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We develop the method of lower and upper solutions for a class of elliptic systems with nonlinear boundary conditions. As its
application, an elliptic system modeling a population divided into juvenile and adult age groups is studied, and we find sufficient
conditions in terms of the principal eigenvalue of the corresponding linearized system, to guarantee the existence of coexistence

states of the above juvenile-adult model.

1. Introduction

Let Q be a bounded domain in RY (N > 2) with sufficiently
smooth boundary I'. In this paper we study the elliptic
systems of the form

Ly = fi (x’ Upe [u]k), x €,

U
a_nk + b () = g (6w [u]g), x €T, (1)
k=1,2,...,m,
where n is the unit exterior normal to I, u = (uy,...,u,,),
(Ul = Uy oo s Uiy Uy - -5 Uy),and Ly (k= 1,2,...,m)is
a linear differential operator of the form
N
Liu= - Zaij (x) D;Dju
i,j=1
2)
N
+ Zaik (x) Dju + a* (x) u.

i=1

k

with symmetric coefficient matrix (a;;),,,. We suppose that

ai’; e C*(Q), af e C**(Q), and a* ¢ C*(Q) for a
certain « € (0, 1). Moreover, L, (k= 1,2,...,m) is supposed

to be strongly uniformly elliptic; that is, ij.:l afj(x)ﬁif I

oc’élfl2 for some constant ocg > 0 and every x € Q,
N
E=(,....&y) e R,
System (1) with m = 1 arises, in particular, in the study of
steady state solutions of nonlinear parabolic equations of the
form

a—u+Lu=f(x,u)

in Q x (0, ,
35 in (0, 0)

3)

a—u+b(x)1/t:g(x,u) on I x (0,00),
on

u=u, on (,

where L is some second order, strongly uniformly elliptic
differential operator. In this connection, nonlinear bound-
ary conditions seem to be of particular importance. For
the study of the stability of the solutions of the parabolic
initial-boundary value problem (3), one has to have a good
knowledge of the steady states, that is, of the solutions of (1)
with m = 1. In the past few decades, the theory of monotone
operators has been applied to boundary value problems of the
form (3); see, for example, [1-3] and the references therein. In
all of the above-mentioned papers, the boundary condition is
of the special form ou/ov = g(u), where g is decreasing and
v is the conormal with respect to the differential operator L.
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Besides these results, there are some scattered existence
theorems for nonlinear Stecklov problems of the form

Lu=0 1in Q,
(4)
g—l: =g(x,u) onl,

where L is supposed to be formally self-adjoint such that
the homogeneous linear boundary value problem possesses a
nontrivial solution; we refer the readers here to [4, 5] and the
references therein. The stationary version of (3), which covers
the above-mentioned several situations, has been studied by
several authors; see Amann [6, 7] and Hess [8]. In particular,
Amann [6] studied the stationary version of (3) and obtained
a general existence theorem for it, namely, the result that the
existence of a subsolution and a supersolution guarantees the
existence of a solution. By transforming the stationary version
of (3) into an equivalent fixed point equation in C(Q), he gave
anew and more elegant proof for the above result.

Motivated by the above work, we will develop the method
of lower and upper solutions for system (1) under the
following assumptions:

(H) fork = 1,...,m, f, : Qx R" — R is a-Holder
continuous in the first variable and locally Lipschitz
in the second variable; g, : I x R” — R is locally
Lipschitz continuous;

(H2) Fork = 1,...,m,a* > 0in Q, and b* € C"**(I)
satisfying b* > 0 on T.

By a solution u = (u,,...,u,,) of (1) we mean a classical
solution, that is, foreachk = 1,2,...,m, u; € CZ(Q) n Cl(ﬁ)
such that Ly (x) = fi.(x, u(x), [u](x)) for x € Q, and
ouy(x)/on + b (x)uy (x) = g (x, up(x), [u](x)) for x € T. For
givenv = (vy,...,v,) andw = (wy,...,w,,), wesay v < w if
Vi < wy forevery k = 1,2,...,m, and we define

[v,w] = {u € [C(ﬁ)]m 2V (%) Sy (x) S wyg (%), :
(5
VxeQ, k=1,2,...,m}.

