Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 792439, 15 pages
http://dx.doi.org/10.1155/2014/792439

Research Article

Limit Cycles Bifurcated from Some Z, -Equivariant Quintic

Near-Hamiltonian Systems

Simin Qu, Cangxin Tang, Fengli Huang, and Xianbo Sun

Department of Applied Mathematics, Guangxi University of Finance and Economics, Nanning, Guangxi 530003, China

Correspondence should be addressed to Xianbo Sun; xianbo01@126.com

Received 3 December 2013; Accepted 14 January 2014; Published 3 March 2014

Academic Editor: Yonghuia Xia

Copyright © 2014 Simin Qu et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We study the number and distribution of limit cycles of some planar Z,-equivariant quintic near-Hamiltonian systems. By the
theories of Hopf and heteroclinic bifurcation, it is proved that the perturbed system can have 24 limit cycles with some new
distributions. The configurations of limit cycles obtained in this paper are new.

1. Introduction

In 1900, Hilbert proposed 23 open mathematical problems
[1]; the second part of the 16th problem concerns the maximal
number and relative position of limit cycles of the planar
polynomial vector fields. Even though there have been many
results of obtaining more limit cycles and various configu-
ration patterns of their relative dispositions, it has not been
solved completely. To reduce the difficulty one can study the
systems with some symmetry. An important symmetry is the
Z,-equivariance which was first introduced in [2]. Here we
mention some newer results; for more details, see summary
work [3-5]. Li et al. [6] proved a cubic Z,-equivariant system
having 13 limit cycles; Zhao [7] proved that this system
has 13 limit cycles with another distribution. Li and Liu [8]
proved another cubic Z,-equivariant system also having 13
limit cycles. Zhang et al. [9] found a quartic system having
at least 15 limit cycles. Christopher [10] proved that a Z,-
equivariant system has 22 limit cycles. As to the case of quintic
polynomial system, there are more results. Xu and Han [11]
studied a cubic Z,-equivariant system perturbed by quintic
Z,-equivariant polynomials having 13 limit cycles. Li et al.
[12] studied a quintic system and obtained at least 23 limit
cycles for Z,-equivariant case and 17 limit cycles for Z,-
equivariant case. In [13], Wu et al. studied a Z,-equivariant
system and found 20 limit cycles. Li et al. [14] found that 24
limit cycles existing in a Z4-equivariant quintic system. Yao
and Yu [15] studied a Z;-equivariant quintic planar vector

fields by normal form theory and proved that the maximal
number of small limit cycles bifurcated from such vector
fields is 25. Wu et al. [16] proved that a quintic Z4-equivariant
near-Hamiltonian system has 28 limit cycles. In [17], 24 limit
cycles are found and two different configurations of them
were shown in a Z;-equivariant quintic planar polynomial
system.

Our main result is that there can be 24 limit cycles with
other distributions for the perturbed quintic Z,-equivariant
systems which are different from the known results. Using
the methods of Hopf and heteroclinic bifurcation theories,
the number and location of limit cycles of the following Z,-
equivariant quintic near-Hamiltonian system will be investi-

gated:

%=H, +eP;5(x, ),
_ ey
y=-H,+eQs(x,y),

where ¢ is nonnegative and small and the Hamiltonian system
is

H(x,y) =2x"+2y* - §x4

54 1 15
——y +-=-x + = 2
AT A
with phase portrait of Figurel. (Ps(x, ¥),Qs(x,y)) is the
five-degree polynomial vector invariant under rotation of
7/2 with respect to the origin O. From [2] we know that
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FIGURE 1: The phase portraits of (1))

(Ps(x, ¥), Qs(x, y)) is, respectively, the real and imaginary
parts of the following complex function:

Fiy(2,2) = (Ag + Ajl2l® + Aslel*) 2 5
3
+ (A5 + Allzl)Z + AsZ,

where A, = g, +ib, k =0,1,2,...,5,z2 = x +iy,and z =
x —iy. Itis direct that

P; =ayx + aq (x3 + xyz) +a, (x5 + 2x3y2 + xy4)
+as (x3 - 3xy2) +ay (xs - 2x3y2 - 3xy4)
+as (x5 —10x°y* + 5xy4) +by (-y)
+b (—xzy - y3) +b, (—x4y —2xy’ - ys)
+ by (3x2y - y3) +b, (3x4y +2x°y - ys)
+bs (IOny3 ~5xty - ys) ,
(4)
Qs =ayy+a (xzy + y3) +a, (x4y + 2x2y3 + ys)
+as (y3 - 3x2y) +ay (ys - 3x4y - 2x2y3)
+ as (5x4y - 10362)/3 + ys) + byx
+b (x3 + xyz) +b, (x5 + 2x3y2 + xy4)
+ by (x3 - 3xy2) +b, (x5 - 2x3y2 - 3xy4)
+bs (x5 - 10x3y2 + 5xy4).
Our result is the following.
Theorem 1. There exist some (ay, a,,a,,as, ay, as) such that
system (1) can have 24 limit cycles with two different distri-
butions, the distributions of these limit cycles are shown in

Figure 2.

The rest of this paper is organized as follows. Some useful
preliminary theorems will be listed in Section 2. In Section 3,
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some related coeflicients of asymptotic expansions are firstly
computed; then using this coefficients and preliminary lem-
mas we prove the main result.

2. Preliminary Lemmas

Let H(x, y), p(x, y,6), and g(x, y,8) be analytic functions, ¢
positive and small, and § € D ¢ R™ with D compact; then
the following system is a planar Hamiltonian system:

X = Hy’ y = _Hx’ (5)
and the below system is usually called near-Hamiltonian
system:

x=H,(x,y) +ep(x,9.9), ©
y=-H,(x,y) +eq(x,99).

