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The aim of this paper is to introduce the concepts of IFP-intuitionistic fuzzy soft h-ideals and IFP-equivalent intuitionistic fuzzy soft
h-ideals of hemirings. Some characterizations and properties of them are given. In particular, some good examples are explored.
Finally, we investigate aggregate intuitionistic fuzzy h-ideals of hemirings based on decision making.

1. Introduction

Dealing with problems in different areas of applied math-
ematics and information sciences, we have found that
semirings are become more and more useful. They play
an important role in studying optimization theory, graph
theory, matrices, theory of discrete event dynamical systems,
generalized fuzzy computation, and so on. The ideals of
semirings play a central role in the structure theory, and
the ideals of semirings do not in general coincide with the
usual ring ideals; therefore, the usage of ideals in semirings is
limited. In order to overcome the difficulty, many researchers
mean a special semiring with a zero and with a commutative
addition. We call this semiring hemiring. The properties of h-
ideals in hemirings were thoroughly investigated by LaTorre
[1] and by using the h-ideals, he established some analogues
ring theorems for hemirings. In 2004, Jun et al. [2] introduced
the concept of fuzzy h-ideals in hemirings and gave some
related properties. In particular, Zhan and Dudek [3] studied
the h-hemiregular hemirings. Some characterizations of h-
semisimple and h-intra-hemirings were further investigated
by Yin et al. [4, 5]. In order to continue these papers, Ma
et al. [6-8] investigated some generalized fuzzy h-ideals of
hemirings. Zhan and Shum [9] has studied intuitionistic
fuzzy h-ideals of hemirings. The other important results on
semirings (hemirings) were discussed by Dudek et al. [10].
Mathematical modelling and manipulation of some kinds
of uncertainties have become an increasingly important
issue in solving complicated problems arising in a wide

range of areas, such as, economies, engineering, medicine,
environmental science, and information science. In 1999,
Molodtsov [11] firstly introduced the soft set theory as
a general mathematical tool for dealing with uncertainty
and vagueness. Since then some researchers studied the
operations of soft sets and their various applications [12-19].
Recently, some researchers investigated fuzzy soft sets with
parameterizations, such as, fuzzy parameterized soft sets (FP-
soft sets) [20], fuzzy parameterized fuzzy soft sets (FP-fuzzy
soft sets) [20], intuitionistic fuzzy parameterized (IFP) soft
set, intuitionistic fuzzy parameterized (IFP) fuzzy soft set, and
intuitionistic fuzzy parameterized- (IFP-) intuitionistic fuzzy
soft set [21].

In this paper, we introduce the concept of IFP-
intuitionistic soft h-ideals of hemirings and discuss some
related results. Finally, we give some examples to show that
the methods can be successfully applied to some uncertain
problems.

2. Preliminaries

A semiring is an algebraic system (S,+,-) consisting of a
nonempty set S together with two binary operations on S
called addition and multiplication (denoted in the usual
manner) such that (S, +) and (S,-) are semigroups and the

following distributive laws
a(b+c)=ab+ac, (a+b)c=ac+bc 1)

are satisfied for all a, b, c € S.
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By zero of a semiring (S, +, -), we mean an element 0 € S
suchthat0-x=x-0=0and0+x=x+0=0forallx € S.
A semiring with zero and a commutative semigroup (S, +) is
called a hemiring. For the sake of simplicity, we will write ab
fora-b(a,b€S).

A subhemiring of a hemiring S is a subset A of S closed
under addition and multiplication. A subset A of S is called a
left (right) ideal of S if A is closed under addition and SA <
A(AS € A). A subset A is called an ideal if it is both a left ideal
and a right ideal.

A subhemiring (left ideal, right ideal, and ideal) A of S
is called an h-subhemiring (left h-ideal, right h-ideal, and h-
ideal) of S, respectively, if for any x,z € S, a,b € A, and x +
a+z=>b+zimplies x € A.

From now on, S is a hemiring, U is an initial universe, E is
a set of parameters, P(U) is the power set of U, and A, B,C <
E.

Definition 1 (see [22]). Let U be an initial universe. A fuzzy
set X over U is a set defined by a function py representing a

mapping
px : U —[0,1]. 2

Here, py is called membership function of X and the value
px(u) is called the grade of membership of y € U. The value
represents the degree of u belonging to fuzzy set X. Thus, a
fuzzy set X over U can be represented as follows:

X ={(u, ux W) 1 u € U, uy (u) € [0,1]}. (3)

Note that the set of all the fuzzy sets over U will be denoted
by F(U).

