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We consider a general split variational inclusion problem (GSFVIP) and propose an algorithm for finding the solutions of GSFVIP
in Hilbert space. We establish the strong convergence of the proposed algorithm to a solution of GSFVIP. Our results extend and

improve the related results in the literature.

1. Introduction

Let H be a real Hilbert space, and let B be a set-valued
mapping with domain D(B) := {x € H : B(x) # 0}
Recall that B is called monotone if (u — v,x — y) > 0 for
any u € Bx and v € By; B is maximal monotone if its graph
{(x,y) : x € D(B),y € Bx} is not properly contained in
the graph of any other monotone mapping. An important
problem for set-valued monotone mappingsis to find x* € H
such that 0 € Bx". Here, x” is called a zero point of B. A well-
known method for approximating a zero point of a maximal
monotone mapping defined in a real Hilbert space is the
proximal point algorithm first introduced by Martinet [1] and
generated by Rockafellar [2]. This is an iterative procedure,
which generates {x,,} by x, = x € H and

Xpe1 = ]gnxn, neN, @

where {f,} ¢ (0,00), B is a maximal monotone mapping
in a real Hilbert space, and J* is the resolvent mapping of B
defined by ]rB = (I +rB) ™" foreach r > 0.1In 1976, Rockafellar
[2] proved the following in the Hilbert space setting. If the
solution set B™'(0) is nonempty and lim inf, _, . 3, > 0, then
the sequence {x,} in (1) converges weakly to an element of
B'(0). Later, many researchers have studied the convergence
theorems of the proximal point algorithm in Hilbert spaces.
For example, one can refer to [3-8] and references therein.
Let H, and H, be two real Hilbert spaces, B, : H, —
H, and B, : H, — H, two set-valued maximal monotone
mappings, A : H, — H, alinear and bounded operator, and

A" the adjoint of A. Chuang [9] considers the following split
variational inclusion problem:

(SFVIP) Find x* € H, such that 0 € B; (x"),
(2)
0 € B, (Ax"),

which was introduced by Moudafi [10]. In this paper, moti-
vated by the works in Chuang [9] and related literature,
we consider the following general split variational inclusion
problem.

Definition 1. Let H, and H, be two real Hilbert spaces,
{B;: H — H,},.y and {K;: H, — H,},.y two families of
set-valued maximal monotone mappings, A : H, — H,
a linear and bounded operator, and A* the adjoint of A.
The general split variational inclusion problem (GSFVIP) is
formulated as the following problem:

(GSFVIP) Find x” € H, such that x* € [ B;" (0),
i=1

. (3)
Ax" e [)K; ' (0).
i=1

In this paper, we propose an algorithm for finding the
solutions of GSFVIP in a Hilbert space and prove that
the sequence generated by the proposed method converges
strongly to a solution of GSFVIP. Our results extend and
improve the related results in the literature.
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2. Preliminaries

Throughout this paper, let N be the set of positive integers. Let
H be a real Hilbert space with the inner product (-, -) and the
norm | - ||, respectively. We also use “— ” to stand for strong
convergence and “—” to stand for weak convergence.

Lemma 2 (see [11]). Let H be a real Hilbert space, and let x,
y € H. Then

e+ v <l +2(nx+y), VoyeH (4

Lemma 3 (see [12]). Let H be a Hilbert space, and let {x,} be
a sequence in H. Then, for any given sequence {e,}>, < (0,1)
with Y00 &, = 1 and for any positive integer i, j with i < j,

0
Zanxn
n=1

Let D be a nonempty closed convex subset of a real
Hilbert space H, and let T : D — H be a mapping. Then
T is said to be a nonexpansive mapping if |Tx — Tyl <
lx — yll for every x, y € D. It is easy to see that Fix(T) :=
{x € D : Tx = x} is a closed convex subset of D if T
is a nonexpansive mapping. Besides, T is said to be a firmly
nonexpansive mapping if |[Tx — Ty|* < (x — y,Tx — Ty) for
every x, y € D.

2 o i .
< Z(anan —oc,-ocj“x,»—xj" : (5)
n=1

Lemma 4 (see [13]). Let D be a nonempty closed convex subset
of a real Hilbert space H. Let T : D — H be a nonexpansive
mapping, and let {x,} be a sequence in D. If x, — w and
lim, _, llx, — Tx,|l = 0, then Tw = w.

