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Using bifurcation method and numerical simulation approach of dynamical systems, we study a two-component Fornberg-
Whitham equation. Two types of bounded traveling wave solutions are found, that is, the kink-like wave and compacton-like wave
solutions. The planar graphs of these solutions are simulated by using software Mathematica; meanwhile, two new phenomena are
revealed; that is, the periodic wave solution can become the kink-like wave or compacton-like wave solution under some conditions,
respectively. Exact implicit or parameter expressions of these solutions are given.

1. Introduction

The Fornberg-Whitham equation
Uy — Uyyy + U + UL, = Ul + 33U, U, 1)

was used to study the qualitative behaviors of wave breaking
[1]. It admits a wave of the greatest height, as a peaked
limiting form of the traveling wave solution [2], u(x,t) =
Aexp((1/2)|x — (4/3)t]), where A is an arbitrary constant.
Recently, Zhou and Tian found that (1) possess kink-like
wave solutions in [3]. They obtained some solitons, peakons,
and periodic cusp wave solutions in [4]. Further, they
obtained the smooth periodic wave solutions and loop-
soliton solutions by using elliptic integral [5]. Feng and
Wau [6] considered the classification of single traveling wave
solutions to (1). Chen et al. [7] gave some smooth periodic
wave, smooth solitary wave, periodic cusp wave, and loop-
soliton solutions of (1) and made the numerical simulation.
He et al. [8] studied the following modified Fornberg-
Whitham equation:
U — Uy, + Uy +1UU, = Ul

xxx T 3uxuxx‘ (2)

In some parametric conditions, some peakons and solitary
waves were found and their exact parametric representations
in explicit form were obtained.

Jiang and Bi [9] considered the Fornberg-Whitham equa-
tion with linear dispersion term given by

Up = Uy + U T UU = Ul T 3”xuxx ~ VYlxxx> (3)

where y is a real constant. When y = 0, (3) reduces to (1).
They investigated the existence of the smooth and nonsmooth
traveling wave solutions and gave some analytic expressions
of smooth solitary wave, periodic cusp wave, and peakon
solutions for (3).

Fan et al. [10] presented a two-component Fornberg-
Whitham equation given by

Up = Uy — Uy UL + UU + 3uxuxx + Py
(4)
pe=—(pu),

where u = wu(x,t) is the height of the water surface
above a horizontal bottom and p = p(x,t) is related to
the horizontal velocity field. When p = 0, (4) reduces
to (1). Parametric conditions to smooth soliton solution,
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kink solution, antikink solution, and uncountable infinite
many smooth periodic wave solutions of (4) were given.
Later, Wen [11] further studied (4). He presented all possible
phase portraits determinately and gave all the exact explicit
parametric conditions for various solutions.

The concept of compacton: soliton with compact support
or strict localization of solitary waves appeared in the work
of Rosenau and Hyman [12], where a genuinely nonlinear
dispersive equation K(n, n) defined by

u +a(”) +W") =0 (5)
was subjected to experimental and analytical studies. They
found certain solitary wave solutions which vanish identically
outside a finite core region. These solutions are called com-
pactons. Several studies have been conducted in [13-18]. The
kink-like wave or generalized kink wave is discovered by Liu
et al. [14], which is defined on semifinal bounded domain and
possesses some properties of the kink wave.

Many methods have been used to investigate traveling
wave solutions to nonlinear equations, such as Jacobi elliptic
function method [19, 20], F-expansion and extended F-
expansion method [21, 22], and (G'/G)—expansion method
[23, 24]. Here, our aim in this paper is to use the bifurcation
method of dynamical systems [25-28] to investigate (4). We
obtain the kink-like wave and compacton-like wave solutions
with implicit or parameter expressions. The planar graphs of
these solutions are simulated by using software Mathematica;
meanwhile, we point out that the periodic wave solution
can become the kink-like wave or compacton-like wave
solution under some conditions, respectively. To the best of
our knowledge, these solutions and phenomena are new for
(4). Our work may help people to know deeply the described
physical process and possible applications of (4).

