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The concept of non-k-quasi-coincidence of an interval valued ordered fuzzy point with an interval valued fuzzy set is considered.
In fact, this concept is a generalized concept of the non-k-quasi-coincidence of a fuzzy point with a fuzzy set. By using this new
concept, we introduce the notion of interval valued (€, € V g;)-fuzzy quasi-ideals of ordered semigroups and study their related
properties. In addition, we also introduce the concepts of prime and completely semiprime interval valued (€, € Vv g;)-fuzzy quasi-
ideals of ordered semigroups and characterize bi-regular ordered semigroups in terms of completely semiprime interval valued
(€, € V qp)-fuzzy quasi-ideals. Furthermore, some new characterizations of regular and intra-regular ordered semigroups by the
properties of interval valued (€, € V g;)-fuzzy quasi-ideals are given.

1. Introduction

The theory of fuzzy sets was first developed by Zadeh [1]
and has been applied to many branches in mathematics.
Rosenfeld [2] inspired the fuzzification of algebraic structures
and introduced the notion of fuzzy subgroups. Later on,
Zadeh [3] also introduced the concept of interval valued fuzzy
set by considering the values of the membership functions
as the intervals of numbers instead of the numbers alone.
An interval valued fuzzy set is a generalized form of the
ordinary fuzzy sets and provides a more adequate description
of uncertainty than the ordinary fuzzy sets. The interval
valued fuzzy subgroups were first defined and studied by
Biswas [4] which are the subgroups of the same nature of
the fuzzy subgroups defined by Rosenfeld. Interval valued
fuzzy subsets have been applied extensively in different kinds
of fields of mathematics (see [5-10]). A new kind of fuzzy
subgroup, that is, the (€, € Vvg)-fuzzy subgroup, was then
introduced by Bhakat and Das [11, 12] by using the combined
notions of “belongingness” and “quasicoincidence” of fuzzy
points and fuzzy sets proposed by Pu and Liu in [13]. In
fact, the (€, € Vq)-fuzzy subgroup is an important and useful

generalization of Rosenfeld’s fuzzy subgroup. Since then,
many researchers used the idea of generalized fuzzy sets and
gave several results in different branches of algebra. For more
details, the reader is referred to [14-20].

In mathematics, an ordered semigroup is a semigroup
together with a partial order that is compatible with the semi-
group operation. Ordered semigroups have several applica-
tions in the theory of sequential machines, formal languages,
computer arithmetics, and error-correcting codes. In [21],
Kehayopulu and Tsingelis applied the concept of fuzzy sets to
the theory of ordered semigroups. Then they defined “fuzzy”
analogous of several notations, which appeared to be useful
in the theory of ordered semigroups. The theory of fuzzy
sets on ordered semigroups has been recently developed (see
[22-30]). Recently, Khan et al. [31] introduced the concept
of interval valued («, f3)-fuzzy biideals of ordered semigroups
by using the idea of a quasicoincidence of an interval valued
fuzzy point with an interval valued fuzzy set. In particular,
they studied the properties of interval valued (¢, € vVq)-fuzzy
biideals in detail. Furthermore, Davvaz et al. [32] introduced
the concept of interval valued generalized fuzzy filters of an
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ordered semigroup and obtained many interesting related
results.

As we know, quasi-ideals play an important role in the
study of ring, semigroup, and ordered semigroup structures.
The concept of a quasi-ideal in rings and semigroups was
studied by Stienfeld in [33]. Furthermore, Kehayopulu and
Tsingelis extended the concept of quasi-ideals in ordered
semigroups as a nonempty subset Q of an ordered semigroup
S such that (1) (QS] N (SQ] € Qand (2) ifa € Q and
S > b < a, thenb € Q (see [34]). The fuzzy quasi-ideals in
ordered semigroups were studied in [23, 27], where the basic
properties of ordered semigroups in terms of fuzzy quasi-
ideals are given. Motivated by the study of fuzzy quasi-ideals
in rings, semigroups and ordered semigroups, and also moti-
vated by Davvaz and Khan’s works in ordered semigroups
in terms of interval valued fuzzy subsets, we attempt in the
present paper to study a new type of interval valued fuzzy
quasi-ideals in an ordered semigroup in detail. The rest of
this paper is organized as follows. In Section 2, we recall some
basic definitions and results of ordered semigroups which will
be used throughout this paper. In Section 3, we introduce
the concept of interval valued (€, € V g;)-fuzzy quasi-ideals
of an ordered semigroup S by the interval valued ordered
fuzzy points of S and investigate some related properties.
In particular, we discuss the relationships interval valued
fuzzy quasi-ideals and interval valued (€, € v gz)-fuzzy quasi-
ideals of an ordered semigroup. The idea of prime interval
valued (€, € V gg)-fuzzy quasi-ideals in ordered semigroups
is given and the related theorems are provided in Section 4.
In Section 5, we first give some characterizations of regular
and intra-regular ordered semigroups by the properties of
interval valued (€, € V g;)-fuzzy quasi-ideals. Furthermore,
we introduce the notion of completely semiprime interval
valued (€, € V gy)-fuzzy quasi-ideals of ordered semigroups
and characterize biregular ordered semigroups in terms of
completely semiprime interval valued (€, € v gz)-fuzzy quasi-
ideals. Some conclusions are given in the last Section.

2. Preliminaries and Some Notations

Recall that an ordered semigroup (S, -, <) is a semigroup (S, -)
with an order relation “<” such that a < b implies xa < xb
and ax < bx for any x € S.

Let S be an ordered semigroup. For H C S, we define
(H]:={teS|t<hforsomehe H}. 1)

For H = {a}, we write (a] instead of ({a}]. For two subsets A,
B of S, we have (1) A € (A]; (2) if A € B, then (A] € (B];
%3)]()1‘\](3] < (ABJ; (4) ((A]] = (A]; (5) ((Al(B]] = (AB] (see
35]).

By a subsemigroup of S we mean a nonempty subset A of S
such that A € A. A quasi-ideal Q of an ordered semigroup S
is called prime if for any two elements x, y of S, such that xy €
Q, then x € Q or y € Q. We denote by Q(a) the quasi-ideal
of S generated by a (a € S). Then Q(a) = (a U ((aS] n (Sa])].

An ordered semigroup (S, -, <) is called regular if, for each
a € §, there exists x € S such that a < axa. Equivalent
definitions: (1) A € (ASA],VA € S. (2) a € (aSal],Va € S
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(see [34]). An ordered semigroup (S,-,<) is called intra-
regular if, for each a € S, there exist x, y € S such that
a < xazy. Equivalent definitions: (1) A € (SA%S], VA <
S. (2) a € (Sa’S], Ya € S (see [34]).

We next state some fuzzy logic concepts. Recall that a
fuzzy subset f of an ordered semigroup S is a function from
S into the real closed interval [0, 1], thatis, f : S — [0,1].
A fuzzy subset f of an ordered semigroup S is called a fuzzy
quasi-ideal of Sif (1) x < y = f(x) > f(y) forallx,y € S,
and (2) (foS)N(Se f) C f (see [23]).