Let D be anonempty closed convex subset of H. For every
point x € H, there exists a unique nearest point in D, denoted
by Ppx, such that

| = Ppx| < |x-y|, VyeD. (6)
P, is called the metric projection of H onto D. It is known that
Pp, is a nonexpansive mapping of H onto D.

Lemma 5 (see [14]). Let D be a nonempty closed convex subset
of a Hilbert space H. Let Pp, be the metric projection from H
onto D. Then, for each x € H andz € D, we know thatz = Ppx
ifand only if (x —z,z— y) 2 0 forall y € D.

The following result is an important tool in this paper. For
similar results, one can see [15].

Lemma 6. Let H be a real Hilbert space. Let B: H — H be
a set-valued maximal monotone mapping, 3 > 0, and let ]g be
a resolvent mapping of B.

(i) For each > 0, ]g is a single-valued and firmly
nonexpansive mapping.
(ii) D(]g) = H and Fix(]g) ={x € D(B) : 0 € Bx}.

(i) llx - Jgxll < llx = Jpxll for all 0 < B < « and for all
x € H.
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(iv) (I- ]g) is a firmly nonexpansive mapping for each 3 >
0.

(v) Suppose that BY0) # 0. Then |x- ]gxll2 +
||]gx - x*II2 < Jx = x*|)? for each x € H, each x* ¢
B7Y0), and each B>0.

(vi) Suppose that B7(0) # 0. Then (x — ]gx, ]gx —w) =0
for each x € H, each w € B™'(0), and each f3 > 0.

Lemma 7 (see [9]). Let H, and H, be two real Hilbert spaces,
let A: H, — H, be alinear operator, let A* be the adjoint of
A, let B > 0 be fixed, andlety € (0, 2/1AI%). LetK : H, - H,
be a set-valued maximal monotone mapping and let ]g be a
resolvent mapping of K. Then

|[x - vaA™ (1-5) Ax] - [y yA* (1-75) &
< = I" - (2v - VIAF) @)
x[(1-75) Ax = (1-75) ]

for all x, y € H. Furthermore, I — yA™(I - ]g)A is a
nonexpansive mapping.

The following is a very important result for various
strong convergence theorems. Recently, many researchers
have studied Halpern’s type strong convergence theorems by
using the following lemma and get many generalized results.
For example, one can see [9, 16, 17]. In this paper, we also use
this result to get our strong convergence theorems.

Lemma 8 (see [18]). Let {a,} be a sequence of real numbers
such that there exists a subsequence {n;} of {n} such that a,, <
a, .1 for alli € N. Then there exists a nondecreasing sequence
{r(n)} ¢ N such that T(n) — 00, A, < Gy, and a, <
A, ()41 are satisfied by all (sufficiently large) numbersn € N. In
fact, T(n) = max{k <n:a < a,}.

Lemma 9 (see [19]). Let{a,}, .\ be a sequence of nonnegative
real numbers, {«,} a sequence of real numbers in (0,1) with
Yoo a, = 00, {n,} a sequence of nonnegative real numbers
with Y72, 1, < 00, and {8,} a sequence of real numbers with
limsup,, _, 8, < 0. Suppose that a,,,, < (1-«,)a,+«,0,+7,
for eachn € N. Then lim a, =0.

n— 00

3. Main Results

In this section, we first give the following result.

Lemma 10. Let H, and H, be two real Hilbert spaces, let
A : H, — H, be a linear and bounded operator, and
let A* denote the adjoint of A. Let {B;: H, — H,},. and
{K;: H, — H,};,cn be two families of set-valued maximal
monotone mappings, and let 3; > 0 and y; > 0 for alli € N.
Given any x* € H,, we have the following.

(i) If x* is a solution of GSFVIB, then ]ﬁBIf (x* = pA™(I -
]g")Ax*) =x", foralli € N.
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(ii) Suppose that ]gi"(x* -y A" (I - ]g")Ax*) = x", forall
i € N, and that the solution set of GSFVIP is nonempty;
then x* is a solution of GSFVIP.
Proof. (i) Suppose that x* € H, is a solution of GSFVIP. Then
x* € N2 B;'(0) and Ax* € (2, K;'(0). By Lemma 6(ii), it
is easy to see that

Jo (< =y (1- ) Ax')
= ]g" (x* - pA” (Ax* - ]g"Ax*» (8)
= Jgx" =x°, VieN.