Let system (5) have at least one family of periodic orbits L,
defined by H(x, y) = h which form a periodic annulus {L,};
then the first-order approximation of the Poincaré map of
system (6) is

M(h6) = 4% (qdx - pdy) %

which is called the Melnikov function or Abel integral.
By the Poincaré-Pontryagin-Andronov theorem, an isolated
zero of M(h,d) corresponds a limit cycle of system (6). A
popular method to find limit cycles of (6) is to find zeros of
M(h,§) and an efficient method to find zeros of M(h, ) is
to investigate the asymptotic expansion of M(h, §) near the
boundaries of {L,}; see [18].
Let the outer boundary of {L,} be a homoclinic loop L

defined by H(x, y) = f3 passing through a hyperbolic saddle
at the origin; we have the following.

Lemma 2 (see [19]). (i) The function M (h, §) has the following
expansion:

M (h,0) =, (8) + ¢, (8) (- ) In|h - B|
+6@) (h-P)+6 ) (h-p) Inlh-B| (8)
+O(|n-B),
for 0 < B —h < 1; ¢(8) depends on the parameters of H, p,

and q.
(ii) Further suppose that, for (x, y) near (0, 0),

H(xy) = f+2(2-2) + ¥ by, Aso,

2 i+j>3
ployd)= 3 apy, )
i+j>
q(x,7.0) =) byx'y.
i+j>0
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FIGURE 2: Two different distributions of 24 limit cycles of system (1).
where
60(5)=<J§ qdx - pdy, 2
Ly -
6 (8) = ZJ qdx - pdy,
1 i=1 JLi
I (a0 +by1) > 5
¢ 8)=Y¢(S90), (13)

6 (6) = quﬁ (pe+q,)dt ifq (8 =0,
-1 (10)
G (0) = 2L {(=3a30 = by +ay, + 3by3)

(2, + ar1) (303 — hyy)

+(2ay + byy) (3hso — hyy) 1}
if ¢ (8) =

The values c,(8) and c;(3) are, respectively, called the first and
second local Melnikov coefficients at the saddle O, denoted by
¢ (0, 0) and ¢;(O, 8), respectively.

>—*I'—‘

Now let the outer boundary of {L,} be an 2-polycycle I*:

= O(Li us;)

with 2 hyperbolic saddles, S; and S,, and 2 heteroclinic orbits,
L, and L,, connecting them, defined by H(x, y) = . The
following lemma was proved in [19].

(11)

Lemma 3 (see [19]). Under the above assumptions, M(h, )
has the form, for0 < f—h < 1,

M (h,8) =) [6;(8) + ¢y (8) (h— ) In|h - p]
j20 (12)

x (h-pY,

i=1

2
6 (8) =Y (S:90),

i=1

where ¢,(S;,0) and c(S;, 8) are, respectively, the first and the
second local Melnikov coefficient at the saddle S;, i = 1,2. In
particular,

(14)

6@ =9 (pra)at=3 [ (pra)a

i=1

ifc,(8,8) =0,i=1,2.

When the inner boundary of {L,} is a elementary center
(x, y.) defined by H(x,, y.) = a, the following lemma gives
the asymptotic expansion of M (h, ).

Lemma 4 (see [20]). M(h, ) has the form, for0 < h—a < 1,

M (h,8) = ) By(h— )",

k>0

(15)
If for (x, y) near (x,, y,),

H(xy) =+ (=)' + (- %))



+ Z hij(x - xc)i(y - yc)j’

i+j>3

p (x, Vs 5) = Z aij(x - xc)i(y - yc)j’ (16)

i+jz1

q (x’ Ys 8) = Z bij(x - xc)i(y - yc)j>

i+j>1
the coefficients B; can be obtained by the formulas in [20].

Remark 5. When the inner boundary is a nilpotent center, a
new method of limit cycles bifurcated from the annulus near
the center can be found in [21]. Lemma 3 has been developed
in [22, 23].

In many cases the Hamiltonian function is not of the form
presented in the above lemmas. Then to apply the lemmas
we need first to introduce suitable linear change of variables
which will cause a change in the first-order Melnikov func-
tion. The following lemma gives the relationship between the
old and new Melnikov functions.

Lemma 6 (see [24]). (i) Under the linear change of variables
of the form:

u=a(x=x)+b(y=-y)
17)

v=c(x=x)+d(y-y)

and time rescaling T = kt, where D = ad — bc 0, the system
(6) becomes

d — _ d — _

d—’; = {,+¢p, d—: = —H, +eq, (18)
where H(u,v) = (D/K)H(x,y), p(u,v,d) =
(1/k)[ap(x, ¥,8) + bq(x,y,0)], and g(u,v,0) =
(1/K)[cp(x, y,8) + dq(x, y, )].

