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We introduce two proximal iterative algorithms with errors which converge strongly to the common solution of certain variational
inequality problems for a finite family of pseudocontractive mappings and a finite family of monotone mappings. The strong
convergence theorems are obtained under some mild conditions. Our theorems extend and unify some of the results that have

been proposed for this class of nonlinear mappings.

1. Introduction

In many problems, for example, convex optimization, lin-
ear programming, monotone inclusions, elliptic differential
equations, and variational inequalities, it is quite often to seek
a proximal point of a given nonlinear problem. The proximal
point algorithm is recognized as a powerful and successful
algorithm in finding a common point of the fixed points of
pseudocontractive mappings and the solutions of monotone
mappings. Let C be a closed convex subset of a real Hilbert
space H with inner product (:,-) and norm | - ||. We recall
that a mapping A : C — H is called monotone if and only if

(x-y,Ax-Ay) >0, Vx,yeC. (1)

A mapping A : C — H is called a-inverse strongly
monotone if there exists a positive real number « > 0 such
that

x -y, Ax — Ay) > of|Ax - Ay’ Vx,yeC.  (2)
y y y y

Obviously, the class of monotone mappings includes the
class of the a-inverse strongly monotone mappings. The
class of monotone mappings is one of the most important
classes of mappings among nonlinear mappings. The classical

variational inequality problem is formulated as finding a
point u € C such that (v — u, Au) > 0, for all v € C. The
set of solutions of variational inequality problems is denoted
by VI(C, A).

A mapping T : C — H is called pseudocontractive if, for
all x, y € C, we have

(Tx - Ty,x - y) < |x - y|". (3)
A mapping T : C — H is called «-strict pseudocontrac-
tive if there exists a constant 0 < « < 1 such that
(x=p.Tx=Ty) < |x = y|* —x|I - T) x = (T - T) y|’,
Vx, y € C.
(4)

A mapping T : C — C is called nonexpansive if

ITx - Ty| <x-y|. VxyeC (5)

Clearly, the class of pseudocontractive mappings includes
the class of strict pseudocontractive mappings and the class of
nonexpansive mappings. We denote by F(T') the set of fixed
points of T that is, F(T) = {x € C: Tx = x}.
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A mapping f : C — C is called contractive with a
contraction coefficient if there exists a constant p € (0,1)
such that

If @ =F Wl <plx-xl,

Recently viscosity approximation methods for finding
fixed points of pseudocontractive mappings have received
vast investigations because of their extensive applications in
a variety of applied areas of partial differential equations,
image recovery, and signal processing. In Hilbert spaces,
many authors have studied the fixed-point problems of the
nonexpansive mappings and monotone mappings by the
viscosity approximation methods and obtained a series of
good results; see [1-18] and the reference therein.

For finding an element of the set of fixed points of the
nonexpansive mappings, Halpern [1] was the first to study the
convergence of the scheme in 1967:

Vx,y € C. (6)

Xp41 = Oy U + (1 - ‘xn+1) T (xn) : (7)

In 2000, Moudafi [2] introduced the viscosity approxi-
mation methods and proved the strong convergence of the
following iterative algorithm under some suitable conditions:

Xns1 = (xnf (xn) + (1 - “n) T (xn) . (8)

Takahashi et al. [19, 20] introduced the following scheme
and studied the weak and strong convergence theorems of
the elements of F(T) N VI(C, A), respectively, under different
conditions:

Xp1 = O Xy + (1 - an) TPC' (xn - AnAxn) > (9)

where T' is a nonexpansive mapping and A is an a-inverse
strong monotone operator. Recently, Zegeye and Shahzad [21]
introduced the mappings as follows:

T, (x) = {zeC:(y—z,Tz)

1 (y-z,(1+r)z-x) SO,VyeC}_
' (10)
F () ={zeCi(y-242)

1
+— (y—z,z—x)zO,‘v’yeC}.
r

Very recently, Tang [22] introduced the following se-
quence and obtained the strong convergence theorems:

In = Anxn + (1 - An) Z[’liFirnxn’
i=1

(11)
m
Xpt1 = (xnf (xn) + ﬁnxn + Vnzainrnyn'
i=1
For other related results, see [11-13, 23-25]. On the other

side, there are perturbations always occurring in the iterative
processes because the manipulations are inaccurate. There