By an interval number d we mean an interval [a~,a"],
where 0 < a~ < a* < 1. The set of all interval numbers is
denoted by DI0, 1]. The interval number [a, a] can be simply
identified by the number a € [0, 1]. In particular, we define
the set ED[a, 8] := {@ € D[0,1] | a@ = [a,a], « < a < f3},
where 0 < o < 8 < 1. For the interval numbers aj = [a;, a}],

19 ¢ 1 €« 2 «__» €« _» « »

j € I, we define the operations “A", “V”, “<” “=7, “<”, “+” and
“~”in D0, 1] as follows.

M Njer@; = [Njer9j \jera; ] In particular, a;N'a, =
la, Nay,a Aay].

(2) \/;dﬁj = [Vjer9;> Vjera; 1. In particular, aVva, =
la, Va,,a Va,].
(3) ka; = [ka:,kaT],Vj eI, where0<k<1.
j j> R4 V]
(4)a, <a, ©@a; <a, anda <a,.
(5)a@, =a, © a; =a, anda, =a,.
(6) a, <a, ® a, <a,anda, #a,.
(7) @, + a, = [a; +a,,a] +a,].

(8) a, — @, = [a, —a,,a] —a, ], where a, < aj.

Then, it is clear that (D[0, 1], <, A}, V') forms a complete
lattice with 0 = [0, 0] as its least element and T = [1, 1] as its
greatest element.

Let S be an ordered semigroup. A mapping f : S —
D[0,1] is called an interval valued fuzzy subset of S, where
f(x) = [f(x), ff(x)] forall x € S, f~ and f* are two
ordinary fuzzy sets of S such that f~(x) < f*(x) forall x € S.
The set of all interval valued fuzzy sets of S is denoted by
IVE(S). Let f, § € IVF(S). Then we define

ODfcge f(x)<g(x)and ff(x) < g'(x) forall
x €S;

2)f=ge f(x) =g (x)and f7(x) = g'(x) for all
x €S;

(3) (fN@(x) = f(x)NG(x) forall x € S;
@) (fUd(x) = fx)V'G(x)forall x € S.

One can easily show that (IVF(S), <, N, U) forms a com-
plete lattice with the maximum element S and the minimum

element 0, where the interval valued fuzzy subsets S and 0 of
S are defined by

S: $S— DJ[0,1], x+—S(x):=[1,1], Vxe€S,

2)

0: S— DJ[0,1], x+—0(x):=[0,0], VxeS§.
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Let (S, -, <) be an ordered semigroup. For x € S, we define
A, = {(3,2) € SxS| x < yz}. Forany f, g € IVF(S), the
product f * g of f and g is defined by

V [F0NGR)], ifA.+o,
(y2)€A, (3)

[0,0], ifA, #0,

(f*3)x)=

forall x € S.

Lemma 1. Let S be an ordered semigroup and f,G,h ¢
IVE(S). Then the following statements are true:

W) (f*@ *h=fx@=xh).
(2) If f < Gandh € IVE(S), then f x h € g »
h* g.

=

Jhx f C

Proof. The proof is similar to that of Theorem in [36]. O

«  »

By Lemma 1, we can easily see that this operation “
on the set IVF(S) is associative and (IVF(S), %, ) forms an
ordered semigroup.

Definition 2. An interval valued fuzzy subset f of an ordered
semigroup S is called comparable if f(x) and f(y) are
comparable for all x, y € §; that is, f(x) > f~(y) or f(x) <
F).

Throughout this paper, let f be a comparable interval
valued fuzzy subset of S unless otherwise specified.

Definition 3. Let f be an interval valued fuzzy subset of an
ordered semigroup S and 7 € D[0, 1]. Then the crisp set

fr={xeS| f(x) 27 (4)
is called a level subset of f.

Definition 4. Let S be an ordered semigroup, x € S and
t € D(0,1]. An interval valued ordered fuzzy point xz of S
is defined by the rule that

f, ify e (x],

[0,0], ify¢(x], ©)

50~

for any y € S. It is accepted that x; is a mapping from S into
D[0, 1], then an interval valued ordered fuzzy point of S is an
interval valued fuzzy subset of S. For any interval valued fuzzy

subset f of S, we also denote x; € f by x;7 € f in the sequel.

Definition 5. An interval valued ordered fuzzy point x; of an
ordered semigroup S is said to be not belonging to (resp., not k-

quasi-coincident with) an interval valued fuzzy subset f of S,
written as x;€ f (resp., X4y, ), if f(x) < T (resp., f(x)+E+k <
[1,1]), where k € ED[0,1). If x;Ef or x;q_%f, then we write
x7€ Vg f- The symbol ?q_% means that € vVg; does not hold.

Let A be a nonempty subset of an ordered semigroup S.

We denote by f, the interval valued characteristic function
of A, which is the mapping of S into D[0, 1] defined by

ifx € A,
ifx ¢ A.

[1’ 1] >

[0,0], (6)

fA(x)z{

Clearly, f, is an interval valued fuzzy subset of S.
The reader is referred to [28, 37, 38] for notation and
terminology not defined in this paper.

3. Interval Valued (€,€Vg;)-Fuzzy Quasi-Ideals
of Ordered Semigroups

Throughout this paper, let S be an ordered semigroup and let

k = [k, k'] denote an arbitrary element of EDI0, 1) unless
otherwise specified. In this section, we will introduce and
study interval valued (€, € v g;)-fuzzy quasi-ideals of ordered
semigroups, which is a new generalized form of interval
valued fuzzy quasi-ideals.

In what follows, we emphasize that any element  in
DI0, 1] must satisfy the following condition:

(C) < [(1-k7)/2,(1-k")/2] orE > [(1-k7)/2,(1-k")/2],

where k = [k™,k*] € EDI[0, 1). For anyf € IVF(S), we say
that f satisfies the condition (C) if f (x) (e DJ0,1]) satisfies
the condition (C) for any x € S.

In the following, we first extend the concept of fuzzy
quasi-ideals to the concept of interval valued fuzzy quasi-
ideals in an ordered semigroup as follows.

Definition 6. Let Sbe an ordered semigroup and f an interval
valued fuzzy subset of S. Then f is called an interval valued
fuzzy quasi-ideal of S if the following conditions are satisfied:

W) x<y= flx)= f(y)forallx,ye€S.
@ (F=HnE=Hc T

Theorem 7. Let S be an ordered semigroup and f an interval
valued fuzzy subset of S. Then f is an interval valued fuzzy

quasi-ideal of S if and only if all nonempty level subsets f; of f
are quasi-ideals of S for all t € D(0, 1].

Proof. Suppose that f is an interval valued fuzzy quasi-ideal
of Sand f € D(0,1] such that f;#0. Let x € S be such that
X € (f;S] n (Sf;]. Then x € (f%S] and x € (Sﬁ], and we have
x < yzand x < y,z, for some y,z, € frand z, , € S. Then
(y,2z) € A, and (y,,7,) € A,. By hypothesis, we have

F@=2((f+S)n(S*f))
=(~*§)(x)/\i(§*f)(x)



- ( V(7 A"§<q>]>

(pq)eA,

N <( \/ [Sanf (v)])

u,V)EA,

PINS@)N (SN (1))
()N L) A (LA ()
FOINT(z). (7)

> (F(
(f

Since Y2 € f;,we have f(y) >?andf(zl) >t. Then f(x) >
Ff(YAN f(z,) = INT =f,and so x € f;. Thus (ftS]ﬂ(Sft] < fr
Furthermore, let x € f;, S > y < x. Then y € f;. Indeed,
since x € f;, f(x) > f,and f is an interval valued fuzzy quasi-

ideal of S, we have f(y) > f(x) >, 50 y € f;. Therefore, ft
is a quasi-ideal of S.

