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By using the method of differential subordinations, we derive some properties of multivalent analytic functions. All results presented

here are sharp.

This paper is dedicated to Professor Miodrag Mateljevi¢ on the occasion of his 65th birthday

1. Introduction

Let A(p) denote the class of functions f(z) of the form

fz)=2"+ Zap+nzp+" (peN={1,23,...}), @
n=1

which are analytic in the open unitdisk D = {z € C : |z] < 1}.
Let f(z) and g(z) be analytic in D. Then, we say that f(z)
is subordinate to g(z) in D, written as f(z) < g(z), if there
exists an analytic function w(z) in D, such that |w(z)| < |z]
and f(z) = g(w(z)) (z € D). If g(z) is univalent in D, then
the subordination f(z) < g(z) is equivalent to f(0) = g(0)
and f(D) c g(D). Let p(z) = 1+ p,;z + -+ be analytic in D.
Then, for -1 < B < A < 1, it is clear that

1+ Az

pP@) < - (@eD) )
if and only if
1-AB| A-B
p(z)—l_B2 <Tm (-1<B<A<1lzeD),
3)
Rep(z)>1_A (B=-1; ze D). (4)

Recently, a number of results for argument properties
of analytic functions have been obtained by several authors
(see, e.g., [1-5]). The objective of the present paper is to
derive some further interesting properties of multivalent
analytic functions. The basic tool used here is the method of
differential subordinations.

To derive our results, we need the following lemmas.

Lemma 1 (see [6, Theorem 1, page 776]). Let h(z) be analytic
and starlike univalent in D with h(0) = 0. If g(z) is analytic in
D and zg'(z) < h(z), then
Zht
9(2) < g(0)+ L %dt. 5)
Lemma 2 (see [5, Theorem 1, page 1814]). Let 0 < o < 1,
0<a,<1,B=(a;—a)/(a; + ), and c = eP™. Also let

Aoa>20, A(b+2)20, (b+1)Reu>0,
2 (6)
b+1] < , la-b-1| < .
o +ay max {a;, o, }
If q(z) is analytic in D with q(0) = 1 and
(@) +Ma @) + u(a ()" .
7

+29' (2)(q(2))’ < h(z) (z € D),
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2
where
1+cz a((e;+a,)/2) 1+cz (1/2)(b+1) (o +a)
h(z) = /\O( > + ( )
1-z 1-z
1+cz (ot +ay)/2
(e (T5) ®

a + o, < z cz )
+ +
2 1-z 1+cz
is (close-to-convex) univalent in D, then
7T U
—5 % <arg (q(=) < S (zeD). 9)

The bounds «, and o, in (9) are sharp for the function q(z)
defined by

(10)

1+cz )(0‘1*’0‘2)/2

q(z):<1

Remark 3 (see [5, Lemma 2, page 1813]). The function g(z)
defined by (10) is analytic and univalent convex in D and

-z

q(D) = {w :w e C, —goc2 <argw < g(xl}. (1)

2. Main Results

Our first result is contained in the following.

Theorem 4. Let a € (0,1/2] and § € (0,1). If f(z) € A(p)
satisfies f(z)#0 (0 < |z| < 1) and

ﬁ(dﬁp_)
fa\f@ F

where 0 is the smallest positive root of the equation

<8 (zeD), (12)

asin(?)xz—x+(1—(x)sin<%§>=0, (13)

then

cx>’<g[3 (z € D). (14)
The bound 3 is sharp for each o € (0, 1/2].

Proof. Let
g(x):asin<ﬂz—ﬁ>x2—x+(l—oc)sin(%;) (15)

We can see easily that (13) has two positive roots. Since g(0) >
0 and g(1) < 0, we have

O<“

d<d<1. (16)
1-«

Put

%=a+(l—o¢)p(z). (17)
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Then, from the assumption of the theorem, we can see that
p(z) is analytic in D with p(0) = 1 and o + (1 — &) p(2) #0
for all z € D. Taking the logarithmic differentiations in both
sides of (17), we get

f' @) -0z (2)

= , (18)
f(z) a+(l-a)p(z)
zP (zf’ (2) > __(-w zp' (2) 1)
f@\ f(2 (a+(1-a) p(z))2
for all z € D. Thus, inequality (12) is equivalent to
U-azp &) 4, (20)
(a+(1-a)p(2))
By using Lemma 1, (20) leads to
r dza)p © Sdt < 8z (21)
0 (a+(1—a)p(t)
or to
1
1- m < 0z. (22)
According to (16), (22) can be written as
P (@) < 1+ (af (1 —a))&z‘ 23)

