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We introduce soft a-sets on soft topological spaces and study some of their properties. We also investigate the concepts of soft «-
continuous and soft a-open functions and discuss their relationships with soft continuous and other weaker forms of soft continuous
functions. Also counterexamples are given to show the noncoincidence of these functions.

1. Introduction

Molodtsov [1] initiated a novel concept of soft set theory,
which is a completely new approach for modeling vagueness
and uncertainty. He successfully applied the soft set theory to
several directions such as smoothness of functions, game
theory, Riemann Integration, and theory of measurement. In
recent years, development in the fields of soft set theory and
its application has been taking place in a rapid pace. This is
because of the general nature of parameterization expressed
by a soft set. Shabir and Naz [2] introduced the notion of
soft topological spaces which are defined over an initial
universe with a fixed set of parameters. Later, Zorlutuna et al.
[3], Aygunoglu and Aygun [4], and Hussain et al. continued to
study the properties of soft topological space. They got many
important results in soft topological spaces. Weak forms of
soft open sets were first studied by Chen [5]. He investigated
soft semiopen sets in soft topological spaces and studied
some properties of them. Arockiarani and Arokialancy
defined soft 3-open sets and continued to study weak forms of
soft open sets in soft topological space.

In the present paper, we introduce some new concepts in
soft topological spaces such as soft «-open sets, soft «-closed
sets, and soft a-continuous functions. We also study rela-
tionship between soft continuity [6], soft semicontinuity [7],
and soft a-continuity of functions defined on soft topological
spaces. With the help of counterexamples, we show the non-
coincidence of these various types of mappings.

2. Preliminaries

Definition 1 (see [1]). Let X be an initial universe and let E be
a set of parameters. Let P(X) denote the power set of X and
let A be a nonempty subset of E. A pair (F, A) is called a soft
set over X, where F is a mapping given by F : A — P(X).
In other words, a soft set over X is a parameterized family of
subsets of the universe X. For € € A, F(e) may be considered
as the set of e-approximate elements of the soft set (F, A).

Definition 2 (see [8]). A soft set (F, A) over X is called a null
soft set, denoted by @5 ife € A, F(e) = 0.

Definition 3 (see [8]). A soft set (F, A) over X is called an
absolute soft set, denoted by A;ife € A, F(e) = X.

Definition 4 (see [8]). The union of two soft sets of (F, A)
and (G, B) over the common universe X is the soft set (H, C),
where C = AUBand, foralle € C,

F(e), ifee A-B,
H(e)=1G(e), ifee B-A, 1)
F(e)UG (e), ife € ANB.

We write (F, A)U(G, B) = (H, C).

Definition 5 (see [8]). The intersection (H,C) of two soft
sets (F, A) and (G, B) over a common universe X, denoted
(F, A)YD(G, B), is defined as C = ANB and H(e) = F(e)NG(e)
foralle € C.
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Definition 6 (see [8]). Let (F, A) and (G, B) be two soft sets
over a common universe X. (F, A)C(G,B), if A ¢ B, and
H(e) = F(e) c G(e), for alle € A.

Definition 7 (see [2]). Let 7 be the collection of soft sets over
X; then 7 is said to be a soft topology on X if it satisfies the
following axioms:

(1) ® and X belong to T,
(2) the union of any number of soft sets in 7 belongs to 7,

(3) the intersection of any two soft sets in T belongs to 7.

The triplet (X, 7, E) is called a soft topological space over
X. Let (X, 1, E) be a soft topological space over X; then the
members of T are said to be soft open sets in X. The relative
complement of a soft set (F, A) is denoted by (F, A)° and is
defined by (F, A)" = (F, A), where F* : A — P(X) is a map-
ping given by F(e) = X — F(e) for alle € A. Let (X, 7, E) be
a soft topological space over X. A soft set (F, E) over X is said
to be a soft closed set in X if its relative complement (F, E)*
belongs to 7. If (X, 7, E) is a soft topological space with 7 =
{®, X}, then 7 is called the soft indiscrete topology on X and
(X, 1,E) is said to be a soft indiscrete topological space. If
(X, 1, E) is a a soft topological space with 7 is the collection of
all soft sets which can be defined over X, then 7 is called the
soft discrete topology on X and (X, 7, E) is said to be a soft
discrete topological space.

Definition 8. Let (X, 7, E) be a soft topological space over X
and let (A, E) be a soft set over X.

(1) [3] The soft interior of (A, E) is the soft set int(A, E) =
U{(O, E) (O, E) which is soft open and (O, E)C
(A,E)}.

