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We investigate the solvability of a fully fourth-order periodic boundary value problem of the form x® = f(t, x, x', x", x"""), ¥ (0) =
x(’)(T), i=0,1,2,3, where f: [0,T] x R* — R satisfies Carathéodory conditions. By using the coincidence degree theory, the
existence of nontrivial solutions is obtained. Meanwhile, as applications, some examples are given to illustrate our results.

1. Introduction

In this paper, we consider a fully nonlinear fourth-order
periodic boundary value problem of the form

x(4) _ f (t, . xl, x”, xm) k )
subject to the boundary conditions

x0) =x(T), i=0,1,23, )

where f: [0,T] x R* - R = (—00, +00) satisfies Carathé-
odory conditions; that is,

(i) for a.e. t € [0,T1], the function f(t, xy, X1, X,, x3) :
R* - R is continuous;

(i) for every (xg, x;,X,%;) € R* the function
f(t,x9, %1, %5, %3) : [0,T] — R is measurable;

(iii) for each p > 0, there is a real valued function hp(') €
L'[0, T] such that

|f (t, xo’xl’xz”%)l <h,(t), 3)

fora.e.t € [0,T] and xé + xf + x% + x§ < pz.

It is well known that fourth-order periodic boundary
value problems are important research topics which arise in a
variety of different areas, such as nonlinear oscillations, fluid

mechanical, and nonlinear elastic mechanical phenomena,
and thus have been extensively studied; for instance, see [1-
30] and references therein. However, most of the works in the
above-mentioned references allow only having ¢, x or ¢, x, x"
in the right-hand side nonlinear function f; see [2-11, 13, 15-
18, 20-30]. The works on the fully nonlinear cases of which
f contains explicitly t and every derivative of x up to order
three have been quite rarely seen; see [1, 12, 14, 19].

The aim of this paper is to establish the existence of
solutions and nontrivial solutions for the fully nonlinear
fourth-order PBVP (1), (2). Our main tool is the coincidence
degree theory. The paper [31] motivated our study.

2. Preliminary

In this section, we present some lemmas which are needed for
our main results.

At first, we will briefly recall some notations that are
needed for our discussion.

Let X, Z be real Banach spaces. A linear mapping L :
domL ¢ X — Z will be called a Fredholm mapping of index
zero if the following two conditions hold:

(i) Im L is a closed subspace of Z;

(ii) dimKerL = codimImL < +co.
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LetL:domL c X — ZbeaFredholm mapping of index
zero; then there exist continuous projectors P : X — X and
Q:Z — Zsuch that

ImP =KerL, KerQ=1ImlL, (4)

so that

X =Ker L& KerP, Z=ImLe&ImQ. (5)

It follows that L|jominkerp : domL N KerP — ImlL is
invertible. We denote the inverse of that map by Kp. Let Q)
be an open bounded subset of X such that domL N Q # 0;
the map N : X — Z will be called L-compact on Q, if
QN:Q — Zand Kp(I - Q)N : QO — X are compact.

Lemmal (see [32]). LetL : dom L — Z be alinear Fredholm
mapping of index zero and let Q0 ¢ X be an open bounded set.
Let N : Q — Z be L-compact on Q andlet A: X — Z be
L-completely continuous such that

(i) Ker(L — A) = {0};
(ii) for every (x,A) € (dom L N 0Q) x (0, 1),

Lx—-(1-A)Ax—ANx # 0, (6)

and assume that 0 € Q. Then equation

Lx = Nx (7)

has at least one solution in dom L N Q.

Lemma2 (see [33]). LetL : dom L — Z bealinear Fredholm
mapping of index zero and let Q0 ¢ X be an open bounded set.
LetN : Q — Z be L-compact on Q and the coincidence degree
D[(L,N), Q] is well defined. If there exists z € Z withz #+ 0
such that

Lx—Nx # Az, V(x,A) € (domLnoQ)x[0,+00), (8)

then D[(L,N), Q] = 0.

In the following, we take Banach space X = C*[0, T] with
the norm |x[l = Z?:o ||x(’)||oo, and Z = L'[0,T]. Define a
linearmap L : domL ¢ X — Zby

(Lx) (1) = x¥ (t), VxedomlL, 9)
where domL = {x € W*'(0,T) : 90 = x(T),i =
0,1,2,3} and W4’1(0, T) is the usual Sobolev space. It is easy
to see that L is a Fredholm mapping of index zero. Also define
anonlinearmap N : X — Zby

(Nx) (1) = f(t.xx' 2", x"), vxeX. (10

Define two projects P : X — XandQ : Z — Zas
follows:

1 T
Px = ?J x(t)dt, VxeX;

0

(11)

1 T
Qz=—J z(t)dt, VzelZ.
T Jo
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Let G(¢, s) be Green function for the homogeneous BVP

x(4)(t)=0, 0<t<T,
(12)

T . o
J x@®dt=0, x20)=x(T), i=01,2,3.