Abstract and Applied Analysis

is no doubt that researching the convergent problems of
iterative methods with perturbation members is a significant
job. Starting from any initial guess, z, € H, the proximal
point algorithm generates a sequence {z;} according to the
inclusion:

Zk € Ziey T GAZgys (12)

where A is a maximal monotone operator and ¢, > 0 is
a parameter. For solving the original problem of finding a
solution to the inclusion 0 € Az, Rockafellar [23] introduced
the following algorithm:

Zi + e € Zyy + GAZLs (13)

where {e,} is a sequence of errors. Rockafellar [23] obtained
the weak convergence of the algorithm. Very recently Yao
and Shahzad [24] proved that sequences generated from the
method of resolvent are given by

X = Po (o, + (1 - «,,) Tx,,), m=>0, (14)
where {«,,} is a sequence in [0, 1], the sequence {u,,} ¢ H is
a small perturbation, and T'is a nonexpansive mapping.

The following is our concern now: Is it possible to
construct a new sequence with general errors that converges
strongly to a common element of fixed points of pseudocon-
tractive mappings and the solution set of monotone mappings
and converges strongly to the unique solution of certain
variational inequality?

In this paper, motivated and inspired by the above
results, we introduce two iterations with perturbations which
converge strongly to a common element of the set of fixed
points of a finite family of pseudocontractive mappings more
general than nonexpansive mappings and the solution set of
a finite family of monotone mappings more general than «-
inverse strongly monotone mappings or maximal monotone
mappings. Our theorems presented in this paper improve
and extend the corresponding results of Yao and Shahzad
[24], Zegeye and Shahzad [21], and Tang [22] and some other
results in this direction.

2. Preliminaries

In the sequel, we will use the following lemmas.

Lemma 1 (see [6]). Let {a,} be a sequence of nonnegative real
numbers satisfying the following relation:

a,,<(1-6,)a,+0, n=0, (15)

where {0,)} is a sequence in (0,1) and {0,,} is a real sequence such
that

(1) ZZZO 67, = 005

(i) limsup,, _, (0,/6,) <0o0r Y2 0, < 0.

Then lim,, _, . a, = 0.
Let C be a nonempty closed and convex subset of a real

Hilbert space H; a mapping P : H — C is called the metric
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projection if, for all x € H, there exists a unique point in C,
denoted by Pox such that

li-Pexl<lx-sl, vyec. o

It is well known that P, is a nonexpansive mapping.

Lemma 2 (see [25]). Let C be a nonempty closed and convex
subset of a real smooth Hilbert space H. Let x € H; then Pox
have the property as follows:

(x=Pcx,y-Pcx) <0, VxeH, yeC,

le =y 2 e~ Pex| + Iy~ Pex|”,  vxeH, yeC.

17)

Lemma 3 (see [21]). Let C be closed convex subset of Hilbert
space H. Let A : C — H be a continuous monotone mapping,
let T : C — C be a continuous pseudocontractive mapping,
and define the mappings T, and F, as follows: for x € H, r €
(0, 00),

T, (x) = {zeC:(y—z,Tz)

1 (y-z,(1+7r)z-x) SO,VyeC},
' (18)
F, (x) = {zeC:(y—z,Az)

1
+-(y-z,z2-x) ZO,VyEC}.
r

Then the following hold:

(i) T, and F, are single valued;

(ii) T, and F, are firmly nonexpansive mappings; that is,
IT,x - TyIP < (Tx - T,y x - y), |E,x - FoylP?
(Fx—Fy,x— y);

(iii) F(T,) = F(T), F(F,) = VI(C, A);

(iv) F(T) and VI(C, A) are closed convex.

Lemma 4 (see [11]). Let {x,} and {z,} be bounded sequences

in a Banach space and let {f3,} be a sequence in [0, 1] which
satisfies the following condition:

0< linrrii(gfﬁn < liﬁsogpﬁn <1 19)
Suppose
Xt :ﬁnxn+(1 _ﬁn)zn nz0,
(20)
A (|20 = 2] = e = xa) <0
Then lim,, _, . llz, — x,|l = 0.