The remainder of this paper is organized as follows.
In Section 2, we study the bifurcation phase portraits. In
Section 3, we make the numerical simulation for bounded
integral curves. In Section 4, we derive the exact implicit or
parameter expressions of the kink-like wave and compacton-
like wave solutions. A brief conclusion is given in Section 5.

2. Bifurcation Phase Portraits

We look for the traveling wave solutions of (4) in the form of

uxt)=9@+c plu)=yE, &=x-c, (6

where € is the mean level and c is the wave speed.
Substituting (6) into (4) and integrating once with respect
to &, it follows that

(5—5—1)?’_%‘Pz+(‘P’)2+(<P+E—C)§0”+1//=9’

g (7)

- — >
pt+tc—c

1//:

where 0, g are two integral constants and g # 0 (if g = 0, then
p = 0 from the second equation of (7) and (6). In this case
(4) reduces to (1), which was studied in [3-7]).
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In order to study conveniently, we choose ¢ = ¢, and
this only makes a translational movement of the singular line
from ¢ = ¢ —Cto ¢ = 0, so there is no essential difference for
the results. Thus, substituting the second equation of (7) into
the first equation of (7), we obtain

2 N

1 2
99" =9 + 9"+ 0p+g-9(g')" ®)
Letting y = @', we obtain the following planar system:
do
g
3. 2 2 ©)
dy _ 12" +e +0p+g-oy
dé ¢? '

under the transformation d€ = ¢*dr, and system (9) becomes

de 2
- =9,
d
; ‘ (10)
y 13 5 2
— T — 6 - .
=50 e 0t g—gy

Obviously, system (9) and system (10) have the same first
integral

1 2
H(p,y)=¢"y* - <;1¢4 +39 + 09"+ 2g<p) =h, (1)

where h is an integral constant. Consequently, these two
systems have the same topological phase portraits except for
the straight line ¢ = 0. Thus, we can understand the phase
portraits of system (9) from those of system (10).

In order to state conveniently, for given constants 6 and
g, let

1
fol@)= 59"+ 9"+ 09+ g,

gl(e):%(—z(u V4-660)+3(3+V4-66)0),

9, (0) = —% (4+ V16 -276) (8 +2V16 - 270 - 276)

g, (0) = —% (-4+ V16 -276) (-8 +2V16 - 276 + 276),,

g4(0):—22—7(4—2\/4—60+3(—3+\/4—69)9),

2
g5(0) = > (-4 +90).
(12)

Assume that ¢, ¢,, and ¢, are three roots of equation
fo(®) = 0, where

(1+3i) (36 - 2)
36 ’

(1-3i) (30 -2)
36 ’

<p1=—§+é(—1+\/§i)8+

2 1 .
(p2=—§—g(1+\/§l)6+
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TaBLE 1: The singular point and phase portrait for different cases.
Case Root of fy(¢) =0 Center Saddle Degenerate saddle Phase portrait
Case 1 @;>0 — (¢5,0) — Figure 1(a)
Case 2 @ =¢, <0< @, — (¢3,0) (¢1,0) Figure 1(b)
Case 3 P <P, <0< g (¢,,0) (¢1,0) (¢3,0) — Figure 1(c)
Case 4 @ <@, <0< @, (¢,,0) (¢1,0) (¢5,0) H(p;,0) =0 — Figure 1(d)
Case 5 @ <@, <0< g, (¢,,0) (¢1,0) (¢5,0) — Figure 1(e)
Case 6 @ <0<, <@ (¢,,0) (¢1,0) (¢5,0) — Figure 1(f)
Case 7 @, <0<, <q; (¢,,0) (¢1,0) (95,0) H(ps,0) =0 — Figure 1(g)
Case 8 @, <0<, <, (¢,,0) (¢1,0) (¢5,0) — Figure 1(h)
Case 9 @, <0<, =0¢, — (¢;,0) (¢5,0) Figure 1(i)
Case 10 ¢, <0 — (¢;,0) — Figure 1(j)
Case 11 @ <P, <p;<0 (¢,,0) (¢1,0) (¢5,0) — Figure 1(k)
Case 12 @ <P, =¢p3<0 — (¢1,0) (¢,,0) Figure 1(1)
Case 13 @ <P, <Py <0 (¢,,0) (¢1,0) (¢5,0) — Figure 1(m)
Case 14 @ <P, <Py <0 (¢,,0) (¢1,0) (¢3,0) H(,,0) = H(¢ps,0) — Figure 1(n)
Case 15 QP =¢,<@; <0 — (93, 0) (¢,,0) Figure 1(o)
Case 16 @ <P, <Py <0 (¢,,0) (¢1,0) (¢5,0) — Figure 1(p)
P 66, o Case14. (1/2) <6 < (2/3) and g = g5(6).
3 30 3
Case I5. (1/2) <0 < (2/3)and g = g,(0).
5= (—8—27g+186

