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We apply the homotopy perturbation method to obtain the solution of partial differential equations of fractional order. This method
is powerful tool to find exact and approximate solution of many linear and nonlinear partial differential equations of fractional order.
Convergence of the method is proved and the convergence analysis is reliable enough to estimate the maximum absolute truncated
error of the series solution. The fractional derivatives are described in the Caputo sense. Some examples are presented to verify

convergence hypothesis and simplicity of the method.

1. Introduction

Recently, the partial differential equations of fractional order
have attracted much attention. This is mostly due to their
frequent appearance in many applications in fluid mechanics,
viscoelastic, biology, engineering, and physics [1, 2].

Most of partial differential equations of fractional order
do not have exact analytical solution, so approximations and
numerical techniques must be used. Some of these methods
are series solution methods which include Adomain decom-
position method [3], homotopy analysis method [4, 5], vari-
ationalmiteration method [6], and homotopy perturbation
method [7-9]. The homotopy perturbation method [10] pro-
posed by He in 1998. This method is useful tool for obtaining
exact and approximate solution of linear and nonlinear par-
tial differential equations of fractional order. There is no need
for a small parameter or linearization, the solution procedure
is very simple, and only few iterations lead to high accurate
solutions which are valid for the all solution domains. The
solution is expressed as the summation of an infinite series
which is supposed to be convergent to the exact solution.
This method has been used to solve effectively, easily, and
accurately many types of fractional equations of linear and
nonlinear problems with approximations. For example, [11]

applied HPM to solve a class of initialboundary value prob-
lems of fractional partial differential equations over finite
domain. [12] used HPM for solving the Klein-Gordon partial
differential equations of fractional order. Furthermore, many
authors applied HPM for solving and investigating linear and
nonlinear partial differential equations of fractional ordering;
see [13, 14]. For more details about homotopy perturbation
method and its applications, we refer to [15, 16].

Our aim in this study is to extend the applications of HPM
to obtain approximate solution of some partial differential
equations of fractional order such as Burgers' equation of
fractional order and fractional fourth-order parabolic partial
differential equation and obtain the convergence of this
method.

The paper is organized as follows. In Section 2, some basic
definitions and properties of fractional calculus theory are
given. In Section 3, the basic idea of HPM is presented. In
Section 4, analysis of HPM is given. Some examples are given
in Section 5. Concluding remarks are listed in Section 6.

2. Preliminaries

In this section, we give some basic definitions and properties
of fractional calculus theory which are used in this paper.


http://dx.doi.org/10.1155/2014/803902

Definition 1. A real function f(x), x > 0is said to be in space
Cu, p € Rifthere exists a real number p > y, such that f(x) =
x? f,(x) where f,(x) € C(0,00), and it is said to be in the
space Cy if f" € C,,n € N.

Definition 2. The Riemann-Liouville fractional integral oper-
ator of order & > 0 of a function f € Cy, u > —1 is defined
as

o _L * _ el
]f(x)—r((x)J-o (x-t)" ft)ydt, a>0,t>0 ()

in particular J 0 f(x) = f(x).
For 8 = 0 and y > —1. The operator J* has the following
properties

M) 1P f(x) = J*P f(x),
@) I*JP f(x) = JPT* f (),
() J* =T(y+ )/T(a+y+ 1)* .

Definition 3. The Caputo fractional derivative of f € C”,
m € N, is defined as

o 1 * m-a—1 rm
Df(x)= —— J (x—1) (t)dt,
f I'(m-«) Jo f )
m-1l<a<m.
Lemmad4. Ifm-1<a<mmeN, f € Cl,u> -1, then
the following two properties hold

@) D f(x)] = f(x),
(2) JUID* f(0)] = f(x) = Tie)' FRO)(* /).

3. Homotopy Perturbation Method

To illustrate the basic idea of this method, we consider the
following nonlinear differential equation:

Aw) - f(r)=0, reQ (3)

with boundary conditions
B(wS)-0. rer @)

on

where A is a general differential operator, B is a boundary
operator, f(r) is a known analytic function, and T is the
boundary of the domain Q.

