5,...,x;) € V. Then, for each t € I we have (

3 r2-p)
+
2T (o; +1) 2T (o — p; + 1)

(4-p)T(3-¢q;) ) T
4(2-p)T (o —q;+1) ’
|x! ()] = u|(T; (%) @)

k
s [z bl St

1 w17
x; (t) = mjo u(t — )7 £ (s, x (s)) ds

(T o
-2 (a) Jo wT =) fi (s, x () ds

[(2-p)(T-2t)

T TR (o - p) ity
; (17) ¥ ZdzJ(Z—M |
X J w(T - s)“"fp"flﬁ (s,x(s))ds J
° |
1] ]
[pT? - 4Tt +2(2-p,) T (3-q,) 3-Py)
B 4(2-p)T (e —q) T*% ( 1 r2-p)
X +
- [(a) T(og—p;+1)
x [ -9 fsx s AR
0 + >
(2-p)T(x—g;+1)
Hence, [ 0] = #|(T; ()" 0
! 1 g oc -2 7 . 0
x; (t) = ) j ut =) " fi (s, x (s)) ds s|at Z sl + ZC Al
1 ]:
I (2 B pz) T a-pi—1 7 : T o
T TR (a - p) L (T —s) fi(s,x(s))ds + j;du 5 ﬂz]) " J“
[T~ (2= p)t]T(3-q) v, Ty
" (2-p)T(x-q)T*% +J‘=Zleq T (3 - ﬂij) "x]“
T — 1 I (3 B qz) o —
- f s (a0 o)™

(18) (20)
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Hence, x|l < Mla, + Yo byl + Yoy qA%lx 0 +
Y AW“wnzuymwwzjw4ﬁﬁwn3ﬁ@mxu

fori=1,2,...,k. This implies that
k k Yd—yu
TP
ety )| ol S
ij

(21)

and so [|x = (x;, %5, .., x ), < (Zf;l M;a;)/ M. Therefore,
the set V is bounded. Now by using Theorem 2, the operator
T has at least one fixed point. This implies that the problem
(1) has at least one solution. ]

Theorem 5. Suppose that there exist nonnegative constants
Mij 2 0,05 20,9 >0, and§; > 0fori,j=12,....k
such that

|f1 (6215 X35+ 3 Xps Y15 Yoo+ 5 Vi 215

Zay s Zr Wy, Wy e v o, W)

! ! ! ! ! !
—fi(t,xl,xz,...,xk,yl,yz,...,yk,

! ! ! ! ! !
zl,zz,...,zk,wl,wz,...,wk)| 22)

=

SZU"C

k
x|+ Y 65 |y; - )
j=1 j=1

k k
+ Z% |z~ - z'| + Z’g’-- |w- - w'|
ij|<j j ij1j il

j=1 j=1

Yo YO+ Yo
it YO+ Yy —————
p= 1}7] A T (2-uy)
(23)
k 1265 1
+ Zfijr(?,_ﬁij) = 2kMi

j=1

forallt €1, x,-,y,»,z,-,w,-,x:,yi',z;,wi' eR,andi=1,2,...,k.
Then the problem (1) has a unique solution.

Proof. Let N; sup,1 £i(t,0,0,...,0)] < oo fori =
.k, r > 2k max, ;.. {M;N;}, and
k

Brz{xz(xl,xz,...,xk)eX | Ilx]l, Sr}. (24)

We show that TB, € B,.Let x = (x;,x,,...,x;) € B,. Then

|T; ( t)|_r( )J (t = 9% |fi (5, x(s))| ds

2r( )I (T - %" 1|ﬁ(s x(s))]ds

T (2-p)IT -2t
+ _—
21T (o — p;)

x JT (T - s)% P! | fi(s,x (s))| ds
0

|pT? - 4Tt +2(2- p) | T (3 - q;)
+
4(2-p)T (o —q;) T>%

x JT (T = 9% 97 £ (5, x(5))| ds
0

1
F(cx)J (t=9)™
%[ (5% () - £,(5,0,0,...,0)
+£;(5,0,0,...,0)| | ds

1 T ;-1
- 2T (oci) ,[0 (=)

% [|F; (s:x(s)) = £(.0,0,....,0)|
+|£:(5,0,0,...,0)| | ds

T(2-p;)IT -2
21T (o = p;)

