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We establish the oscillation criteria of Philos type for second-order half-linear neutral delay dynamic equations with damping on
time scales by the generalized Riccati transformation and inequality technique. Our results are new even in the continuous and the

discrete cases.

1. Introduction

In reality, it is known that the movement in the vacuum
or ideal state is rare, while the movement with damping
and disturbance is extensive. In recent years, the study of
the oscillation of the second-order dynamic equations with
damping on time scales is emerging; see [1-7], for example.
Besides, the study of the oscillation for the second-order
linear and nonlinear or semilinear dynamic equations can
be found in [8-23] and of the oscillation for the high-order
dynamic equations can be found in [24-33]. Then, inspired by
the above work, this paper will study the oscillatory behavior
of all solutions of a more extensive second-order half-linear
neutral delay dynamic equation with damping, which is given
as follows:

(a0 (z*®) +pm (2 ®)
+q () f(P(x(7(1) =0,

ey
teT, t=>t,

where ®(s) = |s|"s, 2(t) = x(t) + r()x(z(1), y > 1.
Here, we give the following hypotheses at first.

(H,) T isatime scale (i.e., a nonempty closed subset of the
real numbers R) which is unbounded above and when
t, € T with ¢, > 0, we define the time scale interval of
the form [¢,, co)¢ by [ty, 00)t = [ty 00) N T.

(H,) a,7, p,q T — R are positive rd-continuous
functions such that 0 < r(t) < 1,-p/la € &,

where & is defined as the set of all regressive and
rd-continuous functions and #" is all positively
regressive elements of .

(H;) 7: T — T is a strictly increasing and differentiable
function such that

T(t) <t, lim 7 () = oo, T(T)=T. 2)

t — 0o

(Hy) f: R — Ris a continuous function such that, for
some positive constant L,

@ >L forall x#0. (3)

The solution of (1) defines a nontrivial real-valued func-
tion x satisfying (1) for t € T. A solution x of (1) is called
oscillatory if it is neither eventually positive nor negative;
otherwise, it is called nonoscillatory. Equation (1) is called
oscillatory if all its solutions are oscillatory. Here, we pay
attention to those solutions of (1) which are not the eventually
identical zero.

The purpose of this paper is to establish the oscillation
criteria of Philos [34] for (1). The two famous results of Philos
[34] about oscillation of second-order linear differential
equations are extended to (1), while it satisfies

o 1
I, [age e

1/(y-1)
] At = c0. (4)
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Besides, two criteria of (1) about the fact that each solution is
either oscillatory or converges to zero are obtained when

0 1 1/(y-1
L [%e,ﬂa(t,to)] At < o, 5)

The paper is organized as follows. In Section 2, we present
some basic definitions and results about the theory of calculus
on time scales. In Section 3, we give some lemmas. Section 4
introduces the main results of this paper. We established four
new oscillatory criteria when conditions (4) and (5) hold,
respectively, for the solutions of (1) in this paper.

2. Some Preliminaries

On the time scale T we define the forward and backward jump
operators by

o(t)=inf{seT:s>t},

(6)
pt)=sup{seT:s<t}.

A point t € T is said to be left-dense if it satisfies p(t) = ¢,
right-dense if it satisfies o(t) = t, left-scattered if it satisfies
p(t) < t, and right-scattered if it satisfies o(t) > t. The
graininess function y : T — [ty,00) of the time scale is
defined by u(t) = o(t) — t. For a function f : T — R, the
(delta) derivative is defined by

flo®)-f@)
o(t)-t

if f is continuous at ¢ and t is right-scattered. If ¢ is right-
dense, then the derivative is defined by

f (t) f (S) ®)

)= , )

=

provided this limit exists. A function f: T — R is said to
be rd-continuous if it is continuous at each right-dense point
and if there exists a finite left limit at every left-dense point.
Denote by C4(T,R) the set of rd-continuous functions f :
T — R,and denote by C (T, R) the set of functions f which
is A-differentiable and the derivative f* is rd-continuous.
The derivative f* of f, the shift f7 of f, and the graininess
function p are related by the following formula:

fO=fruf

We will make use of the following product and quotient
rules for the derivative of the product fg and the quotient f/g
of two differentiable functions f and g:

where f° = foo. 9)

(f9)* = g®)+ f @) g" ()
=f®Og" O+ ) gat),
Ny 00 -f0g*® I
<g> = ogewy  reg#0 W
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For b, ¢ € T, the Cauchy integral of f* is defined by

L PO =) - fb). (12)

The integration by parts formula reads

L FOgm=f©)g© - fb)g®)

. (13)
-[ rodon
and the infinite integral is defined by
0 t
J f(s)As = lim j £ (s) As. (14)
b —oo Jp

For more details, see [8, 9].