(ii) Suppose that w” is a solution of GSFVIP and x* =
]gf (x* —pA (I - ];;")Ax*), foralli € N. By Lemma 6(vi),

x AT (I-J5) Ax") - x",x" —w) >0,
(( (1-75) 4x") )

Vw € B;' (0),

)
Vi € N.

That is,
(A" (1-75) Ax",x" —w) <0, VweB'(0), VieN.
(10)
By (10) and the fact that A™ is the adjoint of A,
(Ax" - JgAx", Ax" - Aw) <0, Yw e B (0), VieN.
(11
On the other hand, by Lemma 6(vi) again,

Vv e K;'(0), VieN.
(12)

(Ax" — ]ff_fo*, v— ]ngx*> <0,

By (11) and (12),
<Ax* T AX" v - T AX" + Ax® - Aw> <0, VieN
(13)

for each w € B;l(O) and each v € K;l(O), for alli € N. That
is,

2
< <Ax* - Ty Ax", Aw - v>, VieN
(14)

||Ax* - Ty Ax"

for each w € B;l(O) and each v € K[I(O), forall i € N. Since

w” is a solution of GSFVIP, w* € (7 B;I(O) and Aw* ¢

M52 K; 1 (0). So, it follows from (14) that Ax* = ]ngx*, for

alli € N. Then, Ax* € Fix(];jf) = K;'(0), forall i € N.

Therefore Ax* € ()2, K;'(0). Further,

* _ 1B * * _ K; *\ _ B * .
K =g (2 -yt (1-J5 ) Ax") = Jgix", VieN.

(15)

Then x* € Fix(]ﬁ") = Bi_l(O), foralli € N. So, x* ¢

N B;I(O). Therefore, x* is a solution of GSFVIP. O

Theorem 11. Let H, and H, be two real Hilbert spaces, let
A : H, — H, be a linear and bounded operator, and
let A* denote the adjoint of A. Let {B;: H, — H,},. and
{K;:H, — H,};,.n be two families of set-valued maximal
monotone mappings. Let {a,},{b,}, {c,;} be sequences of real
numbers in (0,1) with a, + b, + Y ¢,; = 1. Let {B,;} be a
sequence in (0, 00) and {y,;} € (0, 2/(IA)+ 1)) foreachi € N.
Let Q be the solution set of GSFVIP and suppose that Q # 0.
Let f be a self k-contraction mapping of H,, k € (0, 1). Let {x,,}
be defined by

Xn+1 = Xy + bnf (xn)

S (1 (1)) 020
(16)

If the sequences {a,}, {b,}, {c,;}, {B,.;}, and {y,;} satisfy the
following conditions:

(i) lim,_, b, = 0, Yoo by, = 00,

(ii) for each i € N, liminf,  a.,; > 0O
liminf, , ,c,;v,; > 0, liminf > 0, and

lim sup,, , oo ,s < 2/ (A7 + 1),

nﬂooﬁn,i

then the sequence {x,,} converges strongly to P, f(x").

Proof. First, we show that {x,,} isbounded. In fact, let z € Qit
follows from Lemmas 6(i) and 7 that ]Z,i (I-y, A" (I- ]Zi )A),
for all i € N, are nonexpansive, and by Lemma 10 we have

[%ner = 2]

anxn + bnf (xﬂ)

+ ch,i]‘g;,i (I - Yn,iA* (I - ]g;:) A) Xn =%
i=1
< ay [, =2 + 8,1 f (x,) ~ ]

[ee]
+ G
i=1

]lg:;,i <I B yn’iA* (I a ][I;ii,i) A) xn B Zu

(o0}
< ay o, = 2l + b, | f (x) = 2l + Y6 [, - 2]
i=1



< (1-8,) [xu =2 + B[S (xa) - 2]
<(1-8,) |x, -
o5 (=) - f @) +6 5 @) -]

< (1-b,)|x, - 2| + bk |x, - 2] + b, ] f (=) - 2|
su—u—mmw%—ﬁ

tA-Rb—[f @) -2

< max {“xn - 7|

,l—uf(z)-zn}

<< max {[x - 2] -

—|f @ -}
(17)

which implies that {x,} is bounded, and we also obtain that
{f(x,)} is bounded.