0

Then Kp : ImL — dom L N Ker P can be given by
(Kp2) () = [, G(t,5)2(s)ds, VzeImL. — (13)

Hence the map Kp : ImL — dom L N Ker P is continuous.
We note that if f: [0,T] x R* — R satisfying Carathéodory
conditions, then N : X — Z is bounded and continuous by
Lebesgue’s dominated convergence theorem. Furthermore, N
is L-compact on every bounded set Q ¢ X.

3. Main Results

For h € L'[0,T] and r € (0, +00) we put

T
hy = exp <ZJ h(t) dt) , ro =7 +eh, T
0

4
€€ <O,min<[L <2?ﬂ> }), 1y = hy exp (2er,T);

2r0T’

ry, = 137, ry=1,T.

(14)

In order to introduce our main theorem, we need some
lemmas.

Lemma 3. Let h € L'[0,T] be a nonnegative function and
r € (0,400). Let 1y, 1y, 1, 15, and & fulfil (14). Then for any
x € dom L, the inequalities

x®l<rg, KO, | ®|xn
(15)
Vvt € [0,T],
X (@) signx" (1) < h (1) [x" (8)] + e 1x )]
(16)
for ae.te {t €1[0,T] : |x'" (t)| > 1}
imply
|x”' (t)| <ry Vte[0,T]. 17)

Proof. Since x € dom L, there exists ¢, € (0,T) such that
x" (t,) = 0. (18)
We will show that
|x"" )] < AVt e[ty T]. (19)

By contradiction, assume that there exists t; € (t,,T] such
that

|x"" ()| = vF. (20)
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Then there exists t, € (t,,t;) such that

| n (tz)' 1,

There are two cases to consider.

|x" @] 21, vte[t,y]. @D

Case 1. Consider x"' () > 1 on [t,,t,]. In this case, integrating

(16) from t, to t; and using (15) and (21) we infer that
S (f)
J /II ( )

Thus x"'(t,) < /T3, which contradicts (20).

T
J (h(t) +ery)dt < J h(t)dt + eryT.
(22)

"

Case 2. Consider x (t) < —1 on [¢,, t,]. Similar to Case 1, we
have
t (4) (t) T
J XM (t) J (h () + 870) dt < L h(t)dt + er,T.

(23)

Thus, x'"(tl) > —+/r3, which contradicts (20). Therefore (19)
is true. Furthermore, from the fact x"'(0) = x""(T) it follows

that |x"'(0)| < V13-
Finally, we show that

|x”’ (t)| <r;, Vte[0,t,]. (24)
Suppose on the contrary that there exists t; € (0, f,) satisfying
" (£5)| = 7. (25)

Then there exists t, € (0, ;) such that
|x"" (ts)| = |x"" &) = vr5,  VEe[t,ts]. (26)

There are two cases to consider.

Case I'- Con51der X > > /13 on [ty, t;]. Similar to Case 1,
we have x' (t3) < 13, which contradicts (25).

Case 2'- Consider x""'(t) < —+/T3 on [t,,t;]. Similar to Case
2, one has x"'(t3) > —r5, which also contradicts (25). Hence
(24) is true.

In summary, from (19) and (24) it follows that estimate
(17) holds. This completes the proof of the lemma. O

Lemma 4. Let r € (0,+00) and let h € L'[0,T] be a
nonnegative function. Let 1, 1y, 15, 15, and € fulfil (14). Then
for any function x € dom L the inequalities

|x"' (t)| <1y, VEE[0,T], (27)
ux™® (t)signx (t) >0 forae. tef{te[0,T]:|x(t)| =7}
(28)
imply
@®l<ry | @O]<r KO <n

vVt €[0,T].

Proof. For every x € dom L, from (28), there exist t,t;,t, €
[0, T] such that

|x (to)] < 7, x'(t,) =0, %" (t,) = 0. (30)

Integrating (27) by (14) and (30) we get

X" ®)| <rT=r, |®|<rnT=r on[oT1],
Ix(t)] < r+7r,T* <r, on [0,T].
(31)
This completes the proof of the lemma. O

Now, we apply Lemma 1 to establish the existence results
of solutions for the fourth-order PBVP (1), (2).

