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We focus on the expected discounted penalty function of a compound Poisson risk model with random incomes and potentially
delayed claims. It is assumed that each main claim will produce a byclaim with a certain probability and the occurrence of the
byclaim may be delayed depending on associated main claim amount. In addition, the premium number process is assumed as a
Poisson process. We derive the integral equation satisfied by the expected discounted penalty function. Given that the premium
size is exponentially distributed, the explicit expression for the Laplace transform of the expected discounted penalty function is

derived. Finally, for the exponential claim sizes, we present the explicit formula for the expected discounted penalty function.

1. Introduction

In the classical risk theory, assumption of independence
among claims is an important condition to the study of risk
models. However, in many practical situations, the assump-
tion is often inconsistent with the operation of insurance
companies. In reality, claims may be time-correlated for
various reasons, and it is important to study risk model
which is able to depict this phenomenon. Since the work
by Waters and Papatriandafylou [1], many researchers have
studied various kinds of dependencies among claim amounts
and claim numbers, such as Gerber [2], Shiu [3], Dickson
[4], Willmot [5], and Ambagaspitiya [6, 7]. Among others,
in the case of the compound binomial model, Yuen and Guo
[8] consider a specific dependence structure between the
claim sizes and interclaim times. Under their assumption,
each claim causes a byclaim but the occurrence of the byclaim
may be delayed. Further, based on the same model, Xiao
and Guo [9] investigate the joint distribution of the surplus
immediately prior to ruin and the deficit at ruin.

Note that the risk model referred above is based on the
assumption that the probability of delay of each byclaim is

constant and independent of claim amounts. Albrecher and
Boxma [10] consider a generalization of the classical risk
model to a dependent setting where the distribution of the
time between two claim occurrences depends on the previous
claim size. Motivated by the idea, Zou and Xie [11] introduce a
risk model with an interesting dependence structure between
the amount of main claim and the occurrence of byclaim.
It is a natural extension for the delayed claims model due
to the fact that the bigger the claim amount for main claim
(such as car damage) is, the greater odds of the byclaim
(such as injury) would be delayed in the actual practice with
insurer. Based on the structure, we consider an improved
payment mode named potentially delayed claims where the
main claim induces a byclaim with a certain probability. The
improvement is inspired from a series of examples similar to
the case referred above, in which main claim does not induce
byclaim with probability 1.

Because the insurance company may have lump sums of
income, we apply potentially delayed claims to the compound
Poisson risk model in the presence of random incomes.
Since Boucherie et al. [12] described the random incomes by
adding a compound Poisson process with positive jumps to
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the classical risk model, many authors have studied similar
topics. Boikov [13] studies ruin problem of a risk model with
stochastic premium process. Bao [14] considers a risk model,
in which the premium is a Poisson process instead of a linear
function of time. Labbé et al. [15] consider a risk model
where the stochastic incomes follow a compound Poisson
process and research the case when the premiums have Erlang
distributions in more depth. Hao and Yang [16] analyze the
expected discounted penalty function of a compound Poisson
risk model with random incomes and delayed claims. Yu [17]
also studies the expected discounted penalty function in a
Markov regime-switching risk model with random income.

In this paper, we aim at the expected discounted penalty
function of an extensive risk model with random incomes
and potentially delayed claims. This paper generalizes the
model of Hao and Yang [16]. Based on the extensive model, we
obtain explicit expression of the expected discounted penalty
function, while [16] derives defective renewal equations of it
only. When the main claim induces a byclaim with probability
1 and the byclaim is delayed with a constant probability, the
results in this paper will reduce to them in [16]. So [16]
can be seen as a special case of this paper. In addition, Zou
and Xie [11] derive the probability of ruin in the risk model
with delayed claims, but this paper obtains the expected
discounted penalty function which contains the probability
of ruin. If we define the expected discounted penalty function
with the same expression as ruin probability and assume that
the premium is a linear function of time, we can get the same
results as [11].

The rest of this paper is structured as follows. In Section 2,
we introduce the compound Poisson risk model with random
incomes and potentially delayed claims. In Section 3, we
derive an integral equation for the expected discounted
penalty function and obtain explicit expression of its Laplace
transform when the premium income is exponentially dis-
tributed. The defective renewal equation satisfied by the
expected discounted penalty function is studied in Section 4.
Section 5 obtains explicit result for the expected discounted
penalty function with positive initial surplus when the claim
amounts from both classes are exponentially distributed.
Section 6 concludes the paper.