Next, we show that there exists a unique x* € Q) such that
x* =Py f(x").

Since, for alli € N, liminf, , fB,; > 0, we may assume
that 8,; > f3; > 0 for each n € N. Since, for all i € N, {y,;} is
bounded, there exists a converge subsequence. Without loss
of generality, we can assume thaty,; — y; € (0, 2/(IAI? +1))
for eachi € N.

It follows from Lemma 10 that x* € Q solves the GSFVIP
if and only if x* solves the fixed point equation

s =g (T-pAt (1-15)A)x", ieN  (9)

that is, the solution sets of fixed point equation (18) and
GSFVIP are the same. By Lemmas 6(i) and 7, the operators
]g_"(l -pA (I - ]g")A), for alli € N, are nonexpansive. Since
the fixed point set of nonexpansive operators is closed and
convex, the projection onto the solution set Q is well defined
whenever Q) # 0. We observe that P, f is a contraction of H,
into itself. Indeed, since P, is nonexpansive and f is a self
k-contraction mapping H,,

[Pa () ) = Pa (N W < S G0 = F D < Kl = ]

(19)

Hence, there exists a unique element x* € Q such that x* =
Py f(x").

In order to prove that x, — x* asn — 00, we consider
two possible cases.

Case 1. There exists a natural number #, such that [x,,, —
x*| < llx,—x"| for each n > ny. Since {||x,,— x|} is bounded,
we have {||x,, — x"[|} is convergent.

Next, we show that, for eachi € N,

8 (v (1 8) ),

=0. (20
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By Lemmas 6(i) and 7, for every z € Q and i € N, we have

||]£:n (I h y”’iA* (I - ][13?,) A) Xn = Z"
< Gon =y (1- 75, ) Ax,)
~ (2= ma” (-5 ) 42)|
(29 - Vil AIP) (1)
<|(1-15 ) v, (1- 15 ) a2

(29, - V2 NAI)

< oy =2l -

=, -2l -

2
X "Axn - ]g"_Axn

By using Lemma 3 and (21), for every z € Q andi € N, we
have

”xn+1 - Z"2

anxn + bﬂf (xn)

2

+ ch,jlgj, (I —y, A" (I - ];(f_) A) X, -z
j:l h] nj
<a,|x, - 2|} + b,|| f(x,) - 2|

S W A

2

I (1 (1) )

<alx, -2l + b f () -2

+z (-2

— G i

(22)

)

= (20~ 2, 1AF) | Ax, - Ty ) Ax,

2

- ancn,i

I (1 AT (1 - ]l’f) A) X, - X,
< (1-b)|x, - 2| + b,|| f(x,) - 2]

2
K,
— G (2Yn,i - erl,tnAHZ) “Axn - ]ﬂr;.Axn

2

]’?;f <I A (I - ];;() A) Xp = X -

an Cn,i
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Hence, for each i € N, we have

2

Too (1= post (175 ) &) 20 x,

ancn,i

< w2l = lower = 2l + Bl f () = 2l
, (23)

i (ZVn,i - ert,i"Allz)

< o = 2l = s = 2l + Bl f () = 2"

Ax, - ];;"‘Axn

Since lim,, _, .,b, = 0 and f(x,) is bounded, from (23) we
get that
2
. B; % K; _
nleréoancn,i ’]ﬁn,,- (I = VA (I - ]ﬁn,i) A) x, —x,| =0,
Vi € N,
(24)
2
Jim 6, (20, - 2 AP) |Ax, - g Ax,[ =0, vien.
(25)
By assuming that, for all i € N, lim infnﬁooancn,i > 0, it
follows from (24) that

(- (175 )A) - =0, vien
' ’ (26)

Further, for all i € N, we have

2 (1-ya” (1-15 ) A) %, - x,
<lg (1-nar (1-75 ) 4) x,
I, (1= vt (1-75.) 4)

B; _ A _ K; _
ﬁn,i nt n,i n n
+”} (1 YA (I I )A)x X

< H(I —p A" (I - ]g) A) Xn (27)