3. Several Lemmas

In this section, we present six lemmas that are needed in
Section 4. The first lemma is well known, and it can be found
in Chapter 2 of [8]. Lemma 2 is Theorem 1.93 of [8]; Lemma 3
is the simple corollary of Theorem 1.90 in [8]; Lemma 4 is
Theorem 41 in [35]; and Lemma 5 is Theorem 3 in [36].

Lemmal. If g € R', thatis, g : T — R is rd-continuous,
such that 1 + u(t)g(t) > 0 for allt € [t,,00)y, then the
initial value problem y* = g(t)y, y(t,) = y, € R has a
unique and positive solution on [t, 00)y, denoted by eg(-, to)-
This ‘exponential function” satisfies the semigroup property
ey(a, b)eg(b, c) = eg(a, c).

Lemma 2. Assume thatv : T — R is strictly increasing and
T :=v(T)isatimescale. Letw : T — R. vaA(t) and w® (v(t))
exist on T¥, where

Tk _ {'I]'\(p(supﬂ'),sup'l]’], zf sup T < oo, 15)
T, if supT = o0,
then
(wov)* = (wZ ° v) Ve (16)
Lemma 3. If x is differentiable, then
(x")A = yxA JOI [hx” + (1 -h) x]y_ldh. (17)

Lemma 4. Assume that X and Y are nonnegative real num-
bers; then

AXYM X <A -DYY forall A>1,  (18)
where the equality holds if and only if X = Y.

Lemma 5. Let a,b € T and a < b. Then for positive rd-
continuous functions f,g : [a,b] — R we have

b b Up s cb 1/q
J |f (s)g(s)|As < (j |f(s)|pAs> (J- lg(s)|qu> ,

(19)
where p > 1 and (1/p) + (1/q) = 1.
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Lemma 6. Assume that (H,)-(H,) and (4) hold. Let x(t) be
an eventually positive solution of (1). Then there exists t; €
[ty, 00)y such that

- A

20>0, (a0 ®) <o Q0

Proof. Suppose that x(¢) is an eventually positive solution of
(1). There exists ¢, € [t,, 00)y such that x(¢) > 0 and x(z(¢)) >
0 fort € [t;,00)y. From the definition of z(t), we get z(¢) > 0

fort € [t;,00)y, and at the same time for ¢ € [t;,00), from
(1), we get

(att)|2* 0|2 (t))A Fp0]L A @ <0 @)

Hence, from Lemma 1 and (11) we obtain
- A
a'zA|y 20
e—p/a(" tO)
A2 a2 A A2 A
(a|z | z ) e_pra(mto) =€y (',to)a|z | z

e_pra(nt0) €, (t0)

A
y-2 Y2
(a|zA| zA) +plt| 2

= <0
efp/a (" tO)
(22)
for [t;, 00)y. So
AY72 A
a|z ' z (23)
€ pla (" tO)

is decreasing. By Lemma 1, z°(¢) is either eventually positive
or eventually negative. Therefore, for arbitrary ¢t € [t,,00)y,
we have

z2% () > 0. (24)
Otherwise, we assume that (24) is not satisfied; then there
exits t, € [t;,00)y such that Z8() < Oforallt € [t,, 00)7.
Because (23) is decreasing, from Lemma 1 we have
y-2 y-2
a2 0[O _an) ] @) 2 @)
€ _pla (t.to) € pla (t2 1)

(25)
M!
€_pla (t2 1)

for t € [ty,00)7, where M = a(t,)"/Y™V|z%(t,)| > 0. By (25)
and Lemma 1, we get

y-1

- (ZA (t))y_1 > M—e_P/u (t.t,y),

20 tefty,00); (26)

that is,

]1/(Y1)

2 (t) S—M[ﬁe_},/a(t,tz) , te[tyo0). (27)

After integrating the two sides of inequality (27) from ¢, to
t € [t,,00), we have

t 1 1/(y-1)
z(t)sz(tz)—ML [me_m (s,tz)] .

t € [t;,00);.