Conversely, assume that for every f € D(0,1] such that
f+ #0 the set f; is a quasi-ideal of S. Let x € S. Then ((f *S)n
(S * M) < flx). Infact, if f(x) < (f SN (S * ),
then there exists f € D(0, 1] such that f(x) <7 < ((f *S)n
S * M) = (F * HENE = Px), and so (F * §)(x) =
fand (S * f)(x) = f. Then vl(P,q)EAx [f(p)NS(g)] = T and
\/iw)E Ax[g(u)/\i f (v)] = t. Since f is comparable, and there
exista,b,c,d € Swith (a,b) € A, and (¢,d) € A, such that
fla) = f(@AS(b) > Tand f(d) = SN f(d) > T, then
a,d € frandsoab € f;Sand cd € Sf;. Hence x € (f;S] and
X € (Sf;]. By hypothesis, x € (f~—t~S] ﬂ(Sf;] c f;, andsox € f;
Then f(x) > £. This is a contradiction. Thus, (f *S)N(S* f) <
f- Moreover, let x, y € S. If x < y, then f(x) > (). Indeed,
lets = f(y) Then 1y € f=. Since f; is a quasi-ideal of S, we

have x € f.. Then f(x) > 5= f(y). Therefore, f is an interval
valued fuzzy quasi-ideal of S.

Example 8. We consider a set S := {a,b,c,d,e} with the
following multiplication “” and the order “<”:

(8)

<={(a,a),(ab),(a,0),(a,
(¢c,0),(d,d), (e e)}.

d),(a.e), (b,b),

Then (S, -, <) is an ordered semigroup and {a}, {a, b}, {a,c},
{a,d}, {a, e}, {a,b,d}, {a,c,d}, {a,b,e}, {a,c, f} and S are all
quasi-ideals of S (see [39]). Let f be an interval valued fuzzy
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subset of S such that f(a) = [0.8,0.9], f(b) = [0.7,0.8],
f(c) = [0.4,0.5], f(d) = [0.6,0.7],and f(e) = [0.4,0.5]. Then
S, if [0,0] << [0.4,0.5],
{a,b,d}, if[0.4,0.5] <<[0.6,0.7],
fr=11{ab}, if[0.6,0.7] <F<[0.7,08], (9)
{a}, if [0.7,0.8] < <[0.8,0.9],
0, if [0.8,0.9] < < [1,1].

By Theorem 7, we can verify that f is an interval valued fuzzy
quasi-ideal of S.

Definition 9. An interval valued fuzzy subset f of an ordered
semigroup S is called an interval valued (€, €Vqy)-fuzzy quasi-
ideal of S, if, for all £,7 € D(0,1] and x, y,z,u,v € S, the
following conditions hold:

() x < yand x;6f = ye Vg f.
(2) x < yu,x < vz,and x7€ f = y;EVGf or z;EVGL f.

Theorem 10. Let S be an ordered semigroup and f an interval
valued fuzzy subset of S. Then f is an interval valued (€,€ v
qz)-fuzzy quasi-ideal of S if and only if f satisfies the following
conditions:

M) x<y= fVII-Kk)/2,0-k/2] = f(y) forall

x,y €S.

(2) FEVIA=kT)/2,(1=K")/2] = (f #S) (N (S * )(x)
forall x €8.

Proof. Suppose that f is an interval valued (€, € V g)-fuzzy
quasi-ideal of S. Let x, y € S such that x < y. If f(x)V'[(1 -
k)/2,(1 - k")/2] < f(y) = T, then 7 € D((1 - k)/2,1],
xze f, but Yidx f does not hold. Thus, by Definition 9, we have
yre f. It follows that f(y) < T, which is a contradiction with
f(y) =t Hence f(x)V'[(1-k7)/2,(1-k")/2] = f(y) forall
x,y € Swith x < y. Furthermore, f(x)V'[(1 - k7)/2,(1 -
k2] = (f * SY)ANS * f)(x) for all x € S. Indeed, if
FEOVIA =k)/2,(1=Kk")/2] < (f * HENS = f)(x) for
some x € S, then there exists £ € D((1 - k)/2,1] such that
VA -k)/2,(1=kD/2] <T < (f * HEONS * f)x).
Since (f * S)(x) > t > [0,0], (S * f)x) > > [0,0],
there exist y,z,u,v € S such that x < yu and x < vz,
andf < f()ANSw) = f(y),T < SWN f(z) = f(z). Then
x7€ f, but yrgz f and z;g; f do not hold. Thus, by Definition 9,
we have y;€ f or z€ f. Then f(y) < for f(z) < which
is 1mposs1ble Therefore, f(x (1 -k)/2,1 -kY/2] =
(f x §) ()N (S f)(x) forall x € S.

Conversely, assume that the conditions (1) and (2) hold.
Let x, y € Sand f € D(0, 1] be such that x < y. If x;€ f, then
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f (x) < %. Since f satisfies the condition (C), we can consider
the following two cases.

Case 1. Iff(x) > [(1-k7)/2, (1-k™)/2], then, by the condition
(1), f(y) < f(x) < T, which means that y;€ f. Thus y;€ Vg f.

Case 2. Iff(x) < [(1-k7)/2,(1-k")/2], then, by hypothesw,
wehave f(y) < [(1-k7)/2, (1-k*)/2]. If yr€ £, thenerqkf
Now let y; € f.Then, T < f(y) < [(1 - k7)/2,(1 - k*)/2],
which implies that y;g; f, and thus y;€ V g; f.

Thus, in both cases, we have yr€ Vv g f. Furthermore, let
x, y,z,u,v € Sand £,7 € D(0, 1] be such that x < yu, x < vz,
and x;,-€ f. Then f(x) < IA'F, and

f(x)v,-[l—zk*,l—zﬁ]

> (F+S) @A (Sx f) 0

=< \/ [f(s)A"S'(t)]>

(sit)eA,

(10)
S(p)N S (q)]>

> (F)NSW)A (SWAT (2))
FOINT@).

Since f satisfies the condition (C), we can consider the
following two cases.

Case L1f f(x) > [(1 - k7)/2,(1 — k%)/2], then f(y)A f(z) <
f(x) < IN'F. Also, since f is comparable, we have fiy) <7
or f(z) < 7. It thus follows that y;€ f or z-€ f, which implies

that y;e quf or €V i f.

Case 2.1f f(xy) < [(1-k7)/2, (1-k")/2], then, by hypothesis,
we have f(x)A' f(y) < [(1-k7)/2, 1-k")/2].1f y;€ f or z-€ f,
then y;€Vg; f or z;€ Vg f. Now let y; € fand z; € f. Then,
since fis comparable, we have f < f(y <[(1-Kk7)/2,(1 -
kH/2lor 7 < f(z) < [(1 =k7)/2,(1 = k%)/2]. It follows that
quforz qkf andthuserqkforz~Gquf

Thus, in both cases, we have y;€ Vv qkf or z;€ V qkf

Therefore, f is an interval valued (€, €V qy)-fuzzy quasi-ideal
of S.