Definition 2 (see [23]). An intuitionistic fuzzy set (IFS) X in
U is defined as an object of the following form:

X = {(x, px W), vx (W) : u e U}, (4)

where the functions py : U — [0,1]and vy : U —
[0,1] define the degree of membership and the degree of
nonmembership of the element u € U, respectively, and for
everyu € U,

0<pux@W)+rvyWm) <1 (5)

In addition for all u € U, U = {(u4,1,0) : u € U},
0 ={(u,0,1) : u € U} are intuitionistic fuzzy universal and
intuitionistic fuzzy empty set, respectively.

Definition 3 (see [3]). (i) A fuzzy set p of S is said to be a
fuzzy left (right) ideal of S if the following conditions hold
forall x,y € S: u(x + y) > min{u(x), u(y)}, and p(xy) >
u(y)(u(xy) = p(x)).

Note that if y is a fuzzy left (right) ideal of S, then u(0) >
p(x) forall x € S.

(ii) A fuzzy left (right) h-ideal y of S is defined to be a
fuzzy left (right) ideal p of Sifforanya, b, x,z € S, x+a+z =
b + z implies p(x) > min{u(a), u(b)}.

A fuzzy set y is said to be a fuzzy h-ideal of S if it is both
a fuzzy left h-ideal of S and a fuzzy right h-ideal of S.
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Definition 4 (see [9]). (i) An intuitionistic fuzzy set X of S
is said to be an intuitionistic fuzzy left (right) ideal of S if
the following conditions hold for all x,y € S : p(x + y) >
min{u(x), u(y)}, v(x + y) < max{v(x),v(y)} and u(xy) >
p()(pulxy) = p(x)), v(xy) < v(y)(v(xy) < v(x)).

Note that if ¢ is an intuitionistic fuzzy left (right) ideal of
S, then p(0) > p(x) and v(0) < ¥(x) for all x € S.

(ii) An intuitionistic fuzzy left (right) h-ideal X of S is
defined to be an intuitionistic fuzzy left (right) ideal X of S
if for any a,b,x,z € S, x +a+ 2z = b + z implies u(x) >
min{u(a), u(b)} and v(x) < max{v(a), v(b)}.

An intuitionistic fuzzy set X is said to be an intuitionistic
fuzzy h-ideal of S if it is both an intuitionistic fuzzy left h-ideal
and an intuitionistic fuzzy right h-ideal of S.

The following concepts are cited in [21].

Definition 5. Let U be an initial universe, E the set of all
parameters, and X an intuitionistic fuzzy set over E with the
membership function py : E — [0, 1] and nonmembership
function vy : E — [0, 1] and wy is an intuitionistic fuzzy set
over U for all x € E. Then, an Q-set Oy over I[F(U) is a set
defined by a function wy (x) representing a mapping

wy : E— IF(U) such that wy (x) =0 ifx ¢ X. (6)
Here, wy is called intuitionistic fuzzy approximation of Q-set
Qy, wx(x) is an intuitionistic fuzzy set called x-element of
the Q-set for all x € E. Thus, an Q-set Qy over U can be
represented by the set of ordered pairs

QX:KM,W(@); xe E,wx(x)GIF(U)}-

7)

Note that, if py(x) = 0, vx(x) = 1 and wx(x) = 0, we do not
display such elements in the set. Also, it must be noted that
the sets of all Q-sets over IF(U) will be denoted by Q(U).

Definition 6. Let Q5 € Q(U).

(i) If Qx(x) = 0 for all x € E, then Qy is called an X-
empty Q-set, denoted by Q; .

(i) If X = 0, then the X-empty Q-set (€ ) is called
empty Q-set, denoted by Q. Here, @ means intuition-
istic fuzzy empty set.

(iii) If px(x) = 1, vx(x) = 0, and wx(x) = U forall x € X,
then Qy is called X-universal Q-set, denoted by Q.

(iv) If X is equal to intuitionistic fuzzy universal set over
E, then the X-universal Q-set is called universal Q-
set, denoted by Q5. Here, U means that intuitionistic
fuzzy universal set.