Next, we find the limits of the two sides of (28) when t —
00. From (4), we get lim, _, . z(t) = —0o. Therefore, z(t) is
eventually negative, which is contradictory to z(¢t) > 0. So
the inequality (24) holds.

From (24) and (21), it is obvious that the second inequality
of (20) holds. This completes the proof. O

4. Main Results

Firstly, the two famous results of Philos [24] about oscillation
of second-order linear differential equations are extended to
(1) when condition (4) is satisfied.

Theorem 7. Assume that (H,)-(H,) and (4) hold. Let H :
Dy = {(t,s) : t 2 s = ty,t,s € [ty,00)} — R be rd-
continuous function, such that

H(t,t) =0, t>ty
(29)

H(t,s) >0, t>s>ty, t,s€ [t;,00),

and H has a nonpositive continuous A-partial derivative

H%:(t,s) with respect to the second variable and satisfies (31).
Let h: Dy — R be a rd-continuous function and satisfies

—H™ (t,5) = h(t,s) (HL)"™,  (t,5) e Dy, (30)

0 < inf |liminf H(t.s)
s>T, t— 00 H(t, TO)
If there exist a positive and differentiable function§ : T — R

such that §%(t) > 0 fort € [ty, 00)y and a real rd-continuous
function ¥ : [ty,00)y — R such that

lim sup Jt a (7 (s))
t—oo H(t,T) Jr, (8(s) 72 (s))y_1

] <oo, T € [ty,00)p. (31)

G (t,s) As < oo,

(32)

© 8@ (s) (Y @@\
JTo (a(r(s)))”(?-l)(a(g(s))) As=oco,  (33)

LH (t,5) 8 (s)q (s) (1 — 7 (z ()"

t
lim su J
t— oop H (t> T) T

a(z(s))

_ﬁGz (t, s):| As
Y8 (s) 74 ()

> ¥ (T),
(34)

where G(t,s) = (8%(s) — (p(s)/a(s))d(s)(H(t, sV ~
8(s)h(t,s), G, (t,s) = max{0,G(t,s)}, ¥, (f) = max{0, ¥(¢)},
and T € [T, 00), then (1) is oscillatory on [t;, 00)y.



Proof. Assume that (1) has a nonoscillatory solution x(¢) on
[to, 00)r. Without loss of generality we may assume that there
exists t; € [t,, 00)y, such that x(¢) > 0 and x[7(t)] > 0 for all
t € [t;,00)7. By the definition of z(t), it follows

x(t) =z (t) —r () x (7 ()
2z(t)-r()z(r(t) (35)
2(1-r(®))z(),

Since it satisfies lim, _, ., 7(t) = oo, there exists T}, € [t;, 00)y
such that 7(t) > t, for all t € [T, 00);. Then if it satisfies
t € [Ty, 00)y, we have

x(z(8) 2 (A -r(z(1)z(7 (D). (36)

By Lemma 6 and (H;), we obtain that

a(zA)y_l > a"(zA‘T)y_1 (37)

t € [t;,00);.

1 1
2 bl
ZoT ZoT’

on [T, c0)y (where (z%)? is short hand for z*9), and

o\1/(y-1)
a
o> Lz“ (38)

- (ao T)l/(}’*l)

holds. Moreover, using Lemmas 3 and 6, it follows that
(o] = (r-1) 20"
x Jol [h(zo1”)+(1-h)(zo T)]y_zdh
>(y-1) (0" (39)
x Ll [h(zo7) + (1= h) (z o )] 2dh

=(y-1D (e (2o

In Lemma 2, let v = 7,w = z, and T is unbounded above by
(H,), so TF=T,and T = w(T) = «(T) = T by (H;); using
Lemma 2, we get

(zo 1')A = (zA ° T) ™, (40)
Thus
[z T)Y_I]A >(y-1)(zen) 2 (2 or) s (4D

By the above inequality and the first inequality in (37), we
obtain that

o GoDEDE
(zoT)'™!

zo1°
holds on [T}, c0);. Now we define the function W by
a(z*)"

A=) (43)
(zor)"!