Definition 1. Let u,u € [C*(Q)) N C'(Q)]™. Then & and u are
called ordered coupling upper and lower solutions of (1), if
u > u and they satisfy

Lt = fio (%, U [uli),
V[ul, < [ulg < [l x €O,

auk

o b () U = gi (%, 1, [uly) 5

V[u], < [ulg < [uly, x €T,
k=1,2,...,m,

Ly < fi (6w [ug)

V[ul, < [ulg < [l x €O,

Journal of Applied Mathematics

oy
n b (%), < gie (%, 14y, (),
V[u], < [ulg < [uly, x €T,

k=12,...,m,
(6)

respectively.
The main result of this paper is the following.

Theorem 2. Assume that (H1) and (H2) are satisfied. Let u and
u be ordered coupling upper and lower solutions of (1). Then (1)
has at least one solution u in [u, u).

Remark 3. Obviously, in the special case that m = 1,
Theorem 2 generalize the corresponding Amann [6, Theorem
2.1]. In addition, we would like to point out that Theorem 2
also generalizes Wang [9, Theorem 3.7.1], where the author
developed the method of lower and upper solutions for the
system (1) with linear boundary conditions.

The plan of the paper is as follows. In Section 2 we will
develop the method of lower and upper solutions for elliptic
system (1) and prove Theorem 2. Finally in Section 3, we will
apply Theorem 2 to show the existence of positive solution of
a juvenile-adult model.

2. Lower and Upper Solutions Method

Lemma 4. Let (H1) and (H2) hold. Then the system (1) is
equivalent to the fixed point equation u = T(u) in [C)]™.
The map T : [u,u] ¢ [C(Q)]" — [C(Q)]™ is completely
continuous; that is, T is continuous and maps bounded set into
compact set.

Proof. For every (vyw) = ((v,...,v,), (wy,...,w,)) €
[C*(Q)]™ x [CH(D)]™, it is well known (cf. [10, 11] ) that the
system

Lkuk = Vk’ X € Qa
ou
—k+bk(x)uk=wk, x €T, (7)
on
k=1,2,...,m,
has a unique solution u = (uy,...,u,) = Shw) €

[C*(Q)]™ as well as in [W;(Q)]m, 1 < p < 0o. Hence the
Schauder estimates and the L?-estimates take the form

o | cr@ SC (""k“c*@) + "wklc”“(r))’ ®)
k=12,...,m,
””‘k“W}g(Q) <C (“Vk"LP(Q) + "wk“w;’”*’(r)) > ©)

k=12,...,m,
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respectively. Here and in the following C denotes a positive
constant (not necessarily the same in different formulas)
which is independent of the functions appearing in these esti-
mates. Hence (8) implies that § : [C*(Q)]™ x [C"**(D)]" —
[C***(Q)]™ is a bounded linear operator. Since [C(Q)]" —
[LP(Q)]"' and [C(D)]" — [LP(I‘)]'" for every p € (1,00),
Amann [6, Proposition 3.3] implies the existence of constant
C such that

””k”w;(o) <C ("anm(o) + “wk"LP(F))

< C (vl + lwiller) (10)
k=12,...,m,

for every (v,w) € [C*(Q)]" x [C'™(I)]™. Since the latter
space is dense in [C(Q)]” x [C(T)]™, the estimate (10) implies
that S has a unique continuous extension for each p € (1, 00),
denoted again by S, such that S is also a bounded linear
operator from [C(Q)]™ x [C(I)]™ to [W; @™,

Now, let F and G be the Nemytskii operators generated
by the vector fields (f,, ..., f,,) and (g;, . . ., g,,), respectively.
Here and in the following we denote by p an arbitrary, but
fixed real number satisfying p > N. This implies in particular
that [Wpl(Q)]m is compactly embedded into [C(Q)]™. We
define T : [u,u] — [W;(Q)]m (= [C(Q)]™) by

T () =S(F(u),Got(u), 1)

where 7 denotes the usual trace operator. Then T can be
considered as a mapping of [u, #] into [C(Q)]™. Tt is obvious
that every solution of the system (1) is a fixed point of T.
Conversely, if u € [C(Q)]" is a fixed point of T, then we can
show that u is also a solution of the system (1) by using the
same methods as in the proof of Amann [6, Lemma 4.1].

