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Sufficient conditions are obtained to ensure starlikeness of positive order for analytic functions defined in the open unit disk
satisfying certain third-order differential inequalities. As a consequence, conditions for starlikeness of functions defined by integral
operators are obtained. Connections are also made to earlier known results.

1. Introduction

Let 7 denote the class of analytic functions f defined in the
open unit disk U := {z € C : |z| < 1}. Fora € Candna
positive integer, let

%n(a)={fe%:f(z)=a+§akzk}, 1)
k=n

and o, ={f € Z: f(z) = z+ Yoo ., @z"}, with | = of.
For 8 € [0,1), denote by & (3) the subclass of of consisting
of functions starlike of order f3 satisfying

zf' ()
Re( f(z)>>ﬂ’ zeU. (2)

The class ™ := &*(0) is the well-known subclass of starlike
functions studied widely in geometric function theory.
In the sequel, we give emphasis to the class

|z @
$:9)={seat:[LE

B € [0,1), where & := &,(0) ¢ &*. Evidently &,(f) ¢
S*(B) for 0 < B < 1. The class &,(f) was investigated by

-1

<1—[3,zeU}, (3)

Silverman [1], who showed that &, () coincides with §*(3)
for univalent functions with negative coeflicients. This class
has subsequently been studied in several other works (see,
e.g., [2]).

The problem of determining sufficient conditions to
ensure starlikeness of functions has been widely investigated.
These include conditions in terms of differential inequalities;
see, for example, [2-11]. Miller and Mocanu [12], Kuroki
and Owa [13], and, more recently, Ali et al. [14] determined
conditions for starlikeness of functions defined by an integral
operator of the form

1
f(z)= JO W (r,z)dr, (4)

or by the double integral operator

f(z) = ”:W (r,s,z)drds. 5)

In this paper, conditions on certain third-order differen-
tial inequalities are found that would imply starlikeness of
positive order. As a consequence, conditions on the kernel of
certain integral operators are also obtained to ensure that the
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functions defined by these operators are starlike. Connections
are also made to earlier known results.

Recall that an analytic function f is subordinate to an
analytic function g in U, written as f(z) < g(z), if there
exists an analytic self-map w of U with w(0) = 0 satisfying
£(2) = gw(z)).

The following lemmas will be required in the sequel.

Lemma 1 (see [15, Theorem 1, page 192] and see also [16,
Theorem 3.1b, page 71]). Let h be convex in U with h(0) = a,
y#0andRey > 0.If p €  (a) and

p(Z)+#<h(Z), (6)
then
p(2) <q(z) <h(z), 7)
where
@) = JOZh(t) £V g, (8)

The function q is convex and is the best (a, n)-dominant.

Lemma 2 (see [17] and see also [16, Theorem 3.1d, page 76]).
Let h be a starlike function with h(0) = 0. If p € I, (a) satisfies

zp' (2) < h(2), 9)
then

L[
p(z)<q(z)—a+njo D (10)

The function q is convex and is the best (a, n)-dominant.

2. Main Results

The following two results are easily obtained by simple
adaptations of Theorem 2.1 and Theorem 2.6 in [13]. The
proofs are therefore omitted.

Lemma3. Let f € #/,,0<a<nd,and0< B <1.If

n+1)(1-PB) (nd - )

n+1- > ()

62" (2) - a(f' () -1)| <
then f € & (B) with an extremal function f(z) = z + (1 -
Bz (n+1-p).

Lemma4. Let0<a<nd,0<f<l,andge . If

(n+1)(1-p)(nd - «a)

n+l1-p ’ 12)

|9 (2)] <

then

n+1

1
f@=z+ I [[ gt ogaras )
0

is a starlike function of order .
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Remark 5. Even though the conditions given in Lemmas 3
and 4 are sufficient to deduce f € &*(f), they are in fact
sufficient to imply f € &,(B8) ¢ *(B).

The above two lemmas are next used to obtain conditions
in terms of a third-order differential inequality and a third-
order integral operator to deduce starlikeness of f of order

B.

Theorem 6. Let f € o/,, 0 <a<mny, § >a >y >0,and
0 < B < 1. Further let y and v satisfy

v-—ou=38-1y, VU =Y. (14)
If
vz f"' (2) + 82f" (2) - a (f' (2) - 1)|

(L+nu)(n+1)(1- ) (ny-a)
< n+l-p ’

(15)

then f € §(B) ¢ §*(B). Equality is attained for f(z) =
z+(1 =P (n+1-p).

Proof. Let
p) =vzf" (&) -a(f (2)-1). (16)
A brief computation shows that

p(2)+uzp' (2) = y2° " (2) + 0zf" (z) - oc(f' (z) - 1).