Definition 7. Let Qx, Qy € Q(U). Then

(i) Qx is an IFP-intuitionistic fuzzy subset of Qy,
denoted by Oy CQy, if py(x) < py (), vx(x) = vy (x),
and wy(x) € wy(x) for all x € E;
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(ii) Qx and Qy are IFP-equal, denoted by Qx = Qy, if

px(x) = py(x), vx(x) = vy(x), and yx(x) = yy(x) for
all x € E.

Definition 8. Let Oy € Q(U). Then the complement of Qy,
denoted by Qf, is an IFP-intuitionistic fuzzy soft set defined
by

Uy () =1-pu(x), K@) =1-v(x),
_ (8)
Yx (%) = U\ yx (x).

Definition 9. Let Qy, Qy € Q(U).

(i) The intersection of Qy and Qy, denoted by QNQy, is
defined by

QA0 = {( (!"xﬁy (%) vxoy (X))’wxﬁy (x)) |xe E]» .

x
)
Here,
Hxay (X) = min {gy (x), py (X)},
Vygy (%) = max {vy (x), vy (x)},
(10)

wxry (¥) = { (1 min {thy, () (1) 2 oy ()}
max {, ) (1) Vo) }) | 1 € U,
where wyqy (%) = wx(x) Nwy(x) for all x € E.

(ii) The union of Qy and Qy, denoted by Q,UQy, is
defined by

0,00, = {( (pxoy (%) vxay (X))>wxDY (x)) Ixe E]» '

X
(11)
Here,
pxoy (x) = max {#X (%), py (x)} >
Vxay (x) = min {vy (x), 7y (x)},
(12)

wxoy (2) = { (s max {py, (o 1) pra, o) @}
min {%X(x) (u), Ve (x) (u)}) | ue U} ,
where wygy(x) = wx(x) U wy(x) for all x € E.

(iii) The A-product of Qy and Qy, denoted by Qy A Qy,
is defined by

Qy A Qy

_ {((Mm Coy)o v @9)) (x,y)) Ixe E}

X

(13)

3
Here
txay (% ) = min {py (%), py ()}
Vxvy (% ) = max{vy (x), vy (y)},
(14)

wxpy (%) = {(u’ min {wa(x) (u), Hoy(y) (u)} >
max {wa(x) 1), Ve, () (u)}) | ue U} ,

where wy,y (%) = wx(x) A wy(x) forall x € E.

3. IFP-Intuitionistic Fuzzy Soft /i-Ideals

Definition 10. Let S be a hemiring, E a set of param-
eters, and X an intuitionistic fuzzy set over E, Qy =
{(x (0, vx ()%, @x (%) | x € E, wy(x) € IE(U)} € Q(U).

Then Qy is said to be an intuitionistic fuzzy parameter-
ized intuitionistic fuzzy soft h-ideal (briefly, IFP-intuitionistic
fuzzy soft h-ideal) over S, if for any x € E, wyx(x) is an
intuitionistic fuzzy h-ideal of S.

Example 11. Let S = Z; = {0,1,2} be a hemiring and E =
{a, b} be a set of parameters.

If X = {(0.3,0.6)/a,(0.5,0.2)/b}, wy(a) = {(0.7,0.2)/0,
(0.6,0.3)/1,(0.6,0.3)/2}, wx(b) = {(0.5,0.1)/0,(0.3,0.6)/1,
(0.3,0.6)/2}, then Qy is an IFP-intuitionistic fuzzy soft h-
ideal over S.

Example 12. Let S = M, where M, is a matrix hemiring,
E = {a, b}, the meaning of the parameters a, b, respectively. If
X is an intuitionistic fuzzy set over S defined by

0.2, x=a,

MX (x) - {06, X = b, (15)

vy (%) = 1= px(x).

Define wy by

0, r is not scalar matrix,

Haxta 1) = {1,

r is scalar matrix,

‘wa(u) (T') =1- [/lwx(a) (T) .
(16)
0, r isnot upper triangular matrix,

Hoy) (1) = {

1, r isupper triangular matrix,

Vg @) (1) = 1=ty @) (1) -

For all x € E, we can verify that wy(x) is an intuitionistic
fuzzy left h-ideal of S and, hence, Qy is an IFP-intuitionistic
fuzzy soft left h-ideal over S.

Proposition 13. If Qy and Qy are IFP-intuitionistic fuzzy soft
h-ideals over S, then their intersection Qx(\Qy is still an IFP-

intuitionistic fuzzy soft h-ideal over S.

