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The proximal split feasibility problem has been studied. A regularized method has been presented for solving the proximal split

feasibility problem. Strong convergence theorem is given.

1. Introduction

Throughout, we assume that #’; and #, are two real Hilbert
spaces, f : # — RU{+ooland g : #, — R U {+oo}
are two proper, lower semicontinuous convex functions, and
A: %, — ,isabounded linear operator.

In the present paper, we are devoted to solving the
following minimization problem:

min {f (xT) + 9, (AxT)} > (1)

xte,

where g, stands for the Moreau-Yosida approximation of the
function g of parameter A; that is,

1
g =mn{go)+ -} @

Problem (1) includes the split feasibility problem as a
special case. In fact, we choose f and g as the indicator
functions of two nonempty closed convex sets C ¢ 7, and
Q € #,; that is,

i i
f(x*)=6c(x*)={°’ (<o

+00, otherwise,

et
o) =00 () = {1, e

+00, otherwise.

€)
Then, problem (1) reduces to
min {8 (x') + (8), (4x")} @
which equals
. 1 . 2
min { 5 (1 - proiy) (ax")[}. ©)

Now we know that solving (5) is exactly to solve the following
split feasibility problem of finding x* such that

xecC, Axt e Q, (6)

provided C n ATN(Q) #0.

The split feasibility problem in finite-dimensional Hilbert
spaces was first introduced by Censor and Elfving [1] for
modeling inverse problems which arise from phase retrievals
and in medical image reconstruction. Recently, the split
feasibility problem (6) has been studied extensively by many
authors; see, for instance, [2-8].
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In order to solve (6), one of the key ideas is to use fixed

point technique according to x" which solves (6) if and only
if

x" = proj. (I —yA” (I - pron) A) x'. (7)

Next, we will use this idea to solve (1). First, by the differen-
tiability of the Yosida approximation g,, we have

0 (f (xT) + g, (AxT)) =of (xT) +A"Vg, (AxT)
I —prox,,

=of (x") + A (T>(AxT),

where 0f(x") denotes the subdifferential of f at x' and
proxAg(xT) is the proximal mapping of g. That is,

af(xT) = {x* e, :f(xi) 2f(xT)+ <x*,xi—xT>,
vt 6%1},

(8)

prox,, (xT) = arg min {g (xi) + i"xiIE - xT"Z} .

xteH,

)
Note that the optimality condition of (8) is as follows:

I - prox,,

0eaf(x*)+A*< : >(Ax*), (10)

which can be rewritten as
0 € urof (xT) +uA” (I - prox,\g) (AxT) , (11)

which is equivalent to the fixed point equation
X = prox,s (xJr —uA” (I - proxAg)) (AxT). (12)

If argminf N A™'(argming) # 0, then (1) is reduced to the
following proximal split feasibility problem of finding x" such
that

+

x' € argminf, Ax" € argming, (13)

where

argminf = {x* e : f(x")< f(xT),VxT € %1},
(14)
arg ming = {xT €y g(xT) <g(x),Yx € %2}.

In the sequel, we will use T to denote the solution set of (13).
Recently, in order to solve (13), Moudafi and Thakur [9]
presented the following split proximal algorithm with a way
of selecting the stepsizes such that its implementation does
not need any prior information about the operator norm.

Split Proximal Algorithm
Step I (initialization).

Xy € ;. 15)
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Step 2. Assume that x, has been constructed and 0(x,,) # 0.
Then compute x,,,, via the manner

X1 = PrOX 1 [, = p, A" (1= proxy,) Ax, |, Vn 20,
(16)

where the stepsize u,, = p,((h(x,) + l(xn))/Gz(xn)) in which
0 < p, <4 hix,) = (1/2)U - prox,,)Ax,[*, L(x,) = (1/

2 - prox,, )%, |> and 8(x,) = \IVAGx,)IP + [VICx,)IP.

If 0(x,) = 0, then x,, = x,, is a solution of (13) and the
iterative process stops; otherwise, we set # := n + 1 and go to
(16).