T
X J (T —s)% Pt
0

X [|ﬁ(s,x(s))—fl-(s,0,0,...,0)|

+](5,0,0,...,0)| | ds

|piT2 —4Tt+2(2—p,-)t2'F(3—qi)
+
4(2-p)T (o —q;) T>%

T
x J (T —5)% 47!
0

< [|fi (s:x(5) - £:(5,0,0,...,0)|

+|£i(s,0,0,...,

k k k
s( S 30,00 3
=1

j=1 j=1

0)| | ds

Tt

( - M’J)



(7 () ()] <

i— | T+ N;
=T (3-8;) >
< 3 T'(2-p;)
% 21"(oc,~+1)+21"((xi—p,»+1)

(4-p)T(3-q)
4(2-p)T (o

_
r( i l)
t ~
X L (t = 9% |fi (5, x(s))| ds

r2-p)
+ _—
T'PT (o — p;)

X JT (T — )% P! .ﬁ (s, x (s))| ds
0

. IT-(2-p)t|IT(3-4)
(2= p;) T (o —q;) T

[ 9 s o) s
0

1

*T(@-1)

X Lt (t—s)%?

%[ (5:x() - £;(5,0,0,.....,0)]
+£;(5,0,0,...,0)| | ds

+ r(2-p)
TPT (o - p;)

X JOT (T - s)% P!
%[ (s:x() - £;(5,0,0,.....,0)]
+|fi (5,0,0,...,

+ IT-(2-p)t|T(3-4)
(2-p)T(x;—q) T4

T
X J (T -s)% 47!
0

0)|]ds

% [| i (5% () = £ (5,0,0,.....,0)|
+|fi(5,0,0,...,

k Tl thij
( I:Zn’] + ZHIJAIJ + Z”U (
j

- /"1])

0)|]ds

T%,
-4t 1))
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X( L, r(2-p)

[() T(-p;+1)
I'(3-gq;)

+ T,
(2=p)T (o —g; + 1))

" 1
|(Ti (x)) (t)| < m

X Lt (t—s)% | fils,x (s))| ds

I'(3-¢q)
(o —q;) T>%

y J.T (- S)zxr%*l .ﬁ (s, x (s))| ds
0

1
< - -
T I(e-2)

X Lt (t—s5)%73

<[ (5% () = £ (,0,0,....,0)]
+|fi (s,0,0,...,

r(3-q)
T (o —q;) T*4

T
X J (T — )% 97!
0

O)|]ds

x [|ﬁ(s,x(s))—ﬁ(s,o,o,...,

+|f;(5,0,0,...,

<[qu+26,] +Zv,] (

k 2B,
E— o [r N,
+;]r(3‘ﬂij)]r+ >

0)|]ds

(e * T )

fori=1,2,...,k. Hence,

k Tl Wij
IT: ol < <[ Mg+ D Ohiy + D Vi~
]Z J Z i Z ]F(Z_.uij)

k 25,
T Fii
+ 28

r+Ni>M,-S

0)|

~Hij )

1=

(25)

(26)
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fori = 1,2,...

(%1, %555 X)) V=V Vareees y) € XF and t € T we get

|T; (%) (t) = T; () ()]

F( )j(t )4~ 1|f1(5x(s)) fl(sy(s)|ds

T or ()

T
<[ -9 | Fitox o) = oy o) ds

r (2 - Pz) |T — 2t|
2TPT (o — p;)

T - ~
<[ -9 Fs ) - Ty )] ds

|pT? - 4Tt +2(2- p) T (3~ q,)
+
4(2-p)T (o — q;) T* 4

T _ ~
x L (T - )% %71 'f, (s, x(s)) - f; (s,y(s))l ds

k Tl Wij
(Z”w + Zem + Z”u (

- ”U)
k

T By
' ;Eijr (3-5;) )
« < 3 N r'(2-p)

2T (o +1) 2T (e — p; +1)

(4-p)T(3-q;) )Tot,»

42-p)T(a;—g;+1)

k
x(znxj—yju)
j=1

(1) () - (T, (7)) ©
< 1
T T(y-1)

X JZ (t—s)%? |ﬁ (s x(5) = fi(s,y (5))' ds

+ r2-p)
TP (o — p;)