Lemma 5 (see [22]). Let C be a nonempty closed convex and
bounded subset of a Hilbert space H, and let {I; : C — C,i =
1,2,...m} be a finite family of nonexpansive mappings such
that N} F(T;) # 0. Suppose that « = inf{o;} > 0 and X, e; = 1.
Then there exists nonexpansive mapping I' : C — C such that
F(T) =N F(L).

3. Main Results

Let C be closed convex subset of Hilbert space H. Let {A; :
C — H,i = 1,2,...,N} be a finite family of continuous
monotone mappings, and let {T; : C — C,i = 1,2,...,N}
be a finite family of continuous pseudocontractive mappings.
For the rest of this paper, T;, : E — CandF,, : E — Care
mappings defined as follows forx e E,r, € (0 00),

T, (x):= {z €eC:(y-2zTz)

—l<y—z,(1+rn)z—x> sO,VyeC},
rﬂ
(21)

E, (x): {z €eC:(y-zA;z)

(22)
L (y-z,z-x)>20,VyeCrt.
rﬂ
By using Lemmas 2.3-2.6 in Zegeye and Shahzad [21], we
have that the mappings T;, and F;, are well defined and they
are nonexpansive and F( ) = F(T) F(F, ) = VI(C, A,) are

closed convex. Denote F; = N, F( T, ), F, = ﬂfilF(Fi,n).

Theorem 6. Let C be a nonempty closed convex subset of
uniformly smooth strictly convex real Hilbert space H. Let
{I, : C — Ci = ., N} be a finite family of
continuous pseudocontractive mappings, let {A; cC -
H,i = 1,2,...,N} be a finite family of continuous monotone
mappings such that F = F, N F,#0, andlet f : C — C
be contraction with a contraction coefficient p € (0,1). T,

and F,, are defined as (21) and (22), respectively. Let {x,,} be a
sequence generated by x,, € C:

y_PC<su+ Zlull >>
(23)

Xne1 = (an (X ) + IBn'xn + Ynzo'z ir, Yn>

where {a,}, {B,}, {v.}, {€,,} are sequences of nonnegative real
numbers in [0,1] and y; > 0, 0; =2 0,i = 1,2,...,N, and the
sequence {u,} C H is a small perturbation such that

(i) o, + B, +y, = 1,”20’221%’ = l,ande\:]lai =1;
(i) lim,, _, o0, = 0, Y02, &, = 00, and lim,, _, ¢, = 0
(iil) 0 < liminf, , B, < limsup,_, B, < L;

(iv) limsup, , or, > 0, Yoo Ity — 1l < o0,

lim, _, llu,ll = 0, and Y2 €,llu,ll < co.

Then the sequence {x,} converges strongly to an element
w = Ip f(w) and also w is the unique solution of the varia-
tional inequality

(f-Tw,y-w) <0, VyeF. (24)



Proof. By using Lemmas 3 and 5, the mappings ZlN1 iFs.

and Zl 1 0T}, are well defined. First we prove that {x,} is
bounded. Take p € F,because F,, , P are nonexpansive; then

we have that
PC(SM + Z."ll ir, P)H

Iy - pll =

N
< &, [l + 201 + (1 - &) Y pac | Fi %0~ E, 1)
i=1
<&, [l + 2] + (1 = &) |5, - 2]
(25)

For n > 0, because T;, and F;, are nonexpansive and f is
contractive, we have from (25) that

N
“nf (xn) + ﬁnxn + Vnzo-iTiry,yn - p"
i=1

[ = 2l -
Sy ”f(xn)_ p)||+(xn “f(p)_p"
+ﬁn"xn_p” +Yn“yn_p"
< (posy + ) b, = Pl + 1 (1) - o]
T Vu [sn (”un“ + ”P") + (1 - ‘Sn) “'xn - P"]
< (1 _an+P‘xn) "xn_p” +‘xn"f(p)_p“
e, (il + v, o)
< (1 - (1 - P) &y~ Vnsn) ”Xn - P" T Yuén “P“
+ (=), (5 17 (0= pl) + 5
1
< max {5, = pl. ol 1 1 (2) -l
+&, |u, -
(26)
This implies that
I = ol < max s =l Ul 1 1 (1) =
(27)

+ T e el

Notice condition (iv); therefore, {x,} is bounded. Conse-
quently, we get that {F,, x,}, {T;, y,} and {y,}, {f(x,)} are
bounded.