Consequently, they demonstrated the following weak
convergence of the above split proximal algorithm.

Theorem 1. Suppose that T # 0. Assume that the parameters
satisfy the condition:

4h
% —€ for some € > 0 small enough.

17)
Then the sequence x,, weakly converges to a solution of (13).

Note that the proximal mapping of g is firmly nonexpan-
sive, namely,

<proxAgx — prox,,y, x — y> = ”proxl\gx - prox,\gy"z, a8)

Vx,y € H,,

and it is also the case for complement I — prox;,. Thus,
A*(I - proxAg)A is cocoercive with coefficient 1/||A||* (recall
that a mapping B : &, — %, is said to be cocoercive if
(Bx - By,x — y) > «|Bx — By||2 forall x, y € #, and some
a > 0).Ifu e (0 1/1A|]*), then I — pA*(I - prox,)A is
nonexpansive. Hence, we need to regularize (16) such that
the strong convergence is obtained. This is the main purpose
of this paper. In the next section, we will collect some useful
lemmas and in the last section we will present our algorithm
and prove its strong convergence.

2. Lemmas

Lemma 2 (see [10]). Let {a,},cn be a sequence of nonnegative
real numbers satisfying the following relation:

a,, <(l-a,)a,+a,0,+8, n=0, (19)

where

(i) {obpen € [0, 1] and Y72 &, = 00;
(ii) lim sup,, _, . 0, < 0;
(iii) Y2, 8, < co.

Then, lim a, = 0.

n— 00
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Lemma 3 (see [11]). Let {y,},cn be a sequence of real numbers
such that there exists a subsequence {y,, }ien Of {V,}nen such that
Y, < Yu+1 for alli € N. Then, there exists a nondecreasing
sequence {mlreny of N such that limy_,  m, = o00 and
the following properties are satisfied by all (sufficiently large)
numbers k € N:

Ymk < Ymk+1’ Yk = Ymk+1' (20)

In fact, my is the largest number n in the set {1, ..., k} such that

the condition y, < vy,., holds.

3. Main results

Let %, and 7, be two real Hilbert spaces. Let f : #, —
RU{+ootand g : #, — R U {+00} be two proper, lower

semicontinuous convex functions and A : #, — ¥, a
bounded linear operator.
Now, we firstly introduce our algorithm.
Algorithm 4
Step I (initialization).
X € X ;. (21)

Step 2. Assume that x, has been constructed. Set h(x,) =
(/2 - proxy)Ax, I3 1(x,) = (/DI - prox, )%, I’

and 0(x,) = \/ IVA(x I + [VI(x,)])? for all n € N.
If O(x,,) # 0, then compute x,,,, via the manner

Xn+1

= prox, s [(xnu +(1-a,) x, — p, A" (I - prox,\g) Axn] ,
Vn >0,
(22)

where u € %, is a fixed point and {«,}, € [0,1] is a
real number sequence and g, is the stepsize satisfying u,, =
pa((h(x,) +1(x,))/6%(x,)) with 0 < p, < 4.

If 8(x,) = 0, then x,, = x,, is a solution of (13) and the
iterative process stops; otherwise, we set n := n + 1 and go to
(22).

Theorem 5. Suppose that I' +0. Assume that the parameters
{o,} and {p,} satisfy the conditions:
(CD) lim,, _, o,
(C2) Y2, &, = 005

(C3) € < p, < (4h(x,)/(h(x,) +(x,))) — € for some e > 0
small enough.

o, =0;

Then the sequence x,, converges strongly to proj.(u).