In general, the operator A can be divided into two parts L
and N, where L is linear, while N is nonlinear. Equation (3)
therefor can be rewritten as follows:

L(u)+ N(u)- f(r)=0. (5)

By the homotopy technique [10, 17] we construct a homotopy
v(r,p) : Qx [0,1] — R which satisfies

Hv,p)=(1-p)[L») - L(u)]+p[AW) - f ()] =0

pel0,1], reQ
(6)
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or

H(v,p)=L()—L(uy) + pL(uy) + p[N(v)— f(r)] =0,
(7)

where p € [0,1] is an embedding parameter and u, is an
initial approximation of (3) which satisfies the boundary
conditions.

From (6) and (7), we have

H(v,0)=L) —L(uy) =0,
8
HWv,1)=AW) - f(r)=0. ®

The change in the process of p from zero to unity is just
that of v(r, p) from u,(r) to u(r). In topology, this is called
deformation and L(v) — L(u,), and A(v) — f(r) are called
homotopic.

Now, assume that the solution of (6) and (7) can be
expressed as

v=v0+pv1+p2v2+~-. 9)

The approximate solution of (3) can be obtained by setting
p=1
uzgiinlv=v0+v1+v2+---. 10)

4. Analysis on Convergence and Solution

Consider the following fractional partial differential equa-
tions:

Diu(t)=f(t,u®),D"u(t),D?u(t),...,D"u(t),

t e€[0,T]
(11)
FO)y=v,  uxn=gt), k=01,2.., (12)

where Df = 0%/0t" is Caputo fractional derivative of order
a,m—-1 < a < m,n € N for every i. Consider that
f:[0,T] x RxRx---xR — Risa continuous map-
ping. f(t,u;,u,,...,u,) exists with continuous and bounded
derivatives 0f /ou; satisfing the Lipschitz condition

|f (tu, (8),D"uy (t),..., D"y (1))
—f (t,uy (t), DM uy (t) ..., D"au, (1))

< L|(uy, D"uy, D™uy, ..., D"u,)

(13)

= (43, D", D" usy, ..., D"uy)|, £ >0,

where L is Lipschitz constant.

To illustrate the basic concepts of HPM for fractional
partial differential equation (11) with the initial conditions
(12), we construct the following homotopy for (11):

(1-p) oDf u(xt)
+p (D ux,t)— f(t,u(t),D"u, (14)

Du(t),...,D"u(t)) =0
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or
‘D u(x,1)

=p(f(t,u®),D"u(t),D"u(t),...,Du(t)).

Substituting (9) into (15) and equating the terms with having
identical power of p, we obtain the following series of
equations:

(15)

P’ DUy (x,8) = f (x,1),
P oD uy (% 1)

= f(t,ug, DM ug (t), D™ug (t),..., D uy (1)),
P’ Dy uy (1)

= f(t,u;, D"uy (t),D™uy (t),...,D"uy (t)),

c
" D u, (x,t)
= f(t,u,_1, D"u,_; (t),D™u,_, (t),...,D"u,_, (1))
(16)
Operating with Riemann-Liouville fractional operator J*,

S . . . Cra.
which is the inverse operator of Caputo derivative ~D in

both sides of (16) the solution
uy (x,1) = Z— +1(f (x,1),

u; (x,t)
= J*(f (t,ug, DM ug (£) , D™ 1y () ,..., D"uy (1))
u, (x,t)

=J*(f (t,uy, D"uy (t),D™uy (t),...,D"uy (1)),

u, (x,1)
= ]‘X (f (t’ z’ln—l’ Dnl un—l (t) ’ Dnzun—l’

. D'u, | (1))

(17)
The solution of (11) in series form is given by
u(x,t) =u (x,t) +u, (x5, 8) +us (x,t) +--- . (18)

Define that (C[0, T, || - ||) is the Banach space, the space of all
continuous functions on [0, T] with the norm

If®l = max [f@). (19)

4.1. Existence and Uniqueness of Solutions

Theorem 5. Let f satisfy the Lipschitz condition (13) and then
the problem (11) has unique solution u(x,t), whenever 0 < y <
1.