+ 3\/5\/g (16 +27g) — 3696 — 402 + 803)1/3.
(13)
Meanwhile, we give conditions as follows.
Casel 6<(2/3),g< g,(0)orf0=>(2/3),g9<0.
Case 2. 0 < (2/3)(0+(1/2)) and g = g,(0).
Case 3. 0 < (1/2) and g,(0) < g < g,(0).
Case4. 0 < (1/2)and g = g,(0).
Case 5. 0 < (1/2) and g,(0) < g < 0.
Case 6. 0 <0and 0 < g < g;(0).
Case 7. 6 < 0and g = g;(0).
Case 8. 0 <0and g;(0) < g < g,(0).
Case 9. 0 <0and g = g,(0).
Case 10. 0 < (2/3), g > g,(0) or 0 > (2/3), g > 0.

Casell. 0 < 0 < (1/2),0 < g < g4(0) or (1/2) < 0 < (2/3),
95(0) < g < g4(0).

Case12. 0 <0 < (2/3)and g = g,(0).

Case13. 0 =(1/2)and 0 < g < g5(0).

Case 6. (1/2) <0 < (2/3)and g,(0) < g < g5(0).

According to the qualitative theory of differential equa-
tions and the above conditions, we have the results as Table 1.

3. Numerical Simulation for
Bounded Integral Curves

In this section, we make the numerical simulation for
bounded integral curves. For convenience, throughout the
following work we only discuss the solution ¢(&) with respect
to the first component u = ¢(&) + ¢ and omit the second
component p = (&) = —g/¢ of (4).

From the derivation in Section 2 we see that the bounded
traveling waves of (4) correspond to the bounded integral
curves of (8) and the bounded integral curves of (8) cor-
respond to the orbits of system (9) in which ¢ = ¢(§) is
bounded. Therefore we can simulate the bounded integral
curves of (8) by using the information of the phase portraits
of system (9).

It follows from [14-18] that the open orbits K; (i =1-5) of
system (9) correspond to the compacton-like waves of (4), the
heteroclinic orbits J; (i = 1,2) of system (9) correspond to the
kink-like waves of (4), and the periodic orbits surrounding
the center point (¢,,0) correspond to the periodic waves of
(4). Here we only make the numerical simulation for Cases
4 and 5 as Examples 1 and 2. The other cases are similar to
Examples 1 and 2, so we omit them.

Examplel. For Case4,taking® = -1 < 1/2,theng = g,(0) =
~1.39361, ¢, = —2.3461, ¢, = —0.930567, and ¢, = 1.27666.