W =
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Then we have W > 0 on [T}, c0), and

wh 10 . O(i)y_l [a(zA)Y—1]A

oyt o) 18 —8[(z e
+a’(z") P
(zoT) (zo1?)
(l)(gH“) Lgd(x 1) pd

y-1
o) (zer) ! (ZA)

1 (o) 18 =3[z ]

o _Ac
+a (z
( ) (z o T)yfl(Z o TU)Y*I
(36) _ po A1
< —Lgd(1-ror) - £
ad(1 =70 - P (2)

y-1(z0 )18 - 8[(z o T)’Y"l]A
(zor)' Nz oTo)!
Py, . 0"

W+ =W’
a I

+ aa(zAa)
(43) _
< —Lgd(1 —rot) ! -

aaa(ZAu)Y—l [(z . T))FI]A
e Nzoro) ! (44)
pS_ . 8
WW + gw
6a°(zA°)y71 [(z o ‘L')”il]A

(zor) H(zoro)!

(37)
< —Lgd(1 —rot) ! -

(42) g
< Lgd(l-ren 4 <5A - 1-’5) W
a
A

(y-1) (Sa”(zAa)y_l (zA o T) T
) (zo77)

(38) o
< Lgd(l-rer) 4 (8A - 35) W
a

(y-1) STA(a‘T)V/(Y*U(ZAa)V

(ao T)l/(Y—l)(z o 79)Y

( w?

3)
4£ _Lq(s(l —ro T)y_l + ((SA - E(S) 6_‘7

a
(y-1)6c"
B (ao T)U(Y*U(éa))’/(

/(y-1)
y_l)(Wa)Y Y ;

then we obtain

WA () < -Lq(®)8 () (1 —r(z (1)
8(t)
sy @® (45)
- nsmtm
(a(z ()8 (o ()

+

W (o )
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on [Ty, 00)p, where A = y/(y — 1), 8¢t) = 8%(t) -
(p(H)/a(t))d(t). Thus, for every t,T € [T, 00)y witht > T >
T,, by (13), we get

ﬂLH«n@auwuo<1—ru@»v*As
<H((t,T)YW(T)

- Lt (=H™ (t,5)) W (0 (5)) As

5(5)
5 )

—JtH( . (y-1)8(s)7" (s)
T (@@ ()76 (o ()

+ JtH(t,s) W (o (s)) As
T

(W (0 (s))) s

D v, )W (T

— B 1/
N Jt S(s)H(t,s) =8 (o (s)h(t,s)H'" (t, S)W(a (s)) As

T 8 (0(5))

¢ (y-1)8(s)7" (s)
— H (t,
jT (5:5) (@SN S (@ ()N

<H(@t,T)YW(T)

(W (0 (s)) s

. Jf S(s)HY VA (1,6) =8 (s)h(t,s)
T 0 (o (s)

x H (t,5)W (0 (s)) As

t (y-1)8(s)7" (s)
- H(t) )
jT ) (a@ NG (@ ()
<H({t,T)W (T)
+ Jt G+ (t’ S)
1 8 (0 (s))

JfH (y-18) 7 (s)
- (t:s pa )
T (a(r(s))"(8(a(s))

(W (o (s))*As

HY (¢, )W (0 (5)) As

(W (0 () As,

(46)

where G(t,s) = S(HY Y (t,5) - 8(s)h(t,s)
(8%(s) = (p(s)/a()B()(H(E, s = 8(s)h(t, s), G, (t,5)
max{0, G(t, s)}. So using Lemma 4, let

X

(y = DO(S)TA(s) ]“
H(t,s) W(o(s), (47)
[ Y aE O G o

1/
(y = D3(s)r"(s)

Y = G.(ts) < )_1M
A8 @6\ (@ ()OS (o ()

(48)

5
Using the inequality (18), we have
SEU(L;; H (1, )W (0 (s)) - H (£, )
(y-1)8(s) 7 (s) A
(W (0 (5)))
(@@ ()8 (o (s))
<c<GAn9>”““< ()72 (s) )*M”)
~ "\ 8(a(s) CICION ARCICION . ’
(49)

where C = (A — l)A_)‘/(A_I)(y —1)YA-b - 1/yY. Thus

G, (t,5) 1
SESH (4 9W ()
(p-1)8(5)7* (5) \
CH(ts) W) (50
e ooy T G0
< aT¥) (T(s) G (t,s).

(8 (s) T (s))y_1 !