Proof. Let y and z be two different solutions of (11), and
for All't € [0,T] and T € [0,t] is bounded. Let M =
maXg < o<rer|(t = 7)*"|; then,

y—z=J(f(),y(t),D"y(t),D"?y(t),...,Dy(t))
~J*(f @),z (t),D"z(t), D"z (t),..., D"z (1)),

= ; ' _ el 1o} 1)
y-2= 15 |, -0y .0y 0, 0%,
Dy (1)) dr
1 ! _ el
e )J (t-1)
x f(r,z(t),D"z(t),D"z(t),...,D"z(t))dr,
== [ €0y .07y .07,
DMy (t))dr
_L ' _ a-1 ",
@ L t-1)" f(r,z(t),D"z,
D™z (1),
DMz (b)) dr
L .
< F(“)J '(t—r) 1||y—z|d1’,
max |y - z| < ﬁmaxjo '(t—T)“ 1| ly — 2| dr,
LMT|" 1
el |3 | gl =rb-4.

(-9~ <o.
(20)

Since 1 — y#0, then ||y — z|| = 0; therefore, y = z, and this
completes the proof. O

4.2. Proof of the Convergence

Theorem 6. Letu,(x,t) andu(x, t) be defined in Banach space
(CIO, T1, I - II). Then the series solution {u,,(x,t)},2, defined by
(18) converges to the solution of (11), if0 <y < 1.



Proof. Suppose that {s,} is the sequence of partial sums of the
series (18) and we need to show that s, (t) is a Cauchy sequence
in Banach space (C[0, T, || - |[]). For this, we consider

i1 (€)= 5, O = 1 @]
<Y fu. O
<y fus O
<<y uy 0]
Now, for every m,m € N, n > m, there are two arbitrary

partial sums s, and s,,; by using (21) and triangle inequality
successively, we have

5 = Sl = 1(50 (&) = 5,1 ()
+ (5pm1 (6) = Sy (£)) +--- +

< "5n - Sn—l“ + “Sn—l ~ Sp-2 "

(sm+1 (t) ~Sm (t))”

+o ot S = Sl

<[y ey ey
X |luo ()]
< ym+1 [ n—m-1 n yn—m—z teo by 1] ||uo (t)“

m 1 nm
<7 (5 )l 0.

(22)
Since 0 < y < 1, we have (1 —y™™) < 1; then,
ym+1
I = sl < (1= y)v OT] X |ug (1)] . (23)
Since u, is bounded,
lim ||s (t) — s, (t)|| = (24)

n,m— oo

Therefore, s,,(t) is a Cauchy sequence in C[0, T], so the series
converges and the proof complete. O

4.3. Error Estimate

Theorem 7. The maximum absolute truncation error of the
series solution (18) of the problem (11) is estimated to be

m

(

Proof. From Theorem 6 and inequality (22), we have

u(x,t) - Zu (x,1)| < ||u(, @) (25)

nm

L wol. e

1-
||u (t) - sm" < ym“ <
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Since 0 < y < 1,wehave 1—y"™" < 1; thus, we get the formula

(25)
u (x,t) - Zu (x, )| < ( " ||u0 @) (27)
'This completes the proof. O
5. Applications

Example 8. Consider the following fractional partial differ-
ential equations with initial condition:

0"u ou du 1
—tu — = —, ,t) € Rx 0—) (28)

o Mox o Y 2
u(x,0) =2x (29)

with the exact solution at special case o = 1
2x

1) = . 30
weh = G0

To solve (28) with initial condition (29), according to the
homotopy perturbation technique, we construct the follow-
ing homotopy:

Fu uy\ [(u  ou Fu
“‘P)(a?‘ata)—f’<ax “ox a?) G0

or

I

o'u  0uy u  ou u,
= — - . 32
<8x2 “ox T or 52

Substituting of (9) in (32) and then equating the terms with
same powers of p, we get the series