Next, we show that |x,,,,
that

- x,|| = 0. We have from (23)

- yn" < &4 ”un+1 - un”

+(1 n+1)zz 1!"1|

||yn+1

Firn xn" (28)

i1 Xn+1 —

+ |£n+1 - £n| u, — z“i:l[’liFirnxn
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Let v, = Fy Xy Vipn = Fir 1

mapping F we have that

IT’

by the definition of

<y_vin’ i 1n>+ <)/ zn’vi,n_xn>20’ VyEC.
(29)
(V= Vinerr AViper) + (V= Vinets Viger = Xpa1) 2 0,
n+l
Vy eC.
(30)
Putting y := v;,,,, in (29) and letting y := v, , in (30), we

have that

<Vi,n+1 - Vin’ i 1n> + < 1n+1 zn’vi,n - xn> >0,
(31)
<Vi,n - 1n+1’A vl n+1> +— <Vi,n - Vi,n+1’ Vi,n+1 - xn+1> > 0.
n+l
(32)

Adding (31) and (32), we have that
<Vi,n+1 1n’A V Aivi,n+1>

V., —X v; - X
in n imn+1 n+1
+ <vi,n+1 —Vin . - > > 0.
n+1

" r
(33)
Since{A;,i = 1,2,..., N} are monotone mappings, which
implies that
Vig— X,  Vigg — X
<Vi,n+1 Vi in n _ Tintl n+l > >0, (34)
Tn Tus1

we have that

Ty (Vi,n+1 -

Tnt1

xn+1)
+Vine1 ~ Vinn

(35)

<Vi,n+1 - Vi,n’ Vi,n — Xy~
> 05

that is,

|| Vint1 = Vin "2

"y
< Vi,n+1 - Vi,n’anrl - X, t 1- (Vi,n+1 - xn+1)
T

I = ]

n+l
(36)

< Wires = Vil {0 = 5+ |1 -

Without loss of generality, let b be a real number such that
r, > b > 0, for all n € N; then we have that

r
Vinel = Vinll S 1 Xne1 = Xn [ WWinr1 — Xur1
I =< | +1 -~ I I

n+l

(37)

= "xnﬂ X " + 7 Irnﬂ Tnl K’
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X,1lli=1,2,..., N}. Then we have

where K = sup{||v; ., —

Let x,,, = B,x, + (1 - B,)z,. Hence we have that

from (37) and (28) that
1
||yn+1 - yn" < (1 - €n+1) ||xn+1 - xn" + &4 "un+1 - un” Zpel T % = nﬁ B (f( n+1) - f(xn))
n
(1 B €n+l)b|rn+1 - rn|K N ( Gt B a, >f(_x )
1-B, 1-8 "
+ |£n+1 - 8n| "un - Eill’tiFirnxn" : Ynt1 ) N n (46
(38) + Wzizloi (W1 = Win)
n+l
On the other hand, let w;,, = T, ¥, Wi i1 = T | Virrs ( S S ¢ >ZN .
we have that 1 1= Bu1 1-P, i=10iWin:
1
= Wi Tiwi) = = (¥ = Wi (L4 1) Wi = ) <0, Then we have from (46), (45), and (38) that
n
V)/ € ((:;9) ||Zn+1 - Zn" - “xn+1 - xn”
< (p_l)“nﬂ “ ~x ”
= 1- n+1 n
<y ~ Wint1> Tiwi,n+1> ﬁnﬂ
Xpi1 *x, l N
1 ; = )]+ =N, o
- T <y_wi,n+l’(1 + rn+1)wi,n+1 _yn+1> <0, Vy eC. 1- ﬁ"+1 1 {” " " " s ln"}
n+1
40 -
( ) + . Ynél |rn+1b rn| ((1 —8n+1)K +M)
Let y := w;,,,, in (39) and let y := w;,, in (40); we have i
Y
that + 1 _n[;l |£n+1 € | ||Ll gl#iﬂrnxn||
(Wyy — Wi > Tiwi,n> Vet
+
1 (41) 1 _nﬁ "unﬂ - un" .
__n<wn+1 tn’(1+r ) _yn> <0, il (47)
w;, — , Tw,
{ b~ Wil mH) Notice conditions (ii), (iii), and (iv); we have that
1
- r <wi,n - wi,n+1’ (1 + rn+1) wi,n+1 - yn+1> <0. .
nl 2) limsup (2,1 =2 = [enes =2} = 0. (48)
Adding (41) and (42) and because {T},i = 1,2, ..., N} are Hence we have from Lemma 4 that
pseudocontractive mappings, we have that
- L limsup |z, - x,| =0 49
<win+1 —w,,, Wiy = Vn _ Wint1 = Vntl > > 0. (43) nooo N n (49)
’ ’ Tn Tnt1
Therefore we have Therefore we have that
<win+1 Wi Wiy = Yy — (2 Dl = Inn1) ||xn+1 - xn” = |1 - ﬁnl ”Zn - xn" —0. (50)
’ T
n+l (44)
Hence we have from (37), (38), and (45) that
+ Wips1 — wi,n+1> > 0.
“yn-H - yn“ — 0, ||wi,n+1 - wi,n" —0,
Hence we have that (51)
||Vi,n+1 - Vi,n| — 0.
"wi,n+l - wi,n | < ||yn+1 yn" + - |rn+l rn| M, (45)
In addition, since x,,,, = &, f(x,) + BuX, + VaZn,0; Ww; 5
where M = sup{|lw;,, — y,ll.i = 1,2,...,N}. Po(eyu, + (1 - ,)EN wv;,,), for all p € F, we have from



