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We study two nonlinear partial differential equations, namely, the symmetric regularized long wave equation and the Klein-Gordon-
Zakharov equations. The Lie symmetry approach along with the simplest equation and exp-function methods are used to obtain
solutions of the symmetric regularized long wave equation, while the travelling wave hypothesis approach along with the simplest
equation method is utilized to obtain new exact solutions of the Klein-Gordon-Zakharov equations.

1. Introduction

The investigation of exact travelling wave solutions of non-
linear partial differential equations (NLPDEs) is important
for the understanding of most nonlinear physical phenomena
that appear in many areas of scientific fields such as plasma
physics, solid state physics, fluid dynamics, optical fibers,
mathematical biology, and chemical kinetics [1, 2]. A number
of methods have been developed for finding travelling wave
solutions to NLPDEs. These include the homogeneous bal-
ance method [3], the ansatz method [4, 5], variable separa-
tion approach [6], inverse scattering transform method [2],
Backlund transformation [7], Darboux transformation [8],
Hirota bilinear method [9], the (G'/G)-expansion method
[10], the reduction mKdV equation method [11], the trifunc-
tion method [12, 13], the projective Riccati equation method
[14], the sine-cosine method [15, 16], the Jacobi elliptic
function expansion method [17, 18], the F-expansion method
[19], the exp-function expansion method [20], dynamical
system method [21-23], and Lie symmetry method [24-28].

In this paper we study two nonlinear partial differential
equations, namely, the symmetric regularized long wave
equation and the Klein-Gordon-Zakharov equations. The
Lie symmetry approach along with the simplest equation
and exp-function methods are used to obtain solutions of
the symmetric regularized long wave equation, while the

travelling wave hypothesis approach along with the simplest
equation method is utilized to obtain new exact solutions of
the Klein-Gordon-Zakharov equations.

2. The Symmetric Regularized Long
Wave Equation

We first consider that the symmetric regularized long wave
equation (SRLW) as given by

%(uz)xt — Uy =0 )

Uy = Uy +
is a nonlinear evolution equation which arises in several
physical applications, for example in sound waves in a plasma
[29]. Exact travelling wave solutions of this equation were
obtained using the (G'/G)—expansion method [29]. In the
present work, Lie symmetry method along with the simplest
equation method and the exp-function method are used to
construct exact solutions for this equation. First the Lie point
symmetries of the SRLW equation (1) are found using the
Lie algorithm [25]. These Lie point symmetries are then used
to transform (1) into an ordinary differential equation. The
simplest equation method [30] and the exp-function method
[20] are then used to construct exact solutions of the ordinary
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differential equation, which leads to the exact solutions of the
SRLW equation.

2.1. Lie Point Symmetries of (1) and Symmetry Reduction. The
symmetry group of the SRLW equation (1) is generated by the
vector field

1 0 ) 0 0
= — R — _ 2
X=£ (t,x,u)at+£ (t,x,u)ax+11(t,x,u)au (2)

Applying the fourth prolongation of X to (1) and solving the
resultant overdetermined system of linear partial differential
equations, we obtain the following two translation symme-
tries:

-2
5 (3)
X, = —.
27 ox

Now taking the linear combination of these translation
symmetries X, = 0/0t and X, = 0/0x, namely, the symmetry
X = X; + vX,, where v is a constant, leads to the two
invariants

z =x -, u=F(z). (4)
Treating F as the new dependent variable and z as the new
independent variable and then substituting the value of u

into the SRLW equation (1) transform (1) into a fourth-order
nonlinear ordinary differential equation:

(= 1)F" ()= vF () F" (2) = »(F (2))" +*F(2)"" = 0.
(5)

2.2. Exact Solutions of (1) Using Simplest Equation Method.
Now the simplest equation method [30, 31] is used to solve (5),
and henceforth one obtains the exact solutions of the SRLW
equation (1). The Bernoulli and Riccati equations will be used
as the simplest equations. The Bernoulli and Riccati equations
are well-known equations whose solutions can be expressed
in terms of elementary functions [28].
The Bernoulli equation which we use here is given by

H' (z) = cH (z) + dH? (2), (6)

where ¢ and d are constants. Its solution is given by

Hz)=c { cosh [c(z + C)] +sinh [c (z + C)] }
" |l1-dcosh[c(z+C)] -dsinh[c(z+C)]]’
(7)
where C is a constant of integration [28].
For the Riccati equation
G (2) = G’ (2) +dG(2) +e, (8)
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where ¢, d, and e are constants, the solutions to be used are

d @0 1
H(z) = _i = Ztanh [50(Z+C)] >
H(z) = —— — 2%tanh (%02) 9)
sech (6z/2)

" Ccosh (02/2) — (2¢/6) sinh (62/2)°

with 8% = d* — 4ce > 0 and C being a constant of integration
[28].