(ii) Let
M (h,8) = . Gdu—pdv (19)

which is the Melnikov function of the system (18); then

o (740)
Mh,8)=—M|—h?). 20
(h,0) = M+ (20)

When systems (5) and (6) are Z,-equivariant, (5) has
a compound cycled denoted by I'*, which consists of 8
hyperbolic saddles S;,...,Sg and 16 heteroclinic orbits L,
Loys Lyss Ly, Ly, Lygs Lus, Lisgy Lses Lgs, Loy 147651 L7g, Lgz
Lg;, and L5 satisfying oc(Lij) = S,-,w(Lij) = §;. I" contains
8 two-polycycles L; (i = 1,...,8), where L, = L, U L,,
Ly=LyULsy, Ly =L34ULys, Ly =LysULsy, Ls = LsgULgs,
Lg = Lg ULy Ly = Log ULg,and Ly = Lg; U Lyg. See
Figure 3. We suppose that T* is defined by H(x, y) = H(S;) =
B,i = 1,...,8. There are 8 centers C;(x;, ¥;) inside the 2-
polycycle Ly, with H(C,) = H(C;) = H(C5) = H(C)) = «
and H(C,) = H(C,) = H(Cs) = H(Cg) = «,. There
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are 4 families of periodic orbits LI: inside the 2-polycycle L;,
defined by H(x,y) = hfor h € («},f),i = 1,3,5,7, and
4 families of periodic orbits L? inside the 2-polycycle L,
defined by H(x,y) = hfor h € («,, ), j = 2,4,6,8. Then
we have 8 Melnikov functions below:

Mi (h’ 8) = éLh (q dx - de)|£:0’
for h e (a, B) i=1,3,5,7.
(21)
M08 = (adx = pdy)].

h
I‘i

for h € (ay, B) j=2,4,6,8.

By Z,-equivariance, M,(h,0) = M;(h,0) = Ms(h,6) =
M, (h,8) and M, (h,8) = M (h,8) = Mg(h,8) = Mg(h,d),
we can only study M, (h,d) and Mg(h,§). For convenience,
the notations are introduced as follows:

co1 (6) = L qdx - pdy,
cpp (8) = L qdx - pdy,
(22)

@ = | adx-pdy,

ey, (8) = L gdx - pdy,
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and d;(9)
d,and d,

(p

dx+qy)(si’5)> 1<i<8 whered, =d; =d; =
4:

dg = dg. Letting d, = d, = 0, we introduce

Q1 (0) = J (px + qy)dt’

12

6, (0) = J (p, +4a,)dt,

21

en®=| (pora)dn

81

(23)

ey (8) = J (Px + q)z) dt.

The following is directly from Lemma 3.

Lemma 7. Under the above assumptions, we have the follow-
ing expansions:

M; (h,8) = ¢y (8) + ¢, () (h— B)In|h - |
+6,(8) (h - B) (24)
+¢,0) (h=p)'Infh—pl+--,
for0<h-B<«1,i=1,3,5,7,
M; (h,8) = €, (8) + ¢, (8) (h— ) In|h— B
+e,(8) (h—p) (25)
+e;8)(h—p)In|h—pl+--,

for0<h-B<1,j=2,4,6,8, where

G (8) = co1 (8) + ¢ (8),
€y (8) = ey; (8) + ey, (9),

4, (®) d,(0)

¢ (0) =¢(5,0) +¢ (S,,0) = il TR
1 2

e, (8) = ¢, (S1,8) + ¢ (S50)
=6 (5,0 +a (59 =6,
6 (0) =¢(5,0) +(S,,9),
e3(0) = 5 (5,,0) + ¢ (S5, )
=6(51,6) +(5,,0) = (9),
6 (0) = ¢ () + 6 (8),
e, (8) = ey, (8) + &5, (8)

if d,(8) = d,(8) = 0. A; denotes an eigenvalue of S; for (6)
and ¢,(S;, 8) and (S;, 8) are the first and the second Melnikov
coefficients at the saddle S; (i = 1,2) as defined after Lemma 2.

By Lemma 4, for the expansions of M;(h,§) near the
center, we have
k
M, (h,8) = Y B, (&) (h— )"

k>0

for0<h-o <1,
k+1 27)
Mg (h,8) = Y d (8) (h-a,)™"

k=0
for0<h-a, < 1.

To obtain more limit cycles, we have the following.

Theorem 8. Let (24), (25), and (27) hold.
(1) Suppose that there exists §, € D such that

¢ (8) = ¢ (8) = dy (&) = dy (&) = 0,
6 (8,) #0, d, (8,) #0,

CICCRIN
9(8,,6,,..

(28)

-4
->0,,)

Then there exist some (¢, 8) near (0,8,) such that (5) has

rank

4

. 1 - sgn (M, (hy,8,) M, (h,,6,))
2
+ 1 -sgn (Ms (ha’ 60) Mg (h4>80))
2

(29)

limit cycles in the 2-polycycles L, and Lg, where h; = 3 — g,
hy = oy + ¢y, hy = B — ¢, and hy = a, + &, with g, being
positive and very small, and the location of these limit cycles
is as follows: 2 limit cycles near the 2-polycycle L,, 2 limit
cycles near the center Cq, (1 — sgn(M, (hy,8,)M,(h,,8,)))/2
limit cycles between the center C, and the polycycle L,, and
(1 — sgn(Mg(hs,80)Mg(hy,8,)))/2 limit cycles between the
center Cg and the polycycle L.
(2) Suppose that there exists §, € D such that

o) (80) =q (50) =B, (50) =¢y(8) =0,

OZ (60) ;&0’ 62 (80) ¢O> B1 (80) ¢0> (30)
9(c» ¢1, By, €p) —4

rank ———— -
6(61’ 62) [EXH] 6m) =0,

Then there exist some (g, 8) near (0,0,) such that (5) has
+ 1 -sgn (Ml (h1,80) M, (h2,80))
2
+ 1 - sgn (Mg (h3,8y) Mg (hy, 8,))
2

. 1+sgn(c, (8,) e, (8,))
2

4

(31)

limit cycles in the 2-polycycles L, and Lg, where h; = 3 — &,
hy = o, +&y, hy = f—¢&y, and hy = o, +¢&, with g, being positive



and very small, and the location of these limit cycles is the
following: 2 limit cycles near the 2-polycycle Ly, 1 limit cycles
near the center C;, 1 + ((1 + sgn(c,(8y)e,(8,)))/2) limit cycles
near the 2-polycycle Lg, (1 — sgn(M,(h;,8,)M,(h,,8,)))/2
limit cycles between the center C,, and the polycycle L, and
(1 — sgn(Mg(hs,8y)Mg(hy,8,)))/2 limit cycles between the
center Cg and the polycycle L.