Proof. We can write Qx[Qy = Qxay. For all x € E,
pxay(x) = min{ux(x), py (%)}, vxoy(x) = max{ux(x),



py (x)}. Now we will prove wy(x) N wy(x) is a fuzzy h-ideal of
S.Forallx € E, s;,s, €,

(wa()c) n ﬂwy(x)) (s1+5,)
= min {/"wx(x) (s1+5,) > Poy (x) (s + 52)}
> min {min {”wx(x) (51) > oy () (52)} ,
(x) (s1)> > Mooy (x) (52)}}

in {4,
= min {mln {/’le(X) (51) > Py (x)
{

3
H

= min {(l‘wxoc) n #wym) (s1)> (P‘wxu) n P‘wyoc)) (Sz)} ;
(17)

(s1)
min wa(x) (52) ‘uwy(x 52)

(ywx(x) U va(x)) (51 +5,)
Yoy (x) (51 + 52) > Yoy (x) (51 + 52)}

wx(x) (52)} >

= max {
< max {max { Voo () (8
max

Y Sy ’wax)(SZ }

max vwx (x) (52 > wy(x) (52) }

).
ey }
= max {max {vwx CYRISICHS
! ), }

)

) U va(x)) (32)} )
(18)

= max{( Vo 5 (%) vaY(x (Sl) (

Since py, (x)(5152) = o (x)(52)> Yooy () (5152) < Vi ()(s,) and
Mwy(x)(SISZ) 2 [’lwy(x)(SZ)’ va(x)(SISZ) < va(x) (52)7 then

(n"lwx(x) n [’twy(x)) (5132) = min {nuwx(x) (5152) > ll/ti(x) (5152)}

\%

min {.“wx(x) (82) > oy () (52)}

= (‘M‘Ux(x) n ‘Mwy(x)) (s2)
(19)

(Vo) Uy 0) (5152) = max {2, 3 (5152) Yy (5152}
< max {'wa(x) (52) 5 'Va)Y(x) (52)}

= (vwx(x) U va(x)) (52) .

(20)

Thus we see wy(x) N wy(x) is an intuitionistic fuzzy left ideal
of S.

Likewise, the proof of right ideal of S can be made in a
similar way.
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Forallx € E,a,b,s,z € S,lets+a+z = b+ z; then
(s N Py ) ()
= min {¢, (o () o () (9}
> min {min {4, () (@), o vy B} >
min {pt,, (o (@) fh, 0 D)} @)
= min {min {g, () (@) th, vy @)},
min {p, (o (5) > tho, o) 0}
= min {(fho, (v N by 9)) @ > (Haoy2) N Haoyz)) O} 5
(Vo0 Y Var ) )
= max {, (v (8) > Ve, (v )}
< max {max {, () (@) V() (0)} 5
max {7, () (@) Vo () (0)}} @)
= max {max {v, () (@), 7, @}
max {7, o (6) %y 0 0]}
- max
Hence wy(x) N wy(x) is an intuitionistic fuzzy h-ideal of S;
that is to say, wyry (x) = @x(x) N wy(x) is an intuitionistic

fuzzy h-ideal of S. Therefore, Q[ Qy is an IFP-intuitionistic
fuzzy soft h-ideal over S. O

2 YY) @ (Vo) U () O] -

We know that the intersection of all IFP-intuitionistic
fuzzy soft h-ideals over S is also an IFP-intuitionistic fuzzy
soft h-ideal over S. Then we would consider whether the
union of IFP-intuitionistic fuzzy soft h-ideals over S is also
an IFP-intuitionistic fuzzy soft h-ideal over S.

Notation 1. Let Qy and Qy be IFP-intuitionistic fuzzy soft h-
ideals over S. Then we said the sequence of values is ordered,
if forany x € E, 51,8, € S: (i) phoy, (x)(S1) = P, () (52) implies
ptwy(x)(sl) > ,uwy(x)(sz), (ii) wa(x)(sl) > wa(x)(sz) implies
va(x)(sl) > wa(x)(Sz)-

Proposition 14. Let Qy and Qy be IFP-intuitionistic fuzzy
soft h-ideals over S with ordered sequence of values. Then their
union Qx| JQy is still an IFP-intuitionistic fuzzy soft h-ideal
over S.

Proof. The proof is similar to the proof of Proposition 13. [J

Proposition 15. Let Qy and Qy be IFP-intuitionistic fuzzy
soft h-ideals over S. Then Q x NQy is an IFP-intuitionistic fuzzy
soft h-ideal over S x S.