the monotonicity of A;, the nonexpansivity of T}, , and the
convexity of || - I that

%1 = 2|

= [l fGen) + B + uZN 003, —

< o (F5) = P) + Bl = D) + 1| 2N 0001, — ||

< a | f(x) = plI” + Bullxn = I + vl — 2l

< &l fx) = pI* + Ballxa = PI” + vatalles = oI
+(1- &) iy vin - P”2

< &l f () =PI + Balln = I + vutalltn — 2l
+ (1= &) v= i (= I = I = 72l

< a | f(x) = pl* + |x, - pf

- (1 - sn) Ynzfil/’ti”xn - Vi,nnz + legn"un - pHZ
(52)

So we have that
(1= &) neZia s = vial” < el f) = I + 5, = o
s = 21+ vatallun - 2l
<, £Ge) = pI + % = %
X (%, = oIl + %001 = Pl

2
+ ynsn“un - P” .

(53)
Since o, — 0,¢, — 0, we have from (50) that
% = Vi — 0. (54)
In a similar way, we have that
e (55)
Consequently, we have that
Iy = xall < 11 = )| 22,41 [ = Vi — 0, (56)

”yn - wi,n” < "yn - xn" + ”xn - wi,n" — 0.

Since the sequence {x,} is bounded, there exists a subse-
quence {x,.} of {x,} and w € C such that x,;, — w weakly.
And because x,, — v;,, v;,;, — w weakly. Next we show
thatw € F.

Because v;,, = F,, x,, by the definition of mapping F;
we have that

Ta >

1
<y - Vi,n’Aivi,n> + T_ <)’ Vi Vin — xn) >0, Vy €C,

n

V~’ Kk~ X k
(y - Vi,nk>AiVi,nk> + <,V = Vink> mr—n> >0, VyeC.

’ (57)
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Letv, = tv+ (1 -t)w, t € [0, 1], for all v € C; we have that

Ve = Vi Aive) 2 (Ve = Vit Ave) = (Ve = Viggoo AV, i)

<V v Vi,nk — Xk >
- t — Vink>
Ty

= <Vt = Vi AV — Ai"i,nk)
Vink = Xnk
=\ Yt~ Vink> .
r}‘l

Because {A;,i = 1,2,..., N} are monotone and because
Xpk = Vige — 0, we have that

(58)

0< kli_{rolo (v — Vi,nk’Ain> = (v —w,A,). (59)

Consequently we have that
(v-w,Aw,) =0. (60)

Ift — 0, by the continuity of A;, we have that (v —
w, A;w) > 0; thatis, w € VI(C, A;) and then w € F,.