*u
0 0
: =0,
ot
1 0y _ 62u0 duy  9%ug
"o o2 Mox T o
» ', _ u, . Ouy  Juy
"o T o Mox Mok
, (33)
3, O 0wy Oy 0wy Oty
ot 9x2 fox tox Yox’
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Operating with Riemann-Liouville fractional operator J*, And so on, finally we get
which is the inverse operator of Caputo derivative ‘D’ in
both sides of (28), the solution reads
"5n - Sm" s ”511 - Sn—1|| + "5n—1 N Sn—2|l
uy (x,t) = 2x, T P
—4xt”
u (x,t) = , n n-1 n—1 n-2
1(68) T'(a+1) = Zuj—Zui+ Zuj—Zui
» =0 i=0 j=0 i=0
16xt
Uy (x,t) = ————, 36
2000 = oD (34) il (36)
+ Z uj - Zu,-
—16xt™ I 2a+1) =0 i=0
u; (x,t) = 4+ R
I'23x+1) I (a+1)

ol + et -+ ]

me2( Y s _.n
S ON TR

Sincet < 9/2,0 < y < 1and ¢ = 1, and according to

. . n .
Theorem 6, we have Therefore, lim, ,,, , o lIs,, = s, [l < lim,, , ,¥"luyll = O; that is,
s, is, a Cauchy sequence.

sy = sofl = H ll Then the approximate solution in a series form is
reoo T(a+1)
‘(x)( )ll u(x, 1) = ug (%6, 1) + 1y (06, 1) + 1y (%6, 1) + 1y (36, 1) + -+
r ((X + 1) o 20 3a
=y 4xt N 16xt _16xt
<4< >||2x|| vl T(@+1) TQRa+1) T@a+l)
I'2a+1)
sl < s il + sy sl <(4+ o) +
N 16xt™ H —4xt* (37)
T a+1) I(a+1)
, Example 9. Consider the fourth-order parabolic partial dif-
8™ —2t* ferential equation of fractional order
= [(2x) +@2x) | —— q
I'Qa+) I'(x+1)
2 04 4 4
=||2x||<8(3) +2<3>> aﬂJr(yJ“z—1>aﬂ+(z+"—1>EM
2 2 0% \2cosx ox* \2cosy oyt
o'u 71 (38)
<16(Y) 12t =9 (222 1) 2% o0 0<xpz<l,
o] "\ 2cosz ozt BrEsy
s = sul < lss = ol + s = s tef0,1], 1<a<2
16xt3“ LT Qa + 1) 16xt**
I'(Ba + l) 1"2 (o + 1) I (2a+1) subject to the initial conditions
_ Q3
“2x) 8t <4 T (20¢) ou
T (3a+) I2(a+1) 1) u(x,y,2,0) = =3 (x, ¥,2,0)
+ (2x)< 81" )ll =x+y+z—(cosx+cosy+cosz).
I (3x) (39)
IANYSAY
= <8< E) + 8(5) ) The exact solution for special case « = 2 is

<32( ) I2x|| = y3||uo||.

u(x,y,z,t)=(x+y+z-cosx—cosy—cosz)e
(35) (40)
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For solving (38), according the homotopy perturbation
method, we have