(1) From (11), the two heteroclinic orbits ];‘r (see
Figure 1(d)) passing through the saddle point (¢;,0) have
expressions, respectively,

s J(M) 9"+ 2139’ +09° + 299+ h(93) (1
+ - ,

where h(g;) = H(¢p3,0) and 0 < ¢ < @;. We assume that ¢(0)
and (p'(O) are the initial values for the orbit of system (9). For
any given ¢} (0 < ¢ < @), then from the first equation of
system (9) we have ¢’ = y(¢}) at¢ = ¢} . For example, setting
¢; =1, we have y(¢;) = +0.5160826789900144. Thus taking
¢(0) = 1 and q)'(O) = +0.5160826789900144 as initial values,
respectively, we simulate the integral curves of (8) as (a) and
(b) in Figure 2.

(2) From (11), the two heteroclinic orbits ];‘r (see
Figure 1(d)) passing through the saddle point (¢;,0) have
expressions, respectively,

J(1/4) 9"+ Q139" +69° +2gp + h(9) (5
y== 2 ;
¢

where h(¢,) = H(¢,,0) = H(0,0) = 0and ¢, < ¢ < 0.
For any given ¢, (¢, < ¢, < 0), then from the first equation
of system (9) we have ¢’ = y(¢p}) at ¢ = ¢;. For example,
setting ¢, = —1, we have y(¢;) = +1.1707040231039854.
Thus taking ¢(0) = -1 and (p'(O) = +1.1707040231039854 as
initial values, respectively, we simulate the integral curves of
(8) as (¢) and (d) in Figure 2.

(3) From (11), the orbit K; (see Figurel(d)) passing
through (¢,, 0) has expressions

s J (/49" +2/3) ¢ + 09" +2gp +h(gn) (i
2 7 :

where h(¢,) = H(¢y,0),0 < ¢ < ¢y, and 0 < @, < ¢;. Choos-
ing ¢, = 1 € (0,¢;) and taking ¢(0) = ¢, and ¢'(0) = 0 as
initial values, respectively, we simulate the integral curve of
(8) as (e) in Figure 2.

Example 2. For Case 5, taking @ = -1 < (1/2), then g =
(1/2)g,(6) = —0.696804 € (g,(6),0), ¢, = —2.56755, ¢, =
-0.50572, and ¢, = 1.07327. From (11), the orbit K5 (see
Figure 1(e)) passing through (¢s,, 0) has expressions

s J /D' +2/3) ¢ +69° + 299 +h(gs) (1)

L q)z bl
where h(p;) = H(g;,0), @3, < @ < 0, and ¢;, =
—-1.624378546433569. Taking ¢(0) = ¢, and (p/(O) = 0as

initial values, respectively, we simulate the integral curve of
(8) as (f) in Figure 2.

Remark 3. The kink-like waves in Figures 2(a) and 2(b)

are defined on (—oo, 21) and (—gl,+oo), respectively. The
kink-like waves in Figures 2(c) and 2(d) are defined on

(—52,+oo) and (—oo0, 52), respectively. The compacton-like
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wave in Figure 2(e) has peak form on (—23, 23), where fl, 52,
and &; satisty

Z- J‘Pf sds
Fd \/(1/4)s4+(2/3)s3+9$2+ng+h((p3)

for 0 < (piF < @3,

£ - JO —sds
2 = 5
9 \/(1/4)54+(2/3)s3+652+2g5+h((p1) (18)

for ¢; < ¢; <0,

E _ J“’O sds
ol \/(1/4)s4+(2/3)53+052+2gs+h(<po)

for 0 < ¢, < @5,

where h(p,) = H(g,,0), h(g;) = H(p;,0), and h(g;) =
H(g;,0). Take the data of Example 1, thatis, 0 = -1, g =
~1.39361, ¢ = 1, ¢} = 1, ¢, = 1.27666, ¢, = —2.3461, and

@ = 1, then from (18) we obtain &, = 0.54746, &, = 0.480057,

and & = 0.915546 which are identical with the simulations
(see Figures 2(a)-2(e)).