From Theorem 10, we can see that the interval valued
(€, € V gg)-fuzzy quasi-ideal is characterized in terms of the
multiplications f * S and S * f. A natural question is if
an interval valued (€,€ V g;)-fuzzy quasi-ideal f can be
defined using only the interval valued fuzzy subset f itself.
The theorems below give the answer. O

Theorem 11. Let S be an ordered semigroup. Then an interval
valued fuzzy subset f of S is an interval valued (€, € V g7)-
fuzzy quasi-ideal of S if and only if the following conditions are
satisfied:
M x<y= fVI1-k)/2,0-k)/2]
x,y €S.
() x < yuandx < vz = f(x)V'[(1-k")/2,(1-k")/2] =
FOIN f(2) for all x, y, z,u,v € S.

> f(y) for all

Proof. =: Letx, y,z,u,v € Sbe such that x < yuand x < vz.

Since f is an interval valued (€, € V g;)-fuzzy quasi-ideal of S
and x € §, by Theorem 10, we have

f(x)Vi[l'zk_,l_zk ]Z(f*§)(x>A"(§*f)(x>.
(11)
Since x < yu, we have (y,u) € A,; then
(F«S) =\ [fe&AS®]
(s;t)eA, (12)
> fINS@) = FIN L1 = F (),

By x < vz in a similar way we can get (S = f)(x) > f(z) It
thusfollowsthatf [(1-k7)/2,(1-k%)/2] > f(y /\f(z)

&: Assume that the condltlons (1)and (2) hold. Let x € S.
Then f(x)V'[(1-k7)/2,(1=Kk")/2] = (f * ()N (S * f)(x).

Indeed, if A, = 0, then (f * S)(x)A'(S * f)(x) = [0,0], and
(F*S) N5+ F) )
=[0.0] (13)
~ J1-k 1-k*
< TGV [ L3 s ]
Let A, #0. Then
(F*8) =V [forse)],
(s;t)eA,

(14)

1= V. BeANF@].
P)EA,

Since f is comparable and satisfies the condition (C), we can
consider the following two cases.

Case LIf f)V'[(1 = K)/2,(1 = K)/2] 2 (f * §)(x), then
FENVTM=k7)/2,(1=kN)/2] = (f * YIS * f)(x).
Case 2.Let f(x)V'[(1-k7)/2, (1-k*)/2] < (f*S)(x). Then, by
(14), there exists (y,u) € A, such that f(x)vi[(l -k7)/2,(1-
k*)/2] < f(y)A'S(u). Since f(y)/\"S’(u) = f(), we have

l—k‘ -kl =
Ll

fV [



So we can show that f(x)V'[(1 - k7)/2,(1 — k*)/2] =
S(v)A f(z) for any (v,z) € A,.In fact, since (y,u) € A, we
have y,u € Sand x < yu. Since (v,z) € A,, wehavev,z € §
and x < vz. Since there exist x, ¥, z,u, v € Ssuch that x < yu
and x < vz, by hypothesis, we have

~ o a1-k 1-k*
f(x)V[ 5

] >f(y)Nf(z).  (16)

Sjnce f; is corr~1parablei we ‘h~ave f(z)/\i f(z) = f~()/) or
TN f(2) = f(2). I f(y)N f(2) = f(y), then f(x)V'[(1 -
k7)/2,(1-k")/2] = f(y), which is impossible by (15). Hence
we have

1-k

f(x)vi[T’l_zk+]

>

(2)=SWAf(z), 17)

1

for any (v,z) € A,. Then we have

f(x)/\,-[l—k‘,l—kJ']

2 2
> \/ BoAf@]=G«fe 1
(12)€A,

>(f+8) N (S*f)x),
and the proof is completed by Theorem 10. O

Theorem 12. Let S be an ordered semigroup. Then an interval

valued fuzzy subset f of S is an interval valued (€,€ V g7)-
fuzzy quasi-ideal of S if and only if the following conditions are
satisfied:

W) x<y= flVI-k)/2,0-kY)/2] = f(y).
(2) x < yuandx <vz = f(OVI(1-K)/2,(1-k")/2] 2
(FOINF@)IV(FWA f(w)) for all x, y,z,u, v € S.

Proof. The proof is straightforward verification by
Theorem 11 and we omit it. O

By Theorem 10, we can easily observe that every interval
valued fuzzy quasi-ideal of an ordered semigroup S is an
interval valued (€, € Vv g;)-fuzzy quasi-ideal of S. However,
the converse is not true, in general, as shown in the following
example.

Example 13. Consider the ordered semigroup S given in
Example 8 and define an interval valued fuzzy subset f of S
by f(a) = [0.4,0.5], f(b) = [0.3,0.4], f(c) = [0.2,0.3], and
f(d) = f(e) = [0.1,0.2]. Then

S, if [0,0] < <[0.1,0.2],

{a,b,c}, if [0.1,0.2] < <[0.2,0.3],
fr=1{ab}, if[02,03] <T<[0.3,0.4], (19)

{a}, if [0.3,0.4] < f <[0.4,0.5],

0, if [0.4,0.5] <f<[1,1].
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By Theorem 11, we can easily show that f is an interval valued
(€, €vgy)-fuzzy quasi-ideal of S for any k € ED[0,0.4]. But f
is not an interval valued fuzzy quasi-ideal of S. In fact, since
{a, b, c} is not a quasi-ideal of S, we deduce that f is not an
interval valued fuzzy quasi-ideal of S by Theorem 7.

In the following theorem, we give a condition for an
interval valued (€, € V g;)-fuzzy quasi-ideal of an ordered
semigroup S to be an interval valued fuzzy quasi-ideal of S.

Theorem 14. Let S be an ordered semigroup and f an interval
valued (€,€ V q;)-fuzzy quasi-ideal of S. If f(x) > [(1 -
k7)/2,(1 = k)/2] for all x € S, then j?is an interval valued
fuzzy quasi-ideal of S.

Proof. It is obvious by Theorem 10. O

Theorem 15. Let S be an ordered semigroup. Ifk,7 € ED[0,1)

and k > 7, then every interval valued (€, € V q7)-fuzzy quasi-
ideal of S is an interval valued (€, € V q;)-fuzzy quasi-ideal of
S.

Proof. The proof is straightforward and we omit it. O

The following example shows that the converse of
Theorem 15 does not hold, in general.

Example 16. Consider the ordered semigroup S given in
Example 8 and define an interval valued fuzzy subset f of
Sby fla) = [0.4,0.5], f(b) = [0.3,0.4], f(c) = [0.2,0.3],
and f(d) = f(e) = [0.1,0.2]. Then fis an interval valued
(€, € V g;)-fuzzy quasi-ideal of S for any 7 € EDI0, 0.4]. But
f is not an interval valued (€, € V g;)-fuzzy quasi-ideal of S,
wherek = [0.6,0.6]. In fact, sinced < d = bdandd < d = dc,

k™ 1—k+]
2 2

f(d)v"[l‘ ,

=1[0.1,0.2] V! [i ! _k+] (20)
2 2

=[0.2,0.2] < [0.2,0.3] = F (B)A' f (c),

where k = [0.6, 0.6]. Thus, by Theorem 11, f is not an interval
valued (€, € V gjg¢0,6))-fuzzy quasi-ideal of S.

Now we will characterize the interval valued (€, € V gz)-
fuzzy quasi-ideals by using their level subsets.

Theorem 17. Let S be an ordered semigroup and f an interval
valued fuzzy subset of S. Then f is an interval valued (€, evayp)-
fuzzy quasi-ideal of S if and only if the level subset f; of f is a
quasi-ideal of S for all T € D((1 - k)/2,1] with f;#0.