2.2.1. Solutions of (1) Using Bernoulli as the Simplest Equation.
The solutions of the ODE (5) are considered to be in the form

M

F(2) = ) d{(H (2), (10)
i=0

where H(z) satisfies the Bernoulli or Riccati equations, M

is a positive integer that can be determined by balancing

the highest order derivative term with the highest order

nonlinear term [31], and &/}, (i = 0, 1,..., M) are parameters

to be determined.

The balancing procedure yields M = 2, so the solutions
of (5) are of the form

F(z) =, +o4,H+o,H". 1)

Substituting (11) into (5), making use of the Bernoulli equa-
tion (6), and then equating all coefficients of the function H’
to zero, we obtain the following algebraic system of equations
in terms of &/, &/, and ,:

— 10vel5d” - 120v° oA, d" = 0,

24Vl d* - 12ved \d* oA,
- 336v°of,d’c — 18valdc = 0,

- vszfoszilcz - &ilcz - vzszilc4 + vzszilcz =0,

- 8V.Q{§CZ —6ot,d* + 6V ol ,d* - 21ved \dl ¢ - 3v52[fd2
- 60Vl | d’c - 6vel yol ,d* — 330V’ ol ,d* P = 0,

— 3o\ dc +3v° oA \dc — dvel y ol ,¢* — 4sl,c* + 4 ol )
— 3vdlyof \dc - 2vel i c
- 16v’dl,c* - 15v° o, dc’ = 0,

—29,\d* — 50v° oA, d’¢* + 10v° oA ydc — 5valrdc
—130v° o, dc® + 297l | d* - vl (P o,

—2vel y ol \d* — 10vel gl ,dc — 10ef ,dc = 0.
(12)
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Solving this system, with the aid of Maple, we obtain the
following values for the constants:

A+ -1

dy=—T"r "

0 4
o, = — 12cdv, (13)
dy= —12vd".

As aresult a solution of the symmetric regularized long wave
equation (1) using the Bernoulli equation as the simplest
equation is

u (t, x)
3 cosh [c(z + C)] + sinh [c (z + C)]
= +ﬂlc{l “dcosh[c(z + C)] — dsinh [c(z+C)]}
o 2{ cosh [c(z + C)] + sinh [c (z + C)] }2
2€ 1-dcosh[c(z+C)] -dsinh[c(z+C)]]

(14)
where z = x — vt and C is a constant of integration.

2.2.2. Solutions of (1) Using Ricatti as the Simplest Equation.
The balancing procedure yields M = 2, so the solutions of (5)
are of the form

F(z) = oAy + A4,G(2) + o,G (z). (15)

Substituting (15) into (5), making use of the Ricatti equation
(8), and then equating all coefficients of the function G to
zero, we obtain an algebraic system of equations in terms of
dy, 9, and &,. Solving the resultant algebraic equations, we
obtain the following set of values:

2

8cer* +d* — v + 1
QYO - _ cevy vV vV i
Y
o\ = —12cdv, (16)
o, = - 12¢%.

It follows that the solutions for the symmetric regularized
long wave equation (1) using the Ricatti equation as the
simplest equation are

u(t,x)=9,+ 94, {—2% - %tanh[%@(z+€)]}

2
+ dz{—i - 2 tanh [le(z +C)” ,
2c  2c 2

3
u(t,x)=9dy+ 9, { - % - %tanh(%@z)

N sech (0z/2) }

C cosh (0z/2) — (2¢/0) sinh (0z/2)

+d, { - % - %tanh(%@z)

. sech (0z/2) }2

C cosh (0z/2) - (2¢/0) sinh (0z/2) ] ’
17)

where z = x — vt with 8* = d® — 4ce > 0 and C is a constant
of integration.