Proof. The proofis similar to the proof of Proposition 13. [
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Definition 16. Let Qyx be an IFP-intuitionistic fuzzy soft h-
ideal over S and Qy an IFP-intuitionistic fuzzy soft subset
over S. Then Qy is said to be an IFP-intuitionistic fuzzy soft
h-ideal of Qy, if wy is an IFP-intuitionistic fuzzy soft subset
of wy.

Example 17. Let S = Z, = {0, 1,2, 3} be a hemiring and E =
{a,b} a set of parameters. If X = {(0.1,0.7)/a, (0.3,0.6)/b},
wx(a) = {(0.4,0.5)/0,(0.2,0.7)/1,(0.3,0.6)/2,(0.2,0.7)/3},
and wy(b) = {(0.6,0.2)/0,(0.1,0.6)/1,(0.3,0.5)/2, (0.1,0.6)
/3}and Y = {(0.5,0.3)/a,(0.6,0.3)/b}, wy(a) = {(0.5,0.2)/
0,(0.3,0.6)/1,(0.4,0.4)/2,(0.2,0.6)/3}, and wy (b) = {(0.9,0)/
0,(0.8,0.2)/1,(0.9,0.1)/2,(0.7,0.3)/3}, then Q is an IFP-
intuitionistic fuzzy soft h-ideal over S, Qy is an IFP-
intuitionistic fuzzy soft subset over S, and Qy is an IFP-
intuitionistic fuzzy soft h-ideal of Q.

Theorem 18. Let Qy, Qy, and Q. be IFP-intuitionistic fuzzy
soft set over S. If Qx is an IFP-intuitionistic fuzzy soft h-ideal
of Qy and Qy, is an IFP-intuitionistic fuzzy soft h-ideal of Q,,
then Q. is an IFP-intuitionistic fuzzy soft h-ideal of Q).

Proof. The proof is obvious; therefore omit it. OJ

4. IFP-Equivalent Intuitionistic
Fuzzy Soft h-1deals

Definition 19. Let Qyx = {((px(x), vx(x))/x, wx(x)) : x €
A wy(x) € TE(S)} and ety = {((y (), v (M) 3 0y ()
y € B,wy(y) € IF(K)} be an IFP-intuitionistic fuzzy soft h-
ideal over hemirings S and K, respectively. If f: S — K and
g : A — Bare two functions, then (f, g) is called an IFP-
intuitionistic fuzzy soft homomorphism such that (f, g) is
an [FP-intuitionistic fuzzy soft homomorphism over h-ideal
from Qy to Qy. The latter is written by Qy ~ Qy if the
following conditions are satisfied:

(1) f is an epimorphism from S to K,
(2) g is a surjective mapping,

(3) px(x) = py(g(x)), vx(x) = vy(g(x)), and f(wx(x)) =
wy(g(x)) forall x € A.

In the above definition, if f is an isomorphism from S to
K and g is a bijective mapping, then (f, g) is called an IFP-
intuitionistic fuzzy soft isomorphism so that ( f, g) is an IFP-
intuitionistic fuzzy soft isomorphism over h-ideal from Qy to
Qy, denoted by Qy = Qy.

Example 20. Let S = (Z,+,x) and K = (2Z,+, %), A = {1, 2},
and B = {3,6}. Define a homomorphism f from S onto K
by f(s) = 2s for r € §, and a mapping g from A onto B by
g(x) = 3x, for x € A.

Let X be an intuitionistic fuzzy set over A defined by X =
{(0.3,0.6)/1,(0.7,0.2)/2} and Y a fuzzy set over B defined by
Y ={(0.3,0.6)/3,(0.7,0.2)/6}.

5
Letwy : A — F(S) defined by
(0.2,0.7) s=2k+1, ke 7
1 =
(0x ) ) 1(0.6, 03) s=2k keZ
(23)
(0.3,06) s=2k+1, ke 7
2 =
(0x @) 1(0.4, 0.5) s=2k keZ.
wy : B = F(K) defined by
(0.2,0.7) s=4k+2, ke 7;
4 =
(or @) ) <l(0.6, 03) s=4k keZ
(24)

(0.3,0.6)
(0.4,0.5)

s=4k+2, k € Z;
(wy ®) (9 = 1 s=4k, ke Z.

