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We study the exponential stability of the complex dynamical network described by differentially nonlinear equations which couple
with time delay and stochastic impulses. Some sufficient conditions are established to ensure pth moment exponential stable for the
stochastic impulsive systems (SIS) with time delay. An example with its numerical simulation is presented to illustrate the validation

of main results.

1. Introduction

As the extension and expansion of Internet network, the
Internet of things is the complex networks which are made up
of interconnected nodes and used to describe various systems
of real world. In many systems such as signal processing sys-
tems, computer networks, automatic control systems, flying
object motions, and telecommunications, impulsive effects
are common phenomena due to instantaneous perturbations
at certain moments. Therefore, the study of the dynamical
networks with impulsive effects is important for under-
standing the dynamical behaviors of the most real-world
complex networks. The impulsive dynamic systems have been
studied extensively (see [1-4] and references therein). In
addition to impulsive effects, stochastic effects likewise exist
in real systems. In recent years stochastic impulsive dynamic
system is an emerging field drawing attention from various
disciplines of sciences and engineering.

Many real-world problems in science and engineering
can be modeled by nonlinear stochastic impulsive dynamic
systems (see [5, 6] and references therein). The stability
analysis is much more complicated because of the existence
of simultaneous impulsive effects and stochastic effects. So
far, there are several results on impulsive stochastic systems,

which we can find in [7-10]. However, to the best of the
authors’ knowledge, little study on impulsive stabilization
of stochastic delay systems has been done so far. Motivated
by the above consideration, in this paper we analysis this
system and obtain sufficient conditions to ensure the pth
moment asymptotic stability of stochastic impulsive systems
with arbitrarily infinite delays. It is shown that an unstable
stochastic delay system can be successfully stabilized by
impulses and the results can be easily applied to stochastic
systems with arbitrarily time delays.

2. Preliminaries

Let R" denote the n-dimensional real space and let 7 > 0
be a positive real number. Let PC([-7,0]; R") denotes the
family of piecewise continuous functions from [-7, 0] to R".
PC([-7,0;R") = ¢ : [-1,0] — R'|p(t") = (1), ¢(t)
exists, and (t7) = @(t) for t € (-7, 0], with the norm |¢| =
SUP_,g<ol@(0)], where @(t") and ¢(¢~) denote the right-hand
and left-hand limit of function ¢(t) at t, respectively.

Consider the impulsive stochastic differential equation as
follows:

dx(t)= f(t,x(t),x,)dt + g (t,x,)dw(t), t=0, t+t;,
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Ax (1) = x (t) = x (tx) = I (x (t,)) »

tztk, k=1,2,...,m,

x(ty)=§& t=[-1,0],

@

where the initial value ¢ € PC([-7,0];R"), x(t) =
[, (8), %, (1), ..., xn(t)]T, x, is regarded as a PC-valued
stochastic process, x, = {x(t+60) : —1 <0 <0)}, f: R" xR" x
PC([-7,0};R") — R",g: R"XPC([-1,0];R") — R™", and
w(t) is an m-dimensional standard Brownian motion defined
on the complete probability space.

Definition 1. Let C*'(R" x [t, — T,00); R") denote the family
of all nonnegative functions V(x,t) on R" x [t, — T, 00) that
are continuously twice differentiable in x and once in ¢. For a
V e CPH(R"x [t,—7,00); R), one can define the Kolmogorov
operator ZV as follows:

LV (x,t) =V, (x,1) + V, (%, 1) f(x,1)

L 2)
+ 5 Tr {g (x,1) Vg (x, t)} ,

where V, =0V (x,t)/0t,V, = (0V (x,1)/0x,, .

.0V (x,1)/0x,,),
and V= 0*V(x,t)/0x>.

Definition 2. The trivial solution of SIS (1) is said to be the pth
moment exponential stable if there exist positive constants
« > 0and K > 1 such that

Elx (1)I” < Ke x|, t>ty, teR".  (3)

The following lemmas can be found in [11].

Lemma3. Letx,y >0, a,b > 1, then

P |
Xy< — 42—, —+-=1. (4)
Y= T a
Lemma4. Letx,y >0, p> j >0, then

s (i) iy
p

©)

Py

3. Main Results

In this section, we shall focus on sufficient conditions to
achieve exponential stability of the SIS by employing Razu-
mikhin techniques and Lyapunov functions. Moreover, we
will design the impulsive control for the stabilization of
unstable stochastic systems by using the obtained results.