2.3. Solution of (1) Using the Exp-Function Method. In this
section we use the exp-function method [20] to solve the
symmetric regularized long wave equation (1). We consider
solutions of (5) in the form

Z:l:—b anenz

F(z) = (18)

where b, ¢, p, and q are positive integers to be determined
and a, and b,, are arbitrary constants [20]. The balancing
procedure of the exp-function method produces p = b and
q = c. For simplicity, we set p = b = 1 and g = ¢ = 1 so that
(18) is reduced to

Z -z
ae’ +ay+a_e

. 19
be*+b,+b_e* 19)

F(z) =
Substituting (19) into (5) and solving the resultant ODE, with
the help of Maple, one possible set of values of the constants
is

b,
a = -
,1 v
by (61/2 - 1)
ay = ,
y
. (20)
0
a, = ,
Y4,
bZ
b = ——.
4b_,
As a result we obtain the solution
x—vt —(x—t)
(b x) = a e +ay+a_e ' 2
bie*™ + by + b_je” )
3. The Klein-Gordon-Zakharov Equations
The Klein-Gordon-Zakharov (KGZ) equations [32]
Uy — Uy, +U+UY+ [ul*u =0, (22a)
Vi = Ve = (), = 0, (22b)



are a coupled system of nonlinear partial differential equa-
tions of two functions u(x, t) and v(x, t). This model describes
the interaction of the Langmuir wave and the ion acoustic
wave in plasma. The function u(x,t) denotes the fast time
scale component of electric field raised by electrons and the
function v(x, t) denotes the deviation of ion density from its
equilibrium. Here u(x, t) is a complex function and v(x, t) is
a real function. Note that if we remove the term |u|?u, then
this system reduces to the classical Klein-Gordon-Zakharov
system [33]

Uy — Uy +U+uv =0, (23a)

Vit = Vax — (|u|2)xx =0. (23b)

A number of studies have been conducted for this system
((23a) and (23b)) in different time space [34-38]. However,
for the KGZ equations (22a) and (22b), Chen [39] consid-
ered orbital stability of solitary waves, while Shi et al. [33]
employed the sine-cosine method and the extended tanh
method to construct exact solutions of the KGZ equations
(22a) and (22b).

In this paper, we employ an entirely different approach,
namely, the travelling wave variable approach along with the
simplest equation method to obtain exact solutions of the
KGZ equations (22a) and (22b).

3.1. Solution of (22a) and (22b) Using the Travelling Wave
Variable Approach. The travelling wave variable approach
converts the system of nonlinear partial differential equations
into a system of nonlinear ordinary differential equations,
which we then solve to obtain exact solutions of the system.

In order to solve the KGZ equations (22a) and (22b),
we first transform it into a system of nonlinear ordinary
differential equations which can then be solved in order to
obtain its exact solutions.

We make the wave variable transformation

u:ei¢u(z), v=v(z),
(24)

¢ = px +rt, z = kx + dt,

where p, 1, k, and d are real constants and d # k. Using this
transformation, (22a) and (22b) transform into

(p*-r*+1)u+i(2rd - 2pk)u’
(25a)
+ (d2 —kz)u" +uv+u’ =0,

(d2 - k2) V- (uz)" =0.

Integrating (25b) twice and taking the constants of integra-
tion to be zero, we obtain

(25b)

2
V= —dZu_ k2 . (26)

Now substituting (26) into (25a), we get

2 2 2 2
n_ (r-p -1 d -k +1)\ 3
u —(W>u+<(d2_—kz)2 u, (27)
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which can be written in the form
u' = Pu+ Qus, (28)
where

rP-p-1 -k +1
P=—(t—o, =—.
7 Q @) (29)

Solving (28), with the aid of Mathematica, we obtain the
solution

u(z) = i%isn (Flw), (30)

where sn(F | w) is a Jacobian elliptic function of the sine
amplitude [40],

\/<\/PZ—72QC1—P> (z+c)

F=

7 >
H = #’ (31)
\P?-2Qc, +P
-Qq, +P<M+P>
w =

ch
is the modulus of the elliptic function with 0 < w < 1. Here
¢, and ¢, are constants of integration. Reverting back to our

original variables, we can now write the solution of our Klein-
Gordon-Zakharov equations as

u(x,t) = i%isn (F | w), (32)

where

PPy

F= ,
V2

and w and H are as above.