It is clear that Qy and Qy are IFP-intuitionistic fuzzy soft
h-ideals over S and K, respectively. We can immediately see
that py(x) = py(g(x)) and we can deduce that f(wy(x)) =
wy(g(x)) for all x € A. Hence (f, g) is an IFP-intuitionistic
fuzzy soft homomorphism from Qy to Q.

Lemma 21 (see [3]). If f : S — K is an epimorphism of
hemirings and X is an intuitionistic fuzzy h-ideal of S, then
f(X) is an intuitionistic fuzzy h-ideal of K.

Theorem 22. Let Oy = {((ux(x), vx(x))/x, wx(x)) : x €
A, wx(x) € IF(S)} be an IFP-intuitionistic fuzzy soft h-ideal
over S and Qy = {((uy(¥), vw(W)) ]y, wy(¥)) : ¥y € B,wy(y) €
IF(K)} an IFP-intuitionistic fuzzy soft set over hemiring K. If
Qy is an IFP-intuitionistic fuzzy soft homomorphic to Qy, then
Qy is an IFP-intuitionistic fuzzy soft h-ideal over K.

Proof. Let ( f, g) be an IFP-intuitionistic fuzzy soft homomor-
phism from Qy to Qy. Since Qy is an IFP-intuitionistic fuzzy
soft h-ideal over S, f(S) = K and wy(x) is a fuzzy h-ideal of S
for all x € A. Now, for all y € B, there exists x € A such that
g(x) = y, 50 py(y) = py(g(x)) = px(x), vy(y) = vy(g(x)) =
vx(x). By Lemma 21, wy(y) = wy(g(x)) = f(wx(x)) is an
intuitionistic fuzzy h-ideal of the hemiring K, so Q) must be
an IFP-intuitionistic fuzzy soft h-ideal over K as well. O

Definition 23. Let Qy = {((ux(x), vx(x))/x, wx(x)) : x €
E,wx(x) € IF(S)} be an IFP-intuitionistic fuzzy soft h-ideal
over hemiring S. Then Qy is said to be an IFP-equivalent
intuitionistic fuzzy soft h-ideal over S if, for any x,y € E,
px(x) = px(y), and vy (x) = vx(y), we have wy(x) = wx(y).

By the Definitions 19 and 5, we can easily obtain that Q5
is an IFP-equivalent intuitionistic fuzzy soft h-ideal over S, if
Qy is an IFP-equivalent intuitionistic fuzzy soft h-ideal over
S.

Example 24. Assume that

Sxy={<i ;>|x,y622={0,1}} (25)



is a hemiring, E = {x,x,,x3,x,} is a set of parameters,
and X is an intuitionistic fuzzy set over S defined by X =
{(0.3,0.7)/x,, (0.6,0.2)/x,, (0.6,0.2) /x5, (0.7,0.1)/x,},

(0.7,0.1) (0.3,0.6) (0.3,0.6) (06 02)
)= 1 TEn AN (1)
oy () = {(05,01) (0.2,0.8) (0.2,0.8) (0.3, 06)}
= GO 6D an
(0.5,0.1) (0.2,0.8) (0.2,0.8) (03 06
)= 170G ()
oy (%)) = {(08,01) (0.5,0.4) (0.5,0.4) (0.7, 03)}
A GO GhH a0y

(26)

It is clear that wy is an IFP-equivalent intuitionistic fuzzy soft
h-ideal over S, .

Notation 2. If Qx = {((px(x), vx(x))/x, wx(x)) x €
E, wx(x) € IF(S)} and Qy = {((uy (y): vy (¥))/ y> wy(y)) : y €
E,wy(y) € IF(S)} are IFP-equivalent intuitionistic fuzzy soft
h-ideals over hemiring S, then QXﬁQY and QXOQY are not
always IFP-equivalent intuitionistic fuzzy soft h-ideals over S.