Similarly, because w;, = T, y,, by the definition of
mapping T}, , we have that

i,

1
<y — Wiy Tiwi,n> - 1’_ <y ~ Wi (l + 7‘") Wiy, — yn> <0,

n

VyeC.

1
<J’ - wi,nk’ Tiwi,nk> - T'_ <y - wi,nk’ (1 + rn) wi,nk - ynk> <0,

n

Vy e C.
(61)

Letv, = tv+ (1 —t)w, t € [0,1], for all v € C. Because
{T;,i=1,2,...,N} are pseudocontractive mappings, we have
that

(Wi = Vi Tyvy)
2 (Wi = Vo Tve) + (Ve = Wy Tiw; 1)
1
- T_<Vt = Wik (1 + rn) Wik = ynk>
n
=V = Wippo TW, g = Tivy)

1+, 1
- <Vt - wi,nk’ r nwi,nk - r_ynk> (62)
n

n

2 1

2 _"Vt - wi,nk" - r_<vt = Wj o> Wi ke — ynk>
n
- <Vt = Wi ko> wi,nk>

1
= <Vt = Wj k> Vt> - T_ <Vt = Wi pio> Wik — ynk) .
n



Abstract and Applied Analysis

Because y,; — w;,x — 0, so we have that
klingo <wi,nk v Tov) 2 kli_{lgo <wi,nk ~Vp ) (63)
Consequently we have that
(wW=v, Tyv,) = (w—=v, )3 (64)
that is,
v—w, Tv,) < (v—w,v,). (65)

Ift — 0, by the continuity of T}, we have that (v—w, T;w-
w) < 0, for all v € C; we conclude that w = T,w; that is,
w € F(T;) and then w € F,. Consequentlyw € F = F, N F,.

Denote x* = I f(w); then x* € F is the unique element
that satisfies inf ..z [lx - f(w)| = |x* - f(w)|. From Lemma 1,
we have that (f(w) —x*, y—x") <0, forall y € C. If we take
y = f(w), then (f(w) — x*, f(w) —x") < 0; consequently we
have that f(w) = x".

By using the weakly lower semicontinuity of the norm on
H, we get that

" - f @)] < Jw- f @) <lim inf [x, - f @)
< lim sup “x,,k -f (w)" (66)
<inf x - f )] = |x" - f W),

which implies that

tim 5, - £ @) = |" - f @) = |- £ @)]

N nf - f @) 7
=inf |x - f (w)].
xeF

Thus, from Lemma 1, we have that
(z-x",x" - f(w)) 20, VzeC, (68)
(z-w,w- f(w)) >0, VzeC. (69)

Putting z := w in (68) and z := x™ in (69), we get that

(w-x",x"- f(w)) 20, VzeC, (70)
(x" —w,w- f(w)) 20, VzeC. (71)

Adding (70) and (71) we get that (x™ —w, x* —w) < 0; that is,
lw - x*||* < 0; thus w = x*. Furthermore, from (67), we get
that the sequence x, — w = Ppf(w) strongly and w is the
solution of the following variational inequality:

(z-w,(f-Tw) <0,

Now we show that w is the unique solution of the
variational inequality (z — w, (f - )w) <0, forall z € C.
Suppose that w € F is another solution of the variational
inequality; that is,

vz € C. 72)

(z-w,(f-I)w) <0, VyeC. (73)

7

Let z := win (72) and let z := w in (73); we have that
(W-w, f(w)-w) <0, (74)
(w-w, f (w)-w) <0. (75)

Adding (74) and (75), we have that
@-w-(f@) - fw),w-w)<0.  (76)
Hence
(1-p) lw-w|* <o0. (77)

Because p € (0, 1), we conclude that w = wj; the uniqueness
of the solution is obtained. The proof is complete. O

Theorem 7. Let C be a nonempty closed convex subset of
a uniformly smooth strictly convex real Hilbert space H. Let
{T, : C — C,i = 1,2,...,N} be a finite family of
continuous pseudocontractive mappings, let {A; c -
H,i = 1,2,...,N} be a finite family of continuous monotone
mappings such that F = F, N F,+ @, andlet f : C — C
be a contraction with a contraction coefficient p € (0,1). T,
and F, are defined as (21) and (22), respectively. Let {x,,} be a
sequence generated by x, € C,