Remark 4. The compacton-like wave in Figure 2(f) is defined
on (-&,,&,), where &, satisfies

g _ J'O —sds
! P \/(1/4)54+(2/3)s3 +0s% +2gs + h(g;)

» (19)

where h(p;) = H(gps,0). Take the data of Example 2;
that is, 0 = -1, g = -0.696804, ¢, = 1.07327, and
@5, = —1.624378546433569, and then from (19) we obtain
g, = 1.73392 which is identical with the simulation (see
Figure 2(f)).

Remark 5. For Cases 4 and 5, there are a family of
periodic orbits surrounding the center point (¢,,0), but
the boundaries of the periodic orbits are different. For
Case 4, the boundaries of the periodic orbits are the two
heteroclinic orbits ]2i (see Figure 3(a)), while for Case 5,
the boundary of the periodic orbits is the open orbit K,
(see Figure 3(b)). Taking the data of Example 1 and a set of
initial values (¢(0), (p'(O)), thatis, 0 = -1, g = —1.39361 and
(9(0),9'(0)) = (=1,0.7),(-1,1.1),(-1,1.17), (-1, 1.170704),
we simulate the periodic orbits of (8) as Figure 4. Similarly,
taking the data of Example2 and a set of initial values
(9(0),¢'(0)), that is, 8 = -1, g = -0.696804, and
(9(0), (/)'(0)) = (-0.7,0),(-0.9,0), (-0.98, 0),(—0.9854465, 0),
we simulate the periodic orbits of (8) as Figure5. The
simulations in Figure 4 imply that the periodic waves tend
to two kink-like waves when the periodic orbits tend to the
heteroclinic orbits J; . The simulations in Figure 5 imply that
the periodic waves tend to the periodic compacton-like wave
when the periodic orbits tend to the open orbit K,,.
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4. The Expressions of Kink-Like and
Compacton-Like Waves

In this section we derive the exact expressions of the kink-
like and compacton-like waves in different cases i (i = 1-16).
Assuming that (¢(0), (p'(O)) is the initial point of an orbit of
system (9). Let

1 2
F(gp) = Zg04 + 54)3 + Ggoz +2g¢ + hy, (20)

where h, = H((p(O),(p'(O)), then form H(gp,y) = hy, the
following equation:

9’y =F(9) (21)

determines the orbit passing through (¢(0), go'(O)).

4.1. Solutions of Kink-Like Wave. (1) In Cases i (i = 1-4)
corresponding to phase portraits in Figures 1(a)-1(d), (20)
becomes

1
F(p)= (@ =) (¢ +mp+n), (22

where m; = (8/3) + 2¢5, n; = 40 + (1/3)9;(16 + 9¢5).
Thus the orbits J; passing through saddle point (¢;, 0) have

expressions
_ 2
(95 =) \9> +mip +m ’ (23)

29

y=+

where 0 < ¢ < ¢,. Substituting (23) into dg/d¢ = y and
integrating along J; and J; for initial value ¢(0) = ¢y, where
0 < @ < ¢;, we obtain two kink-like wave solutions of
implicit expression as follows:

fi(9) = fi(pp) e, —& <& < oo,

(24)
fi(@) = filr)e "™, —co<t<i,
where
h (‘Pf)
=2ln——~,
" ! £1(0)
£ (2\/aﬂ52 +mys+n; +b (p;—53) +2a1>!41
S = b
1 (93— )" <2 \$2Hmys+n +25+m1) (25)
P3
H = \/—a_l,

2
ap = @3 tmyps +ny, by = -m; - 2¢;.

The derivations of other kink-like wave solutions are
similar to the above case, so we omit the details and only list
the results.