From (46) and (50), we obtain

J; [LH (t,5)8(s)q(s) (1 =7 (z(s))"

B a(r(s))
Pr(8 (s) T8 (s))y_1

+

GY (t,s):| As < H(t,T)W(T);

(51)

that is,

LH (t,5) 8 (s)q (s) (1 — 7 (z ()"

it

_L))—IGK (t,8) | As < W (T).
(8 (s) T (5))
(52)

From condition (34), we have

W(T)<W(T), T e€|[Ty00)s, (53)

lim sup

1 t -
PR H(t,T)J LH (t,5) 8 (s)q (s) (1 =7 (7 (5)))" " As

T

> ¥ (T).
(54)



By (46), we have

1 £ ) -
H(t,T) JTLH(t’S)a(S)Q(S)(l r(r(s)) 'As

HY (t,5)W (0 (s)) As

<W(T) + — r G, 9

H(t,T) Jr 8(o(s))

1 (y-1)o) ()
H b
HtT) .[T b (a(t ()16 (o (s)*

X (W (0 (5)))*As,

(55)

and from the above inequality, let T' = T;, and denote that

3 1 LG, (ts) an
At) = HT) JTO 5 (s))H (t,s) W (0 (s)) As,
1 ‘ (y-1)8(s)7° ()
B = H (t,
® H@%Lh “Qmuwwﬂwﬂmﬂ

X (W (0 () As;

(56)
meanwhile noting (54), we obtain
litm inf [B(¢) — A(®)]
< W (T,) - limsu 1
=AY H (6 1)
(57)

X Jt LH (t,5)8(s)q(s)(1 —r (7 ()" ' As
T,
<W (T,) - ¥ (T,) < co.

Now we assert that

W (o (s))'As < oo (58)

Jw 8 (s) 7™ (s)
T, (a(r ()8 (@ ()

holds. Suppose to the contrary that

(W (o () As = co.  (59)

JOO 8 (s) ™ (s)
T, (a (7 ()8 (o ()"

By (31), there exists a constant ¢ > 0 such that

inf [liminf-LES) | 5 650, (60)
52T, t— 0o H(t, TO

From (59), there exists a T € [T}, 00)y for arbitrary real
number M > 0 such that

t A
J O(s)7" (5) (W (0 () As >
T,

M
(@@ NS (o (<)) (y-1)¢

(61)
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fort € [T, 00)y. By (13), we have

1 t
B(t) = HLT,) JTO‘[(Y—I)H(RS)

X <r 8 (u) (1)
T, (a(z )8 (o ()))*

As
x (W (a(u)))AAu> }As

— 1 ‘ _ _ As
- e JTO {[--1)H 9]
x r(s) 8 (w) ()
o, (a (@) (o w))*
(W (0 (1)) Au} As
1 t A,
] ALY
y r 8 (u) T (u)
7, (a(r @) (S (o w)*
x (W (0 ()" Au} As
1 t A, M
> mJT [—(Y—I)H (t,S)] WAS
_MH(@T)
e H(t,T,)
(62)

From (60), there exists t, € [T,00)y such that H(t,T)/
H(t,T,) = efort € [t,,00)}, so B(t) = M. Since M is
arbitrary, we have

Jim B (£) = oo. (63)
Selecting a sequence {T,},, T, € [T, 00); with
lim, _, T, = oo satisfying

Jim [B(T,) - A(T,)] = litm inf [B(t) - A(t)] < 00, (64)
then there exists a constant M, > 0 such that
B (Tn) -A (Tn) < MO (65)

for sufficiently large positive integer n. From (63), we can
easily see

Jim B(T,) = oo, (66)

and (65) implies that

Jim A(T,) = co. (67)
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From (65) and (66), we have

A(Tn) MO M() _ 1_
By ‘ZTBr) oMy 2 ¥
that is,
A(T,) 1

for sufficiently large positive integer n, which together with
(67) implies
[AT)]” _ [A(Tn)
= lim | —=
n—00

y-1

On the other hand, by Lemma 5, we obtain

_ 1 G, (Tn’s) m
A(T,) = HTTy) LO 50 () HY(T,,s)W (0 (s)) As
_ JT" [ (y—1)H(T,,5)8(s) T (s) ]‘“)’V
B Ty H(Tn’TO)
W (0 (s))
[a(z (s))]V78 (0 (s))