(2) [2] The soft closure of (A, E) is the soft set cl(A, E) =
N{(F,E) : (F, E) which is soft closed and (A, E)C
(F,E)}.

Clearly cl(A, E) is the smallest soft closed set over X
which contains (A, E) and int(A, E) is the largest soft open set
over X which is contained in (A, E).

Throughout the paper, the spaces X and Y (or (X, 1, E)
and (Y, v, K)) stand for soft topological spaces assumed unless
otherwise stated.

3. Soft «-Open Sets

Definition 9. A soft set (A, E) of a soft topological space
(X, 1, E) is called soft a-open set if (A, E)C int(cl(int(A, E))).
The complement of soft a-open set is called soft «-closed set.

Definition 10. A soft set (A, E) is called soft preopen set [9]
(resp., soft semiopen [5]) in a soft topological space X if
(A, E)Cint(cl(A, E)) (resp., (A, E)C cl(int(A, E))).

We will denote the family of all soft a-open sets (resp., soft
a-closed sets and soft preopen sets) of a soft topological space
(X,7,E) by SaOS(X,7,E) (resp., SaCS(X,7,E) and
SPO(X, 1, E)).
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Proposition 11. (1) Arbitrary union of soft a-open sets is a soft
a-open sets

(2) Arbitrary intersection of soft a-closed sets is a soft a-
closed set.

Proof. (1) Let {(A,, E) : i € A} be a collection of soft a-open
sets. Then, for eachi € A,

(A;, E)Cint(cl(int(A;, E))). Now

U(A;, E)CUint(cl(int(A;, E)))

CintUcl(int(A;, E))

= int(cl(Uint(A;, E)))

Cint(cl(int U(A;, E))).

Hence U(A;, E) is a soft a-open set.

(2) Follows immediately from (1) by taking complements.
O

Example 12. Let X = {x;,%,, %3}, E = {e}, 5,5}, T = {®, X,
(F,E)}, and (F, E) = {(e;, {x1}), (e5, {x,})} and let (X, 7, E) be
a soft topological space. Then (F, E) = {(e;, {x;}), (e,, {x,})} is
a soft «-open set in X.

Remark 13. It is obvious that every soft open (resp., soft
closed) set is a soft «-open set (resp., soft a-closed set). Simi-
larly, every soft «-open set is soft semiopen and soft preopen.
Thus we have implications as shown in Figure 1.

The examples given below show that the converses of
these implications are not true.

Example 14. Let X = {x,,x,, x5, x4}, E = {e;,e,, €5}, and
T= {(D> X; (Fl) E)) (FZ) E)) (F3) E)) R (FIS’ E)}’ Where
(F},E),(F,,E), (F5,E),...,(Fs, E) are soft sets over X,
defined as follows:
(Fl) E) = {(el) {Xl})’ (62) {xza -x3})> (63, {x1> X4})},

(Fz)E) = {(91’{x2’x4})> (327{x17x3)x4})7 (33>{x1>x2>

x4}

(F;, E) = {(ep, {x3}), (e5, {x; D}

(F4> E) = {(el) {xp X5 x4})) (ez) X), (33, X)),
(Fs, E) = {(ey, {x1, x3}), (€3, {x3, x4}), (€3, {x, )},
(F@ E) = {(61, {x1})s (62, {xz})},

(F7)E) = {(61,{x1,x3}), (62’{x2’x3)x4})’ (63,{961, X5

x4})},
(Fg> E) = {(ez) {x4})) (33: {xz})})
(Fg) E)= {(61» X), (ezr X), (63’ {xl’ X2 X3})}>
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(Flo)E) = {(51:{x1rx3})) (62,{X2,x3,x4}), (63){951)

xz})}x
(F11, E) = {(e> {3, X3, x4}); (3, X), (3, {x1, %5, x3})},

(FlzyE) = {(e1a{x1})x (ez,{xz,x3,x4}), (33,{x1>x2)
x4})})

(F13; E) = {(61’ {xl}): (52: {x2: x4})) (63, {xz})},
(F14) E) = {(61» {x3’ x4})’ (ez> {xp xz})}>
(F15) E) = {(61, {xl})s (62, {xzs x3})> (63, {xl})}

Then 7 defines a soft topology on X and thus (X, 7, E) is
a soft topological space over X.

Clearly the soft closed sets are X,®, (F,,E), (F,, E)S,
(F5, E), ..., (Fs, E)".