(2) In Casesi (i = 5, 6) corresponding to phase portraits in
Figures 1(e) and 1(f), we obtain two kink-like wave solutions
of implicit expression as follows:

f2(9) = fo(p}) ", -& <& < oo,

f(0) = falp) e, —co<E <k,

(26)

where

12 ((Pf)
£

& =2In

(v (s = @) (5= ) + B gy =) + 20, )
(0= 9 (2f(s=02) 5= 92) + 25— 93— 9,

_ 9
Hy NS

a, = (93 = 931) (93 — 93,) »

>

fz (s) =

by, = @3 + @3, — 2003,

1
0y = (_4 -3¢, - \/E\/s — 180 — 3¢5 (4 + 3%))’

3
1
3

N )

(27)
(3) In Case 7 corresponding to phase portrait in

Figure 1(g), we obtain two kink-like wave solutions of implicit
expression as follows:

f5(9) = f5 (97) P, —& <& < oo,

f3(9) = fi(p) e ™™, —co <<k,

(28)

where
52 £0)°
. (V5= 5) (o (s 9) + (o —9)s)”
S)= >
T (e B) (Ve e - (o))
”3:\/—%?—3@’ ¢§=—§—2¢3-

(29)
(4) In Case 11 corresponding to phase portraits in

Figure 1(k), we obtain two kink-like wave solutions of implicit
expression as follows:

f1(9) = fu(p}) e, -0 <<,

fi(9) = fa(e)) e—(1/2)g’ &, <§ <o,

(30)
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FIGURE 1: The phase portraits of system (10) in different cases i (i = 1-16).
where where
£,0) & =2(fs (0~ f5(¢1))>
& =2In >
fa(9}) £(9) 2¢5 \js—%z
§)= ————|——=
b T pimen (59
o (29 (s =02 (5= 92) ~ by (s = 1) + 23, e
4 (s) = .
(=) (2= @) = 93) + 25— 9= 95, = In(2y(e-90) - 90) 1257959,
(31) 1 — 8
§03=§(_2+ 4—69), §032=_§_3§03-
(5) In Case 12 corresponding to phase portraits in (33)

Figure 1(1), we obtain two kink-like wave solutions of implicit

expression as follows: (6) In Cases i (i

13,15,16) corresponding to phase

portraits in Figures 1(m), 1(0), and 1(p), we obtain two kink-
like wave solutions of implicit expression as follows:

fs (@) = fs (1) +
fs (@) = f5(97) -

N = N =
e

£,

>

—c0 <& <,
(32)
_ES < 5 < 00,

fs (@) = fo (‘Pf)e(lmg’ —00 <§ <&,

fs (9) = fo (¢)) e—(1/2)§’ &6 < § <00,

(34)



8
where
16 (0)
=21 ,
=2
(2\/(1_1\’52 +ms+ny—b (S _ ¢3) + 2(11)#1 (35)
fs (s) = )

(s—g3)" <2\/$2 +mys+ny +2s+ m1>

(7) In Case 14 corresponding to phase portrait in
Figure 1(n), we obtain two kink-like wave solutions of implicit
expression as follows:

5 0) = £ () + 58 —co<E<n
. (36)
f7(‘P):f7(§"f)_EE> =&, <& <00,
where
0
=21 :
B=2n
L o) 7
S=¢1
= l .
f7(5) PR n(5—¢3)¢3

(8) In Case 4 corresponding to phase portrait in
Figure 1(d), we obtain two kink-like wave solutions of implicit
expression as follows:

fs (@) = fs (¢;)e(1/2)5> —00 < § < &,

(38)
fs (@) = fi (‘P;) e—(1/2)£’ —&s <& <00,

where ¢, < ¢; < 0and

L 5O
S )
- (Vi -5+ V—_s)<\/<m (s=91) = (o —sv‘{)S)M
8 (\/svi—s—\/fs)(\/% (5_¢;)+\/(¢1_¢;)5>""’
1 o_ 8
My = \/ﬁ» P :_5_2‘P1~

(39)
(9) In Cases i (i = 5-12) corresponding to phase portraits

in Figures 1(e)-1(1), we obtain two kink-like wave solutions of
implicit expression as follows:

fo (@) = fs (‘P;)e(l/m’ —00 < § <&,

(40)
fole) = fo (‘P;) e—(1/2)g) &y <& <00,

Abstract and Applied Analysis

where
£ =2In fg(o*) ,
fs (93)
Hs
(2\/61_3 s +mys+n,+by(s—¢) +2a3>
f9 (S) = >
(s—¢,)"* (2\/52 +Mys + 1, + 25 + m2>
(41)
-9
SRS
a; = ; + My, +ny, by = 29, +m,,
8 1
m2:§+2(p1, n, = 40 + §(p1(16+9(p1).