HYYY (T,,5)
n

{ [a (x (NG, (T, s)
X
H (Tn’ TO)

[(y— 1) H (T, s) 8 (s) 7° <s>]“‘””}
X As
H (Tn> TO)

J.Tn (y—1)H (T, )8 (s) T (s)

|

To H(Tn’TO)
_ (y-1)/
x[ W (o (s)) ]W DAS}Y y
(@(z ()78 (0 (s))

H"' (T, s)

Ts a(z(s)) G, (T,,s)
) ’[To HY (Tn’ TO)

1- 1y
; [(y—wH(Tn,s)a(s)TA(s)] VAS}
H (Tn’ TO)

- [B(T,))""

_N\r T,
X «[% JT a(t(s) G (T,,s)
n -0 0

1/y
x [8(s)7 (s)]l_yAs} .

(71)

7
The above inequality shows that
Y _ N\ T,
AT 00 [N a0y,
[B(T,)]" H(T,,T,) Jr, (8 (s) T2 (s))"
(72)

Hence, (70) implies

' 1 J‘Tn a(t(s)
lim -
=0 H (T,, Ty) J1, (8(s) 72 (s))"

-G (T, s) As = oo,

(73)
which contradicts (32). Therefore (58) holds. Noting W(T') <
W(T) for T € [T, 00)y, by using (58), we obtain

Joo 8 (s) 7 (s)

b4 AA
T (a(r(s)))“(aw(s)))k( - (@ () As

§ ro 8 (s) 7™ (s)
" (a@s)S (0 ()

(W (0 () As < o0,
(74)

which is contradicting with (33). This completes the proof.
O

Remark 8. From Theorem 7, we can obtain different con-
ditions for oscillation of all solutions of (1) with different
choices of 8(t) and H(t, s). For example, H(t,s) = (t — )™
or H(t,s) = (In((t + 1)/(s + 1)))™.

Theorem 9. Assume that (H,)-(H,), (4), (30)-(31), and (33)
hold, where H, h, §, and ¥ are defined in Theorem 7. Assume
that

t

< 00,

lim inf

t — 0o

LH (t,5)8(s)q(s) (1 — 1 ((s)" ' As

(75)

t
liminf

1 y-1
minf o JT [LH(t,s)cS(s)q(s)(l -7 (7()))

_L))qu (t,5) | As
Y (8 (s) 2 ()"
> Y (T)
(76)
holds, where T € [T, 00)y, Gl(t,s) = (6%(s) -

(p(s)/a(s)S()(H(t, )Y~ 8(s)h(t,s), G, (t,s) =
max{0, G(t, s)}. Then (1) is oscillatory on [t, 00).

Proof. Assume that (1) has a nonoscillatory solution x(t) on
[ty, 00)y. Without loss of generality we may assume that there
exists t, € [t,,00)y, such that x(¢) > 0 and x[7(t)] > 0 for all
t € [t;,00)1. So z(t) > 0 and there exists T, € [t;,00)y such
that

x(7(t) 21 -r(r()z(r() (77)



for t € [T}, 00)y. Define the function W by

a(4)"

W=o —,
(zoT)!

t € [Ty, 00);- (78)

We proceed as in the proof of Theorem 7 to obtain (46) and
(50), so that

1 ! ~ -1
T jT [LH (£,9)6(5)q() (1 - 7 (z(s)))
2T G| assw).
P (s) 72 (5))"
(79)
Hence, (76) implies
Y(T) <W(T), T €[Tyo00), (80)
litrrlng 1) Li LH (t,5)0(s)q(s) (1 —r (7 (s)))y_lAs
> ¥ (T);
(81
then we have
Y (T) < lim inf;
t—oo H(t,T)
t
X J [LH (t,5)8(s)q(s) (1 —r(z(s)) "
T
___aG@) gy, s)] As
P8 (s) 7 (5))"
< lim inf;
t—oo H(t,T)
X r LH (t,5)8(s)q(s) (1 —r(r () As
T
o CaEe)
R L P ey I
(82)

From the above inequality and (75), we have

lim inf
t—co H(t, T)

Jt a (T (5)) GZ (t, S) As < 00. (83)

T (5(s) 2 ()"