Then, let us take (B,E) = {(ey,{x;, %, x5}), (€5, {5, x5,
x4}1), (5, {x1, x,1)}, thenint((B, E)) = (Fyy, E), cl(int((B, E))) =
X, int(cl(int((B, E)))) = X, and so (B, E)< int(cl(int((B, E))));
hence (B, E) is soft a-open but not soft open since (B, E) ¢ .

Now, let us take (H,E) = {(ey,{x,}), (5, {x3}), (3, {x7,
x3})} then int((H, E)) = (F;, E), cl(int((H, E))) = (Fs, E)",
and so (H, E)C cl(int((B, E))); hence (B, E) is soft semiopen
but not soft a-open.

Finally, let us take (G, E) = {(e5, {x,})} then cl((G, E)) =
(F,E), int(cl((G,A))) = (Fg,E), and so (G,E)C
int(cl((G, E))), hence (G,E) is soft preopen but not soft
a-open.

Definition 15. Let (X, 1, E) be a soft topological space and let
(A, E) be a soft set over X.

(1) Soft a-closure of a soft set (A, E) in X is denoted by
sac((A,E)) = 0{(FE) (F, E) which is a soft
a-closed set and (A, E)C(F, E)}.

(2) Soft a-interior of a soft set (A, E) in X is denoted by
saint((A,E)) = U{(O,E) : (O,E) which is a soft
a-open set and (O, E)C(A, E)}.

Clearly sa cl((A, E)) is the smallest soft a-closed set over
X which contains (A, E) and s« int((A, E)) is the largest soft
a-open set over X which is contained in (A4, E).

Proposition 16. Let (X, 7, E) be a soft topological space and
let (A, E) be a soft set over X; then

(1) (A,E) € SaCS(X, 1,E) © (A, E) = sacl(A, E);
(2) (A,E) € SaOS(X, 1, E) © (A, E) = saint(A, E).

Proof. (1) Let (A, E) = sacl((A,E)) = N{(F,E) :
soft a-closed set and (A, E)C(F, E)}.

This shows that (A, E) € {(F,E) : (F,E) is a soft «-closed
set and (A, E)C(F, E)}.

Hence (A, E) is soft a-closed.

Conversely, let (A,E) be soft a-closed set. Since
(A,E)C(A, E) and (A, E) is a soft a-closed, (A, E) € {(F,E) :
(F,E) is a soft a-closed set and (A, E)C(F, E)}.

Further, (A, E)C(F, E) for all such (F, E)’s.

(F,E) be a

(A,E) = N{(F,E) (F,E) is a soft a-closed set and
(A, E)C(F, E)}.
(2) Similar to (1). O

Proposition 17. In a soft space (X, 7, E), the folowing hold for
soft a-closure.
1) sacl(®) =

(2) sacl((A, E)) is soft a-closed in (X, T, E) for each soft
subset (A, E) of X.

(3) sacl((A, E))Csa cl((B, E)), if (A, E)C(B, E).
(4) saccl(sacl(A, E)) = sacl((A, E)).

Proof. Easy. O

Theorem 18. Let (X, 1, E) be a soft topological space and let
(G, E) and (K, E) be two soft sets over X; then
(1) (s cl(G, E))° = s« int(G, E);
(2) (saint(G, E))° = sa cl(G, E);
(3) (G,E)C(K, A) = saint(G, E)Csaint(K, E);
(4) sa cl(P) = ® and s cl(X) = X,
(5) saint(®) = ® and s int(X) = X
(6) sacl((G,E)J(K, E)) = s« cl(G E)Usoc c(K, E);
(7) saint((G, E)YN(K, E)) = s int(G, E)Nse int(K, E);
(8) sa cl((G, E)A(K, E))Csa cl(G, E)Nsa cl(K, E);
(9) saint((G, E)U(K, E))Cs« int(G, E)Usa int(K, E);
(10) s cl((sx cl(G, E))) = sa cl(G, E);
(11) seint(sa int(G, E)) = s« int(G, E).

)
)
)
)

Proof. Let (G, E) and (K, E) be two soft sets over X.

(1) (s cl(G, E)) = (DN{(F,E) | (G,E)C(F,E) and (F,E) €
SaCS(X, 1, E)})°
= U{(F,E)° | (G,E)C(F,E) and (F,E) € SaCS(X,
7,E)}
= U{(F,E)° | (F,E)°C(G,E) and (F,E)° € SaOS(X,
7,E)} = saint(G, E)°.

(2) Similar to (1).