4.2. Solutions of Compacton-Like Wave. (1) In Casesi (i = 1-
4) corresponding to phase portraits in Figures 1(a)-1(d) and
¢(0) = @, (20) becomes

F(9)= 7 (00 -9) (001 = 9) (9= 002) (9= Fi). (42

where ¢, and ¢y, are real roots and ¢y, and ¢, are conjugate
complex roots of F(¢) = 0and 0 < ¢, < @5 < ¢;. Thus the
orbit K; has expressions:

AN G- 0-90) (0-F) ()
: " :

y

where 0 < ¢ < ¢,. By applying transformation dé = 2¢ dv to
de/d& = y, we have

do
L = 20y. 44
3, - 2 (44)

Substituting (43) into (44) and integrating along K, we
get

_ PPor — 990 ~ (Ppor +q9,) en (w, k)
p-q-(p+q)en(wky)

,w| < wy,

(45)

where

>

- \j(P +q) (90— 90)’

4pq
p=\(A- 9001)2 +B?,

q=\(A-¢) +B

(46)
9o~ P (o2 = 902)’
A=102 702 B=-_~102 70
2 4
-1 PPo1 — 99
w=/pqv, w, =cn (—,k).
' PpoL+ a9
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14 ¢ 14 ¢

12} 1.2 /

-1.0}

-15+

=20t

=25t

-1.0 -0.5 0.0 0.5 1.0 -0t
(e) (f)

FIGURE 2: The simulations of integral curves of (8) when 6 = -1, g = —1.39361 (corresponding to Example 1), and g = —0.696804 (corre-
sponding to Example 2). (a) ¢(0) = 1 and ¢'(0) = —0.5160826789900144. (b) ¢(0) = 1 and ¢'(0) = 0.5160826789900144. (c) ¢(0) = —1 and
¢'(0) = —1.1707040231039854. (d) (0) = —1 and ¢' (0) = 1.1707040231039854. (e) ¢(0) = 1 and ¢’ (0) = 0. (f) (0) = —1.624378546433569
and ¢'(0) = 0.

Substituting (45) into d§ = 2¢dv and integrating once, we ~ where
get

£- 2 (P‘P01+Q‘P0w+(P_Q)(‘Po_§001) ptq
VPA\ P+q 2(p+q) q-p

><(H<sin_1 (sn(w,kl)),%,lﬁ)—(xlﬂ)), B-

1
(47) 2\ K+ (Kiey)’
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(a) (®)

FIGURE 3: The periodic orbits surrounding the center point (¢,,0) and their boundaries, where (a) for Case 4 and (b) for Case 5.

FIGURE 4: The simulations of periodic integral curves of (8) for Case 4, where the initial values (@(0),¢'(0)) =
(=1,0.7), (=1, 1.1), (=1, 1.17), (=1, 1.170704).



Abstract and Applied Analysis

(c)

1

(d)

FIGURE 5: The simulations of periodic integral curves of (8) for Case 5, where the initial values (¢(0), (p'(O)) =(-0.7,0), (-0.9,0), (-0.98,0),

(—0.9854465, 0).

x In

= \1- K2

Thus we obtain a compacton-like wave solution of para-
metric expression as follows:

(48)

_ PP — a0 — (P91 +9%) cn (w, k)
p-q-(p+q)en(wk)

= 2 (P‘Pm*qq’ow (p-a)(po -
VPa\ Pt 2(p+q)

X(H(mﬂ(m@uh»,éﬁqkd
ws))

where w is a parameter variable and —~w; < w < w;,0 < ¢ <
Po-

>

‘P01)

(49)

The derivations of other compacton-like solutions are
similar to the above case, so we omit the details and only list
the results.