Proof. Because of the similarity, we only prove the last
conclusion. For § = §,, by continuity, there exist (1 —
sgn(M, (hy,80)M,(h,,8,)))/2 zeros of M,(h,d,) between
h, and h, and (1 - sgn(Mg(h;,8,)Mg(hy,8,)))/2 zeros of
Mg (h,8,) between hy and h,. Thus, for all § near §, or
8 € Uy = {8 | 18] < €, & is very small} there exist
(1 —sgn(M,(hy,8,)M,(h,,8,)))/2 zeros of M, (h,§) between
hy and h, and (1 — sgn(Mg(hs, 6y)Mg(hy,8,)))/2 zeros of
Mg (h, 8) between h; and h,,.

According to the condition, we can take ¢, ¢;, ¢;, and B,
as free parameters. Hence, we first take ¢; satisfying
o] < |ea|

|c1| < |c2| , e >0, (32)

so that there is a zero of M, (h,8) denoted by h, near 8
satisfying b, < h; < f. On the other hand, if c,e, > 0,
considering ¢, = e;, we have |e;| « |e,| and eje, > 0
which implies that there is a zero of My (h, 8) denoted by h,
near f3 satisfying h; < h, < B.If e, < 0, we are not
sure if Mg(h, §) has a zero. Thus, so far we obtain 1 zero of
M, (h,8) and (1 + sgn(c,(6y)e,(8,)))/2 zeros of Mg(h,§) for
SeU, =1{0|lql < lgl lgl < le,l, ¢¢, > 0}.
Next, we take ¢, ey, and B, satisfying
leol < ey,

lco| < e 6 <0,

epe; <0, |Bo| < |By|, BB, < 0.

Then M, (h,8) has two new zeros h, near f3 and h; near
a, satisfying b, < b, < h, < Band «, < hy < hy, and
Mg(h,8) has a new zero h, near 8 satisfying h, < h, < p.
In this step, we get 2 more zeros of M;(h,d) and 1 more
zero of M, (h,6) for € U, = {8 | |g| < l¢l, e < 0, legl <
le;|, epe; < 0, |Byl < |B;l,and ByB; < 0}. Then totally
we have 4 + (1 — sgn(M,(h;,80)M,;(h,,84)))/2 + (1 —
sgn(Mg(hs, 8g)Mg(hy, 89)))/2 + (1 + sgn(c,(8y)e,(5)))/2
zeros for § € U, N U, N U, Therefore, there
are 4 + (1 - sgn(M;(hy,80)M;(h,,8)))/2 + (1 -
sgn(Mg(hs, 89)Mg(hy, 89)))/2 + (1 + sgn(c,(8y)e,(8)))/2
limit cycles for some & near &,. This completes the proof. [J

Remark 9. The signs of M,(h,,8,), M,(h,,8,), Mg(hs,6,),
and Mg(h,, §,) can be determined by using the first nonzero
coeflicients in their expansions.

3. Main Result

In this section, we investigate the distributions of limit cycles
of system (1). For ¢ = 0, (1) has two level sets, I, and
I,, defined by H(x,y) = -5/12 and H(x,y) = -5/12
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respectively. T, consists of 8 saddles, S, = (1,2), S, = (2,1),
S3 = (2)_1)’ S4 = (la_2)> SS = (_1’_2)’ S6 = (_2’_1)’
S; = (=2,1), and S = (-1,2), as shown in Figure 4. Let
L, L, L}]f, Co1> G020 €01> €025 ©1> Can> €21-€22> and so forth are
the same as those for Lemma 7. We can write the compound
cycles T, as

i:Qm

(34)

U{L15:La1> Loss Lags- o> Lygs Liga Lyys Ly}

The equation H(x, y) = —8/3 defines four centers, C; =
(2,2),C; = (2,-2),C5 = (-2,-2),and C, = (-2,2), where
the equation H(x, y) = —4/3 defines four centers of C, =
(2,0),C, = (0,-2), Cs = (-2,0), and Cg = (0,2). The center
C, is inside the 2-polycycle L; fori = 1,...,8.

We first investigate the 2-polycycles L, and Lg. Here, L}I‘
denotes the periodic orbit defined by H(x, y) = h surround-
ing the unique center C; and Lz denotes the periodic orbit
defined by H(x, y) = h surrounding the unique center Cy.
Then

M, (h, 8) = (J)LhQde ~ Py

dy
= ¢L}{ <Q5 — PSE) dx,

M, (h, 3) = cjﬁ Qudx — Pudy
L

(e

d
P5£> dx,
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where 8 = (ay, 4y, ...,as) € R°. By Lemma 7, we have

M, (1,8) = ¢, (3) + ¢, (8)<h+ 1—52)1n|h+%

+6,(0) (h+ 15—2) (36)

5\ 5
+C3(6)(h+ﬁ> ln|h+E +oeee,
for0 < —(h+5/12) < 1,

5 5
M (h,8) = e, (8) + e, (3) <h+ E)1nlh+ =

+e, () (h + %) (37)