(3) It follows from Definition 15.

(4) Since @ and X are soft a-closed sets so, sa cl(®) =
and sacl(X) = X

(5) Since ® and X are soft a-open sets so, s int(®) = O
and s« int(X) =

(6) We have (G,E)C((G,E)U(K,E)) and
((G,E)U(K, E)).

Then by Proposition17(3), s« cl(G, E)Csa cl((G,
E)U(K,E)) and sacl(K, E)Csacl((G, E)U(K,E)) =
sacl(K, E)Csa cl(G, E)Csa cl((G, E)U(K, E)).

Now, sacl(G,E), sacl(K,E) € SaCS(X,1,E) =
sa cl(G, E)Usa cl(K, E) € SaCS(X, 1, E).

Then (G, E)Csa cl(G, E) and (K, E)Csa cl(K, E) imply
(G,E)U(K, E)Csa cl(G, E)Usa cI(K, E).  That s,
sa cl(G, E)Usa cl(K, E) is a soft a-closed set contain-
ing (G, E)U(K, E).

(K, E)C



But sa cl((G, E)U(K, E)) is the smallest soft «-closed
set containing (G, E)U(K, E).
Hence sa cl((G, E)U(K, E))Csa cl(G, E)Us« cl(K, E).
So, sa cl((G, E)U(K, E)) = sa cl(G, E)Usa cl(K, E).

(7) Similar to (6)

(8) We have ((G, E)A(K, E))C(G, E) and ((G, E)A(K, E))C
(K,E)
= sac((G, E)A(K, E))Csa cl(G, E) and sa cl((G, E)N
(K, E))Csa cl(K, E).
= sa c((G, E)A(K, E))Csa cl(G, E)Csa cl(K, E).

(9) Similar to (8).

(10) Since (sa cl(G, E)) € SaCS(X,1,E) so by

Proposition 16(1), s cl((sa cl(G, E))) = (s cl(G, E)).

(11) Since saint(G, E) € SaOS(X,1,E) so by
Proposition 16(2), s« int(s« int(G, E)) = s« int(G, E).

O

Theorem 19. If (G, E) is any soft set in a soft topological space
(X, 1, E), then following are equivalent:

(1) (G, E) is soft a-closed set;
(2) int(cl(int(G, E)))3(G, E);
(3) d(int(cl(G, E)))C(G, E);
(4) (G, E) is soft a-open set.

Proof. (1)=(2) If (G, E) is soft a-closed set, then
c(int(cl(G, E))C(G, E)) = (G, E)°C int(cl(int(G, E)°));
(2)=03)(int(cl(int(G, E)))3((G, E)9))" = cl(int(l(G,
E)))<(G,E);
(3)=(4) It is obvious from Definition 9;
(4)=(1) It is obvious from Definition 9. ]

4. Soft a-Continuity

Definition 20 (see [10]). Let (X, E) and (Y, K) be soft classes.
Letu: X — Yand p: E — K be mappings. Then a map-
ping f: (X,E) — (Y,K) is defined as follows: for a soft set

(F,A) in (X, E), (f(F,A),B), B = p(A) < K is a soft set in
UF(x)

(Y, K) given by f(F, A)(B) =t e piigns ) for B € K. (f(F,
A), B) is called a soft image of a soft set (F, A). If B = K, then
we will write (f(F, A),K) as f(F, A).

Definition 21 (see [10]). Let f : (X, E) — (Y,K) be a map-
ping from a soft class (X, E) to another soft class (Y, K) and
(G, C) asoft set in soft class (Y, K), where C € K. Letu : X —
Yand p: E — K be mappings. Then (f(G,C),D), D =
p_l (C), is a soft set in the soft classes (X, E), defined as f"1 (G,
C)x) = uil(G(p(oc))) fora € D CE. (ffl(G, C), D) is called
a soft inverse image of (G, C). Hereafter we will write (f (@G,
C),E)as f'(G,C).

Theorem 22 (see [10]). Let f: (X,E) — (Y,K), u: X —
Y, and p: E — K be mappings. Then for soft sets (F, A) and
(G, B) and a family of soft sets (F;, A;) in the soft class (X, E),
one has:
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D) f(@) =,

) f(X) =Y,

(3) f((F,A)U(G,B)) = f(F,A)XUf(G,B) in general
fU(F, Ap) = U, f(F, A)),

(4) f((F, A)A(G, B))2f(F, ANf(G, B) in general f(n;(F;,
AN f(F, A,

(5) if (F, A)S(G, B), then f(F, A)Sf(G, B),

6) f1(@) =,

@) =X

8) f'((F, A)U(G,B)) = f'(F, A\Uf (G, B) in general
f_l(Ui(Fi,Ai)) = Uif_l(FisAi):

9) fH((F, AN(G, B)) = f1(F, AAf (G, B) in general
FH(F,AD) = nifH(FL A,

(10) if (F, A)S(G, B), then f™'(F, A)Sf (G, B).