2. Model

Now, we can show the extensive risk model with random
incomes and potentially delayed claims in mathematics. On
the one hand, we denote the aggregate premium incomes
at time t by Sx(¢) which is a compound Poisson process,
and {N,(t) : t > 0} is the corresponding Poisson
income number process with parameter A,. The premium
incomes amounts {X;},5, are assumed to be independent and
identically distributed (i.i.d.) positive random variables with
common distribution Fy, probability function fy, and mean

Ux. So we get Sx(t) = Z;ill(t) X ;. On the other hand, we con-
sider a continuous time model which involves two types of
insurance claims, namely, the main claims and the byclaims.
Let the aggregate main claims process be a compound Poisson

process and let {N,(t) : t > 0} be the corresponding
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Poisson claim number process with parameter A,. Its jump
times are denoted by {V},5; with V; = 0. The main claim
amounts {Y;},5; and the byclaim amounts {Z,} .., are assumed
to be independent and identically distributed (i.i.d.) positive
random variables with common distribution F;, and F,,
respectively. Moreover, they are independent and their means
are denoted by yy and y,. Then the surplus process of the risk
model is defined as

N (t) N, (t)
U)=u+ Y X;- Y Y;-R(H), )
j=1 i=1

where U(0) = u is the initial capital and R(¢) is the sum of
all byclaims Z; that occurred before time t. We assume that
N, (t) and N, (t) are mutually independent.

With the assumption of potentially delayed claims, the
claim occurrence process is to be of the following type: there
will be a main claim Y; at every epoch V; of the Poisson
process and the main claim Y; will induce a byclaim Z; with
probability g. If the main claim amount Y; induces a byclaim
Z; and the main claim amount Y; is less than a threshold
M;, the byclaim Z; and its associated main claim Y; occur
simultaneously; otherwise, the occurrence of the byclaim Z;
is delayed to V;,; and main claim Y;,, occurs simultaneously.

From Zou and Xie [18], we know that

Ny (t) N, (t)

E| Y X;- ) Y;-R(t)
j=1 i=1

= A tuy — [/\Ztyy + A tquy @
—gP (Y, = My) py (1-¢)].
Therefore, we further assume that
Mpx > Ay (py +quz).- 3)

This assumption ensures that the safety loading is positive.
Let T 2 inf{t > 0 : U(t) < 0} be the time of ruin with
T = 00ifU(t) > Oforallt > 0. The ruin probability is defined
by Y(u) = P(T < co | U(0) = u), u > 0. The expected
discounted penalty function is of the following form:

w2 E e w U (T-), UM < 00) | U(©0)=u],

u=>0,

where § > 0 is a constant and w(x;, x,) is a nonnegative
measurable function defined on [0, 00) x [0, 00). I(A) is the
indicator function of event A. |U(T)| is the deficit at ruin and
U(T-) is the surplus immediately prior to ruin.

3. The Expected Discounted Penalty Function
of the Exponential Premium Income

To handle the surplus process (1), we consider a slight
change in the risk model. Instead of having one main claim
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Y, and a byclaim Z, with probability P(Y;, < M,) at
the first epoch V;, another byclaim Z is added at the first
epoch Vi; that is, byclaim Z and main claim Y; occur at
V, simultaneously. Hence, the corresponding surplus process
U, (t) of this auxiliary risk model is defined as

N, (t) N,(t)

H=u+ Y X;- Y Y,-R(t)-Z, (5)
j=1 i=1

where Z denotes the other byclaim amount, U,(0) = u.
Assume that Z and {Z;};,, areii.d. positive random variables.

The expected discounted penalty function for this auxil-
iary risk model is denoted by ¢, () which is useful to derive
o(u).

Obviously there will be a main claim Y, at the first epoch
V. Let W, be the time for the first premium. The first claim
can be or cannot be earlier than the first premium. If it is,
there are three situations.

(1) The main claim does not induce a byclaim; then the
surplus process gets renewed except for the initial
value. The probability of this event is 1 — g.

(2) The main claim induces a byclaim Z, and the main
claimsize Y, < M;; then the byclaim Z, also occurs at
the first epoch V;; the surplus process U(t) will renew
itself with different initial reserve. The probability of
this event is gP(Y; < M,).

(3) The main claim induces a byclaim Z; and the main
claim size Y; > M,; then the occurrence of the
byclaim Z, will be delayed to V,; that is, the delayed
byclaim Z, and the main claim Y, occur simul-
taneously. In this case, U(f) will not renew itself
but transfer to the auxiliary model described in the
paragraph above. The probability of this event is
gP(Y, > M,).

Conditioning on the time of the first event, we have
o o0
¢ (u) = J Ale‘“1”2+5’fdtj ¢ (u+ x) dFy (x)
0 0

[e¢]
+J' Aye MOt gy (1 _ o)
0

<[ o= nan o)+ [ atuy-war, ()]

+

0 A, 44,48
JO Aze_( 1HA+ )tdtq

IR ODs -y )

x dF,, (2)

0

X w(u,y+z—u)dFy (y)dF,(z) ]

+J Aye MOty
0
<[]} P )91 -9 ()

n J':o Fy(y)w(u, y—u)dFy (J’)]

A (1-q)
A i+A,+8

Ay
S —'\
LA, rol 7

| o= )dr )+ w]

A
P
Al+A,+0

* [“0<y+z<u (1-Fy(y)¢pu-y-2)
x dFy (y) dFz () + w, (u)]
S rerverd | RAILICRE?

xdFy (y) + w; (1) ] ,
(6)

where
Aw = [ g xdr ),
@)= [ wlny-wdry (7).
w@= || 0-F0) 7
xw(u,y+z-u)dFy(y)dF,(2),

@) = [ By ()l y =) dF 7).