5\? 5
+e3(6)<h+a> 1n|h+E .

for0 < —(h+5/12) < 1.
By Lemma4,for0<h+8/3«1,i=1,3,5,7,

k+
M, (010) = Y B.(0) (h+ ) i (38)

k>0 3

and, for0 < h+4/3 < 1, j =2,4,6,8,

k+1
Mo = Y @) (h+3) (39)

k>0

To find the zeros of M, (h, §) and Mg (h, §), the coeflicients
in these asymptotic expansions need to be calculated. In order
to calculate the coefficients ¢, (8), ¢y, (8), €y (8), €y, (), and
so forth, the expressions of heteroclinic orbits are found as
follows:

Ly, (%)

1
= 5\/2x2 +5+ V-12x* + 60x2 + 33,

1

¥, (x) = %\/sz +5— V-12x% + 60x2 + 33,
lx/Zstz, (40)
2
Lyt ys(x) = Vo—x2, 22x21,
Lgi:y,(x)= Va-x2, -l<x<l,

Lig: y(x)

1
= 5\/2x2 +5+ V-12x* + 60x2 + 33,

1>x>-1.

Figure 5 may be helpful to understand the step to cal-
culate the coeflicients in the folowing. By (4), P;(x, y) and
P;(x, y) are written as follows:

5
Py (x, y) = Zpliai + Paibis
i=0

(41)
5
Qs (x,y) = quiai + ;b
i=0
and introduce the following notations:
= pul I = byl
P1i = Prily=y,xp P2i = Paily=y xp
Jo_ Jo_
Qi = ‘11i|y:yj(x)’ Di = ‘12i|y:yj(x)’ (42)
i,j=1,23,4,5,

and  f; = (dy/dx)l,_, =
(—2x +3x° — xs)/(2y - 3y3 + )’5))|y=y,.(x)~ By Lemma7,
we have

@ (0) = J Qsdx — Psdy

12

V22/2 d
= J (Q5 - Ps—y) dx
1 dx y=y(x)
2 d
+ J <Q5 - Ps—y> dx
V22/2 dx /ly=y,00
= Zailb‘ + b1, + al}; + b,
=0
G (6) = L Qsdx — Pydy
1 dy
= J (Q5 - PS d_) dx
2 x y=y3(x)
=Y al; + b, (43)
i=0
ey (6) = JL Qsdx — Pidy
1 d
= J <Q5 - Ps—y> dx
-1 dx Jly-y,x)
= Zailfi + bilgi’
i=0
ey, (6) = JL Qsdx — Pidy
= J (Q5 P5—y> dx
1 dx /ly=y.0




y=y1(x)
$1(1,2)
Ly
2 x= 222
y ¥ = y,(x)
1 ASZ(Z, 1)
1 2
x
(a) The 2-polycycle L,
FIGURE 5

where, fori =0,1,2,3,4,5,

Thus,

1 vep oo
I; = J (pli + qlifl) dx,
ver 17

(P2i + ‘bifl) dx,

s
I
-

2 o~
T IR HALE
2 ? 2 27
I = -+ g f,)dx,
2i J\/ﬂ/Z (pZz qufZ)
1 o~
Ifi = J (Pfi + ‘Ziifa) dx,
2 (44)

1 ~
5= [ 0+ ) ax

1 —~
Ifi = J (Pi‘ + q;}if4)dx’

-1

xS
I
ey
e

(Pgi + qgiﬁ;) dx,

—

B= | (o) i)

-1 _
L= (i aife)ax

¢ (8) = cp1 (8) + ¢, (6)

= [(Illi+112i+113i)ai+(121i+122i+122i)bi]
i=0
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(b) The 2-polycycle Lg

= lyay + La, + La, + La; + 1,0, + Lsas,
€y (8) = eg; () + ey, ()
2 4 5 3 4 5 2
= Z [(Ili +1; + Iu) a; + (Izi + 0+ Izi) bi]
i=0
= mydy + M, ay + Mya, + Myay + Msyds.

(45)

By (4), the divergence of (1) at S; and S, is as follows:

d, (8) = (—

dP; dQs >
+ —_—
dx dy

(1,2)
= 2a, + 20a, + 150a, — 14a,
— 70as — 48b, + 2400;,

dp. d
d,(6) = (T,f*d%)

(46)

2.1
= 2ay + 20a,; + 150a, — 14a,

— 70a, + 48b, — 240b;.

_<024>

s, \60)
(2 9)

s, \24 0)

Note that

HJ’X H)’J’
-H, -H

xx xy

HJ’x HJ’}’
-H, -H

P xy

(47)

which yields

(48)
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By Lemma 3, we have

2
G@®)=e,®)=Y -1 (dp5 &)(Si,a)

Z A dy
_ _d, () d,(9) (49)
Ml
1 10 7 35
= —gao - —a; —25a, + -a, + —as

In the following by letting b, = 5b;, then

d, (0) =d, (0), ¢ (8,8) =¢ (S,,9). (50)
Letting ¢, (6) = 0, then
a, = —10a, — 75a, + 7a, + 35as. (51)