Definition 23. A mapping f: (X, 1,E) — (Y,v,K) is said to
be soft mapping if (X, 7, E) and (Y, v, K) are soft topological
spacesand u : X — Y and p: E — K are mappings.

Throughout the paper, the spaces X and Y (or (X, 1, E)
and (Y, v, K)) stand for soft topological spaces assumed unless
otherwise stated.

Definition 24. A soft mapping f: X — Y issaid to be soft a-
continuous if the inverse image of each soft open subset of Y
is a soft a-open set in X.

Example 25. Let X = {x,,%,, %3}, Y =1{y, 5, v31, E = {e, e,,
esh, K = {ky, ky, k), 7 = {®, X, (F, E)}, (B E) = {(e, {x,}),
(e, {x3}): (5, {xp, x3hh v = {D,Y,(G,K)}, and (G,K) =
{(kla {)/1>y3})) (kz) {yl})) (k3> {)/3})} and let (X) T) E) and (Y,
v, K) be soft topological spaces.

Defineu: X — Yandp: E — Kas

u(x)) = i ulxy) = {ysh ulxs) = {3,
P(el) = {kz}) P(ez) = {k3}> P(e3) = {k1}
Let f,, : (X,7,E) — (Y,v,K) be a soft mapping. Then
(G,K) is a soft open in Y and fl;}((G, K)) = (F,E) is a soft
a-open in X. Therefore, f,, is a soft a-continuous function.

Theorem 26. Let f: X — Y be a mapping from a soft space
X to soft space Y. Then the following statements are true:

(1) f is soft a-continuous;

(2) for each soft singleton (P, E) in X and each soft open set
(O,K) in'Y and f((P,E))C(O,K), there exists a soft
a-open set (U,E) in X such that (P,E)C(U, E) and
FUU, E))C(O, K);

(3) the inverse image of each soft closed set in'Y is soft «-
closed in X;

(4) f(c(int(cl(A, E))))Ccl(f(A,E)), for each soft set
(A,E) in X;

(5) cl(int(cl(f (B, K))))C f ' (cl(B, K)), for each soft set
(B,K)inY.
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Proof. (1)=(2) Since (O, K) is soft open in Y and f((P,
E))Z(0,K), so (P,E)Cf'((O,K)) and f'((O,K)) is a soft
a-opensetin X. Put (U, E) = f_l((O, K)). Then (P, E)C(U, E)
and f((U, E))<(O, K).

(2)=(1) Let (O,K) be a soft open set in Y such
that (P, E)Ef_l((O, K)) and thus there exists (U,E) ¢
Sa0S(X) such that (P, E)C(U, E) and f((U, E))C(O, K). Then
(P,E)C(U,E)Cf((0,K)) = O(U,E) € S,(X). Hence
f (0, K)) € Sa0S(X) and therefore f is soft a-continuous.

(1)=(3) Let (G, K) be a soft closed set in Y. Then (G, K)°
is soft open in Y. Thus f~'((G, K)) € SaOS(X); that is, X —
f_l((G, K)) € SaOS(X). Hence f_l((G, K)) is a soft a-set in
X.

(3)=(4) Let (S, K) be asoft setin Y. Then cl(f(S,K)) is a
soft closed set in Y, so that f_1 (cI(S, K)) is soft a-closed in X.

Therefore, we have f_l(cl(S, K))> cl(int(cl(f_l(cl(S,
K)))))3 cl(int(cl(cl(S, K)))) = cl(int(cl(S, K))).

(4)=(5) Since (B,K) beasoftsetinY, then f’l((B, K))
is a soft set in X; thus by hypothesis we have
cl(int(cl(f (f (B, KT l(f(f (B, K)))) or
d(nt(cl(f(f (B, K))))))C cl(B, K); that is, cl(int(cl(f (B,
KT (cl(B, K)).