Proof. Suppose that f is an interval valued (€, € v qp)-fuzzy
quasi-ideal of S. Let x,y € S, x < y be such that y € f;
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for some 7 € D((1 - k)/2,1]. Then f(y) > 7. It follows from
Theorem 11(1) that

l_k_,1_2k+]zf(y)z”f. (1)

fV [

Note that € D((1 - k)/2, 1], and we conclude that f(x) > 7,
which implies that x € ]7; Furthermore, let x € ( f;S] n(s ]7;]
forsomet € D((1-k)/2,1]. Thenx € (f;S] andx € (Sf;],and
there exist y,z € fyandu, v € Ssuch that x < yuand x < vz.

Then f(y) > Tand f(z) > £. It follows from Theorem 11(2)
that

1-k 1-k"

f(x)vi[ ] > f(y)Nf(2) 2INT =7 (22)
It implies that x € fg, according to t € D((1 - k)/2,1].
Therefore, f; is a quasi-ideal of S for all 7 € D((1 - k)/2,1]
with f;#0.

Conversely, assume that f; is a quasi-ideal of S for all
T e D((1 - k)/2,1] with f;#0. If there exist x, y € S with
x < ysuch that f(x)V'[(1 -k7)/2,(1-k"/2] < f(y) =7,
then 7 € D((1 - k)/2,1], f(x) <T7,and y € f; Since f;is
a quasi-ideal of S for any 7 € D((1 — k)/2,1] and x < y, we
have x € f; and f (x) > 7, which contradicts with f (x) <7
Hence f(x)V'[(1 - k7)/2,(1 = k*)/2] = f(y). Furthermore,
let x, y,z,u,v € S such that x < yuand x < vz. If
possible, f(x)V [(1-k™)/2, (1-k*)/2] < f(¥)A! f(z) for some
X, ¥,z 4, v € Ssuch that x < yuand x < vz, then there exists
§eD((1-k)/2,1] such that f(x)V'[(1 -k7)/2,(1-k")/2] <
5 < fONf(2). Then y,z € fs. By hypothesis, we have
X € (fES] n (Sf;] c f; and so f(x) > 5, which is impossible.
Thus f(x)V'[(1-k7)/2,(1-k")/2] = f(y)A f(z). Therefore,
f is an interval valued (€, € V g;)-fuzzy quasi-ideal of S by
Theorem 11. U

Theorem 18. Let Q be a nonempty subset of an ordered semi-
group S and f an interval valued fuzzy subset of S defined by

[1,1], ifxeQ

7, ifx ¢ Q, (23

~

Feo= {

for any x € S, where ¥ € D|0, (1 — k)/2]. Then Q is a quasi-
ideal of S if and only if f is an interval valued (€, € V q;)-fuzzy
quasi-ideal of S.

Proof. Suppose that Q is a quasi-ideal of S and let f; be the
level subset of f. Then it is easy to see that f; = Q for all
T € D((1 - k)/2,1]. It thus follows from Theorem 17 that f is
an interval valued (€, € V g;)-fuzzy quasi-ideal of S.
Conversely, assume that f is an interval valued (€, evgg)-
fuzzy quasi-ideal of S. Let x € S, y € Qand x < y. Then
f(y) [1,1]. By Theorem 11, f(x)V [(1-k7)/2,(1-k")/2] =
f() = [1,1]. Thus, by the definition of f, we have f(x) =
[1,1], thatis, x € Q. Furthermore, let x € (QS] N (SQ]. Then

x € (QS] and x € (SQJ, and there exist ¥,z € Qand u,v € S
such that x < yu and x < vz. Then f(y) = f(z) = [1,1].
It thus follows from Theorem 11 that f (X)V'[(1-k)/2,(1 -
k")/2] = f(y)Nf(z) = [1,1], which implies that f(x) =
[1,1], that is, x € Q. Therefore, Q is a quasi-ideal of S. ]

Lemma 19. Let S be an ordered semigroup and §+Q < S.
Then Q is a quasi-ideal of S if and only if the interval valued

characteristic function fQ of Q is an interval valued (€, €V qz)-
fuzzy quasi-ideal of S.

Proof. The proof is straightforward by Theorem 18. O

Theorem 20. Let {fj | j € I} be a family of interval valued
(€, € V q;)-fuzzy quasi-ideals of an ordered semigroup S. Then
=N jer JFJ is an interval valued (€, € V q;)-fuzzy quasi-ideal

of S, where (Nje; F)(x) = Njey (; ().
Proof. Let x, y,z,u,v € Ssuch that x < yu and x < vz. Then,

since each f; (i € I) is an interval valued (€, € v g;)-fuzzy
quasi-ideal of S, we have

Fv .

<le]>(x)v [ 1-k 1—2k+]
- NGV [ 5

1-k 1—k*]

jel
:j/;\l<f1(x)v[ _2k_ 1_2k+]> (24)
Zé@umﬁw)

=</§E(y)>Ai</¥ﬁ(z>>
=<Qﬁ->(y)A"<ij>(z)

=f()Nf ().

Furthermore, if x < y, then f(x)V'[(1 - k7)/2,(1 - k*)/2] =
f(y).Indeed, since each f; (j € I)isan interval valued (€,ev
qp)-fuzzy quasi-ideal of S, we have fj(x)v’[(l -k/2,(1 -
kH/2] = fi(y) forall j € I. Thus

—k’ 1- k*]
2

(ij> [ k”l—zk*]

Fov |5




- [ 5E]

jeI

At

J/E\I(ff () = (ﬂf,) N=F. ©

jeI

Therefore, f is an interval valued (€, € vV g;)-fuzzy quasi-ideal
of § by Theorem 11. O

Suppose that { f] | j € I} is a family of interval valued
(€, € V gp)-fuzzy quasi-ideals of an ordered semigroup S. Is it
true that (¢ fJ isan inEerval Valugd (E: €V gqp)-fuzzy quasi-
ideal of S, where (Ujel fj)(x) = \/’je[(fj(x))?. The following
example gives a negative answer to the above question.

Example 21. We consider the ordered semigroup S :=

{a,b,c, d} defined by the following multiplication “-” and the
order “<™:

(26)

<:={(a,a),(a,d),(b,b),(cc),(d,d)}.

Let f, and f, be two interval valued fuzzy subsets of $ such
that

fi@=f()=100607,  fi)=f(d)=100];
f@)=f0)=1[0607],  f®) =fd=[00].
(27)

Then, by Theorem 11, f; and f, are both interval valued (€, €V
gr)-fuzzy quasi-ideals of S for any k € ED[0,1). But f, U f,
is not an interval valued (€, € V gz)-fuzzy quasi-ideal of S for
any-lé € ED[0,1). In fact, sinced < d = bcand d < d = bc,

o 1-k 1ok
(flUfZ)(d)V [17712 ]
~ -k 1-k*
f(d)VfZ(d)v[ 272 ] (28)
- [ k+] < [0.6,0.7]

=(AUR) BN (fiuh)©.

By Theorem 11, ]?1 U fz is not an interval valued (€, € V g;)-
fuzzy quasi-ideal of S.