Proof. Let x* € T. Since minimizers of any function
are exactly fixed points of its proximal mappings, we have

x" = prox, ,sx" and Ax" = prox,,Ax". By (22) and the
nonexpansivity of prox,, ), we derive

s = I
= “proxm,\f [+ (1 - at,) x,, — p, A" (I - prox,\g) Ax, ]

2
= prox,, "

“n) Xn — ."lnA* (I - prox/\g) A n

= o, (u—x")+ (1 -a,)

2

X [xn -7 bn o (I - proxlg) Ax,, — x*]

n

< allu- x*”2 +(1-ay)

ln *
X x, — ——A (I — prox,,)Ax, —x
( 2 Ag) n

n 1_

n

(23)

Since prox; lg is firmly nonexpansive, we deduce that I -prox,,
is also firmly nonexpansive. Hence, we have

<A* (I - prox/\g) Ax,, x, — x*>
=((1- prox/\g) Ax,, Ax, — Ax")
= <(I - prox,\g) Ax, — (I - prox,\g) Ax", Ax, — Ax*>

> "(I - prox,\g) Axn“2 =2h(x,).
(24)

Note that Vh(x,) = A*(I - prox,,)Ax, and Vi(x,) = (I -
prox, ,¢)x,. From (24), we obtain

X, — %A* (I - prox,,)Ax, — x

n

2
LZ”A* (I- prox/\g)Axn“2

(1 - (Xn)

% <A* (I - proxlg) Ax,, x, — x*>

= e, =" +

2
ﬁ”Vh(x I

n

2
—%Wh(xn),xn—xv

n



R R LRI
(1-e,) 0 (x,)

_4p h(x,) +1(x,)
"(1-a,) 6% (x,)

E (h(x,) +1(x,))*
(1= a0 (x,)

() + 1)) k()
Pr= ) € (x,) () + 1 (x,)

b i )

(h(x,) +1(x,))’
)€ (x,)

Vh(x,)|

h (xn)

< |x, - x" ||2 +

(25)

By condition (C3), without loss of generality, we can assume
that (4h(x,,)/(h(x,) + 1(x,))) - (p,/(1 —a,)) = 0 foralln > 0.
Thus, from (23) and (25), we obtain

L

< ocn”u - x*"2 +(1-ap)
» [uxn ef
- ( h(x)  p )W%Hﬂaﬁ]

h(x,)+1(x,) 1-e,) (1-a,)60%(x,)
= o flu-x" I+ (1= a,) %, - %7
) ah(x,)  p ) (Ax,) + 1(x,))
””(h(xn)+l<xn) 1—%) 6% (x,)

< oyl = x|+ (1= @) e, = x|

< max {"u - x" ||2, [, = x* ”2} :

(26)
Hence, {x,,} is bounded.
Let z = Pru. From (26), we deduce
o< dh(x)  p ) (A + 1))
PG G T 0 )

<ollu -z + (1-a,) |x, = 2| = %01 - 2"
We consider the following two cases.

Case 1. One has | x,,; — z|l < |x, — z|| for every n > n large
enough.

In this case, lim | x, — z || exists as finite and hence

n— 00

lim (||xn+1 - Z" - ||xn - Z") =0. (28)

n— 00
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This together with (27) implies that

p( 4h(x,) P )(h(x,,)+z<xn))2

h (xn) +1 (xn) - l-«a, 6 (xn) -0

(29)

Sinceliminf,, _, ., p,((4h(x,)/(h(x,)+1(x,))—(p,/(1-a,))) >
2e (by condition (C3)), we get

(h(x,) +1(x,))’

6" (x.) — 0. (30)

Noting that 6*(x,) = [Vh(x,)|* + [VI(x,)]* is bounded, we
deduce immediately that

Tim (h(x,) +1(x,) = 0. a1
Therefore,

Jim h(x,) = lim I(x,) = 0. (32)
Next, we prove

lirrlrlsolip(u -2z,x,-2) <0. (33)

Since {x,} is bounded, there exists a subsequence {x, }
satisfying x,, — z" and

limsup(u - z,x, — 2z) = lim (u-z,x, —2). (34)

n—00

By the lower semicontinuity of h, we get

0<h (z*) <liminfh (xni) = lim h(x,) =0. (35)

i— 00

So,
h (zT) = % ”(I - proxAg) AzT“ =0. (36)