N
Yn = (1 - An) Xy + /‘nPC (snun + (1 - gn) ZMiFirnxn> >
i=1

N
xn+1 = (an (xn) + ﬁnxn + Ynzo.iTir,,yn’
i=1

(78)

where {a,}, {4}, {B,.} {v.}, {e,} are sequences of nonnegative
real numbers in [0,1] and y; > 0, 0; 2 0,i = 1,2,...,N, and
the sequence {u,} C H is a small perturbation such that

. N N
Do, +B,+v,=Ln=20,Y" y=Land),  0,=1

(i) lim,, _, o0, = 0, Y02, @, = 00, and lim,, _, ¢, = 0;
(iil) 0 < liminf, , B, < limsup,_, B, < L;

n > 0, 002221 |rn+1 - rn' < 0,
lim, _, llu,ll =0, and Y7 e, llu,ll < oco.

(iv) limsup,, , 7,

Then the sequence {x,} converges strongly to an element
w = Ipf(w) and also x is the unique solution of the
variational inequality

(f-Dw),y-w) <0,

Proof. Take p € F;because F, ,
have that

Iy = pl

Vy e F. (79)

P are nonexpansive, then we

N
(1 - /\n) X, + AnPC <€nun + (1 - 8n) Z!’tiFirn‘xn - P)"

i=1

g, ["un" + )‘n "p”] + (1 - /\nsn) "xn - P“ .
(80)



Forn > 0, because T;, and F;, are nonexpansive and f is
contractive, we have from (28) that

61 = 2

<)+ﬁﬂh+nzq,rn ]

s o "f (xn) -
+ B, ||x

Pl +a, If (p) - pl
o= Pl vallyn - £l

< (pa, + B,) [lx, = pll + o | £ (p) - Pl
+ ¥ (& (Jall + A0 ) + (1 = A2,) [, = ]
< (1-ay + pay) |x, = pll + a, | £ (p) - P

+ & ([all + e [l

S(1_(1_p)06n A sn) ||xn_p||+YH£nAn "P"
+(1=p)a (T 1 ()= )+ 5 bl
1
< max {5, = ol ol 75 17 () =l 5 .
(81)

This implies that

1)~}

Jo - ol < max o = . ol 5
(82)

+ 308 Jusa] -

Notice condition (iv); therefore, {x,} is bounded. Conse-
quently, we get that {F;, x,}, {T;, y,} and {y,}, {f(x,)}, and
Pe(equ, + (1 - ,) Y, wF, , X,) are bounded.

Next, we show that ||x,,,, — x,[| — 0.Denote 7, = ¢,u, +

(1 - en) Z;I\zll ."liF

ir. X3 then we get that

||yn+1 - yn" < (1 - /\n+1) "xn+1 X " + /\n+1 ” T+l Tn”

+ I/\n+1 - Anl “xn - PCTn" >

Tn" S & ["uml" + "un"]

N
+ (1 - £n+1) Z‘Ml |F
i=1

" n+1

it Xn+l T Fir,,xn"

+ |£n+1 - 8n|

N
U, = ZnuiFirnxn
i=1

(83)
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Repeating equations from (29) to (38), we have that
||Tn+1 - Tn" < Env1 ["un+1" + ”un"]

+ (1 - 8n+1) "xn+1 - xn”

| K (84)

( n+1) | Tnel —

+ |8n+1 - sn'

N
Uy, = ZtuiFirnxn
i=1

Therefore,

n+1) ||xn+1 - xn”

||yn+1 _yn" < (1 _)”
+Am1<%ﬂnwmm+uwm

+ (1 - 8n+1) ”xn+1 - xn"
-1, |K
+ (1 - EVH-I) |rn+1 brnl

Z.uz ir, X

+ I‘Sn-f-l n

)

* |An+1 - /\n| "xn - PCT””
< (1 - An+18n+1) “xﬂ‘H - x”"

+ An+1€n+1 ["un+1" + "un"]

-1, K
+ An+1 (1 - €n+l) M
N
+ An+1 |8n+1 ~ &l ||Un — Z/’liFir Xn
i=1

+ At = Al 1%, = Pt -

(85)

Similar to the rest of the proof of Theorem 6, we obtain the
result. O

If, in Theorems 6 and 7, we let f := u € C be a constant
mapping, we have the following corollaries.