Under ¢;(§) = 0, we can apply Lemma 7 to calculate the
coeficients ¢,(6) and e,(§). For convenience, the following
notations are introduced: h = dx/dt = 2y — 3y’ + y°.
For j = 1,2,3,4,5, h :Qy—ﬂﬁ+fmwMyM&Mx+

dQs/dy) = Z] o fidi and
] fo 2
fe=2 -
0 h y=y;(x) 2)’ - 3)/3 + yS y:yj(x)
j h 4x* + 4y*
K@= =T s
)’:}’j(x) y y +y y:yj(x)
fj( ) 5 12y°x* + 6x* + 6y*
X)) = — = >
? h y=y;(x) 2)/ - 3)/3 + y5 y=y;(x)
(52)
‘ fs 0
flx) == = 5= =0,
’ h y=yx) 2V~ 37 +y° y=y;(x)
j fa —12y%x% + 2x* + 291
fi) =7 T 2y :
y=y;(x) y yory y=y;(x)
i fs ~60y°x” + 10x* + 10y*
fS (X) = Z = 2y =393 + 4° :
}’=)’j(x) y y y y:yj(x)
By Lemma 7, we have
dPs dﬂ _SJ fi
@ (8) J 12 ( dx dy = ;) L K h e
dp, dQ > f;
o=| (% —5> dt - j Jigy,
022( ) jLZI < dx dy ;) L21 al h X
(53)
dp; dQ > fi
n=[ (% —5> dt = I i,
621 ( ) J‘L81 ( x + dy ;) Ly, al h x
dP. dQ > f;
o= (&2 —5> dt=y | aid
en®=] (GErGr)a=3 ] afar

Substituting (52) into (53), with f;, = 2 being considered, we
have

—20a, — 150a, + 14a, + 70a.
+J 1 2 4 de
L12 h

1 2
= zai]i + Zai]i >
i1 i1

5
ﬁ
(6) =

—20a, — 150a, + 14a, + 70
+ J 1 a, ay as dx
Ly h

3
= Zai]i >
i=1

e
5
en®=3 | ajias

LSl

—20a, — 150a, + 14a, + 70
+ J a, a, ay as dx
Lg, h

= Z“i]?’

i=1

—20a, — 150a, + 14a, + 70
+ J a, a, ay as dx
L18 h

= Zai],-S,

i=1

where]31 :]§:]§:]§:]§:Oand

. V22/2
hﬂ
1

fl1 (x) + _—zodx,
hy
R 2
Ji = Lﬁ/z f1 (x) + —dx,

= J ff (x) + _—zodx,
2 h3

VR m
1
), :L fz
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150

I = fi (x

JW/Z

szm

V22/2
! J f4 (x)+ dx,

]4=
1

14
—dx,
J\F/zfA‘ (x)+ h, X

1
I = J fi(x)+ 1k
2 h3
V22/2
]51 = L f5 (x) + dx,

]5 f5 (x) + dx,

jxﬁ/z

1
]53 = J f53 (x) + Z—de
2 3

! -20

J - J £+ —dx,
-1 4
-1 _

JS = j 2o+ ax,
1 hs
1 _

= j e+ 2%y,
» Iy

Applying Lemma 7, we have

6 (8) = 1 (8) + &, (8)
=2 Ui+ ) e
i=0

= 1oy + L,a, + J4a4 + 505,

(55)

Abstract and Applied Analysis

e, (8) = e, (8) + e, ()
=2 Ui+ e
i=0

= Rya, + Rya, + Ryay + Rsas.
(56)

The integrals in (44) and (3) and the coeflicients in (45) and
(56) can be obtained by numeral computation on Maple 13;
see Appendix.

In order to find the local coefficient ¢;(S,, ) at the saddle
S:(1,2) we make a change of variables of the form u =
(V2/2)(x~1),v = V2(y—2) and time rescaling 7 = kt, k = 1
so that the system (1) becomes

u — dv —
a @ g 57
- H,+¢epu,v,9), I H, +¢eq (u,v,0), (57)
where

H (I/l, V) =H (x’ y)|{x:\/§u+1,y=(\ﬁ/2)v+2}

2 10V2 5 25V2 5
—Tu +TV

2

=6V —6u

35 2
+5ut + 1—61/4 +4\2u + %vs

4 1 5 (58)
+-ub— - =
3 48 12
_ V2
p(u,v) = — Pi(x,y)| ,
2 {x=V2u+1,y=(V2/2)v+2}
q(u’ V) = \/EQS (x’ y)|{x=\/5u+l,y=(\/§/2)v+2}'
Writing functions p(u, v) and g(u, v) as the form
pu,v) = Z a; Uy,
i+j=0
(59)

5
qu,v) = Z I;ijuivj,

i+j=0

then the formula for the second local coeficient at the saddle
in Lemma 2 can be applied directly; we have

7 35 55 275
G (81,6) = mal + 502 + RCM + mas. (60)
Similarly, we have
7 35 55 275

S,,0)=— — — —as. 61

5 (520) = S+ % 5% F ore s (O
Applying Lemma 7, we have

6 (0) = €3 (8) = (81,6) + & (S,,0)
(62)

7 35 55 275

= +=a,+ ——a, + ——as.
1087 " 36% " 108™ T 108
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In order to find B;(8),i = 0,1,2, we move the center
C, = (2,2) into the origin by letting u = 2+/6(x - 2) and
V= 2\/€(y—2);that is, x = (V6/12)u+2 and y = (V6/12)v+2
and make the time rescaling dr = 24dt so that the system (1)
becomes

du dHj () dv  dHj ()
— = +ep, (u,v), — = + &g, (u,v),
it dv h gt du D
(63)
where
Hy(u,v) = H (x’J’)|{x:(%/12)u+2,y:(\f6/12)v+2}
8 1
:——+—u2+l 2+ﬁgu3
3 2 2 432
25v6 5 35 4, 35 , A6 o
+ v+ u + v+ u
432 2304 2304 3456
V6 s 1 & 1 (64)
+ v+ u + v,
3456 82944 82944
V6
P (M,V) = Ep(xsy) >
{x=(\V6/12)u+2,y=(/6/12)v+2}
V6
a (w,v) = Eq(x, ¥) .
{x=(V6/12)u+2,y=("/6/12)v+2}
Let
M; (h,8) = Cﬁ qdu — p,dv
H{(u,v)=h
_ 8 k+1 (65)
_ Zbk<h ; -)
k=0 3

which is the Melnikov function of the new system (63).
Applying the formula for the Hopf coeflicients 50(8), El (8),
and b,(0) directly in [20], we have