The following theorem can be obtained under the assu-
mption of an additional condition.
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Theorem 22. Let {fj | j € I} be a family of interval valued
(€, € V q;)-fuzzy quasi-ideals of an ordered semigroup S. Then
f=U jer fj is an interval valued (€, € V qg)-fuzzy quasi-ideal

of S, where (U er fj)(x) = VS-GI(JFj(x))-

Proof. Let x, y,z,u,v € Ssuch that x < yu and x < vz. Then
we have

1-k 1—k+]
2 7 2

<JL€JIf1>(x)V [ -k 1—2k+]
zg(ﬁ(x))vi[l—zk)l—zp]

Yl

> \7 (]?] (y) /\ifj (z)) (Since f] isan intervalued
jeI

fV [

(€, € v gg)-fuzzy quasi-ideal of S)

\Zi‘} (y)) N <\/If, (z))

=f()NFf(2).

Il
VR

(%)

In the following we show that (*) holds. It is obvious that
Vit (FOIN Fi(2)) < (Ve [N (Ve f(2)). Assume that
Vi (FON Fi2) # Vit [N (Ve f5(2)). Then  there
exists 7 € D(0, 1) such that /., (f; (A f;(2) < 7 < (Vi
FiIN (Ve fi(2)). Since f,, < f,or f, € f,, forallm,n €
I, there exists | € I such that 7 < f;(y)A’ f;(z). On the other
hand, f;(y)A'f;(z) < 7 forall j € I, which is a contradiction.
Thus \V' o (FOINT@) = (Ve DN (Ve F(2))-
Furthermore, if x < y, then f(x)V'[(1 — k7)/2,(1 -
k™)/2] = f(y). Indeed, since f; is an interval valued (,€ev
gz)-fuzzy quasi-ideal of S for all j € I, we have fj(x)v'[(l -
k7)/2,(1-k")/2] = f;(y) for any j € I. Thus

>

2 2

(16U1f1>(x)v [ e 1_2k+]

f(x)vi[l—k_ 1—k+]
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-V [ 5]

jeI

)

=\ (7,0) - (UL) N=F0). @)

jeI jeI

Therefore, f is an interval valued (€, € Vg;)-fuzzy quasi-ideal
of § by Theorem 11.

4. Prime Interval Valued (€€ V g;)-Fuzzy
Quasi-Ideals of Ordered Semigroups

In this section, we study mainly the prime interval valued
(€,€ V gp)-fuzzy quasi-ideals of ordered semigroups and
discuss their related properties.

Definition 23. An interval valued (€, € Vgy)-fuzzy quasi-ideal
f of an ordered semigroup S is called prime if forall x, y € S
and f € D(0, 1],

xief yief = (W)EV T, (30)
Example 24. Consider the ordered semigroup § given in
Example 8 and define an interval valued fuzzy subset f of S by
f(a) =103,04], f(b) = f(d) = [0.2,03], and f(c) = f(e) =
[0.1,0.2]. By routine calculations, f is a prime interval valued
(€, € v gp)-fuzzy quasi-ideal of S for any k € ED[0,0.2).

Theorem 25. Let S be an ordered semigroup and f an interval
valued (€, €V qy)fuzzy quasi-ideal of S. Then f is prime if and
only if f satisfies

-k 1-K'

7 i 7 il
FVioV [
forallx,y €S.

|276) @

Proof. Let f be a prime interval valued (€, €Vg;)-fuzzy quasi-
ideal of Sand x, y € S. Then f(x)V' f(y)V'[(1 - k7)/2,(1 -
k)/2] = f(xy). Indeed, if f(x)V'fF()V[Q - Kk7)/2,(1 -
k*)/2] < f(xy) for some x,y € S, then there exists T €
D((1-k)/2,1] such that f(x)V' f(»)V'[(1-k")/2, 1-k")/2] <
T < f(xy). Then xp, yi€f, but f(xy) = % flxy) + T +
ko> [(1=Kk)/2,(1= k)21 + [(1 - k)/2,(1 - K9)/2] +
k = [1,1], so (xy)re vV gz f , which is a contradiction. Hence
FOONV FOVI-K)/2,(1-k")/2] = f(xy) forall x, y € S.

Conversely, assume that f(x)vif(y)vi[(l -k)/2,(1 -
k*)/2] = f(xy) forall x,y € S. Let f € D(0, 1] be such that
xp, i€ f. Then f(x) < Tand f(y) < 7. Now we consider the
following two cases.

Case 1.1f > [(1-k7)/2, (1-k*)/2], then, since f is compara-
ble, by hypothesis, we have f(xy) < f(x)V' f(y)V'[(1-k")/2,

(1-k"/2] <8V [(1-k7)/2,(1 —k*)/2] = F, that is, (xy)z€ .
Thus, (xy)z€ V %f

Case 2 Letfg [(1-k7)/2,(1-Kk")/2]. Then‘we have f(xy) <
FEV FVIA - k)/2,(1 - K9/2] < BV - k)/2,(1 -

k*)/2] = [(1 = k7)/2,(1 - k*)/2]. Hence f(x) +T+k < [(1 -
k7)/2,(1-k5)/2] + [(1 - k7)/2,(1 = k")/2] + k = [1,1], that
is, (x)7qz f - Therefore, (xy)z€ V q; f.

This proves that £ is prime. O

Remark 26. The hypothesis that the interval valued fuzzy
subset f is comparable cannot be removed in the above
theorem. Otherwise, the sufficiency of Theorem 25 is not
true. We can illustrate it by the following example.

Example 27 We consider the ordered semigroup S :=

{a,b,c, d} defined by the following multiplication “-” and the
order “<™:

(32)

={(@,a),(a,b),(b,b),(c,c),(d,b),(d, ), (d,d)}.

Let f be an interval valued fuzzy subset of S such that
fla) = f(b) = [0.32,0.32], f(c) = [0.3,0.34], and f(d) =
[0.32,0.34]. By routine calculations, f is an interval valued
(E,EVM)-fuzzy quasi-ideal of S, and f satisfies

1-0.36 1-0.36

FEVIOV | == >flw)  33)

for all x,y € S. But f is not prime, since byg 37034 € f and

Cl032,0.34) € f > while

(bc)[o.3z,o.34] = d[0.32,0.34]g 4 q[0.36,0.36]f . (34)

Now we will characterize the prime interval valued (€, € v
q)-fuzzy quasi-ideals of ordered semigroups by using their
level subsets.

Theorem 28. Let S be an ordered semigroup and f an interval
valued fuzzy subset of S. Then f is a prime interval valued
(€, € V qyp)-fuzzy quasi-ideal of S if and only if the level subset
f; of f is a prime quasi-ideal of S for all T € D((1 - k)/2,1]
with fz#0.

Proof. Let f be a prime interval valued (€, €Vgy)-fuzzy quasi-

ideal of Sandf € D((1- k)/2,1]. Then, by Theorem 17, f(+0)
is a quasi-ideal of S for all ¥ € D((1 - k)/2, 1]. To prove that

fris prime, let xy € f;. By Theorem 25, we have

1-k 1-k'

FEOVFQ)V [ ] > f(xy) =7 (35)
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Note that £ € D((1 - k)/2,1] and f satisfies the condition
(C). Then f (x)V f (y) = t. Since f is comparable, we have
f(x) =Tor f(y) =T Thus,x € f;or y € f;. This shows that
f; is a prime quasi-ideal of S for all T € D((1 — k)/2, 1] with
fi#0. B

Conversely, assume that for every f € D((1 - k)/2,1]
such that f; # 0 the set f; is a prime quasi-ideal of S. Then, by
Theorem 17, f is an interval valued (€, € V g;)-fuzzy quasi-
ideal of S. Let x;e f and x;€ f. Then x,y ¢ f;. Since f; is
prime, we have xy ¢ f;; thatis, (xy);€ f. Thus, (xy);€ V q¢.f.
Therefore, f is a prime interval valued (€, €Vvgy)-fuzzy quasi-
ideal of S.