That is, Az" is a fixed point of the proximal mapping of g or

equivalently 0 € dg(Az"). In other words, Az" is a minimizer
of g.
Similarly, from the lower semicontinuity of [, we get

0< l(zT) < lim inf / (xni) = lim I(x,) =0.  (37)
Therefore,
1(e) = % (1 - prox, ) 2| = 0. (38)

That is, z' is a fixed point of the proximal mapping of f or
equivalently 0 € 9f (z"). In other words, z' is a minimizer of
f.Hence, z' € I. Therefore,
limsup (u—z,x,-z) = lim (u-2zx, —z)
n— 00 1—00 !
(39)

=(u-z7z -z)<o.
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From (22), we have

s = 2l
< oo, (u—2)+ (1 - a,,)
x[x—LA*(I— —]2
" - prox,\g) Ax, -z
n
2 1% 2
=(1-a,)|x, - ﬁA (I - prox,,)Ax, — z

+ o~ z|* + 20, (1 - )
By (40)
X <xn - 1_—"%A (I - proxAg) Ax, — z,u— z>
2 2 2
< (1 - (xn) ||xn - Z” + (Xn"u -z
+2a, (1-a,) (x, -z, u—2z)
- zan["n <Vh (xn) 1 Z>

<(1-a,)|x, - z||2

+a, (ocn||u —zP+2(1-a,) (x, - 2zu-2z)

+ 21, | VA (x,) | I = 211 ).

Since Vh is Lipschitz continuous with Lipschitzian constant
IA|I* and VI is nonexpansive, Vh(u,,),VI(u,), and 02(xn)
IVA(x,)II* + [VI(x,)|I* are bounded. Note that u,||Vh(x,)]
pul(h(x,) + 16,))/6*(x, ) IVACx, ). Thus, 1, I VA(x,)| — 0
by (32). From Lemma 2, (39), and (40) we deduce that x,, —
z.

Case 2. There exists a subsequence {IIxnj - z|l} of {llx,, — zlI}
such that

, (41)

S Y

for all j > 1. By Lemma 3, there exists a strictly increasing
sequence {my} of positive integers such that lim, _,  my =
+00 and the following properties are satisfied by all numbers
k eN:

lem, = 2| < Jom, =2 k=2l < %, - 2] - (42)

Myeyy Mty

Consequently,

0 fim (e, —2| = m, - =[)
< limsup (||x,,, — 2| - |x, - 2])
n— 00
< limsup (e, [lu - zl| + (1 - o,) | x,, — 2|| - ||, — 2])
n— 00
=limsupa, (lu — 2| - |x, - 2||) = 0.
n— 00

(43)

5
Hence,
Jim (e, =2 =em —2l) =0 a9
By a similar argument as that of Case 1, we can prove that
lim sup <u — 2, Xy, — z> <0,
foo (45)

2 2
[imn =20 = (1= ) [ = 2]+ e 0,

where O, = ocmk||u—z||2 +2(1 - (xmk)(xmk -zZ,u—-2z2)+
24t VR )= 2.
In particular, we get

2
o, [m, 2]

g 46
<lom =l = [ =2+ omom, 49
< 0y, Oy -
Then,
. 2.
lim sup"xmk - z" < limsupo,, <O0. (47)
k— oo k— o0

Thus, from (42) and (44), we conclude that

lim sup |x; — 2| < lim sup "xkar1 - z” =0.  (48)
k— o0 k— oo
Therefore, x, — z. This completes the proof. O

Remark 6. Note that problem (13) was considered, for exam-
ple, in [12, 13]; however, the iterative methods proposed to
solve it need to know a priori the norm of the bounded linear
operator A.

Remark 7. We would like also to emphasize that by taking f =
dc» g = dq the indicator functions of two nonempty closed
convex sets C, Q of H, and H, respectively, our algorithm (22)
reduces to

Xn+1

= proj. [(xnu +(1-a,) x, — u,A" (I - pron) Axn] ,
Vn > 0.

(49)

We observe that (49) is simpler than the one in [14].
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