Similarly, for the expected discounted penalty function ¢, (1)
of the auxiliary risk model, we have

¢, () = L Ae et gy L ¢, (u+ x)dFy (x)

N J Ao A gy (1 _ o
0
<[] s )ar, )
+J w(u, y—u)dFy = F,(y)

u

o A +Ap+0
+ J Aye Mttt gpg
0



4
] a-RONs-y-2)
0<y+z<u
x dFy (y)dFy * F, (2)
1-F
* ij+z>u( M(y))
X w(u,y+z-u)dF, (y)dF, *Fz(z)]
N JOO Ay At gy
0
8 [JJO<y+z<uFM (y) ¢1 (u_y_Z)
x dFy (y) dFy (2)
F
], )
Xxw(u,y+z-u)dFy (y)dF, (z)]
_ Ay A, (1-q)
RS T LR W s
|| o)y« Fy () + w00
A9q
T A, t0
A, OB OD Py -2)
x dFy (y)dF, = F, (2) + ws (u) ]
Aq [
" Al +A2 +6 JJO<y+z<u
X Fyr (9) ¢y (u -y -2)
x dFy (y) dFy (z) + wg (u)],
(8)
where

o0

A, () = J 6, (u+ %) dFy (),

0

@, = [ 0wy -wdF (),

%M=HWMU4MM)

Xw(u,y+z-u)dFy (y)dF,  F,(z),
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Xw(u,y+z-u)dFy (y)dF,(z).
)
In the following, we will give the Laplace transforms of
the ¢(u) and ¢, (u).

Let x,(y) = Fy(0)Fy(y) and x,(y) = (1 = Fyy(0)Fy ().
For Re(s) > 0, we define

0o |

0

[ee]

e x (y)dy = E [exp (=sY) I (Y = M)]

- [T R 0),

[ee]

B2 [ eV () dy = Elesp (1) 1Y < M)]

0

:K}WP%UWEW’
(10)

E@éLEW&UL

[o0]

b, (s) 2 J e VdF,(y),

0

b, (s) £ J e VdFy, * F,(y),
0

b, (s) 2 J e VdF, x F,(y).
0

Taking the Laplace transforms of (6) and (8), we obtain

TN _ 1 = A, (1-9)
RS e A e N
% [F9)B () + @ ()] + — 21—
Ai+A,+0
* [$(8) T2 (9B, (5) + by (5) 1 (5) + @, (5) + @5 ()],
()
i _ M - /\2(1_‘1)
¢y (s) = mAl (s) + XA to
x [$()By () + @, (5)] + _Ma
3 4 A +A,+0 (12)

x [¢ () 12 (5) by (5)

+ by (5) 1 (5)Dy (5) + @5 (5) + @ (5)] -
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Now we introduce the Dickson-Hipp operator T, studied
in Dickson and Hipp [19]. Define

T,h(x) = Joo

X

e U (y)dy, 13)

where h(x) is a real-valued function and r is a complex
number. As in Li and Garrido [20], we find T,h(0) = h(r).
For distinct r and s,

_ T,h(x)-Th(x)

S—r

T, T;h(x) = T,T,h (x) (14)
Ifr=s,

T, Th(x) = J (y - x)e " h(y)dy. (15)

X
Suppose that the premium incomes X ; are exponentially
distributed; that is,
Fy (x) = 1 -7/, (16)

According to the definition and properties of the
Dickson-Hipp operator, we take the Laplace transform of
A(u) and A (u); then

A(s) = w, (17)
1= spx

A\l (S) _ (/)1 (S) B ¢1 (l/nuX) (18)
1 - suyx

Plugging (17) and (18) into (11) and (12), respectively, and
then making some simplifications, we obtain

R (1 - spx)
s (1 s

Arq (1= sux) X (5)@* (s)
Al+A,+0

X [X3(s)d)(s)+

=1, (s) )

2
y (HM _#>
XA +A, 40

AZEI (s) (1 -q+ qlAJZ (s))
A l+A,+8

x(l—s —L> h
X A, 40/))

= (1= spx

(19)
(;51 (s)

_ (1 - spx)
A l+A,+0

X [xs ()@ (s)

Ay (1= spx) (1= @) By (5) + q7 () By (9))

i At A, 10

x @(s)] -1, (s) )

A 2
1—spy———+—) —(1-
><<< Shx /\1+A2+8> (1 - suy)

y /\2131 (s) (1 -q+ qlez (s))
Al+A,+0

x(l—s _L> h
X v a,+0/))