Therefore, there exists a sequence {T,},>, : T, € [T,,00)y

with lim,, _, . T,, = oo such that
TVI
lim ! J a (7 (s)) — G (t,5) As < 00. (84)
n2OH (T, T) Jr (8(s) 72 (s))
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Definitions of A(t) and B(t) are as in Theorem 7; from (46),
and noting (81), we have

limsup [B(t) — A (t)]

t— 00

<W(T,) - lim inf

H(t,T,) (85)
X J LH (t,5)0(s)q(s) (L —r (7 ()" ' As
Ty
< W (T,) - ¥ (T,) < oco.
For the above sequence {T,}2,,
lim [B(T,) - A(T,)] <limsup [B(t) - A ()] < co.
(86)

We obtain (58) by using reductio ad absurdum. The rest of
the proofis similar to that of Theorem 7 and hence is omitted.
This completes the proof. O

If (4) is not satisfied, that is, if condition (5) holds, we can
obtain the following results.

Theorem 10. Assume that (H,)-(H,), (5), and (30)-(34) hold,
where H, h, 8, and ¥ are defined in Theorem 7. Assume that

L:O (% J;: e_pa (t,0(s)) g (s)

(87)
1/(y-1)
x(1-r(t (s)))"_lAs> At = co
holds. Then every solution x(t) of (1) is either oscillatory or
converges to zero on [t;, 00)y.

Proof. As the proof of Theorem 7, assume that (1) has a
nonoscillatory solution x(t) on [, 00)y. Without loss of
generality we may assume that there exists t; € [¢,, 00), such
that x(t) > 0 and x[z(t)] > 0 for all t € [t;,00). So z(t) > 0
and there exists t, € [t;,00)y such that

x(7(t) = (A -r(z()z(z () (88)

for t € [t,,00)y. In the proof of Lemma 6, we find that z(t)
is either eventually positive or eventually negative. Thus, we
will distinguish the following two cases:

(1) 2(t) > 0 for t € [t,, 00)y;
(I1) z%(t) < 0 for t € [t,, c0) .

Case (I). When z*(t) is an eventually positive and the proofis
similar to that of the proof of Theorem 7, we can obtain that
(1) is oscillatory.

Case (II). When z%(¢) is an eventually negative, z(t) is
decreasing and lim, _, . z(t) =: b > 0 exists. Therefore, there
exists T, € [t,,00)y such that

z(t@)>z({t)>z(0(@)=b=0 (89)
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for t € [Ty, 00)y. Define the function u(t) =
a®)lZ22 @ 22 ) = -a@®)|2*(#)]". Equations (1) and
(89) yield

)= -2 - q) f [ )]

a(t)

2O 0 -wrgwa-reoy, 0

a(t)
€ [Ty, 00)5.

The inequality (90) is the assumed inequality of [8, Theorem
6.1] (see also [37, Lemma 1]). All assumptions of [8, Theorem
6.1], for example, —p/a € R*, are satisfied as well. Hence the
conclusion of [8, Theorem 6.1] holds; that is,

u(t) <u(Ty)e_,, (t,Ty) - Lb""

pla

x JT e_pia (60 ()q(9) (1= 7 (1(9) s

<-1p! I € pra (160(9)q(9) (1= (x ()" As
(91)

forall t € [T, 00)y, and thus
!
I 28 (1) At
T()

/(y=1)
x (1-r(r (s)))yflAs> At
(92)

foralll € [T, 00)y. Assuming b > 0 and using (87) in (92),
we can get lim; , z(I) = —oo, and this is a contradiction
to the fact that z(t) > 0 for t € [t;,00)y. Thus b = 0; that
is, lim, _, ,z(t) = 0. Then, it follows from (1 — r(¢))z(t) <
x(t) < z(t) that lim,_, . ,x(t) = 0 holds. This completes the
proof. O

Using the same method as in the proofs of Theorems 9
and 10, we can easily obtain the following results.

Theorem 11. Assume that (H,)-(H;), (5), (30)-(31), (33), (75)-
(76), and (87) hold, where H, h, §, and ¥ are defined in
Theorem 9. Then every solution x(t) of (1) is either oscillatory
or converges to zero on [t,, 00)y.

Remark 12. The theorems in this paper are new even for the
casesof T=Rand T = Z.