(2) In Cases i (i = 7-10) corresponding to phase portraits
in Figures 1(g)-1(j), we obtain a compacton-like wave solu-
tion of parametric expression as follows:

_ P90 —a9o + (po +q9o1) cn (w, k)
p-q+(p+q)en(wk)

%

>

(p—a) (90— 901)

2(p+q)

2 (P‘Po"'qumw_

VP4 p+q
(50)

2
Lk
al -1 !

X (1‘[ (sin‘1 (sn(w,k,)),

+es))

where w is a parameter variable, ~w, < w < w,, and w, =
en” (((ppo — 4901/ (PPo + 4P01)) - K1), 9o < 9 < 0,

(3) In Cases i (i = 5,6) corresponding to phase portraits
in Figures 1(e) and 1(f), we obtain a compacton-like wave
solution of implicit expression as follows:

£:(9) = fo(s,) e MR, €] < &0, (51)
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where

£ (9s,)
£0)

(4) In Case 5 corresponding to phase portraits in
Figure 1(e), we obtain a compacton-like wave solution of im-
plicit expression as follows:

4\j 0—9081 o (sn_1 <\/¢§z (p- <{8))k2> P = : %
Por — Po @ (¢ - 9"01) Por

it sin? v le—93)\ >
H( (Jgog@—so&))’”"))

= |€|’ Isl <&

&o=2In (52)

(53)

0 and

—Po1 Po1 — 9o
R S = Y))
! Por — Po 9 2

ol

o - \]g& b - \](%r%)%
Por (95 — 95) Py

<—8 ~ 3¢5 —\[~1446 — (8 + 3¢;) (-8 + 9<pg)),

where ¢; is a root of equation F(¢) =

Por =

A= |

(—8 ~ 305 + 1446 — (8 + 3¢5) (-8 + 9¢5)) .
(54)

9001* =

(5) In Case 6 corresponding to phase portraits in
Figure 1(f), we obtain a compacton-like wave solution of
implicit expression as follows:

4\/ o (g \jfp{}r (76-9) .\, %=
Po ~ Por 2 (9"0r -¢) Por
< 11 sin? \j‘/’?r ((/:0 -¢) o g’k
25 (95 — 9)

= |El > |E| <&

(55)

where

Por P~ Por
E =4\jﬁ( (1k)+ H( >(X>k>))
2 Po — Por ’ Por 27

o - \]@5 k- \j((ﬁér ~9) %0
Por (95 — 951) Por

(56)
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(6) In Case 16 corresponding to phase portraits in
Figure 1(p), we obtain a compacton-like wave solution of im-
plicit expression as follows:

S (‘P) = f1o (‘Plr) e(l/zm’ |f| <& (57)
where
f10 (0)
&,=2In———,
" fro (¢1)
He
(2va(s = 9u) (5= 91) + b5 (5= 91) + 20, )
fio(s) = p >
S—¢ S=Pu)\S— Py S=Pu—P1r
(s= o) (2(s=@u) 5= 90) +2 )
_ P
He \/a_4’
a; = (91 = ou) (91 = 91,) by =201 — @y + @1y
1
oy = 5( 43¢, - V2,8 1860 - 3¢, (4+3(p1))
1
oy, = 5( 43¢, + V218 - 1860 - 3¢, (4+3(p1))

(58)

5. Conclusion

In this paper, we have found two types of bounded traveling
wave solutions for a two-component Fornberg-Whitham
equation (see (4)), that is, the compacton-like wave and kink-
like wave solutions. Their planar graphs of these solutions
are simulated by using software Mathematica (see Figure 2).
Meanwhile we reveal two kinds of new phenomena; that is,
the periodic wave solution can become the kink-like wave
or compacton-like wave solution under some conditions,
respectively (see Figures 4 and 5). In different Cases i (i = 1-
16), the exact implicit or parameter expressions of kink-like
wave and compacton-like wave solutions are given.
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