T N ~
X L (T — )% P! |f, (sx() = fi(sy (5))| ds

IT-(2-p)tIT(3-4;)
(2-p)T (o~ q) T*4

,k. Hence, | T(x)|l, < r. Now, for each x =

T
X J (T =) F (s, %) = fi (5,7 ()| ds
k k
<Z Z@ AO + ZVUL
=1 j=1

r (2 1”11)
k T2
’ j;&jr (3-8) >

X( 1 r2-p)

T(a)  T(a-p+1)

(3 qz) o—1
' <z—p,-)r(oci—q,-+1))T

X <g||xj—yj||>,

|(T; )" ) = (T, ()" )]
S
T T(x-2)

x Lt t = 9% |fi (s, x(5) = fi (s y(5))| ds

r(3-q)
I (o —q;) T>4

T ~ ~
X Jo (T - 5)% 47! 'f, (5,x() — fi(s,y (s))| ds

< k Eooook Tty
< i 0\ T

k 2B,
& ——
' J; ’r(3—[5,-j)>

r(3 _qi)

1 o—2
Tx
X(rw,-—l) ' r(ai—qiu))

()

(27)

fori =1,2,...,k. This implies that
”Ti (x) =T, (J’)"
k k 1-
T i
<M, Wi+ ) Oidi+ ) vii——
D A e I

Sortegy)(Bhol)
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fori=1,2,...,kand so

TG =T ().
k k k k I—py;
< M; i 91")‘?' i'T—
k 2By k
+ Y &i—— X x;i=yil |-
]Zi ’r(3—/3,-j)>] <1—ziu ! ]“>

(29)

Since Y, M,y + Yy 0505 + Y, vy (T4 /T(2 -
i) + Z?:l E,-j(Tz_ﬁ"j/F(Zw = B;)) < 1, T is a contraction and
50, by using the Banach contraction principle, T has a unique

fixed point. Now, one can easily get that the problem (1) has a
unique solution. O

3. Example

Here, we provide an example to illustrate one of our results. It
is considerable that there are some examples which provide
nonuniqueness of solutions for some fractional differential
equations (see, e.g., [32]).

Example 1. Consider the following 3-dimensional system:

‘DY x, (1)
— 126*C082t
+e 7™ (o (8) + x5 () + x5 (1))
x (9121 NG

x (1+] D x (8) + “D*2 x, (£) +DH° x4 (1) |))71

5+ cosmt
+ 2
8124(t + 4)

3 e—ka(t)Isinz(t3+4)
X kZ:zk—k' In (1 + |¢1kxk (t)l)

=1
86—125in2(x2(t)) COS3t

+ —_—
2450 (2t + 387¢3)
3 -kt
e " coskm ¢ "
% (,;—4’%! DM x, (t))

1
t o3
2130(t + 6)

<Z e~ (reos gin ( Dk x, (t)) CDﬂ”‘xk (t) )
x
S We(2+|x )+ D x 0))
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‘D%x, (t)

2 cos’t

=5t +
64217 (2 + |x1 ®) + ‘D™ x, (t)|)
> (t—1/2) % (1)
X(gi 3 + sin x; () i

s (pP*x ) ’
X Z—( - ) 3 ParXi (1)
k=11

1+

G- t)1/2
5180

cDﬁzk X (t)'

e 'sin ( <ph» X, (t))
1145 (1 + e)

3 e—ﬂf(1+|xk(t)+¢zkxk(t)|) € Dtk X (t)
X

k=1 \/17 + sin(cD“Zk X, (t)) (1 +

cDsz X (t)’)
e(l—cosle(t))z

’ 2918 (1 + |x, (1))

3 ln(1+ CDﬁZ"xk(t)D
X bl
k=11n (e + cos2xy (t) + sin? (cDﬁz"xk (t)))
‘D%x; (1)
6 + cost
360(t + 7)°

e x, (£) + ‘D™ x, (1)
S22+ |x ()] + cos ( ‘DH* xp (t))