5. Characterizations of Some Types of
Ordered Semigroups

Throughout the remaining paper, let Z* denote the set
of all positive integers. In this section we first study the
properties of k-upper parts of interval valued (€, € Vv q5)-
fuzzy quasi-ideals of ordered semigroups. Furthermore, we
give characterizations of regular, intra-regular, or bi-regular
ordered semigroups in terms of interval valued (€, € V gp)-
fuzzy quasi-ideals.

Definition 29. Let f be an interval valued fuzzy subset of an
ordered semigroup S. Then we define the k-upper part J‘(:;: of

f as follows:

(36)

frw=fev[EE ]

forall x € S.

Clearly, fi’ is still an interval valued fuzzy subset of S.
Furthermore, for any f, g € IVF(S), the interval valued fuzzy
subsets fN*gand f+*F of S are defined as follows:

1-k 1-k"

(Frfg) 0= (Fng) v [ 55

(Fa)w=(Fra) v [ 15E ),

forall x € S.

Lemma 30. Let S be an ordered semigroup and f, g € IVF(S).
Then the following statements are true:

W= fef

(2) If f < Gand h € IVE(S), then [+*h ¢ G+"h,hs* F
fl*kg’.

3) fnﬁg‘:ﬁngi.

(4))?*5@'% c f*’:g‘,fg*gg f*%g,andg*fg c
§*kf. Furthermore, if A 0, then (f*kg)(x) = (f;gr *
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T, (F9)x) = (F * ), and §+FF)(x) =
S+ £,
Proof. The proof is straightforward and we omit it. O

Lemma 31. Let A, B be any nonempty subsets of an ordered
semigroup S. Then fo+*fy = (fiap)i where fy, fg and
f( ap) are the interval valued characteristic function of A, B, and
(ABY], respectively.

Proof. Let x € S.1f x € (AB], then (ﬁAB])—E(x) = [1,1] and
x < abforsomea € Aand b € B. Thus (a,b) € A, and

(fA*EfB) (x)

(Fae Py v [ 55

i il i7 i _k_ _k+
\/ [fA(y)/\fB(Z)]V[l 5 ! . ]
(y,2)€A,

(38)

Z(fA(aWﬁ(b))vf[—l‘k_,1"‘ ]

2 2

l' il_k7 1_k+
=([1’1]A[1’1])V[T’ 5 ]

= (1,1] = (fuan); -

On the other hand, since (fA*ﬁ;)(x) < [1,1]forall x € S, we
have (fy+* fp) (x) = (F * )V [(1 - k)/2,(1-k9)/2] <
[1L,1] = (fap)i(x). Therefore, (fo+" fe)(x) = [1,1] =
(fiap)z () I x ¢ (AB, then (fap)z () = (1 =k7)/2,(1 -
k*)/2]. We now prove that (fA*EfB)(x) = [(1-k)/2,(1 -
k)/2]. Indeed, if A, = 0, then (Fy+*fp)(x) = (Fy *
FR)VI(-k7)/2, (1-k*)/2] = [0,0V'[(1-k)/2, (1-k")/2]

= [(1 - K)/2,(1 - kM)/2], and (Fys* F(x) = (Fam)t ().
If A, #0, then x < yzforall (y,2) € A, If y € Aand
z € B, then yz € AB, so x € (AB], which is impossible.

Thus y ¢ Aorz ¢ B.If y ¢ A, then fA(y) = [0, 0]. Since
f5(z) = [0,0], we have f,(y)A fz(2) = [0,0]. If z ¢ B, then,
as in the previous case, we have fA(y)AifB(z) = [0, 0]. Thus
we have

(fA*%fB) (x)

N

=(fa* f5) 0V [1—2k‘)1—2k+]

= \/ [Fa) A Fe @]V

(y,2)€A,

>

i [1_21( 1—2k+] (39)

[1—k‘ 1—k+]
2 72 ’

This completes the proof. O
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In Example 13, we have shown that an interval valued
(€, € Vgp)-fuzzy quasi-ideal of an ordered semigroup S is not
necessarily an interval valued fuzzy quasi-ideal of S. In the

following theorem, we show that if f is an interval valued
(€,€ v g;)-fuzzy quasi-ideal of S, then the k-upper part fi’

of f is an interval valued fuzzy quasi-ideal of S.

Theorem 32. Let S be an ordered semigroup and f an interval
valued (€, €V q;)-fuzzy quasi-ideal of S. Then the k-upper part
fg of f is an interval valued fuzzy quasi-ideal of S.

Proof. Let f bean interval valued (€, €vgy)-fuzzy quasi-ideal
of Sand x, y € S. Then, by Theorem 10, f(x)vi [(1-K7)/2,(1-
k*)/2] = (f * S)(x)A'(S # f)(x), and we have

f{(X)=f~(X)Vi[l_2k_,l_2k+]
(g
<(S*f)(x)v [1"‘_ 1‘2"+D (40)

= (F¥"8) (o A (8 F) (x)

> (fF+S) N (S* f) ().

It implies that (f;;*g)ﬂ(g*]?) c fg Moreover, ifx < y,then
fz (%) = f;(y). Indeed, since f is an interval valued (€, € v
qy)-fuzzy quasi-ideal of S, we have f(x)V'[(1 - k7)/2,(1 -
kM)/2] = f(y),and so £ (x) = V(1 -k7)/2,(1-k")/2]
(f(x)V‘[(l —k)/2,(L=KN 2DV =k7)/2, (1 -k")/2] =

f(y V(1 -k7)/2,(1 —kY)/2] = fk (). Therefore, fk is an
interval valued fuzzy quasi-ideal of S. O

Theorem 33. Let S be an ordered semigroup and f an interval
valued fuzzy subset of S. Then f is an interval valued (€,€ v
qp)-fuzzy quasi-ideal of S if and only if f satisfies the following
assertions:

1) x<y= fOV[A-k)/2,(1-k")/2] = f(y) forall
x,y €8S.

() (F+8) n 5+ ) < f2.
Proof. It is obvious by Lemma 30 and Theorem 10. O

Lemma 34 (cf. [37]). An ordered semigroup S is regular and
intra-regular if and only if Q = (Q?] for every quasi-ideal Q of
S.

Now we give characterizations of an ordered semigroup
which is both regular and intra-regular by interval valued
(€, € V gz)-fuzzy quasi-ideals.