(17)
Hence, (15) can be written in the subordination form as
, 1 1(1- -
p@)+uzp' () < LD ﬁﬁ V=9
It follows from Lemma 1 that
F(1+pn)(n+1)(1-B) (v -a) y,,
P(z)<ynzl/lm L - e
(n+1)(1-B) (- )
- n+l-p “
(19)
which implies
|vzf” @) -« (f, (2) - 1). < (n+1)(1-pB) (v - 0‘)‘ (20)

n+l-f

Hence f € &,(B) ¢ §*(B) on using Lemma 3.
For sharpness, it is evident that the function f(z) = z +
(1-PR)Z™ [(n+1 - p) satisfies

|yzzf”' (z) +0zf" (2) - oc(f' (z) - 1)'

(1+nu)(n+1)(1-B) (v -«a)
n+l1-p

(21)
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Thus,

zf' (2)
/(@

1|<1—[3, zeU. (22)

O

Theorem 7. Let0 < a« < ny, § > >y >0,0 < < 1, and
gex.If

L+un)(n+1)(1- ) (nv-«)

lg (2)] < (

) 23
n+l1-p (23)
where

voap=98-y,  vu=y, (24)
then

n+l 1

fz)=z+ z ”J g (rstz) PP s R Gy ds dit
Y 0

(25)
satisfies f € () € S*(P).
Proof. Let f € o, satisfy

y2' f" (@) +8zf" (@) —a(f (&) - 1) =2"g (2).  (26)

From Theorem 6, the solution of (26) belongs to the class
S$1(B) ¢ §*(B). Now (26) has the form

p@) +uzp (2) =2"g(2), (27)
where
p) =vzf" (2)-a(f (2)-1). (28)

Equation (27) has a solution

“u rz
ma=itLg@$“Wﬂ
(29)

n rl1
_ z J g () tn—1+1/}4dt — anS (2),
U Jo
with

$(z) = ! Jl (tz) "M Mgy (30)
ul? '

Note that the function f in Lemma 4 satisfies 8zf" (z) —
a(f'(z) = 1) = 2z"g(z). Thus replacing the appropriate
parameters in the equation

vzf" (2) - a(f' (2) - 1) = 2"¢ (2) (31)

yields a solution

Zn+1 1
” ¢ (rsz) I ar ds
v 0

f@)=z+

=z+

Zn+1 1
”J g (rstz) A L P R 13
Y 0
(32)

This completes the proof.

The next result provides a sufficient condition for star-
likeness of order 8 involving a second-order differential
inequality.

Lemma8. Let f € of,,and0 < a < Swith0 < < 1L If

n(1-B)0n+1)-a)
n+l-p

>

ozf" (2) - (f' (2) - fi”)‘ <

(33)

then f € 8&1(B) ¢ §*(B) with an extremal function f(z) =
z+(1 =R (n+1-p).

Proof. Inequality (33) can be expressed in the subordination
form

SZf” (Z) —a (fl (Z) _ fz(:Z)>
(34)
< n(l _Pzi81(’i;1) _(X)z, z € U.
Writing
P(z)=f'(z)—fiz)=Pnz"+...) (35)

it follows that

8zP' (2) + (0 — &) P (2) = 8zf" (2) _(X<f' (2) - @)

. n(l—ﬁ)(@(n+1)—(x)2.

n+1-p
(36)
Now Lemma 1 with y = 1 — «/6 yields
y (F(n(-B)@n+1)-a) \ ,m,
P(z) < T L( Ot 1-f) t)t dt
(1-p) 7
n(l-
Tarl- ﬁz’
which implies
! f(z) n(1-p)
f@-= <n+1_ﬁ. (38)
Let
P(Z)=@:1+pnz"+---. (39)
Since
/ o f(z) ”(1 _:B)
@@ =S @ T < gs @O)

an application of Lemma 2 shows that

P(z)<l+lJ-Z<n(1_’8)t>@=l+ (1-5) z. (41)

nl\n+1-8/t n+1-p




4
Therefore,
| f@ 1 -B n
|p(z)|—| z >1 n+1—/3_n+1—[3' (42)
Combining (38) and (42) yields
n zf' (2) o
n+1-p1| f(2)
n
Sar1-p (43)
_n(1-p)
n+1—ﬁ

which means sz'(z)/f(z) —1| < 1-f3, whence f € §,(p)
S (P). O

Remark 9. For § = 1 and 8 = 0, Lemma 8 reduces to [12,
Lemma 2.2].

The following result gives starlikeness for a function given
by a double integral operator associated with Lemma 4. The

proof is analogous to Theorem 2.2 of [12] and is omitted.