= 15cos’t +

—cos4t
. e
12007 (17 + | x5 () + P335 ()])
3 In(1+ [axe (6) + D xp (1))
X b
k=112 + sin ( ‘DH x, (t)) + CDﬁS"xk (t)‘

x; (0) = —x; (1),

‘DFix; (0) = - “DPix; (1),

‘Dlx; (0) = - ‘Dx; (1),

i=1,2,3,
(30)
where p, = 1/9, p, = 3/5, p; = 1/7,q, = 3/2, q, = 11/10,
qs =7/6,a, = 17/8, &y = 7/3, 5 = 12/5, py; = 1/3, yy, =
115, pys = 1/20, pyy, = 1/19, iy, = 1/17, pys = 1/12,
Mo = 114, pzy = 2/7, ps3 = 4/13, By = 8/7, Py, =
13/12, B3 = 15/13, B,y = 6/5, By, = 15/8, B3 =
5{4> B = 120/9’ Bsa = 7/5 B33 = 12/tll> ¢11x,(6) )
[t = e 1919)x, (s)ds, ?zlxl(ﬂ = f0<3(t—s>3e“‘s>/
727)x,()ds, dyyxy(t) = [ ((t — )€ [500)x, (s)ds,
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$raxy (1) = [ (45 V5T + 7/831)xy()ds, bypxy(1) = [, ((3s+
6)/700(s* + 5s + 4))x,(s)ds, ¢px,(t) = Jt(65/901(4
$))x,(s)ds, ¢y3x5(t) = j (€792 1925) x5 (s)ds, ¢pzx;(t) =
jo(e“ 3/1875)x5(s)ds, and ¢ysx5(t) = jo(e“ My
3200)x;(s)ds, with A9, = (e — 1)/1838, A3, = (e — 1)/2908,
A9, = (e - 1)/1500, A%, = 2(8V8 - 7v/7)/2493, 1),
(In2 + 21In(5/4))/700, A5, = 3In(5/4)/901, AJ,

2(+fe - 1)/925, A%, = (3fe — 1)/625, and A9, = ({/e — 1)/800.
Then, we have

|f1 (620 (8), 25 (8) 25 (8) , by, (B),

¢12x2 ), (/)13)63 ),
CDsz2 (t) ,

CDP'uxl (f) ,
CD.“B x5 (t) ,

cDﬁuxl ), Dﬁ“x2 ), CDﬁl3x3 (t))|
<12+ Z9121\/'| /@)

3
*Ysmrs g v )

'N

3

+ D."‘l/‘x.t
;2450><387e3x4l><]l| i )]
3 1 ﬁ

+y ——————— |“D'Vx; t’,
;4260><63>< e 2

IAEACENCENORIENOH

G0, (1), hy3xs (), “DF x (1),
cDﬂzzxz ), cpHas X3 ®), CDﬁn x, @),

‘D, (1), ‘D x; (1))

1
6421 x 64 X 77 |xf (t)|

+
e

3 1

5180|¢2” |+ 211145><4

3
e
+ —_—
];2918
|f3 (t) Xl (t) > xz (t) > xS (t) ,(/)31X1 (t) >

b2, (1), P3zx5 (2),
CDMszx2 (t) ,

cDﬁZJ'xj (t)| ,

‘pHa X, ),
‘pHs x5 (1),

CDﬁsl X, (t) Dﬁsz X, (t) , CDﬁsa X, (t))|

11
1
<15+ ;m |x; (#)]
* 212; 655, ()]
i 00T x 17 x 11
3
2 oo 7| 25 @)
3
+j:2174 X 360 Pz, (t)| '
(31)

Here, M, = 5.401859055, M,
4.713515099,

= 5.327781471, M; =

3 d.
ZMi (bil + CiIA(i)l + -
= T(2-py)

=0.015425405 < 1,

)

3 d e

b, +¢ )Ll + 2 + 2 )
M (vt s+ 1 o)
= (0.036796259 < 1,

dl3
r (2 !’113)

=0.01958673 < 1.

Mw

(b vt 5 )

i=1

Thus, by using Theorem 4, 3-dimensional system (30) has at
least one solution.

4. Conclusions

Fractional integrodifferential equations, system of fractional
differential equations, and their applications represent a topic
of high interest in the area of fractional calculus and its
applications in various fields of science and engineering.
Antiperiodic boundary value problems occur in the math-
ematical modeling of a variety of physical processes. The
goal of this paper is to investigate a complicated case by
using an appropriate basic theory. In this way, we prove the
existence and uniqueness of solution for a new k-dimensional
system of multiterm fractional integrodifferential equations
with antiperiodic boundary conditions.
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