(20)
where
@)= A, [(1-q) @ () +q(@, (5) + @5 (9))],

@ (s) = Ay [(1 - Q) Wy (s) +q (‘:’5 (s) + g (5))] >

A,
S N
1

Aaqx; (s) Ez (s)
—(1- A e
(1= sx) A +A,+0

A
Xa () Shx A+ A, 10 ( Sﬂx)

A [(1=9)By () + a1 ()b, (5)]
x A+ A, +0 ’

o Aixs(s) < i)
ll(s)‘Almzw‘b(yX

N AiAyg (1= spx) X (5)(/*)1 ( 1 >,

(A, + 1, +8) px

A Xa (5) @(L)

l =
2= T 0,56 Uy

MAy (1= spx) [(1 -q) by (s) + q, () by (S)]

+ 2
(A + A, +9)

(21)

To solve $(s) and $1(s) in (19) and (20), we need to find
(E(l//,tx) and $1(1/yx). Here we will first consider the zeros



of the denominators of (19) and (20) or equally the zeros of
the following equation:

(1_5 _L>
X 4,40

)| 1=y - —
X A, 40

B AZEI (s) (1 -qg+ qI;2 (s))
A l+A,+0

(1- SHX)] =0.
(22)

Lemma 1. For § > 0, the denominators of (19) and (20) have
exactly two distinct positive real roots, say, p,(8) and p,(8) =
(A, +8)/ (A, + A, +8)ux. Further, p,(8) and p,(8) are the only
roots on the right half of the complex plane.

Proof. To prove Lemma 1, it is equal to show that (22) has
exactly two roots in the right half complex plan. Firstly, (22)
can be rewritten as

(1—5(4)(—%:‘%)1(5):0, (23)
where
1(s) = (1= spx)
X[1_1251(5)(1_‘1""1’62(5))]_ A
A +A,+6 A +A,+68
(24)

Ford > 0,s > 0, it is easy to check that [(0) = 6/(A; + A, +
6) > 0 and lim, _, , ,I(s) = —co. And

I A2’61 (5)(1 —q+q52 (S))
l(s):—yx|:1— A+ A, 10 ]—(1—5#)()
A (B 5) (1= g+ b, (5)) + By (5) qb; (5)]
8 A+ A, 10
- 1_ by (5)(1—‘1""152 (S))
Hx A1, 40
LB ) (1-q+ 48 () + B (5) b} ()]
A +A,+0
<_ 1 AZEI (S)(l—q+q52 (5))
Hx A +A, 10
Lo lur (14446 ) +b () au]
Ai+A,+0
M+ Ay (py +quy)

ST L 10 A 1A, 40

< Ay (py +quz) = Apx

0:
PRFDIF S

(25)
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which implies I(s) is a strictly decreasing function of s. So
I(s) = 0 has exactly one positive real root, say, p,(9).
Obviously, p, (8) is also one positive real root of (22). Note
that (A, + 8)/(A; + A, + §)uy is another positive real root
of (22), say, p,(6) and I((A, + 8)/(A; + A, + 8)uy) #0. That
means p; (8) # p,(8), so we conclude that (22) has exactly two
distinct positive real roots, say p; (&) and p,(6).

Now, we prove that p, (8) is the exactly one positive real
root of equation I(s) = 0 on the right half of the complex
plane. When s is on the half-circle, |z| = 7 (r > 0) and Re(z) >
0 on the complex plane, for r sufficiently large,

‘l—s —L‘
X v, 40
>1- a2 > e
P T g B S (26)
Al (1-a+ 4B ) (1= )|

A +A,+6 ’

while for s on the imaginary axis, Re(z) = 0, the last
inequality is true as well. That is to say, on the boundary of the
contour enclosed by the half-circle and the imaginary axis,

e e
X 4,40

- - (27)

. A, |b1 (s) [1 -q+qb, (5)] (1- SI/‘X)'

A +A,+0

Then we conclude, by Rouché’s theorem, that on the right half
of the complex plane, the number of roots of the equation
I(s) = 0 equals the number of roots of the equation 1 — sy, —
A/(Ay + A, + &) = 0. Furthermore, the latter has exactly
one root on the right half of the complex plane. It follows
that I(s) = 0 has exactly one positive real root, say, p,(6),
on the right half of the complex plane. It is easy to see that
p,(8) = (A, + 8)/(A, + A, + &)y is the exactly one positive
real root of equation 1 -spy—A, /(A +1,+8) = 0 on the right
half of the complex plane. It follows from all of the above that
(22) has exactly two distinct positive real roots p, (§) and p,(5)
on the right half of the complex plane. Hence, the lemma is
proved. O

Remark 2. From Klimenok [21], we know that lims_,
p;(8) = 0. Thereafter, we denote them by p,, p, for simplicity.