Theorem 5. Assume that there exist u € {-1,1}, r € (0, +0c0),
and a nonnegative function h € L'[0, T]. Suppose further that

(Hy) f : [0,T] x R*
condztzons

— R satisfies the Carathéodory

(Hy) if lxgl = 1, x| < 7y, |x5] S 1y, |x5] < 15, then
uf (¢, xq, x1, %5, x5) signx, >0 for a.e. t € [0,T]; (32)
(H,) if Ixol < 1 |21 < 1, 1%, € 15, 1x5] = 1, then

f(txg, x1, %5, x3) signx; < h(t)|xs|  for ae. t €[0,T],

(33)

where 1, 1, 1y, 5 fulfil (14). Then PBVP (1), (2) has at
least one solution x such that

@] <r, i=0,1,23 vte[o,T].  (34)
Proof. Let
Q={xeX: |x(") (t)| <rpi=0,1,2,3,te[0,T]}. (35)

Then x € 0Q iff there exist some j € {0, 1,2, 3} such that

gl;é}ﬂx(j) (t)' =71 'x(i) (t)' <r, i=0,1,2,3, 56)
te[0,T].
Now, we show that
Ker (L — A) = {0}, (37)

where A : X — Z, x — uex. To do this, we assume that
x(t) is the solution of the following periodic boundary value
problem:

W (t) = pex (t), ae. te(0,T),

‘ ' (38)
D 0) = x"(T), i=0,1,2,3.
Integrating the equation as above on [0, T, we obtain
T
J x(t)dt = 0. (39)
0



Thus, by Wirtinger inequality,
I A RN ST SEXR

Hence from (38) it follows that

4 4
o < (5 ) @l <e(5-) bl @D

If [x[, > O, then, from ¢ < (27/T)*, the following
contradiction holds:

ol < llxl. (42)

Therefore, Ker(L — A) = {0}.
Finally, we show that, for every (x, 1) € (dom L N 0Q) x
(0,1),

Lx-(1-A)Ax - ANx # 0. (43)

To do this, let A € (0,1) and let x; € Q be a solution of the
following PBVP:

@ = Af (t, X, x’,x",x"') + (1 - Q) pex,

‘ ' (44)
20 = ¥ (T), i=01,23.
Then x, ¢ 0Q. In fact, let
lx)L (t)| < 1y 'x;L (t)| <71, 'x;{ (t)| <1y
(45)
vt € [0,T].
Then, by (33),

ng) signx) = Af signx)’
+ (1 - Q) pex,, signx;" <h(t) 'x;"' +e|xy),
(46)
forae. t € {t € [0,T] : Ix/'\"(t)l > 1}. Applying Lemma 3, we
obtain

"

x) (t)| <1y, VEE[0,T]. (47)
Thus according to (32), we have
uxsign x, = Auf signx, + u’ (1-Velx,| >0, (48)

fora.e.t € {t € [0,T] : |x,(t)| > r}. It follows from Lemma 4
that
|y )] < 7, 'x'A (t)| <1, 'x;' (t)' <1y
(49)
Vt € [0,T].

Thus x; ¢ 0Q. This implies that condition (ii) of Lemma 1 is
valid.

In summary, all conditions of Lemmal are satisfied.
Therefore the conclusion of Theorem 5 holds. This completes
the proof of the theorem. O
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Next, we establish the existence result of nontrivial
solutions for the fourth-order PBVP (1), (2) by means of
Lemma 2.

Theorem 6. Assume that all conditions in Theorem 5 hold
with the exception of (H,), which is replaced by the following:

ere exists a constant v~ € (0,r) such that if x, > —r",
(H!) th t tant r* € (0,7) such that if x, *
|2, < 71, |%5] €1y, |x5] < 13, then

uf (t,xg, x1, %5, %3) 20 for ae. t € [0,T], (50)

and if xy < =1, |x;| < 1y, |%,] < 1y, |55] < 15, then

uf (8 x0, X1, %5, %3) <0 for ae. t € [0,T]. (51)

Then PBVP (1), (2) has at least one nontrivial solution x
satisfying (34).

Proof. From the proof of Theorem 5 and Lemma 1, it follows
that Lx = Nx has a solution in

Q={xex:[x"®)|<r, i=0,1,2,3 te[0,T]}, (52)

and |D[(L, N), Q]| = 1. Without loss of generality, we assume
that y = 1 and B,- = {x : [[x[l= < "} € Q. We also assume
that Lx # Nx for all x € 9B,..