Now v(x, t) can be obtained from (26).

It should be noted that the solution (32) is valid for 0 <
w < 1, as w approaches zero, the solution becomes the normal
sine function, sin z, and as w approaches 1, the solution tends
to the tanh function, tanh z.

The profile of the solution (32) is given in Figure 1.

3.2. Solutions of (22a) and (22b) Using the Simplest Equation
Method. We consider the solutions of (27) in the form

M
u(z) = Y A/G(2), (34)
i=0

where G(z) satisfies the Bernoulli or the Riccati equation.
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FIGURE 1: Profile of solution (32).

3.2.1. Solutions of (22a) and (22b) Using Bernoulli as the
Simplest Equation. We consider the Bernoulli equation

G (2) = aG (z) + bG* (2), (35)

where a and b are constants.
The balancing procedure yields M = 1, so the solution of
(27) is of the form

u(z)=A,+A H(z). (36)

Substituting (36) into (27), making use of the Bernoulli
equation (35), and then equating all coefficients of the
function H' to zero, we obtain the following algebraic system
of equations:

24,k — KA + d* AL - 4A KV
+ A3 +24,d% =0,

3A,k*ab + 3d° Ay A% - 3K° A A% - 6A,d’ K ab
+34,A% +3A,d"ab =0,

PPA - PPAJK — P A + TP AK - Ak (37)
+d* A - KA+ Ayd® + A} = 0,

A& +38AA, - PPAK + P ALK+ pP A
+ A d*a® - 3KALA + Ak + 3404,

—2A,d*K*a* - A d> - A K = 0.

Solving this system, with the aid of Maple, we obtain the
following values for the constants:

- a(@-K)
Ay = —\/m,

V2b (d2 - kz) (38)
M e

rd? - kP 4 kP - dPAL + KPAL - dP - AR
P = dz _ kz .

As a result, a solution of the Klein-Gordon-Zakharov equa-
tions (22a) and (22b), using the Bernoulli equation as the
simplest equation, is

u(x,t)
= piprt) ( (V2ab (d* - k*) (cosh (a (kx + dt + c))

+sinh (a (kx + dt + ¢))) )

X (\/k2 —d?-1(1-bcosh (a(kx +dt +c))
-1
“bsinh (a (kx +dt + c))) ) )

a(d®-K)
t——,
2(k2-d*-1)

(39)

where ¢ is a constant of integration.

3.2.2. Solutions of (22a) and (22b) Using Riccati as the Simplest
Equation. We use the Riccati equation given by

G (2) = aG* (2) +bG (2) + ¢, (40)

where a, b, and ¢ are constants. The balancing procedure
yields M = 1, so the solution of (27) is of the form

u(z)=A,+4,G(2). (41)

Similar calculations yield the following set of values:

b(d* -k
g PEK)
2(k2-d*-1)
V2a(d* - I*) VK> - d? - 1
1T P12+ 1 :

V2 (k2 - d? - 1) (d®0? - K2 — 2 - 2p% + 2r7)

4A, (d* - K* +1)

(42)



As a result the two solutions of (22a) and (22b) are

; b 0 1
u(x,t) = e Ay+ A, {—Z - Ztanh[56(2+C)]H,
u(x,t)
= ¢ [AO
b 0 1
+A1 ‘[ - 5 - E tanh<£62>
N sech (0z/2) } ]
C cosh (0z/2) — (2a/0) sinh (6z/2) ] |’
(43)

where ¢ = px + rt and z = kx + dt. 6 is given by Vb? — 4ac,
C is a constant of integration, and A, and A, are as obtained
above.

It should be noted that by substituting the above value
of u(x,t) into (26), one can now obtain the solution for the
variable v(x, t).

4. Conclusion

In this paper we studied two nonlinear partial differential
equations. Firstly, Lie symmetry approach along with the
simplest equation and the Exp-function method were used to
obtain travelling wave solutions of the symmetric regularized
long wave equation. Secondly, the travelling wave hypothesis
approach along with the simplest equation method is utilized
to obtain new exact solutions of the Klein-Gordon-Zakharov
equations.
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