- 1 8 32 160
by (8) = &% + 37 +32ma, — = M0~ 5 Tas
- 11 19
b, (6)'7]0:0 = 10" " 9 %
25 125
+ —mna, + —nas, 66
274 277 (66)
- 17545 28379
b (0. =- na, — ——7T
2 (0) |bo:0 8398081 69984 2
37445 187225
+ na, + Tids.
209952 209952
By Lemma 6,
M, (h,0) = Mf (h,9). (67)

Therefore

1

~ 1 8
BO (8) = bO (6) = gﬂ'ao + 57’[(11

By(®)]p,-0 = b, (<S)|EO:0 _

B, O, = B O] _, =

+ 32ma 32 na, 1607‘[61
2 3 4 3 5>

11 o — 1971
108 T 9
25 125

+ —ma, + —nas,
27 27
17545 28379

- na, — na,
839808 69984

37445 187225

+ na, + nas.
209952 209952
(68)

Similarly, the expressions of d; (§) are obtained as follows:

d,(6) = \/?Emzo +

86

+ —ma
3 4

V6

dy (O)] gz =~ +

108

356
7ia

4+/6
T\/_rral + 8\/371(12

406
+ ——as,

18 (69)
1756
— TT

54

535
=——0Hr
104976

12055

d2 (8) |d0=0

ds,
4 54 5

19

49
6a, + nV6a,
17496

60275
- n+ea, - neas.

52488

52488

We will use the coefficients ¢,(8), ¢;(8), ¢,(8), 5(6), By(6),
B,(8), B,(5), ey(5), €,(5), e,(5), e5(6), dy (), d,(8), and d,(6)
obtained above to study the limit cycle bifurcation.

(1) Solving the equations

0 =¢q6)=d,(6)=d,(6)=0 (70)
gives
Gy = > G = tha,
(71)
a, = Usay, as = Uyay,
where
__ 232 __163
M=o T sy
1 3915 + 278401, — 87601, + 815,
= 1752 72

—Is + 5,

1 55681, — 17521, + 1631, + 391,

=175,

~l5 + 5,
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Approximate computation using Maple.13 gives
ay = pya; = —3.17808219178082191784, = a,,

4 = thd
= —0.093036529680365296804a, = a,,
a, = psa (73)
= 1.3418001549779299848 x 10%a, = a,
as = fyay
= —2.6836003104010654490 x 107a1 = a;.
We can easily find that

0 (o> 1> do> 1) _

rank
) (%» Gy, Ay, as)

4. (74)

We fix a; > 0, a;#0, and take & = (ay,a,,a4,a5), 6, =
(ay,4a;,ay,a: ). Inserting 8, into ¢,(8), d,(9), e,(8) and By (J)
we have

6 (8y) = —1.6154178146383561644a,,

d, (8,) = —0.0001550256505743006107 V6a,,
(75)
ey (8,) = 0.001040156096575342a,,

B, (8,) = —0.60273972600502283107a;.

Taking h; = -5/12 - ¢, h, = -8/3 + &, h; = -5/12 — ¢}, and
h, = —4/3 + ¢, with &, > 0 small enough, we have

M, (hy,8,) = & () (&) + O((_sl)z In |51|) >0,

M, (hy,8,) = B, (8,) (51)‘*0(5%) <0, 76)
76
Mg (hs,8) = e (8y) +O ((81)2 In |81|) >0,

My (hy, 8y) = d; (8,) (51)3 +0 ((51)4) <0,

which yield (1 — sgn(M, (h;,8,)M, (h,,8,)))/2 = 1 and (1 -
sgn(Mg(hs, 8y)Mg(hy, 8y)))/2 = 1. Hence, by Theorem 8,
(1) can have 6 limit cycles inside the 2-polycycles L, and
Lg, 2 limit cycles near the 2-polycycle L, 2 limit cycles
near the center Cg, 1 limit cycle between the center C; and
the polycycle L, and 1 limit cycle between the center Cg
and the polycycle Lg. Considering that the system (1) is Z,-
equivariant, the system (1) can have at least 24 limit cycles.
See Figure 2(a) for their distribution.
(2) Further let

¢ (8) =¢, (8) =B, (6) =¢,(6) =0, (77)
to obtain
ay = wydy, a, = w,a,
(78)
a, = wsay, as = w,ay,