Corollary 8. Let C be a nonempty closed convex subset of
a uniformly smooth strictly convex real Hilbert space H. Let
{I, : C —- Ci = ., N} be a finite family of
continuous pseudocontractive mappings, let {A; : C —
H,i = 1,2,...,N} be a finite family of continuous monotone
mappings such that F = F\NF, #+ @, and letu € C be a constant.
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T, and F;. are defined as (21) and (22), respectively. Let {x,}
be a sequence generated by x, € C,

N
In = PC (8nun + (1 - sn) Z‘uiFir”xn) >

i=1

(86)

Xpp1 = Oyl + ﬁnx + y}’lzal ir, Yns
i=1

where {«,}, 18,5, 1y}, {e,} are sequences of nonnegative real
numbers in [0,1] and y; > 0, 0; > 0,i = 1,2,...,N, and the
sequence {u,} C H is a small perturbation such that

() ay+ B+ =1,n20, YN w=1andyn o;=1;
(ii) hmn—»oo‘xn =0, ZEZI o, = 00, and limnqoosn =0;
(iii) 0 < lim inf <limsup, , B, < 1L

n > 0, OOZEC:)I |rn+1 - rnl < 0,
lim, _, lu,ll =0, and 3.7 &, llu,ll < co.

n— ooﬁn
(iv) limsup,, , 7,

Then the sequence {x,} converges strongly to an element
w = IIpu and also X is the unique solution of the variational
inequality
(u-w,y-w)<0, VyeF (87)
Corollary 9. Let C be a nonempty closed convex subset of
a uniformly smooth strictly convex real Hilbert space H. Let
i, : C - Ci = .»N} be a finite family of
continuous pseudocontractive mappings, let {A; cC -
H,i = 1,2,...,N} be a finite family of continuous monotone
mappings suchthat F = F,NF, # O, andletu € C be a constant.
T, and F;. are defined as (21) and (22), respectively. Let {x,,}
be a sequence generated by x, € C,

N
In = (1 - An) Xt /\nPC <8nun + (1 - sn) Zn"iiFirn'xn) >

i=1

Xpp1 = Ky u+ﬁnx +Ynz L ir, Yns>

i=1
(88)

where {a,}, {A,}, {8} {e,,} are sequences of nonnegative
real numbers m [0 1] and y, >0,0;20,i=1,2,...,N, and
the sequence {u,,} C H is a small perturbation such that

() ay+ B+ =1,n20, Y w=1and Yy~ o;=1;
g, =0;

(ii) lim =0, Y a, =00, andlim,_, ¢,

n— o0 n

(iil) 0 < liminf, _, B, < limsup,_, B, < L;

(iv) limsup, , 1, > O ZZOI Irp1 — 1l < o0
lim lw,ll =0, and ¥ 2 &, llu,ll < co.

n— 00 n=0 En

Then the sequence {x,} converges strongly to an element
w = Ipu and also x is the unique solution of the variational
inequality

(u-w,y-w) <0, VyeF (89)

9
Remark 10. If {u,} ¢ C, then sequence (23) reduces to
N
Vn = EUy + (1 - sn) ZMiFirnxn
i=1
(90)
Xnt1 = (xnf( ) + ﬁnxn + Ynzaz ir,
and sequence (78) reduces to
N
Yn = (1 - An) X, t+ /\n <€nun + (1 - £n) ZMiFirnxn> >
i=1
1 (o)

Xnt1 = “nf (X ) + /jnx + Vnzaz ir,

The conclusions of Theorems 6 and 7 are true under the same
conditions.

Remark 11. Our theorems extend and unify some of the
results that have been proved for these important classes
of nonlinear operators. In particular, Theorem 6 extends
Theorem 6 of Yao and Shahzad [24] in the sense that
our convergence is for the more general class of continu-
ous pseudocontractive and continuous monotone mappings.
Theorem 6 also extends Theorem 3.2 of Tang [22] in the sense
that our convergence is for the more general algorithm with
perturbations.
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