Lemmal0. LetO<a<nd, 0>« 0<fB<l,andge X If

n(1-pf)dn+1)-a)

|9 (2)] < Py , (44)
then
Zn+1 1 (-0 n-1
fz)=z+ 3 ” g (rsz)r'™ " dr ds (45)
0

satisfies f € $,(B) € S*(B).

An application of Lemma 8 yields the following sufficient
condition for starlikeness in terms of a third-order differential
inequality.

Theorem1l. Let f € &/, 0<a<(l-pw(n+1)v,a>y >0,
0> y+a,and0 < f < 1. Further let

o

v—ﬁﬁ—% Y= 7y. (46)
If
wﬂﬁn&ﬂ@aQw)f@ﬂ
(47)
n[n+1)(v—y) -] (1-B)(1+nu)

(n+1-B)(1-u) ’

then f € &(B) < §*(B). Equality is attained for f(z) =
z+(1 =R (n+1-p).
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Proof. Proceeding similarly as in the proof of Lemma 8,
inequality (47) can be written as
f @ >

yz f"' (z)+82f”(z) oc<f (z) -

(48)
n[(n+ D -y)-a](1-p) (A +n)
(n+1-B)(1-p) '
Let
pm—wﬂw———w<>f@) (49)
Then a computation yields
p/ (Z) _ 1}me (Z) " vf" (Z) _ %f” (Z)
: (50)
« (f'@ f@
l-u\ z 2 )
so that
p(2) +uzp' (2) = yz° " (2) + 8zf" (2)
! f(2) (51)
-s(r@-12)
Hence

p(2) +puzp (2)

n[(n+1)(v—y) o] (1-B) (1 +nu)

(e 1-B)(1-p) aozcl

(52)
Applying Lemma 1 yields
P(Z)< WJ ((n[+1)(v=y)-q
x (1= B) (1 +ny))
x((n+1-p)(1- y))_l)tl/”"dt.
(53)
This implies that
ef! - (1 - 12)
(54)
. n(l—ﬁ>[<n+1>(v—y>—a]z
(n+1-B)(1-u) ’
and thus
vzf" (z) - <f (2) - f(Z)>|
Sn(l—ﬁ)[(ml)(v—y)—a] (55)

(n+1-p)(1-p)

_n(1-p)vm+1)-a/(1-p)]
n+l-
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which, in comparison with Lemma 8, gives the required
result.

Further the result is sharp for f(z) =z + (1 - ﬁ)z"Jrl /(n+
1 — p) which satisfies

)/sz’” (Z) n 5Zf” (z) <f ( ) f(Z) >‘
(56)
n[(n+1)(v—y) —a] (1-p) (1 +nu)
(n+1-B)(1-p) '
O

Remark 12. For f € o, the choice « = 0 = y in Theorem 11
results in

ndn+1)](1-p)
n+l-f

= fe8i(B)cS(B).
(57)

|6zf" (2)| <

For § = 1, this coincides with Lemma 8 at « = 0, which was
also exhibited in [13, Corollary 2.4]. Further, for n = 1, (57)
gives

-B)
[5

which for § = 1 and 8 = 0 is the result given in [8, Theorem
1].

jozf" (2)] < 2 = fe8 (B cs (P, (8)

Corresponding to Theorem 11, a sufficient condition for
starlikeness of order 8 for functions defined by a triple
integral operator is obtained in the following result.

Theorem13. Let0 < a < (1-p)(n+1)v,a >y >0,0 > y+a,
0< B <1,andg e . Further let

o

v—gﬂ?—% U=Y. (59)
If
n[n+1)(v-y)-a](1-B)(1+nu)
, (60
l9 @] < (1B W (60)
then
o2 () v/ (1)
f)=z+ . ”-[Og (rstz)r -

x sy ds dt
satisfies f € () € S*(P).

Proof. Let f € o/, satisty

V2 " () + 82f" (2) - @v>“ﬂ 9(2).
)

From Theorem 11, we find that the solution of (62) lies in
S*(B). Now (62) becomes

p(2)+uzp (2) =2"g(2), (63)
where
(2)
p) =vzf" (2) - (f (z) - 1@ > (64)
Equation (63) has a solution
z Ve 1/p-1
p(2)= j © &g
. (65)
_z n+1/1u—1d __n
_;Lg(tz)t t=2¢(z),
with
1 1
$(z) = J g (t2) " g, (66)
U Jo
In view of Lemma 10, the equation
(z)
vef" (2) - (f @-12)-260 @)
has a solution
2 ) mv-af(1-p)] -1
f)=z+ ” ¢ (rsz)r VIS dr ds
v 0
Zn+1 1
. ” J g (rstz) rA-alG=p)
v 0
x "I M gy ds dt (68)
zn+1 1
. U J g (rstz) pLm-el0-w)
Y 0
x s" I M gy ds dt
This completes the proof. O
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