Example 13. Consider a second-order half-linear delay 2-
difference equation with damping
: < ; >| ( t )
x| = )|x|( =
3 2 2

A
52 0l 0] + 5] 0]

=0, te2Z, txt,:=2,
(93)
where z(t) = x(t) + (1/2)x(t/2). Here, we have
1 1
a(t)=t—2, r(t) == P =,
1 94)
q(t):t—3, fu)=u, T(t) = = y=3.
Then T = 2Z is unbounded above, o(t) = 2t, and u(t) =

t. Conditions (H,) and (H;) are clearly satisfied, (H,) holds
with L = 1, and (H,) is satisfied as

p 0 _ oyt
Vit > 2.

Next, by [37, Lemma 2] and (H,), we obtain

e—p/u(t,Z)Zl—J pES;A —1- Lt 2ASI% o
vVt >2,
SO
t 1 1/(y-1)
[l ™"
t 1/2
L

t
=J \/Esl/zAs—>oo as t — 00.
2

Hence (4) is satisfied. Now let H(t, s) = (f — s)%; then

(t—25)* = (t—s)*

HAS (t,S) =
s
MCEELHC PPN
s
Vt>s>t,:=2.
Since
2t — 3s 213
_HAS (t,s) =2t—3s = m[( _S)Z]
(99)

_ W[H(t S)](Y 1)/}’
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let h(t, s) = (2t — 3s)/(t — 5)*?; then condition (30) holds. We
have

2
0 < inf [lim inf H{s) ] = inf |:lim1nf (t=9) 3 1
) | 8| R )
<00, VT € [ty,00)p,
(100)

so condition (31) holds. Let 8(¢) = t as t > 2; then 8%(¢) = 1
forallt € [t,, 00)y, and

Gbs) = <5A (s) - %a(s)) (H (&, ) =8 () h (¢, 5)
_ l 1/3 _ N (2t - 35)
- (1 - 5>H R TE P

H'” (ts)  s(2t-3s)

= HY (t,s) - H (1s) < H'Y? (t,s),
(101)
forall t > s > 2. Hence
r L))—IGK (t,s) As
T, (8 (s) 72 (s))"
to(s/2)7 1/3 3
—(H R A
) JTO G- pp 6 9) s
~16 J iC ;45)2 As (102)
Ty
8 8 2
=16|-7 5 1)

8t 8t 2
e[ 2)
7T 3T2 T,

We get

. foa@(s)

1 T,
lflls(:ipH (t, TO) JTo (6 s) A (S))y_l G+ (t,s) As

< lim sy, 16[—§+§—%]—16 —8—1‘2+£—i
=T 7t 3t ot 7Ty 3T; T,
<-1)")

1281

7 T

< 00;

(103)
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thus condition (32) holds. Let W(t) = 1/4t; then

ro 8(s) 7" (s) (‘P+ (0 (s)) )MH)AS
1, (a(z(s)YY D\ 8(0(s))

JOO s-(1/2) <1/85>3/2
= —71/2 _— AS
o ((s/272) 7N 2

oo 2 3/2
1
:J S—(—) As
T, 4 1652
_ Lro lpgo L Ins
256 Jg, s 256 In2

(104)

(o]

T,

that is, condition (33) holds. Since

,[t LH (t,5)8(s)q(s)(1 —r (7 () As
T

(105)

2t 2tlns ‘
- +s
s In2 T

[ 2tInt ]
=2t — +t
In2

2

_l[_ZL_ 2tlnT+T])
In2

then

lim sup; Jt LH(t,5)8(s)q(s) (1 -7 (z(s))" " As

t— 00 H(t> T) T
-
Cr
(106)
Moreover, (103) implies
¢ 128 1
lim sup J a(r () — G’; (t,s)As < —8—3
t—oo H(ET) I yr (8 (s) 78 (5))" 63T
(107)

Thus, when T is enough large, we have

lim sup LH (t,5)8(s)q(s) (1 —r (7 (s)))"_1

1 t
t — 0o H(t,T) JT

_ &@; (t,s) | As

Y8 (s) 7 ()"

1 128 1 1

> L 1281 1 gy,
2T 63 T3 4T

(108)
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so (34) is satisfied. By Theorem 7, (93) is oscillatory on
[t, 00)r. Similarly, conditions (75) and (76) are satisfied as
well. By Theorem 9, we can also obtain that (93) is oscillatory.
But the other known results cannot be applied in (93).
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