Let I = [];., [minu,, max;]. Then it is easy to see that
F:lwul — [CQ)])"and G : I} := {u € [CD)]" : u(T)
I} — [C(I)]™ are bounded and continuous. Moreover, T :
[C(Q)]" — [C(I)]™ is a continuous linear operator such
that 7([u, u]) C I. Since S is also a bounded linear operator
from [C(Q)]" x [C(T)]™ to [W‘; ()], and since [W; ()] is
compactly embedded into [C(Q)]" for p > N, it follows that
T is completely continuous from [u, u] to [C ™. O

Proof of Theorem 2. The regularity assumption (H1) for f
and g, implies the existence of positive constants o, (k =

1,2,...,m) such that
fre (ot [VIR) = fro (3, v [VIR) = =0y (0 = 1) 1)
Yu<v<iu, VxeQ,
fie (v V) = fi (6 U V1k) = —op (v - “k)> 13)
Vu<v<iu, VxeQ,
Ik (7t V1) = G (0> Vi [VIk) = =0y (g = i) (14)
Vu<v<u, Vyel,
9k (Vi Vi) = g (0 vy Vi) 2 =03 (v — 1) »
(15)

Vu<v<u Vyel.

Let

My = 0y + max {la] o [l - (16)

Then the system (1) is equivalent to the system

(Lk + Mk) U, = fk (x, Uy [u]k) + Mkuk, X € Q,
Oy

on + bk (.x) Uy + Mkuk = 9k (x, Upes [u]k) + Mkuk, (17)

xel, k=1,2,...,m.

Moreover, u and u are also subsolution and supersolution for
the system (17). Consequently, by Lemma 4, system (17) is
equivalent to the fixed point equation u = T'(u) in [C 1™,
and T': [u,u] — [C(Q)]™ is completely continuous.

Now, let us show that T': [u,u] — [u,ul.

It is clear that [u, u] is a bounded closed convex subset of
[C(Q)]". Let v € [w,u] and u = T(v). Then u and v satisty
that

Lkuk + Mkuk = fk (x, Vi [V]k) + Mka, X € Q,

0
% + b (%) tye + My = gie (%, Vi [VIR) + My, (18)

xel, k=1,2,...,m.

On the other hand, since v € [u,u], we have u < v < u and
so [u], < [v]i < [uly, which together with Definition 1 yields
that u verifies

Lkﬁk + Mkﬁk > fk (x,ﬁk, [V]k) + Mkﬁk’ X € Q,

Ot

on T b (X) Uy + Myt > gpc (%, g, (Vi) + Myt (19)

xel, k=1,2,...,m.

Let wy = Uy —uy.. Then we can easily conclude from (12), (14),
(18), and (19) that

Lywy + Mywy > fi (56,8, [V) = fio (5, v [V]g)
+ Mk (ﬁk - Vk) > 0,
xeQ, k=1,2,....,m,

awk

S b () wy + Mywy 2 g (6, Uy, [VIi) = gie (%6 v [V]i)

+Mk (ﬁk_vk) > 0,

xel, k=1,2,...,m.
(20)

From the maximum principle for elliptic boundary value
problems it follows that w, > 0; that is, 1, < ;. Similarly,
by using (13) and (15), we can obtain ¢, < u;. Consequently,
T maps [u, u] into itself, and the existence of a fixed point
follows from Schauder fixed point theorem. O