~(1-ya” (1-75 ) A) %,

(o (115 )5

S HA* (I - ];I;i,.)Axn
#[5, (1= (1752 ) 4) 20 =] — 0
(n— ).
Clearly, for alli € N, ¢,;(2y,; — Vo I AI®) = ¢, 7,/ (IAI* + 1).
Since, for alli € N, liminf CoiVni > 0, it follows from

n—oo'n,
(25) that

=0, VieN, (28)

nli_)ngQ ||Ax” B ]/I;;i Ax,

5
and it follows from Lemma 6(iii) that
Tim_ HAxn ~JyAx,| =0, VieN. (29)
Besides, by Lemma 6(i) and (28), for alli € N, we have
B; . K; B;
“Iﬁn,i (I B Y1A (I h ]l;n,i) A) xn h ]l;n,ixn
(30)
<y Al lle” - ]E”JAxn — 0 (n— 00).
By (27) and (30), for all i € N, we obtain
Xn = ]/?;,ix”
<= g, (1= na” (175 ) 4) x,
B (1 . ax(r_ K i
+ ]:Bn,i (I YIA (I ]ﬁn,i) A) x” ].Bn,ix"" - 0
(n — ).
(31)
It follows from Lemma 6(iii) that
Tim [x, - }ng =0, VieN. (32)
By Lemma 6(i) and (29), for all i € N, we have
B * K, B;
e

<y Al HAxn - ]g"Axn

— 0 (n— 00).
By (32) and (33), for all i € N, we obtain
i VR (2 (=) )simsf o 0
Now, we show that
li;rlsolip(f(x*)—x*,xn—x*) <0. (35)

To show this inequality, we choose a subsequence {x,, } of {x,}
such that

klingo <f (x7) = x%,x, — x*>
(36)
=limsup (f (x*) - x",x, - x").
n—00
Since {xnk} is bounded, there exists a subsequence {xnk_} of

{x,,,} which converges weakly to w. Without loss of generality,
we can assume that Xy, — W Notice that, for eachi € N,

]g" (I-pA™(I- ]g")A) is nonexpansive. Thus, from Lemma 4

and (34), we have w € Q. Therefore, it follows from Lemma 5
that

limsup (f (x*) —x",x, —x")
i () -x) )

=(f(x")-x",w-x") <0.



6
Finally, we show that x, — x". Applying Lemma 2, we
have that
“xnﬂ - X*Hz
= an‘xn + bnf (xn)
o 2
B; * K; %
+;%JA(I‘%W4(I‘%Mnyn‘x
< |la, (x, - x)
< B; % K; *
* ;%‘ Vg, (1= mia” (1-75) &) 5= ")
+ b, (f () =)
<|la, (x, - x")
o 2
B; * K; *
S0, (- (- 15) )5~
+ an <f (xn) - x*’xnﬂ - X*>
2
< (ab-x1+ Soub 1)
+ an <f (xn) - x" Xpy1 — X >
< (1 - bn)zllxn - X*Hz + an <f (xn) - f (X*) > Xptl — x*>
+2bn <f(x*)_x Xny1 — X >
<(1- bn)2||xn - x*Hz +2b,k |x, — x il — X
+2b, (f (x7) = X", Xy = x7)
<(1- bn)znxn - x*”2 +b,k (“xn -x" ||2 + %01 — x*Hz)
+2bn<f(x*)_x Xpy1 — X >
(38)
This implies that

||xn+1 -x" "2

(1-b,) +b,k .
s U |

2, .
+m<f(x)—x Xppr = X7)
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R
1-bk I'n 1-bk""
)= =)

B _2(1—k)bn> e

(- ke
2(1—k)bn{ b,M
1-bk |2(1-k)

1 * * *
P G - -0 |
=(1-a,)|x, - x*"2 +a,0,,

(39)

where 8, = b,M/2(1-k)+(1/(1-k)){f(x") - x", x,,; —x7),
M = sup{llx, - x*I° : n > 0}, and a, = 2(1 - k)b,/(1 -
b,k). It is easy to see that lim,,_, e, = 0, Yoo a, = 00, and
limsup, _, .8, < 0. Hence, by Lemma 9, the sequence {x,}
converges strongly to x* = P, f(x").