Theorem 5. If there exist positive constants p,c;,¢,, A, dy. > 1,
and suppose there exists a function V such that

() ¢ lxl? < V(x,t) < g lx|;
(ii) EV(x,£]) < dEV (x, t,);
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(iii) EZV (@, t) < cEV (@, 1), forallt € (t,_y, t;];
(IV) In dk < A(tk - tk_l),k = 1, 2, cee

Then the corresponding system (1) is the pth moment exponen-
tial stable.

Proof. For anyt € [t;,t,], we can get from the conditions (ii)
and (iii)

EV(t)=EV(t])+ ,[t CEV (x(s),s)ds

<d, [EV 0) + rl CEV (x(5), 5) ds]
0

+ Jt cEV (x(s),s)ds = d,EV (0)

1

t t
+d, Jo cEV (x(s),s)ds + L cEV (x(s),s)ds.

(6)
In general for t € [t;,_;,t;], one can find that
t
EV(t) < [] deEV (0) +J [ dkcEV (x(s),5) ds.
0<t <t 0 s<t <t
(7)
From condition (iv), we get
[T i < Xt M) Mot
s<tp <t
= Mt A=) | Albet) | o)
(8)

FOI' t e [tkfl’ tk]’ tl’ t2’ .
s, A < 0, then we obtain

H d, < M) At M) | At Syem—s)_ ©)

s<t<t

., t; be impulsive points in [s, t),¢ >

By (7) and (8), then we can get
t
EV (t) < yEV (0) ™ + J ye""ICEV (x(s),5) ds
0

<y sup EV (o) e
-7<6<0

(10)

It follows from condition (i), that

G Elx(®)|” <EV (t) <y sup EV (o)™ < yo.E||E|F A

-7<60<0

(11)
which implies

Elx(t)]” < YC—CZE"E"PeM. (12)

1

System (1) is the pth moment exponentially stable. The proof
is complete. O
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Theorem 6. Assume that
(i) EV, < nEV(x(t)), EV, < qEV(x(t)?™V?, EV,_ <
%EV(x(f))(‘D_Z)/‘D;
(i) Elf(x,)I? < SUpP_ 9o EV (X,),
2 __
E(Trlg(x) g(e)) < Tasup_rcgeg BV (x(t = 1);
(iil) EV(x(t + 0)) < gEV(x(t)),0 € (-1,0];
and conditions of Theorem 5 hold simultaneously, then

the system is pth exponential stable, where E denotes the
expectation.

Proof. Take
LY =V, + Vo () + 3 Telg” () Vieg (v)} (13)

then take the mathematical expectation of both sides of the
Formula (12), we obtain

EZV =EV,+E(V f)+ %E [Tr{g"Veegt]. (4

Using Lemma 3, from (i) and (ii), we obtain

E(V,f (x,x,))
< EV, - Ef (x,x,) < EV)*"VP . E|f (x,x,)]

m(p-1)

(p-1
PACEDPN %%-E|f(x,xt)|p < .

EV

sup EV (x (1)),
-7<0<0

1__
+;’13"1'

E[Tr{g" (x,) Vixg (x)}]

<EV, -E [Tl‘ {gT (xt) g (xt)}] < %E(V (x))(p—Z)/p

EV (x)

E(Tr{g" () g (x)}) < w

fg'a)]"" = @EV )

+ %E[Tr Tg

+ s sup EV (x (t — 1)) < _,72—(1;_ 2) EV (x)

p -7<60<0
-

+ 7l g sup BV (x(1).
P -7<60<0

(15)
It follows that

EZV <TEV (x () + WEV (x (1))

N MEV()C) +2-q- sup BV (x(1)
p P -1<60<0
+%q sup EV(x(t))
P -1<0<0

(16)

Consequently, by the above statement, the conditions of
Theorem 5 are all satisfied. Then, the conclusion follows from
Theorem 5 and the proof is complete. O

Remark 7. From the above consequence, we know that the
unstable stochastic system dx(t) = f(t,x,x,)dt + g(t, x,)
dw(t) can be exponentially stabilized by the impulsive control
u(x) = I(x), t;, k € N. Moreover, the steps of the impulsive
control design satisfy the conditions of Theorem 5.

Remark 8. Consider a special case of system (1) shown as
follows:

dx(t)=[Ax+ fit,x(t —1)]dt + g(t,x(t - 1)) dw (t),

tZO) t:,étk)
Ax () = x(t) = x () = I (x (t,))
t=tk, k=1,2,...,m,
x(ty) =& t=[-1,0],

17)
there exist nonnegative function «;(t), 5;(t) such that

(@) LAt x(t = )l < 22 o(0)]x(t — 7)),
(i) llg(t, x(¢ = DI < =2, B(OIx(t - )P,

where T = max; _;_,, Tj, A () denotes the largest eigenvalue
of a symmetric matrix. Then we derive the following theorem.