Since (E(s) is finite for all s with Re(s) > 0, we know p;,
i = 1,2, should also be zeros of the numerator in (19); that is,

(1 - pipx)
Al+A,+0

(1 - pipx) X (Pi)@* ()

~ Aq
x| x3 (p) @ (p;) + A+ A, +0

=l (p), i=12

(28)
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By solving these linear equations, we get
~( 1
¢ (_> = (1= pux) (1 = popix)
bx
x (A (1

~(1 - )T (P xs(P)])

~ piix) X1 (p1) X3 ()

- [x (o) 5 (p2) @ () ~ 1 (p2) 15 (1) @ (1)

. A2qx (Pl) Xi (Pz)
Al +A,+0

(1= popix) @ (ps)

~(1-ppx) 0" (1))

6 ()= et ()ae)

+1,9 (1= prax) 11 (p1) @ (p1))

x (M Aagi ()

A (A +4,+0) xs (o) -
A 1A (1- P1.”X) X1 (P1)

Then the explicit expression for the ¢(s) and ¢, (s) can be

obtained by (19) and (20), respectively.

(29)

4. The Defective Renewal Equation for the
Expected Discounted Penalty Function

In this section, we study the defective renewal equation
satisfied by the expected discounted penalty function. Note
that (19) can be rewritten as

Fi () + £ (s)

= =, (30)
hy (s) = hy (s)

$(s) =
where

ﬁ(92_3h$0n@><1_ N >,

FTIS TRR L G S B S

(1 — spx)

f2(5)=A1+A2+5

X [Xs ()@ (s) + Aaq (1~ spx) X1 (5) & (s )]

Al+A,+0

+ (Al)tzq(l = spix) X1 (5)
<[pod(i)-5 ()

< (A +2,+ 6)2)_1,

7
~ A 2
= (135
1 2
flz (s) = (1 - sux)
y /\251 (s) (1 -q+ qEz (s))
Al+A,+0
x(l_s _L>
X A, 40/
(31

Lemma 3. The Laplace transform of the expected discounted
penalty function ¢(s) satisfies

~ T,T, T, h, (0) T.T,T,
$(s) = “M (%o “Mﬁ(x (32)

X X

Proof. Since (/;(s) is analytic for all s with Re(s) > 0, we know
pi» i = 1,2, are zeros of the numerator in (30). It means
fi(p) = —fo(p)s i = 1,2. Because f,(s) is a polynomial of
degree 1, using Lagrange interpolating theorem, we obtain

Foay 7 S=P 7 s
1) = fi(p1) oL —p, + f1(py) P

(33)
=1 (p) ;1‘_ 2~ 12 (p) p‘;
It yields
L&)+ F ()
= (=2 () s=p) + F(ps) (s = )
+(s=p) )= (s=p) £ (9)
x(pr—p2)"
=(s-p) [ ) - fa(p)]
(34)

- (5 - Pl) [fz (s) - J?z (Pz)])
x (py - Pz)_1
=(s=p)(s-p2)
T,T, f,(0) - T,T, f,(0)
PL= P2
=(s=p)(s—p) I.T, T, f,(0).

The denominator of (30) can be dealt with in a similar
way. From Lemma 1, we know that h,(p;) = h,(p;), i = 1,2.



Because h,(s) is a polynomial of degree 2, using Lagrange
interpolating theorem, we obtain

(s—p1)(s—py)
P1P2

S<?‘1(.‘31)5_P2 +E1(P2) 5‘P1>
Pr PL™ P2 P P2 P1

(s=p1)(s—py)

P1P2

S<E2(P1)S_P2 +ﬁ2(P2) 5‘P1>
Pr PL™ P2 P P2 P1

= fl1 (0)

(35)

(s=p)(s=p»)

:?‘1(0)
P1P2
7 7 S—h
h h —_—
+hy (p + (2)/)2_/)1
+(s=p) (s=p)

(h () 1 +ﬁ2(/’2) 1 >
P1 P1~— P2 P2 P2~ P1

Then using Property 6 of the Dickson-Hipp operator
given in Li and Garrido [20], we have

(s=p)(s=p2)

hy (s) = By (s) = by (0)

~P1
+h(p)
Y p-p

(1)

+(5_P1)(5_P2)

h h
« ( () 1 L (p) 1 )
P1 P1~ P2 P2 P2 P1

~ B, (s)

= (5_P1)(5_P2)

% <f11 (0) + fll (p1)
pipr PP —p2)
El (p2) + ?12 (p1)
(pr=p)  (pi=po) (s—p1)

_ hy (py) B
(pr=p)(s=ps) (s

;‘2 (s) >
-p)(s—p2)

T,T, T, h, (0)).

= (5_P1)(5_P2)

x (T, T, T, hy (0) - -
36
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It is easy to check that T

T, T, h(0) = py which makes
(36) become

T T2 (0)).
(37)

hy($)=hy(s)=(s—p)(s=py) (ux - T

Invoking (34) and (37) into (30), we could obtain

TsszT f2 (0)

)= W~ T,T, T, hy (0)’

(38)

which leads to (32). This completes the proof. O

Now, we are ready to derive the defective renewal equa-
tion for ¢(u1).