(5)=(1) Let (O,K) be soft open in Y. Let (U,K) =
(O,K), and (D,E) = f'((U,K)). By (5) we have
cl(int(cl(f(f_l((U,K))))))E d(U,K) = (U,K); that is,
(int(cl( (O, K))M)C £ ((O,K)°). Therefore f~((O, K))
is a soft a-open set in X; hence f is a soft a-continuous
function. ]

Corollary 27. Let f : X — Y be a soft a-continuous
mapping. Then

(1) f(cl(A, E)C(f((A,E))), for each (A, E) € SPO(X);

) d(f (B, K))Tf((B,K)), for each (B,K) ¢
SPO(Y).

Proof. Since for each (A,E) € SPO(X),cl((A,E)) =
cl(int(cl((A, E)))), therefore the proof follows directly from
statements (4) and (5) of Theorem 26. O

Definition 28. A soft mapping f : X — Y is called soft pre-
continuous (resp., soft semicontinuous [7]) if the inverse
image of each soft open set in Y is soft preopen (resp., soft
semiopen) in X.

Remark 29. Itis clear that every soft a-continuous map is soft
semicontinuous and soft precontinuous. Every soft continu-
ous map is soft a-continuous. Thus we have implications as
shown in Figure 2.

The converses of these implications are not true, which is
clear from the following examples.

Example 30. Let X = {x;,%,, %3, %,}, Y = {y1, ¥2, ¥3» \a}, E =
{e1, €5, 65}, and K = {ky, k,, k;} and (X, 7, E) and let (Y,v,K)
be soft topological spaces.

Soft continuity

N2 Soft semicontinuity

Soft a-continuity

N

Soft precontinuity

FIGURE 2

Defineu: X — Yandp:E — Kas

u(x;) = {yh ulxy) = {yh ulxs) = {h ulxy) =
{y3})
pley) = {ky}, pley) = {ky}s ples) = {kst

Let us consider the soft topology 7 given in Example 14;
that is, _ B

T ={®0, X, (F,, E), (F,, E), (F5,E), ..., (Fy5, E)}, v = {D,Y,
(F>K)}a and (F>K) = {(kla{ylsy3’y4})>(kzs{ylayzsyz;}))
(k3> {y,> y4})} and let mapping f,, : (X,7,E) — (Y,0,K) be
a soft mapping. Then (F,K) is a soft open in Y and
Fou((BK) = e (x5 %31, (e, {5, %3, x4)), (e, {1,
x,})}isasoft a-open but not soft open in X. Therefore, f,, isa
soft a-continuous function but not soft continuous function.

Example 31. Let X = {x}, %5, X3, %,1, Y ={y1, ¥, V3> Vub, E =
{e1,ey, 65}, and K = {ky, k,, k;} and let (X, 7, E) and (Y, v, K)
be soft topological spaces.

Defineu: X — Yand p: E — Kas

u(x)) = {yoh u(xy) = {yu} ulx;) = {y} ulxy) =
{y3}’
P(el) = {kz}, P(ez) = {k1}> P(eg.) = {k3}

Let us consider the soft topology 7 given in Example 14;
that is, _

T= {q)a X, (F17E)) (FZ’E)’ (F3’E)’ cees (FIS’E)}’ v = {q)a Y,
(G,K)}, and (G,K) = {(ks;,{y,}))} and be mapping fup :
(X,1,E) — (Y,v,K) be a soft mapping. Then (G, K) is a soft
openinY and f;ul((G, K)) = {(e5, {x,})} is a soft preopen but
not soft a-open in X. Therefore, f,, is a soft precontinuous
function but not soft a-continuous function.

Example 32. Let X = {x,x, x3,%,}, Y = {y1, ¥, ¥3, Yu}, E =
{e1,e,, 65}, and K = {k, k,, k;} and let (X, 7, E) and (Y,v,K)
be soft topological spaces.

Defineu: X — Yandp:E — Kas

u(x)) = {yoh u(xy) = {yu} ulxs) = {y} ulxy) =
{}’3},
pley) =k}, pley) = {ky}s ples) = {kst

Let us consider the soft topology 7 given in Example 14;
that is,

1={®, X, (F, E), (F,, E), (F;, E), ..., (F;5, E)}and v = {®,
Y, (H,K)}, (H,K) = {(kp, {1} (ky, {ya}), (k3. {2, ¥4} and
be mapping f,, : (X,7,E) — (Y,v,K) be a soft mapping.
Then (H, K) is a soft open in Y and f;;((H, K)) = {(e}, {x5)),
(€5, 1%5}), (e5, {x7, x5})} isa soft semiopen but not soft a-open
in X.



Therefore, f,, is a soft semicontinuous function but not
soft a-continuous function.