3. Application to a Juvenile-Adult Model

In this section, we will apply the method of lower and upper
solutions in Section 2 to study the existence of coexistence
states of the following elliptic system describing two subpop-
ulations of the same species competing for resources:

—Au=ax)v-c(x)u—-ex)u(u+v),

x €Q,
-Av=bx)u-dx)v-fx)vu+v),
x € Q, (21)
a—u+oc(x)u— (xu,v), x¢€T
on AN ’
Q+/5(x)v—h(xuv) xeTl
on B T '

System (21) arises from population dynamics where
it models the steady-state solutions of the corresponding
nonlinear evolution problem [12], where u and v represent
the concentrations of the adult and juvenile populations,
respectively. The function a gives the rate at which juveniles
become adults and ¢ corresponds to the death rate of adult
population. As adults give birth to juveniles, the function b
corresponds to the birth rate of the population. Juveniles are
lost both through death and through becoming adults, the
function d corresponds to this overall loss. The Laplacian
operator shows the diffusive character of u and v within
Q. By using fixed point theory and lower and upper solu-
tions method, several authors have studied the existence of
coexistence states of the system (21), subject to Dirichlet
or Neumann boundary conditions; see, for example, [13-
16] and the references therein. We consider here the more
general model (21), in which the boundary conditions may
be interpreted as the conditions that the populations may pass
through the boundary of the habitat. This is a mathematical
model more closer to the reality.

In the rest of this section, we suppose that « and f3 satisfy
(H2), the coefhicients a, b, ¢, d, e, and f are positive functions
in C*(Q), and g and h are nonnegative functions defined
onT x Ri (R, = [0,00)) and satisty (H1). We will use the
notation u > 0 if u(x) > 0 for x € Q. Apparently, since
a(x) > 0, b(x) > 0 for x € Q, the system

—Au=ax)v-c(x)u, x€Q,

—Av=bx)u-dx)v, x€Q,

(22)

0
—u+oc(x)u=0 x €T,

on

x €T,

ov
a—n+,8(x)1/—0,

is a linear cooperative system, for which we can give the
following strong maximum principle.
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Lemma 5. Let u,, v, € C3(Q) n CYHQ) be such that u, >
0, vy > 0and

—Auy>a(x)vy—c(x)uy, x€Q,
“Avy 2b(x)uyg—d(x)vy, x¢€Q,
0
ﬂ+oc(x)uO20, xel, (23)
on
5}
a—:;’+ﬁ(x)1/020, x €T,

where equality does not hold in some of the equations in (23).
Then (22) satisfies the strong maximum principle; that is, if
u,v € C3(Q) N CHQ) such that

“Auzax)v-c(x)u, xeQ,
“Av>2b(x)u-d(x)v, xeQ,
a—u+oc(x)uzO, x €T, (24)
on
g—;+/3(x)v20, x €T,

then either (i) u, v=0on Qor (ii)u > 0,v > 0.

Proof. Otherwise, there exist u,, v; not both identically zero
satisfying (24) but not satisfying (ii) in the conclusion of the
theorem. For t € [0, 1], define u, = (1 — t)u, + tu, and v, =
(1 —t)vy + tv,. Then there exists t, with 0 < ¢, < 1 such that
u, v, > 0for 0 < f < t,and either u, orv, hasazeroin Q.

Without loss of generality, we assume that there exists x, € O
such that Uy, (x;) = 0. Then by (23) and (24) we have

—Au, 2 a(x) v, —c(x)u,, x €. (25)

That is,
—Auy +c(x) uy

2a(x)v, 20, xeQ. (26)

On the other hand, we can also deduce from (23) and (24)
that

x €T, (27)

Hy (x) =0
on o
and therefore the maximum principle for elliptic boundary
value problems yields that 4, = 0 oru, > 0on Q. Since
u; (x;) = 0, we have that u, =0, and then from (26) we get
v;, = 0. Since u; and v, are not both identically zero, £, < 1.
Thus, as uy, = (1=to)ug+tou; = 0andv, = (1-to)vy+tev, =
0, we have, for 6 = (to—1/ty <0,

u, = 0Ouy, v, = Ov,. (28)
This is impossible since u, v, satisfy (23) and u,, v, satisfy
(24). O