Theorem 4. ¢(u) satisfies the following integral equation:

(39)

T,h T, T u
p222(y)d + pzzfz( )

Hx X

u T
B0 = [ $lu-y) 2

Proof. Equation (39) follows easily from the inverse Laplace
transform in (32). We could like to point out that (39) is also
a defective renewal equation. This can be verified by showing
that

T,T,, T, h, (0)

> <1 (40)
Hx

For § > 0, putting s = 0 in (36), it follows that

ToTp Tp,ha (0) 'l (0) = 1, (0)
x UxP1P
S, +6
=1- (2, +9) S <L
#§<P1P2(A1 +1,+9)

Now we consider the case § = 0. Setting s = p, () in the
denominators of (19) and (20), we have

A
L= @ux - 3515
1 2

B )‘251 (1 (8)) [1 -q+ qlA’z (P (5))] (42)
Ai+A,+8

x (1= p; (8) px) =0

Differentiating both sides of this equation with respect to
0 and then setting § = 0, we have

1

!

p (0) = > 0. (43)
! Arpx = Ay (py + qpz)
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Then taking thelimit§ — 01in (41) and using LHospital’s
rule, we obtain

T,T, T, (0) 1
wx 12ps (0) (A + A, +6)
§—0t  p(0)
=1 Az <1

120 (0)py (0) (A, +4,)
(44)

Thus, (39) is a defective renewal equation, and the proof
is complete. U

Remark 5. When q = 1 and P(Y; > M,;) = 0, then
Xi(s) = 6@1 (8), Bo(s) = (1 - 6)131 (s). In the case, each main
claim induces a byclaim, and its associated byclaim occurs
simultaneously with probability 1 — 6, or the occurrence of
the byclaim may be delayed with probability 8. Actually, the
risk model given by (1) will be the compound Poisson risk
model with delayed claims and random incomes studied by
Hao and Yang [16]. Then, by some simple calculations, we can
find that (39) in Theorem 4 is consistent with (4.6) in [16].

Remark 6. The explicit analytic solution to the defective
renewal (39) can be obtained by compound geometric dis-
tribution (see Lin and Willmot [22]).

5. Explicit Results for Exponential
Claim Size Distributions

We now consider the case where both claim sizes are
exponentially distributed, that is, distribution functions Fy, ~
Exp(v) and F, ~ Exp(w), where v = 1/uy and w = 1/u,.
Then we have

h@= B
V+s w+s
= yw - 0.)2 (45)
ST TE M e

For the special case F,; ~ Exp(u), we obtain
I T
0 (46)
() =b ()-b (s+p).
So we have

v
V+s+u

X (s) =

v v vy “7)

vis vistp (v+s)(v+s+p)

Xl (s) =

Let B, (s) 2 7,()by()@(s), B,(s) £ 7,()@" (s); then fy(s)

can be written as

(1 - spx)
Al+A,+0

x(l—syx—#>&)(s)
Al+A,+0

 Apq(1 - spy)’

(A, +1,+6)
Aidyg

(A, +1,+6)

fr(s) =
[B, (s) - B, (9)]

~(1 wvp (1 = spy)
X [¢<pTX> (W+s)(v+s)(v+s+u)

(L) -
Nux ) v+s)(v+s+p) |
So we can derive

TSTPZ TPl f2 (0)

_ Hx
Al +A,+0

x [(1 = uxpy) TTy w (0) + px Ty (0)]
/\21/\261
(A, +A,+06)"

x [1,T, T, B, (0)-T.T, T, B, (0)]

Arqux [2 = px (pr + po)]
(A, + A, +06)

x [T,T, B, (0) - T,T, B, (0)]
_ N aqux
(A, + A, +06)°
AiAag 7 ( 1 )
(A +4,+6)° " \px

[TsBl (O) - TsBZ (0)]

. #
(A, +1,+9)

wvp [c052 +(cay +¢) s+ ¢a, +¢a, + cz]

(48)

96)g(p) g(p2)

wvp [s* + (ay + py) s+ pf + ayp; + a1y
9)g(py)

Mg 3 (L)
(A, + A, +0)% \px

+ Ux

|
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M
(A, +24,+9)
[y +pts)2vrpt+p+p,)
—v(v+u)+pip])
x((v+s)(v+u+s)(v+p)
X (+u+p)+p)tutpy)

v (2v+pu+p +5s)
vas) (vepts)(vep) (Vru+pr) |
(49)

+ﬂx(

where
ag=wv(v+u),
a, =wv+ (+v) (v+u),
a,=w+2v+ U,
G =ar+ay(pr+ )+ i+ pups + )
¢ ==ay+pipy(ay+p+p,),
& = =y (p + p2) — arpipy + i

gx)=(+x)(v+x)(v+u+x).
(50)