Theorem 33. Let (A, E) € SPO(X) and (B, E) € SaOS(X).
Then (A, E)YN(B, E) € SaOS(X).

Proof. Since (A, E)A(B, E)C int(cl(A, E))N int(cl(B, E))

= int(int(cl(A, E)))N cl(int(B, E))

Cint(cl((A, E)nint(cl(B, E)))), it follows that
(A, E)A(B, E)C int(cl((A, E)Nint(B, E)))N(A, E)

= sacint(int(cl((A, E)Nint(B, E)))N(A, E))
Csaint(cl((A, E)Nint(B, E))N(A, E))

= saint(sa cl((A, E)Nint(B, E)))

= s int(sa cl(se int((A, E)N int(B, E))))
Csaint(sa cl(se int((A, E)N(B, E)))).

Therefore (A, E)A(B, E) is a soft a-open set of (A, E). [

Theorem 34. If f : X — Y is a soft a-continuous mapping
and (A,E) € SPO(X), then f|p is a soft a-continuous
mapping.

Proof. Let (B,E) in Y be a soft open set. Then
f_l((B,E)) € S,(X) and since (A, E) is a soft preopen
set in X, by Theorem 26, we have (A, E)Af '((B,E)) =

(fI(A,E))_I((B, E)) € SaOS(X)((A, E)). Therefore f| 4y is a
soft a-continuous mapping. U

Theorem 35. A soft function f: X — Y is soft a-continuous

if and only if f(sacl(F, E))Ccl(f((F,E))) for every soft set
(F,E) of X.

Proof. Let f X — Y be soft a-continuous. Now
cl(f((F, E))) is a soft closed set of Y;

so by soft a-continuity of f, f_l(cl(f((F, E)))) is soft
a-closed and (F, E)C £~ (cl(f((F, E)))).

But s« cl(F, E) is the smallest «-closed set containing
(F, E);

hence s« cl(F, E)Ef_l(cl(f((F, E))))

= f(sacl(F, E))C c(f((F, E))).

Conversely, let (F, K) be any soft closed set of Y

= f'((F,K)) € X and by hypothesis

= flsad(f (KN A(f(f((FK)))

= f(sac(f((F,K)))C (F,K) = (F,K)

= sa cl(f’l((F, K))) = fﬁl((F, K)); hence is soft «-

closed. Consequently, f is soft a-continuous.

O

Theorem 36. A soft function f: X — Y is soft a-continuous
if and only if £~ (int(H, K))Csacint ' ((H, K)) for every soft
set (H,K) of Y.
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Proof. Let f: X — Y be soft a-continuous. Now for any soft
set (G, E) in X, int(f((G, E))) is a soft open set in Y; since f is
soft a-continuity, then f_l(int(f(G, E))) is soft a-open and
£ (int( (G, E)))C(G, E). As sa int(G, E) is the largest soft -
open set contained in (G, E), f_l(int(f(G, E)))Csaint(G, E).

Conversely, take a soft open set (G,K) in Y. Then
£ (int(G, K))Csaint (G, K) = (G, K)Tsavint (G,
K)= f_l(G, K) is soft a-open. O

5. Soft «-Open and Soft «-Closed Mappings

Definition 37. A soft mapping f : X — Y is called soft a-
open (resp., soft a-closed) mapping if the image of each soft
open (resp., soft closed) set in X is a soft a-open set (resp.,
soft a-closed set) in Y.

Definition 38. A soft mapping f: X — Y is called soft pre-
open (resp., soft semiopen [7]) if the image of each soft open
set in X is soft preopen (resp., soft semiopen) inY.

Clearly a soft open map is soft a-open and every soft
a-open map is soft preopen as well as soft a-open. Similar
implications hold for soft closed mappings.

Theorem 39. A soft mapping f: X — Y issoft a-closed if and
only if sacl(f(A, E))C f(cl(A, E)) for each soft set (A, E) in
X.

Proof. Let sacl(f(A, E))Cf(cl(A, E)). By the definition of
soft a-closure, we have f((A, E)) = f(cl(A, E)) and so f(cl(A,
E)) is a soft a-closed set and f is a soft «-closed mapping.
Conversely, if f is soft a-closed, then f(cl(A,E)) is a
soft a-closed set containing f((A,E)) and therefore
sacl(f(A, E))C f(cl(A, E)). O

Theorem 40. A soft function f: X — Y is soft a-open if and
only if f (int(F, E))Csa int( f ((F, E))) for every soft set (F, A) in
X.