Corollary 6. Assume that a(x)—c(x) < 0andb(x)—d(x) <0
forall x € Q. Then the system (22) verifies the strong maximum
principle.
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Proof. We may get the desired results by using Theorem 9
and choosing u, = v, = M, where M is any positive constant.
O

Lemma 7. The cooperative system (22) has a principal eigen-
value; that is, there exists A € R and uy, v, € C3(Q) nCY(Q)
such that u, > 0, v, > 0and

—Auy+c(x)uy—a(x)vy=Au,, x€Q,
“Avg—b(x)uyg+d(x)vy=Avy,, x€Q,
0
ﬂ+oc(x)uO:0, x €T, (29)
on
o,
a—rf+ﬁ(x)v0:0, xeT.

Proof. Obviously, system (22) can be equivalently rewritten
as

QU-AXx)U=0, xe€Q,
ou

—v+ﬁ(x)v—0 x€eTl
an - bl bl

where
u -A 0
=) 53 )
31)
—c(x) a(x)
Am:(b(x) —d(x))'
Let X = {U e C*™(Q) x C**(Q) : 0u/on + a(x)u =

0, ov/on + B(x)v = 0} and Y = C*(Q) x C*(Q). Then &
maps X into Y. It is well known that if M > 0 is sufficiently
large, then 8 — A(x)+M : X — Y isinvertible such that (8 -
A(x)+M) s compact. Moreover, if M is chosen sufficiently
large such that a(x) — c(x) < M and b(x) — d(x) < M for
all x € Q, then Corollary 6 yields that (& — A(x) + M ) is
strongly positive. It follows from the Krein-Rutman theorem
that (8 — A(x) + M)™" has a positive principal eigenvalue,
which is denoted by y. Therefore, there exists U = (%) € YxY
with > 0, ¥ > 0 such that (8 — A(x) + M)"'U = yﬁ.
Consequently, (2 — A(x))U = (I/u- M)U and so  — A(x)
has a principal eigenvalue A, (2 — A(x)). O

Proposition 8. Assume that A (x) = (a1 (%))5 and A, (x) =
(a (x))ZX2 are cooperative matrices. If A,(x) > A,(x), that is,
alj(x) > al](x)forallx € Qandi, j=1,2but A,(x) # A,(x),
then L, (8 — A,(x)) < A (8 — A, (x)).

Proof. By Lemma 7, there exists U; = (}!) € X so that u; >
0, vy »0and [ - A,(x) - 1,(8 — A,(x))]U; = 0. Then

[S -A,(x)- )\ (8 -A, (x))] U,
= [S —Ap () - A (2 - A (x))] U

(A, (x)-A,(0))U; = (A, (x) - A, (%) U, >

(32)

but (A;(x) — A,(x))U; # 0, and from Lemma 5 we know
that system [R — A,(x) — 1,(8 — A;(x))]U = 0 satisfies the
strong maximum principle. Hence if y denotes the principal
eigenvalue of the system & — A,(x) — A1,(8 — A,(x))I, then
it follows easily that y > 0. Clearly,  — A,(x) has principal
eigenvalue 1, (R — A,(x)) = L,(8 - A, (x)) +y > A (8 -
A (x)). O

For each positive function & € C*(Q2), we denote by & and
¢ the maximum and minimum of & in (), respectively. Let

o, = mina (x
0 xel ()’

Mma{

Then they are all positive constants. Applying Theorem 2, we
will prove the following existence results of positive solutions
of system (21).

Bo = min B (x),

E } (33)

IWIQI

f

Theorem 9. Suppose that g, h: T x R? — R, satisfy
9(x M, y) < Ma,
M) < M,

If A, (8 — A(x)) < O, then system (21) has at least one positive
solution.