1

Theorem 35. Let S be an ordered semigroup. Then the follow-
ing conditions are equivalent:

(1) S is regular and intra-regular.
(2) f*zf = fgfor every interval valued (€, € V qp)-fuzzy
quasi-ideal f of S.
(3) fﬂ?’g’ c (f*%g)n(g*%f)forany interval valued (€, ev
q)-fuzzy quasi-ideals f and g of S.
Proof. (1)=(3). Let f and g be interval valued (€, €vgy)-fuzzy
quasi-ideals of S and a € S. Then, since § is both regular and

intra-regular, there exists x € S such that a < axa(< axaxa),
and there exist y,z € S such that a < ya’z. Thus

a < axa < axaxa < ax (yazz) xa = (axya) (azxa), (41)
that is, (axya,azxa) € A,. Since f is an interval valued

(€, € v qg)-fuzzy quasi-ideal of S and axya < a(xya), axya <
(axy)a, by Theorem 11, we have

fi (axya)
VIR
=<*<axw>v"[ el e
> (F@ N F @)V [12"’,1"‘*]
- v [ - .

(42)

By azxa < a(zxa), azxa < (azx)a, in a similar way we can
get gg (azxa) > g}: (a). Thus we have

(f*?c?)(a) = (fg * g’%)(a)
=\ [F®)Ng (@)
(pa)ea,
~ , (43)
> f2 (axya) N'g; (azxa)

> fi (NG @) =(Fng) @
= (Fr'g) @,

which means that £ nk gcf 5K g. In the same way, we can
show that fﬂ%'g~ < g‘*%f. Hence, fﬂ%'g' c (f*ﬁg) N ("g'*ﬁf).

(3)=(1). Take f = gin (3) and we get f*%f 2 fﬂ%f =
fZ N ff = f. On the other hand, by Lemma 30(2) and
Theorem 33, we have f*f‘f c (f*fcg) N (§*%f) < fg’ Thus
we deduce that f+* f = e
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(2)=(1). Let Q be a quasi-ideal of S. By Lemma 19, the
interval valued characteristic function fQ of Q is an interval
valued (€, € V gg)-fuzzy quasi-ideal of S. Then, by hypothesis
and Lemma 31, we have

(Fioi = for*To = (o) (44)

from which we deduce that (Q?]
regular and intra-regular.

An ordered semigroup (S, -, <) is called left (resp., right)
regular if for each a € S there exists x € S such that a < xa*
(resp.,a < a’x), that is, a € (Sa?] (resp.,a € (a*S]) (see [24]).
An ordered semigroup (S, -, <) is called bi-regular if it is both
left regular and right regular. Clearly, an ordered semigroup S
is bi-regular ifand only ifa € (Sa*]n(aS] foreverya € S. [

= Q. By Lemma 34, S is

Definition 36. Let S be an ordered semigroup and f an
interval valued (€, € V g;)-fuzzy quasi-ideal of S. Then f is
called completely semiprime iff{(a) > f(a*) foranya € S.

Now we will give some characterizations of bi-regular
ordered semigroups in terms of interval valued (€, € V gz)-
fuzzy quasi-ideals.

Theorem 37. Let S be an ordered semigroup. Then the follow-
ing statements are equivalent:
(1) S is bi-regular.
(2) For each interval valued (€, €V qy)-fuzzy quasi-ideal f
of S, f:]:’(a) = fg(az)for anya € S.
(3) For each interval valued (€, €V q;)-fuzzy quasi-ideal f
of S, f;’(a") = ]“:]:(a"“)fm anyaeSneZ".

(4) Every interval valued (€, €V q7)-fuzzy quasi-ideal f of
S is completely semiprime.

Proof. (1)=(2). Let S be a bi-regular ordered semigroup and
f an interval valued (€, € V g;)-fuzzy quasi-ideal of S and let
a € §. Since S is bi-regular, we have a € (a*S] and a € (Sa%].

Then there exist x, y € S such that a < a’x and a < ya’.
Then, by Theorem 11, we have

f;_(a):f(a)vi[l—zk_,l—zk*']

= 1=k 1-k" f1-k 1-kF
:<f(“)v[ 2 0 2 DV[ 2 0 2 ]

(45)

On the other hand, since a* < aa and a* < aa, similar to the
above proof, we can show that fg (@®) > f»f: (a). Therefore,

ﬁkfr(a) = ﬁkfr(az) foranya € S.

Journal of Applied Mathematics

(2)=(3). Leta € Sand n € Z*. Then, by Lemma 30(4),
we have

(7+8) (a™) = (7 *5) (")
V[ @A3G)]

(%,9)€A jan (46)
(an+1)/\i§(a3n—1)

‘:}3— (an+1)/\i [1, 1] _ f;”: (an+1) )

Similarly, it can be shown that (S «F f (@) > ]“:]:' (@™). Thus,
by hypothesis and Theorem 33, we have

fe (@) = i (@) = i (a")

\Y
Y

) : (47)
- ( f*kg) a") A (s*k ) (@)
> ‘Er(awrl)/\if‘;( n+1) — ‘_‘]gr( n+1)
On the other hand, let a € S. Then we have
(fﬂj&g) (an+l) _ (fkj— " §) (an+1)
=\ [F @A)
(XJ’)EAarHl (48)
> f; (a") N'S (a)

= f (@A [L1] = £ (a"),
for any n € Z*. Similarly, (§*%f)(a”+1) > ]“:]:(a”). Since

is an interval valued (¢, € V gz)-fuzzy quasi-ideal of S, by
qk q
hypothesis, we have

fg( n+1) ((JF %g) (§ %f))(anﬂ)

(]? ks‘) ( n+1) Al (g*'léf> (an+1) (49)
s F@INT @) = T (@),

(3)=(2) and (2) = (4) are obvious.
(4)=(Q). Let a € S We consider the quasi-ideal Q@)
of S generated by a* - By Lemma9, the interval valued

characteristic funct10n fQ @) of Q(d?) is an interval valued
(€, evgp)-fuzzy quasi-ideal of S. By hypothesis, ( fQ(az) ); (@) =
fow(@) = [1,1]. By Definition 29, (fy,2)x (a) < [1,1] for
alla € 8. Thus (fiye)i (a) =

ace Q(az) = (a2

[1,1], and we have

u((@s]n(sa])]. 60
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Thena < t for somet € a?U((@®S]N(Sa?]).Ift = a*, thena <
a’ = aa < a*a® = aaa® < a*aa® € a*Sa* < (a*S] N (Sa?], that
is, a € (@*S]N(Sa*]. Ift € (a*S]N(Sa’], thena € (a>S]N(Sa’].

Therefore, S is bi-regular. O

6. Conclusion

It is well known that ordered semigroups are basic structures
in many applied branches like automata and formal lan-
guages, coding theory, finite state machines, and others. Due
to these possibilities of applications, semigroups and related
structures are presently, extensively investigated in fuzzy
settings. In particular, generalized fuzzy ordered semigroups
play an important role in the mentioned applications. Interval
valued fuzzy quasi-ideals of an ordered semigroup with
special properties always play an important role in the study
of ordered semigroups structure. The interval valued ordered
fuzzy points of an ordered semigroup are key to describe the
algebraic subsystems of ordered semigroups. In this paper we
have introduced the concept of interval valued (€, € Vv gp)-
fuzzy quasi-ideals and prime (completely semiprime) interval
valued (€, € V gy)-fuzzy quasi-ideals of an ordered semigroup
and investigated their related properties. Furthermore, we
have given some characterizations of regular, intra-regular,
or bi-regular ordered semigroups in terms of interval valued
(€, € V gg)-fuzzy quasi-ideals. The results obtained in this
paper are fundamental for the advanced study on ordered
semigroups and (generalized) fuzzy ordered semigroups,
which we will present in the next paper. As an application
of the results of this paper, the corresponding results of
semigroups (without order) are also obtained.
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