Proof. If f : X — Y is soft a-open, then f(int(F,E)) =
saint f(int(F, E))Csaint f(F, E).

On the other hand, take a soft open set (G, E) in X. Then
by hypothesis, f((G, E)) = f(int(G, E))Cs« int(f((G, E))) =
f((G, E)) is soft «-open in Y. O

Theorem 41. Let f: X — Y be a soft a-open (resp., soft c-
closed) mapping. If (B, K) is a soft set in Y and (A, E) is a soft
closed (resp., soft open) set in X, containing f~'((B, K)); then
there exists a soft a-closed (resp., soft a-open) set (C,K) in Y,
such that (B, K)Z(C,K) and f~'((C, K))Z(A, E).

Proof. Let (C,K) = (f(A, E))". Since f"l((B, K))C(A, E), we
have f((A, E)*)C(B, K)". Since f is soft a-open (resp., soft a-
closed), then (C, K) is a soft a-closed set (resp., soft «-open
set) if 7' ((C,K)) = (f 7 (f((A, E))))C((A, E))° = (A, E)
and hence (B, K)Z(C, K) and f'((C,K))C(A, E). O
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Corollary 42. If f: X — Y is a soft a-open mapping, then

1) f(cl(int(cl((B, K))T cl(f~ (B, K))), for every soft
set (B,K)inY;

(2) fHAC KN A(fT(CK)), (C,K) € SPO(Y).

Proof. (1) cl(f (B, K)) is a soft closed set in X, containing
f_l((B, K)), for a soft set (B,E) in Y.

By Theorem 44, there exists a soft a-closed set (F,K) in Y,
and (B, K)C(F, K) such that f™'((F, K))C d(f ' ((B, K)).

Thus £~ (cl(int(cl((B, E)))))< cl(f ' (cl(int(cl((F, E)))))
FHFEK)NTA(fT(B,K)).

(2) follows easily from (1). ]

Theorem 43. If f: X — Y isa soft precontinuous and soft -
open mapping, then f~'((B,K)) € SPO(X) for each (B,K) €
SPO(Y).

Proof. We have F7H(B, K))C f " (int(cl((B, K))))C
int(cl(f " (int(cl((B, K))))))T int(cl( £~ (cl((B, K))))).

Since f is a soft a-open map, we have, by Corollary 42,
UGB K int(el(f~ (B KN))E cl(int(f " (cl((B,K)))))
= cl(int(f ' ((B, K)))).

Therefore f_l((B, K)) is a soft preopen set in X. O

Theorem 44. If f : X — Y is a soft precontinuous and soft
semicontinuous, then f is soft a-continuous.

Proof. Let (B, K) be any soft open set in Y. Then f"l((B, K))
is a soft preopen set as well as a soft semiopen set in X.
We have f7'((B,K))C cl(int(f((B,K)))) and f~'((B,
K))Z int(cl(int(cl( f (B, K))))) = int(cl(int( f ' (B, K)))).
Hence f is a soft a-continuous mapping. O

Theorem 45. If f : X — Y is a soft preopen mapping, then,

for each soft set (B,K) in Y, f'(int(cl(B,K)))T
(M (B, K))).
Proof. It follows immediately from Corollary 42. O

Theorem 46. If f : X — Y is soft a-continuous and soft
preopen, then the inverse image of each soft a-set is a soft -
open set.

Proof. Let (B, K) be any soft a-open setin Y.

Then F7H(B, K))Z £ (int(cl(int((B, K))))) €
int(cl(int(f’l(int(cl(int((B, K)))M)))C int(cl(int(f’l(cl(int(B,
KM)).

By Theorem 44 we have f (B, E))C
int(cl(f~ (int((B, E))))).
Since f is a soft «-continuous mapping, by

Theorem 22(5), f~'((B, K))C f " (int(cl(int((B, K))))).
Hence fﬁl((B, K)) is a soft a-open set. ]

Corollary 47. If f : X — Y is soft a-continuous and soft
preopen mapping, then one has the following:

(1) the inverse image of each soft «-closed set is soft «-
closed,

(2) flacl(A,E))Cacl f((A, E)) for each soft set (A, E) in
X.

Proof. It follows immediately from the previous Theorem 45.

O

Theorem 48. Let f : X — Yandg:Y — Z be two soft
mappings. If f is soft preopen and soft a-continuous and g is
soft a-continuous, then g o f is soft a-continuous.

Proof. It follows immediately from Theorem 45. O
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