1-06z

Now, by taking A = («/(1 — «))§ and B = -6 in (2) and (3),
we have

z
larg (% - oc) = |arg p (2))|
(24)
< arcsin <L> = Eﬁ
l-a+ad?) 2
for all z € D because of g(§) = 0. This proves (14).
Next, we consider the function f(z) defined by
ZP
f@ 1-0z (25)
for all z € D. It is easy to see that
2 [ zf' (2) )l
- =|0z| <d (26)
fw(f@ P
for all z € D. Since
f(2) 1+ (a/(1-«))dz
—a=(1- 27
2 (1-a) 1-0z ’ (27)
it follows from (3) that
21618 arg(% - oc) = arcsin (ﬁ) = gﬁ (28)

Hence, we conclude that the bound 3 is the best possible for
each o € (0,1/2]. O

Next, we derive the following.
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Theorem 5. If f(z) € A(p) satisfies f(z)#0 (0 < |z| < 1)

and
2 (zf'(2)
Re{f(Z) (W - )} <y (zeD), (29)
where
<rvs 2log2’ (30)
then
Re 2 > 1-2ylog2 D
_ . X
CF s (2eD) (31)
The bound in (31) is sharp.
Proof. Let
P(Z) = & (32)

zP

Then, from the assumption of the theorem we can see that
p(z) is analytic in D with p(0) = 1 and p(z) #0 forall z € D.
According to (32) and (29), we have immediately

!
1_zp (2) < 1+z; (33)
w(z) 1-z
that is,
!
2
Z<L) PRl (34)
p(2) 1-z
Now, by using Lemma 1, we obtain
1
—— < 1-2ylog(1-2). (35)

p(2)

Since the function 1 — 2ylog(1 — z) is convex univalent in D
and

Re(1-2ylog(1-2))>1-2ylog2 (z€eD), (36)
from (35), we get inequality (31).

To show that the bound in (31) cannot be increased, we
consider

zP

T 200 (l—2) 2ylog(1-2) (zeD). (37)

f(2)=

It is easy to verify that the function f(z) satisfies inequality
(29). On the other hand, we have

Re — 1-2ylog2 (38)

ZP
f @)
asz — —1. Now, the proof of the theorem is complete. [

Finally, we discuss the following theorem.

Theorem 6. Let o,y € (0,1). If f(z) € A(p) satisfies
f(2)#0 (0 < |z| < 1) and

arg{f(z) (Y(Zf ©) —P)+(1—Y)§>

zP /@
(39)
—(1—)/)0c2]> <né
forall z € D, where
s_l, L. o VPEa-a)(1-y)+y) (40)
—E+;an 2a(1—y) ’
then
Re&>¢x (ze D). (41)
zP

The bound & in (39) is sharp.

Proof. Define the function p(z) by (17). For «,y € (0,1), it
follows from (17) and (18) that

L (f@( (f' @ £(2)
ya—wni 2 <Y(fwm _p)+(1'Y)757>

~-nef
U oy 201 )2t
14 Y
(42)
for all z € D. Putting
a=b=1,=0, a =0y =1,
(1-a)(1-y) 2a(1-7y) (43)
A= —n 7 p="—~-
Y Y

in Lemma 2 and using (42), we see that if

1 f@ ( (zf' (@ f(2)
ya—a>{,ﬂ (y<fxa _P)+(1_”'27>

—(1—)/)042} < h(z),

(44)

where

h(z)

(DN

N 2z
1-2z2)°

then (41) holds true.




Letting 0 < 0 < 7 and x = cot(0/2), we deduce that
argh (eie)

1- 1- ; 200 (1 —
E +arg { ( “) ( Y) xem/z + “( Y)
2 Y Y

)

T (2(1—a>(1—y)+y)x2+y)
2 4a(l-y)x '

Making use of (46), we obtain that

inf )|argh (2)|

|z]=1(z # £1

. 0
min argh (e )
0<0<m

T . -1 ((
= — + mintan
2 x>0

20-0)(1-y)+y)*" +y
da(1-y)x

T \/Y(Z(l—“)(l—)/)ﬂ’)
= — +tan
2 2a(1-7y)

=7d.
(47)

Therefore, if f(z) € A(p) satisfies (39), then the subordina-
tion (44) holds, and, thus, we obtain (41).
For the function

f(2) _ 1+(1-2x)z

48
zP 1-z (48)

>

we find that

1 f(2) zf' (2) f (2
y(l—oo{ 20 (V( @ ‘p>+(1‘” 2 )
(49)

—(l—y)ocz}:h(z),

where h(z) is defined by (45). In view of (46) and (49), we
conclude that the bound § in (39) is the largest number such
that (41) holds true. This completes the proof. O
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