From (32) and (37), we know that

(S - pl) (S - p2) TsszTple (0)

5(s) - St
Pl P (8) oy (5)

(51)

It turns out that (51) can be transformed to another expression
by multiplying both denominator and numerator by g(s):

g(s)(s=p)(s=p) T,T, T, f,(0)

5(s) = P
bls 96) (7 ()~ T, )

(52)

The common denominator of (52), denoted by Ds(s), is a
polynomial of degree 5 with the leading coefficient y%, given
by

Ds(s)=(w+s)(v+s)(v+u+s)

2
X(l_w _#>
oA +A,+0

_(V"'.“‘*'S)(I_SP‘X) (53)

y L7 ((1-9) (w+s) +qo)
Al+A,+0

x(l—s -L>
X A, 40/

Journal of Applied Mathematics

Obviously, Ds(s) has five roots on the complex plane and all
the complex roots are in conjugate pairs. Noting that s = p;,
s = p,,and s = —(v + ) are three roots, we have

D5 (s) =yi(s—pl)(s—pz)(s+v+y)(s+R1)(s+Rz).
(54)

Note also that all R;s have positive real parts, since,
otherwise, they also are roots of (22) which is a contradiction
to the conclusion of Lemma 1.

Denote R, = v + y. Furthermore, if R;, R,, and R, are
distinct, we obtain, by partial fractions, that

as’> +bs+c
(s+Ry)(s+Ry)(s+R,)
_n@bo n@bo n@bo g
s+ R, s+R; s+R,

(s+w)(s+v) . h, N h,

(s+R)(s+R,) ~ s+R, s+R,
where
R2 — bR
ry(a,b,c) = i 0t ¢ ,
(Ry = Ry) (R, = Ry)
R’ - bR
rz(a,b,c): ¢ L 1+C >
(RO_RI)(RZ_RI)
R2 - bR
r3(a,b,c) = 2% 27 ¢ , (56)
(Ry = Ry) (R; = Ry)
h = (»-R;)(w-Ry)
' R,-R,
h = (»-R,) (w-R,)
? R, - R, .

Then (52) can be simplified to

b (s)
1 2
:E<1+;s+Ri>

% Hx
{/\1+/\2+6

x [(1 — pixpr) T T w (0) + pux Ty (0)]

_ /ﬁ/‘zq
(A, +A,+06)"

x [1,T, T, B, (0) - T.T, T, B, (0)]
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Ayqux [2 = px (pr + p2)]
(A, +1,+6)

x [T,T, B, (0) - T,T, B, (0)]

A 2
—ﬁ [T,B, (0) - T;B, (0)]]’
1 2

Ay *(L)
WA+, +8) " \ux

' A vy
A +A,+8)g(p)a(p)

2.7; (co» oy + €1, Gy + €10, +€,)
.
) s+R]-

i WYy i”j(l)%*Pva*'azPl +a1)
Xg(pl)j:O s+R;

_ AiAyg 7 (L)
WA+ A, +8)° \px
: [ (Ayvp) x (A + 2, +8) (v+py)

x(+p+p)(v+p,)
X (v+‘u+p2))71

2.7 (dy, dy, ds) u U
s+R; “+p)(v+u+p)

X
j=0

2ri(L2v+putrw+pLo2v+ptp))

X]ZO s+R; ’
(57)
where
di=2v+u+p +py
dy=2v+pu+w)d, —v(v+u)+pps (58)

dy=w(d,—wd)).

Taking the inverse Laplace transforms, we can derive
explicit expressions for ¢(u):

¢ ()

1 1 &, _ru
= AW+ — Y he M xA (w)
Hx X i=1

+ AiAyg *(L)
2 2
wi (A + 1, +96) Ux

1

_ A wvu
(A +2,+8)g(p1) g(p2)

2

—Ru
x er (Co» Gy + €1r oy + 10y + ) €
=

WP @ Ru
+ .”X_#er (1,612 + PPy + Py + al)e %
9(p) S

__ Mha g <L>
WA+ 4, +0) \px
. [ Avp) x (A + 2, +8) (v+ py)
x (vrptp) () (Vutp))
X irj (dy,dy,ds)e ™

j=0

+u i
+p) (v +p+p)

2
X er(1,2v+y+w+p1,w(2v+pt+p1))e_Rf" ,
=0

(59)

where * denotes the operation of convolution which is dif-
ferent from the distribution functions convolution:

A (u)

HUx
Al +A,+0

X [(1 - Uxp1) T, w(u) + pxw (M)]

}ﬁ}tzq
(A, + A, +06)*

X [szTmBl (W) -T,T,B, (”)] (60)

 haqux [2 - px (py+ po)]
(A, +4,+6)

X [T9131 (u) - T,B, (u)]

Mgy
(A, +1,+6)

x [B, () = B, (u)].