Abstract and Applied Analysis

where w; = —16(55m,l,—11m,ls—55m,l, +15msl,+ 11mgl, -
15myls + 360m,l, — 72msl; —360m, 1, + 72m,15)/(5760m,l, —
95m,l, —1152msly +39msl, +19msl, — 5760myl, +1152myl5 —
39myls + 95myl, — 19m,ls), w, = —(-2myls + 880my,l, —
95myl, — 176msly + 2msl, + 19mgl, — 880myl, + 176myls +
95m, 1, — 19m,15)/(5760m,1, — 95m,1, — 1152mgl, + 39ml, +
19mgl, — 5760mygl, + 1152myls — 39my,ls + 95m,1, — 19m,15),
w; = (240m;ly — 2myls + 2mgl, — 240myls — 39mgl, +
39m, I — 5760l,m, —880Lym, +951,m, +880l,m, + 57601, m, —
951,m,)[(5760myl, — 95m,l, — 1152mgl, + 39msl, + 19m;1, —
5760myl, + 1152myls — 39myls + 95m,l, — 19m,l;), and
w, = (240mgl, — 39m,l, + 2m,l, — 19L,m, — 240m,l, +
176l,mq + 11521ym, — 2myl, — 176lym, + 39m,l, + 191,m, —
11521,m,)/(5760m,ly—95m,L, — 1152misly +39msl, +19mgl, —
5760myl,+1152myls—39m,ls+95m,1,—19m, ;). Approximate
computation using Maple.13 gives

a, = —9.4485863716681452021a, = a;,

a, = 0.0030582821716100337153a, = a;,
(79)
a, = 8655624.6835808229498a, = a;,

as = —1731124.9144080276985a, = a; .

As before, we have

a bl )B b
rank —(CO & Bos€o) =4, (80)

0 (ay, ay, a4, a5)
fixing a; > 0, a; #0, and taking § = (a,,a,,a,,as) and §, =
(ay,4a;,ay,a. ). Noting that

6, (8,) = —0.45572159725036392404a,,

B, (8,) = —0.005029813790698960065674, ,
(81)
e, (8,) = —0.850715880974,,

d, (8,) = 0.08047702064821360307 V64,

we have

M, (hy,8y) = 6 (8,) (—&5) + O (&5 Ine5]) > 0,

M, (hy, o) = B, (8,) (ei) + O<8§) <0,

(82)
Mg (h3,8,) = €, (8;) (&) + O((~&5) In |53|) >0,

Mg (hy,8) =dy () &5 +O ((_83)2) >0,

where h;, = -5/12 — &, h, = -8/3 + &, h; =
—-5/12 — &, and hy = —4/3 + & with & > Obeing small.
Hence, noting that (1 — sgn(M,(h,,8,)M,(h,,8,)))/2 =
1, (1 - sgn(Mg(hs,09)Mg(hy,8y)))/2 = 0, and (1 +
sgn(c,(8y)e,(8,)))/2 = 1, by Theorem 8 again, we can obtain
6 limit cycles inside the 2-polycycles L, and Lg. By Z,-
equivariance, the system (1) can have 24 limit cycles. See
Figure 2(b). Then Theorem 1 is proved.

4. Conclusion

In this paper, we proved that a Z,-equivalent quintic near-
Hamiltonian system can also have 24 limit cycles compared
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to a zz and z;-equivalent quintic near-Hamiltonian system
having 24 limit cycles. Certainly, the distributions of 24 limit
cycles obtained in this paper are new. The method we use
is the expansions of the corresponding Melnikov functions,
which is different from the methods of detect function and
normal form, which are the main methods of the previous
work on z,-equivalent quintic near-Hamiltonian system.

Appendix

In this section, by numeral computation using Maple.13, we
give the approximate values of the integrals in (44) and (3)

and the coefficients in (45) and (56) as

I}, = 3.309003029,
I}, = 1.730303665,
I, = —3.217505541,
I}, = 28.51638338,
I}, = 12.79094042,
I, = ~16.08752770,
I}, = 254.3849935,
I}, = 97.6750154,
I}, = —80.43763849,

I}, = —13.03562364,

I}, = 1.03562364, [ =12,

I}, = —141.0435372,

I}, = -0.5116118346,

I,=60, I, =-317.8639878,

I}, = ~149.9117575,

I, =60, I, =4.636476089,

I, = -3.114725692,
I}, = 23.18238044,
I}, = -10.86431923,
I}, = 115.9119022,

I}, = —39.42284767,

I}, =12,  I;; = -12.00000000,
I}, =60, I, =-43.62567211,

4 5
If; =60, I =21.87163945,

1210 Ty 1220 -y 1230 =0,

I;o =0, 1250 =0, 1211 = %’
151 = _%’ 1231 =0,
I;l =0, 1251 =0,

1212 = %23> 222 = _%’ 1232 =0,
Igz =0, 132 =0, 1213 = _31_1:’
1223 = %’ 1233 =0, 1213 =0,

1253 =0, 1214 = _ZT%, 1224 = 2?%’

b.=-=—", L= %9, L, =0,
Igs =0, 1255 =0,
J} = 1.831700353,
J? =1.100027834, ] =0,
J) = 36.46355425,

J2 =20.04837845,
=0, Jl=-1415186229,
Ji = —7.471228579,

J? = -10.29601773,

Ji = -70.75931148,
J2 = -37.35614289,
J2 = —51.48008865,
Ji=0,  J?=-3.964132938,
Ji=0, ] =-49.77854225,
Ji = 14.83672348,
J; = 14.44096924,

Ji = 74.18361742,

13
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]2 = 72.20484619,

(A1)
andl; =my =0,
I, = 1.821801153,
I, = 25.21979610,
l, = 271.6223704,
1, = —81.55514903,
I, = —407.7757453,
mg, = 1.521750397,
m; = 12.31806121,
m, = 76.48905453,
m, = 1637432789,
(A.2)

msg = 81.87163945,
J, = 2.931728187,

], = 5651193270,
J,=0,  J, =-31.91910860,
J5 = —159.5955430,

R, = -3.964132938,

R, = —49.77854225,
Ry=0,  R,=2927769272,

R; = 146.3884636.
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