Case 2. Assume that {|x,, — x*[|} is not a monotone sequence.
Then, we can define an integer sequence {r(n)} for alln > n,
(for some n, large enough) by

7(n) = max{k € Nsk <n:|x, - x*|| < [|x, — x"[|} -
Clearly, {z(n)} is a nondecreasing sequence such that 7(n) —
ocoasn — oo foralln > ny:

I

T(n) x" ” < "xr(n)+1 - x*” : (41)

Following a similar argument as the proof of Case 1, we
have

limsup (f (x") = x", %,y —x) <0. (42)
n— 00
And by similar argument, we have
#(|2 112
econar =717 = (1= o) een = %77 + oty Sen (43)
where lim, o) = 0, Y2y, = ©00, and
limsup, 6, < 0. Hence, by Lemma9, we obtain
lim, _, llx,y = x*| = 0and lim,, _, llx;. — %"l = 0.
Now, from Lemma 8, we have
0= = %7 < fegyer = %7 (44)

Therefore, the sequence {x,} converges strongly to x* =
Py, f(x™). This completes the proof. O

Corollary 12. Let H, and H, be two real Hilbert spaces, let
A : H, — H, be a linear and bounded operator, and
let A* denote the adjoint of A. Let {B;: Hl — H,};,.n and
{K;: Hy — H,},.y be two families of set-valued maximal
monotone mappings for all i € N. Let {a,},{c,;} be sequences
of real numbers in (0,1) with a, + Y . ¢,; € (0,1). Let {B,..}

i=1 “n,i
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be a sequence in (0, 00) and {y,;} C (0, 2/(IAI + 1)) for each
i € N. Let Q be the solution set of GSFVIP and suppose that
Q # 0. Let {x,,} be defined by

s =t S, (1o (11 W)
n=>0.

If the sequences {a,}, {c,;}, {B,;}, and {y,;} satisfy the
following conditions:

(i) lim,,_, o (a, + Y2\ ¢,

,i) =1, 2320(1 —a, — Zzojl Cn,i) =

090,
(ii) for each i € N, liminf, , ja,.,; > 0O
liminf, | Jc,;y,; > O, liminf, | B,; > 0, and

lim sup,, , o, ¥ni < 2/(IAI7 + 1),

then the sequence {x,} converges strongly to a point x* which
is the minimum norm solution of GSFVIP.

Proof. Let f = 0 in Theorem 11. We have proved that the
sequence {x,,} converges strongly to x* = P, f(x"). Then, for
all z € Q, we have

(f(x")-x"2-x7)
= (f(x") = Pof (x7),2-Pof (x7)) <0.

Since f = 0, then (-x",z — x*) < 0, for all z € Q. Hence, we
obtain

(46)

|7 < |¢x".2)] < |x°] el (47)

that is, ||x*|| < ||z||. Thus, x* is the minimum norm solution
of GSFVIP. This completes the proof. O

In Theorem 11, if we set f(x) =
following result.

u, then we get the

Corollary 13. Let H, and H, be two real Hilbert spaces, let
A : H, — H, be a linear and bounded operator, and
let A* denote the adjoint of A. Let {B;: H, — H,},. and
{K;:Hy — H,},.y be two families of set-valued maximal
monotone mappings for all i € N. Let {a,},{b,},{c,;} be
sequences of real numbers in (0, 1) with a, + b, + Y2 ¢,; = 1.
Let {f3,,;} be a sequence in (0, 00) and {y, ;} € (0, 2/(IA)? + 1))
foreachi € N. Letu € H, be fixed. Let Q) be the solution set of
GSFVIP and suppose that Q) # @. Let {x,,} be defined by

Xy = G,X, + bu

* zcnﬂﬁ;- (1-yma" (1-75 ) A)x,, nz0.
(48)

If the sequences {a,}, {b,}, {c,;}, {B,.;}, and {y, ;} satisfy the
following conditions:

(i) lim,, _, b, =0, Y2 b, = 00,
(ii) for each i € N, liminf, , ja,c,;

liminf > 0, liminf, , B,;

> 0,
> 0, and

n— oocn,i)/n,i

limsup, _, oo Vs < 2/(IAI° + 1),

then the sequence {x,} converges strongly to Pyu.
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