Equation (59) is the explicit expression for ¢(u) with the
case where both the claim sizes are exponentially distributed.
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6. Conclusions

We have generalized the results in [11, 16]. It is assumed
that the premium income process is a compound Poisson
process; moreover, every main claim will produce a byclaim
with a certain probability and the occurrence of the byclaim
may be delayed depending on associated main claim amount.
We not only derive the integral equation satisfied by the
expected discounted penalty function, but also obtain the
explicit expression for the Laplace transform of the expected
discounted penalty function when the premium size is expo-
nentially distributed. Finally, for the exponential claim sizes,
we present the explicit formula for the expected discounted
penalty function.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

This research is partially supported by the National Natural
Science Foundation of China under Grants nos. 71171075,
71221001, 71031004, and 11171101.

References

[1] H. R. Waters and A. Papatriandafylou, “Ruin probabilities
allowing for delay in claims settlement,” Insurance, vol. 4, no.
2, pp. 113-122, 1985.

[2] H. U. Gerber, “Mathematical fun with the compound Poisson
process,” ASTIN Bulletin, vol. 18, no. 2, pp. 161-168, 1988.

[3] E. S. Shiu, “The probability of eventual ruin in a compound
binomial model,” ASTIN Bulletin, vol. 19, no. 2, pp. 179-190,
1989.

[4] D.C.M.Dickson, “Some comments on the compound binomial
model,” ASTIN Bulletin, vol. 24, no. 1, pp. 33-45, 1994.

[5] G. E. Willmot, “Ruin probabilities in the compound binomial
model,” Insurance, vol. 12, no. 2, pp. 133-142, 1993.

[6] R.S. Ambagaspitiya, “On the distribution of a sum of correlated
aggregate claims,” Insurance, vol. 23, no. 1, pp. 15-19, 1998.

[7] R. S. Ambagaspitiya, “On the distributions of two classes of

correlated aggregate claims,” Insurance, vol. 24, no. 3, pp. 301-
308, 1999.

[8] K.C.Yuenand].Y. Guo, “Ruin probabilities for time-correlated
claims in the compound binomial model,” Insurance, vol. 29, no.
1, pp. 47-57, 2001

[9] Y. T. Xiao and J. Y. Guo, “The compound binomial risk model
with time-correlated claims,” Insurance, vol. 41, no. 1, pp. 124-
133, 2007.

[10] H. Albrecher and O. J. Boxma, “A ruin model with dependence
between claim sizes and claim intervals,” Insurance, vol. 35, no.
2, pp. 245-254, 2004.

[11] W. Zou and J.-H. Xie, “On the probability of ruin in a
continuous risk model with delayed claims,” Journal of the
Korean Mathematical Society, vol. 50, no. 1, pp. 111-125, 2013.

[12] R.J.Boucherie, O.]. Boxma, and K. Sigman, “A note on negative
customers, GI/G/1 workload, and risk processes,” Probability in

Journal of Applied Mathematics

the Engineering and Informational Sciences, vol. 11, no. 3, pp.
305-311, 1997.

[13] A. V. Boikov, “The Cramér-Lundberg model with stochastic
premium process,” Theory of Probabilistic Applications, vol. 47,
no. 3, pp. 489-493, 2003.

[14] Z.-H. Bao, “The expected discounted penalty at ruin in the
risk process with random income,” Applied Mathematics and
Computation, vol. 179, no. 2, pp. 559-566, 2006.

[15] C. Labbé, H. S. Sendov, and K. P. Sendova, “The Gerber-Shiu
function and the generalized Cramér-Lundberg model,” Applied
Mathematics and Computation, vol. 218, no. 7, pp. 3035-3056,
2011.

[16] Y. Hao and H. Yang, “On a compound Poisson risk model with
delayed claims and random incomes,” Applied Mathematics and
Computation, vol. 217, no. 24, pp- 10195-10204, 2011.

[17] W. G. Yu, “On the expected discounted penalty function for a
Markov regime-switching insurance risk model with stochastic
premium income,” Discrete Dynamics in Nature and Society, vol.
2013, Article ID 320146, 9 pages, 2013.

[18] W. Zou and J.-H. Xie, “On the expected discounted penalty
function for the compound Poisson risk model with delayed
claims,” Journal of Computational and Applied Mathematics, vol.
235, no. 8, pp. 2392-2404, 2011.

[19] D. C. M. Dickson and C. Hipp, “On the time to ruin for
Erlang(2) risk processes,” Insurance, vol. 29, no. 3, pp. 333-344,
2001.

[20] S.Liand]. Garrido, “On ruin for the (n) risk process,” Insurance,
vol. 34, no. 3, pp. 391-408, 2004.

[21] V. Klimenok, “On the modification of Rouche’s theorem for the
queueing theory problems,” Queueing Systems, vol. 38, no. 4, pp.
431-434, 2001.

[22] X. S. Lin and G. E. Willmot, “Analysis of a defective renewal
equation arising in ruin theory,” Insurance, vol. 25, no. 1, pp. 63—
84,1999.