V(x,y) eTx[0,M]; (34)

h(x,z, V(x,z) e T x [0, M]. (35)

Proof. Assume A,(8— A(x)) < 0. Then there exists ® = (

with ¢, > 0, ¢, > 0suchthat (-A(x))d = A,(8- A(x))CD
that is,

—Ap = a(x)d, —c(x) ¢ + A, (8- A(x)) s

x €Q,
—Ap, =b(x) ¢y —d (x) 5 + A, ( x)) ¢z
x €Q, (36)
%+a(x)¢l=0, x €T,
%, xel.

E"’ﬁ(x)‘/)z:o,

LetU™ = (’; ) =(M)andU, = (V") = s(ﬁi ), where M is
given as in (33). In the following we will show that U™ and U,
satisty the hypotheses of Theorem 2 if M is defined as above
and ¢ > 0 is chosen sufficiently small.



By the definition of M, we have a(x) — e(x)M < 0 for all
x € Q,and so

c(xX)M>0> (a(x)—e(x)M)v—e(x) M2,

(37)
VO<v< M.
In other words, we get
—Au X ut zax)v—exX)u’ (U +v),
(38)
V0 <v< M.
Moreover, from (33) it follows that
ou ta@)u’ =a(x)M > ayM
on
>g(x,M,v) = g(x,u",v), (39)
VO <v< M.
Similarly, we can deduce from (35) that
—AV +dx) v 2b(X)u- fx)v (v +u),
YO<u<M,
=B(x)M = f,M (40)

> h(x,u,M) = h(x,u,v"),
V0 <u< M.

Let € = min{a/E%l,b/?g_bz} Then for any ¢ € (0,8), we
have a(x) — ee(x)¢$, (x) = 0 and b(x) — ef (x)¢,(x) > 0 for all
x € Q. Hence when ¢ < £and ¢, s v < M, we get

—Au, —a(x)v+c(x)u, +e(x)u, (u, +v)

= —eA¢, —a(x)v+c(x)ep, +e(x) e, (e, +v)

= e(-Ag; —a(x) ¢ +c(x)¢)
+a(x) (e, —v) +e(x)ed; (ep; +v)

=l (8- A(x)) ¢, +ea(x)d, (41)
—(a(x)—e(x)ey) v +ee (x) ¢

< el (8- A(X) ¢y +ea(x) b,
—(a(x) —e(x)egy) ep, + €% (x) 1

=ed (8- AX) ¢, +e%e(x) ¢y (¢ +2) <O,

when ¢ is sufficiently small; that is,

—Au, +c(x)u, <a(x)v-e(x)u, (u, +v),
(42)
Veg, <v < M.
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Furthermore, since the function g is nonnegative, we have
that

( 99, +oc(x)¢1> =0<g(xu,,v),

Ve, <v < M.
(43)

Applying the similar discussions as above, we can also prove
that
—Av, +d(x)v, <bX)u- f(x)v, (v, +u),
Ved, <u <M,
ov, ([ 0¢, (44)
S +B(x)v, —s(a—n +/5’(x)q52>

=0<h(xuv,), Vep <u<M.

Consequently, it follows from Theorem 2 that system (21) has
at least one positive solution U in [U,,U"]. O

Remark 10. 1t is worth remarking that the results of Theo-

rem 9 remain true if we use the weaker assumption g, h

I'xR2 — R, and
g(x,y,2) >0, h(x,y,2) >0,

Vx €T, (y,2) € [0,M] x [0, M].

(45)

Remark 11. In the special case g = h = 0 on T x R2, the
assumptions (34) and (35) are fulfilled. From Proposition 8
and similar argument used in the proof of [14, Theorem 3.2],
we may show that the condition A,(f — A(x)) < 0 is also
necessary for the existence of positive solutions of system
(21). Consequently, if g = h = 0 on T x R?, then system
(21) has a positive solution if and only if A, (8 — A(x)) < 0.
Hence Theorem 9 generalizes [14, Theorem 3.2] and [15,
Corollary 18] in which only the problem with linear boundary
conditions was considered.
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