Now we assert that

D[(L,N),B,.] = 0. (53)

In fact, suppose that there exist x, € 0B, and A, > 0 such
that

Lxy — Nx, = A,. (54)
Applying Q to both sides of above equality, it follows that
—-QNx, = A,Q(1); (55)

that is,

T
—% L f(txo (), x5 (1), x5 (8), x5 (£))dt =Xy, (56)

Notice that [|x,lls = 7™ and B, C Q; we have
xo (1) = =||%o] o, = —[%ollcs = 7" Vvt elo,T],

|x(')' (t)| <1y, x(’)" (t)| <r;,  (57)

'x(') (t)' <1,
vVt € [0,T].
Consequently, from assumption (H}) one has

f (60 (1), %0 (8), x5 (8),x5" (1)) 20 for ae. t € [0,T].
(58)

This together with (56) it follows that

Ao <0, (59)
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which is a contradiction. This implies that
Lx-Nx# A, Vxe€0B,, VA=0. (60)
Thus from Lemma 2 it follows that
D[(L,N),B,.] =0. (61)
Hence

D[(L,N),Q\B,.| =D[(L,N),Q] - D[(L,N),B,.] 0.
(62)

Therefore Lx = Nx has a solution in Q \ B,.; that is, PBVP
(1), (2) has at least one nontrivial solution. This completes the
proof of the theorem. O

Finally, we give some examples to illustrate our results.

Example 7. Consider the fourth-order periodic boundary
value problem

X0 (1) = M) (x () + )OO (" (1)) (X" (1) + ),
ae te[0,T],

20 = ¥ (T), i=0,1,23,

(63)

where A is a parameter, h € L! [0, T] is nonnegative, and

ce (exp (z LTh(t) dt + 1>,+oo> (64)

is a constant.
Let

f(t x> %1, X5, x3) = A (t) (xo + 1) ex"xlxg (x5 +¢). (65)

Then f: [0, T] xR* — R satisfies Carathéodory conditions.
Taking any r € (1, +00), then , 1, 1,, and r; are well defined
by (14).

Now, we assert that all conditions of Theorem 5 are
satisfied when

1 1
_(ro +1) 12 (ry+¢) (rg+ 1) 12 (ry+c) |
(66)

In fact, without loss of generality, we can assume A € [-1/(ry+
1)e™" rg(r3 +¢), 0]. In this case, we choose y = —1. It is easy to
see that, for every (x,, x,, X5, X3) € [r, +00) X R* X [73,75],

uf (t xq, X1, %5, X3) signx, >0, ae. t€[0,T], (67)
and, for every (x, X, X5, X3) € (—00, =] x R* x [=r, 73],

uf (¢, xq, X1, %, x3) signx, >0, ae t€[0,T]. (68)

Hence condition (H,) of Theorem 5 is satisfied. In addition,
for |xo| < 7y, |%,] < 7y, %51 < 75, |x3] = 1, we have

f (8, x> X1, X5, X3) sign x5

< MR @) (x| + l)elx‘)xllx% (|xs] +¢)

Iy + ¢ (69)
<h() ==
T3 +cC

< h(t) |x3|, ae te0,T].

Therefore, condition (H,) of Theorem 5 is also satisfied.
Hence, from Theorem 5, the fourth-order PBVP (63) has at
least a solution x = x(t), provided

1 1
(ro +1)eonr2 (ry+c¢) (rg+ 1) 12 (ry+¢) |
(70)

Ae |-

Example 8. Consider the fourth-order periodic boundary
value problem

M (t) (x (t) + DF |x”’ (t)|
= 7 T ae. t € [0, T] 5
L+ (x'(8)" + (2" () (71)

x0(0) = x7(D),

x(4) t

i=0,1,2,3,

where A is a parameter, k,n € N = {1,2,...}, k is odd, n is
even,and h € L'[0,T] is a nonnegative function.
Let

AR (t) (xy + l)k x
£ (txg, %1, %5, x3) = 1+9(c)’11+x§‘| 3|. (72)

Then f:[0,T] x R* - R satisfies Carathéodory conditions.
We choose r € (1, +00); then 7 is well defined by (14).

Now, we assert that f satisfies all conditions of Theorem 6
when

re -+ D75 (ro+ 1) (73)
In fact, without loss of generality, we can assume that A €

[0, (ry + 1)7k]. Choose y = 1 and r* = 1. Then it is easy to see
that, for every (x,, x,, x,, x3) € [-1*, +00) x R?,

uf (t,xq,x1,%5,%3) 20, ae t€[0,T], (74)
and, for every (x,, x,, X,, X3) € (—00, 1] x R,

uf (¢ %0, x1,%5,%3) <0 ae t €[0,T]. (75)
On the other hand, for every (xg, X, X, x3) € [~7, 7] X R?,

I (%0, X1, %5, x3) sign x5

/X|x0+1|k
< -
1+ xi + x5

h(t) |x,
(76)

N

< mh(t) |3

< h(t) |x3|, ae te[0,T].



In summary, all conditions of Theorem 6 are satisfied. There-
fore, from Theorem 6, the fourth-order PBVP (71) has at least
one nontrivial solution x = x(t), provided A € [-(ry+

D7, (ry + D7
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