But forall ¢ € [0,1] and & = 2, we have

o« 2a _ 4QRa+1)
Oty _ T @ar 1)t <y =0.0047 < 1
atoc ? 1-t
o 4 4 a _ o)
aulz <y+z _1>au0_<z+x_1>au0 T (a+1)—t¢ —o2l<1.
ot 2cosx ox* 2cos y oy* 1-t
(44)
( x+y ) o* uy 0" uo
- 4
2eosz ) 0z (1) Thus, s, - 5,1 <yl
ou, _( y+z 1) o'u,
ot* 2cos x lls5 = 1] < ||s3 = 5]+ |ls, = 51|
< zZ+x 1>au1 x+y 1) o*u, farl e
2cos y 2cosz oz* F(3cx+1) T TGa+2) r(2a+1) T TQa+2)
3 (Ba+1)
r 1) - r 2
3 (1—t)< 2T B + )1 tt JT B + ))H
By applying J“ in both sides of (41), we got
£2%/T 20+ 1) = %D T 2a + 2
uy (x,y,2,1) + (1—t)< /T )l—t /T )
=xX+y+z-— +cosy+cosz)(l-t),
x+y+z—(cosx y )(1-1) e £9T Ga + 1) — 0D T B + 2)
u, (x,y,2,t) = x+ y+z— (cosx + cos y + cos z) - 1-t
y A A 2T Qo + 1) — t2 VT Qa + 2)
F(w+1) T(a+2))’ 1-t '
(45)
uy (x,y,2,t) = x+ y+z—(cosx +cos y + cosz)
2 2o+l (42) Since, forall £ € [0,1],0 < y < 1, and « = 2, we have
X - >
(F(2a+1) F(Z(x+2)> Gas)
3 3a+1
r 1) - INE 2
A Gar -7 /TGt |\ _g0004<1,
1-t¢
2 (%, y,2,t)=x+y+z—(cosx +cosy+cosz) le0‘/1“(204+1)—115(20&1)/1“(204+2) <y = 00047 < 1.
-t
no no+1
y t ot (46)
IF(nae+1) T (no+2)
Thus
3
According to Theorem 6, we have Iss =il =< v ol (47)
s = sl where 1® = (1 - y2)/(1 - Py~
<|s, - 51" + 51 = soll

And so on, finally we get

(x toc+1

T(a+1) T(at)

ZMI Ilsn - sm” S "Sn -
F(20c+ 1) F(20¢+2)

Suctll + 81 = $ucall + 2+ + s = 50l

tﬂa tmx+1
§ (1_t)(tth/r(za+1)_t(20c+1)/1"(20£+2) )H a I'(no+1) _F(na+2)
) 1=t H t(n Da t(n—l)«x+1
/T (a + 1) + VT (a + 2) T((n-a+1) T(n-Da+2)
+[|(1—1) - .

t(m+1)fx (m+1)0c+1
+ o e +
(43) HF((m+1)oc+l) F((m+1)oc+2)||
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(1-

) ((t”“/l" (na+1)) -

( T (o + 2)) )H

1-t

(n-1)« I _
. (l_t)<(t / (1(ritl)oc+1))

(£ DT (- 1) a +2)) )“
1-t

L (£ DT ((m+ 1)+ 1))
(1-1) -

(£ DT (m+ 1) +2)) )“
1-t

(t"/T (na + 1)) - (t”‘x“/l“ (na + 2))
1-t

Slll—tll<

(" T (n- 1 a+ 1))

+

1-t
(LD (- 1) a +2))
- 1-¢
e (£ DT (m+ 1)+ 1))

1-t

(LT (m+ 1)+ 2))
1-t

)

(48)
Since, forall t € [0,1],0 <y < 1, and « = 2, we have
(£"/T (noc + 1)) = (£ /T (nor + 2) )
1-t

<y'<1,

(£ ((n- Do+ 1) = ((" VT (- D+ 2)
1-t

|| t(m+1)oc

t(m+1)[x+1
T'(m+1)a+1) H

F((m+1)oc+2)

(49)
Thus,
lsn = sl <" o (50)
where " = (1 -y""™)/(1 - y))y™*". Therefore,
i s, 5,0 <1 il =0 “

That is {s,,} is a Cauchy sequence.

7
The series of the solution is
u(x,y,z,t)= (x+y+z-cosx—cosy—cosz)
tzx toc+1
X[ 1—-t+ -
( T'a+1) T(x+2) (52)

t2¢x t20c+1
+ - +eee )
FrCa+1) T (Qa+2) )
6. Conclusion

In this paper, we applied the HPM for fractional partial
differential equations and obtained highly approximate solu-
tions with few iterations. Further, we introduce the study
problem of convergence of HPM. The sufficient condition
for convergence of this method has been presented. In this
paper, we studied the convergence analysis of homotopy per-
turbation method for fractional partial differential equations,
Further, we consider the convergence analysis of homotopy
perturbation method for fractional integro-differential equa-
tions as future work.

The convergence analysis is reliable enough to estimate
the maximum absolute truncation error of the series solution.
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