Theorem 9. Assume that there exist positive constants «,,«,,
K5 such that

-2)k
K1+(p—l)K2+—(p 2) 350, )

Ky + K3 >0

hold, where k, = A, (A), k, = O (1), k3 = (p - 1)
O, Bi(t), and if the conditions of Theorems 5 and 6 are
satisfied, then the trivial solution of system (17) is p-moment
exponentially stable.

Proof. Let P = Q'Q, and V(t, x) = (xTPx)P/2 = |Qx|?. Then
by It6 formula, we have

LV =V, +V, [Ax + f, (x (t - 1))] + %Tr {9"V.g}

-1
= plQxI” [QAX + Qf; (t,x (t - 1))] + %
X |Qx|P > Tr {gT (t,x(t—1))Pg(t,x(t— T))} _
(19)

By condition (ii), we have

Tr{g" (t.x (t = 7)) Pg (1, x (t 7))}
(20)

= Qg (t, x (t - )| < =, B () |Qx (¢ - 7)) [



Substituting (20) into (19), and using conditions, we obtain

20
: 18 | R
LV < plQXIT™ [Aay (A) 1Qx] + 06 (1) [ Qe (£ = )] 16} e
14 + .
plp=-1), 2 i !
+ B Zlonl 5, 0 ]Qx (¢ - ) v
@ ¥
Using Lemma 4, we get 6r T .
al -
)| I
PV < |Qx|? [A (A)+(p-1)Z e (1) ol . L
max 0 05 1 15 2 25 3 35 4 45 5
-1 -2 Time ¢
+Mzﬁl /3:' )
2 FIGURE 1: Instability of the stochastic delay system (23) without
impulsive effect.
T O+ (p- 1) LB O] [Qx (- 7))
(p-2)x, r
:|:K1+(p—1)K2+T V (t, x) 0.8 i
0.6 1.
+ K+ 15| V(L x(t-1)). sl
2 o
(22) g oo2th -
Summing up the above statements, we can see that all of ¢ 7 G et memmeo -
the conditions of Theorem 5 and condition (iii) of Theorem 6 oal ! B T
are satisfied. Then the conclusion follows from Theorem 6 ’ o
immediately and the proof is completed. O 04y
-0.6 - -
1 2 3 4 5 6 7 8
4. Example Time ¢

In this section, we present an example to demonstrate
our theoretical results. Considering a nonlinear stochastic
impulsive system as follows:

dx(t)=f(x@)dt+g(x(t),x(t-1))dw(t),

t>0, t#t, (23)

Ax(tk) =Ik(.x(tk)), tztk, kGN,
where f(x) = x(t), g(x, x,) < (1/4)(x* +x7), I, = —0.4,7 = 2.
Step 1. Calculate the parameters.

Without loss of generality, we choose ¢, = ¢, = 1, p = 2,

d; = 0.37 such that they satisfy the conditions of (i) and (ii)
of Theorem 5.

Step 2. Choose V(x,t) = x%, then it is easy to calculate from
the Itd formula that

EZV (x (1), (t - 7)) = 2E|x ()* + E|g(x, x,)|”

< ZEV (x () + ‘—IIEV (x(t-1))

(24)
which satisfies condition (iii) of Theorem 5

ELV (x(t),x(t —T1)) < cEV (x(t)), (25)

where take g = 5, A = 0.5, t;,, —t;, = 0.2.

Journal of Applied Mathematics

FIGURE 2: Impulsive Stabilization of the stochastic delay system (23).

Step 3. By calculation, we obtain ¢ = 3.5, then

Ind, = -1.02< = (c+A) (tg —t;) = -08.  (26)

It satisfies condition (iv) of Theorem 5 which means that
the system (23) is exponentially stable. Figurel gives the
trajectory of the state of (23). It is obvious that the system
is not stable without impulsive effect. Figure 1 shows that the
solution of the stochastic delayed system (23) is unstable.

Figure 2 shows the stability of the delay system with the
impulsive controller.

5. Conclusion

In this paper, we have investigated the p-moment stability
and applied the technique of Razumikhin techniques and
Lyapunov functions to impulsive stochastic systems. Some
sufficient conditions about the stability of impulsive stochas-
tic systems in terms of two measures are derived. As a
beneficial supplement in the study of impulsive stochastic
systems with time delay, the concluded criteria are not only
effective but also convenient in practical applications of
specific systems in engineering and physics, etc. We also

provided an illustrative example to show the effectiveness of
our results.
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