Example 25. Assume that S = Z5, E = {x;, x,, x3}. Let Q. be
an IFP-intuitionistic fuzzy soft h-ideal over S defined by

X = | (0.3,0.5) (0.3,0.5) (0.2,0.6) }
- X, X, X ’
wy (x,) = | (0.5(,)0.4)) (0.3,10.6)’ 0.3, 0.6)} )
(27)
wy (xz) _ (0.5(,)0.4)) (0.3,10.6), 0.3, 0.6)} )
wy (x;) = | (0.62)0.3)’ (0.4, 0.5), (04, 0.5)} ‘

And let Qy be an IFP-intuitionistic fuzzy soft h-ideal over
S defined by

Y= | (0.2,0.6) (0.6,0.3) (0.6, 0.3)}
B X, X, X ’
oy () = | (0.82)0.1), 01,07 o1 onl
(28)
wy (xz) _ (0.6;)0.3), (0.2,10.5)’ 02, 0.5)} ,
wy (x3) _ (0.6;)0.3)) (0.2,10.5)) 02, 0'5)} .
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It is clear that wy and wy are IFP-equivalent intuitionistic
fuzzy soft h-ideals over S. We can see that

XAy - {(0.2, 0.6) (0.3,0.5 (02,0) } ’
X1 X3 X3
Hxny) (Xl) = Uxny) (x3) >
(29)
XUY = { (03,0.5) (0.6,0.3) (06,0.3) } ’
X1 Xy x3
Hixuy) (xz) = Hxuy) (x3) >
but
0.5,0.4) (0.1,0.7
WD(xny) (%) = ( ) ( ),(0 1,0.7)¢,
(0.6, 0. 3) (0.2,0. 5)
(30)

(0.6, 03) (0.3, 05)

WD(xuy) (x2 =

(0:6,03) (04 0.5)

5 |
Wexar) (%3) = { (0.2, o.s)} ,
=5 }
5 |

W(xuy) (x3

Then wyNwy and wxUwy are not IFP-equivalent intuitionistic
fuzzy soft h-ideals over S.

Theorem 26. Let Oy = {((ux(x), vx(x))/x, wx(x)) : x €
A, wx(x) € IF(S)} be an IFP-equivalent intuitionistic fuzzy soft
h-ideal over hemiring S and Qy = {((uy (), vy (¥Y))/ v, wy(¥)) :
y € B,wy(y) € IF(S)} an IFP-intuitionistic fuzzy soft set over
hemiring K. If Q. is IFP-intuitionistic fuzzy soft homomorphic
to Qy, then Qy is an IFP-equivalent intuitionistic fuzzy soft h-
ideal over K.

Proof. Let (f,g) be an IFP-intuitionistic fuzzy soft homo-
morphism from Qy to Qy. Since Qy is an [FP-equivalent
intuitionistic fuzzy soft h-ideal over S, we have wx(x;) =
wx(x,), if ux(x;) = px(x,) and vy(x;) = vx(x,) for
any x;,x, € A. Now, for all y;,y, € B, then there exist
x,,%x, € Awith g(x;) = y,, g(x,) = y,. Since py(y;) =
uy(g(x1)) = px () and py(y;) = py(g(x,)) = px(x,), then
py(y1) = py(y,), and again, we have vy (y,) = vy(y,). And
then wy(y;) = wy(g(x))) = flwx(x)) = flwx(x,)) =
wy(g(x,)) = wy(y,); hence Oy must be an IFP-equivalent
intuitionistic fuzzy soft h-ideal over K as well. O

Definition 27 Let Oy = {((ux(x), vx(x))/x, wx(x)) : x €
E,wx(x) € IF(S)} be an IFP-intuitionistic fuzzy soft h-ideal
over hemiring S. Then Qy is said to be an IFP-increasing
intuitionistic fuzzy soft h-ideal over S, if for any x,y € E,
px(x) < px(y), and vy(x) = vx(y), we have wy(x) € wx(y),
and Qy is said to be an IFP-decreasing intuitionistic fuzzy
soft h-ideal over §, if for any x, y € E, ux(x) < ux(y), and
vx(x) < vx(y), we have wx (x) 2 wx(y).
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Example 28. Let S = Z5, E = {x, x,, x5}, and X be a fuzzy

set over E defined by
.o {(0.1,0.8) (0.4,0.6) (0.7,0.3)}
B x1 X ,
(0.2,0.6) (0.1,0.8) (0.1,0.8)
wy (x;) = ] > ]
joa0m wan wips)
0.6,0.4) (0.3,0.5) (0.3,0.5
ox () = {600, 05,09 03,05}
0.9,0) (0.7,0.2) (0.7,0.2
ox () = {059, 07:02 ©07.00}

It is clear that wy is an IFP-increasing intuitionistic fuzzy soft
hemiring over S.

Notation 3. If Qx = {((ux(x), vx(x))/x, wx(x)) x €

E,wx(x) € IF(S)} and Qy = {((#y(x), vy (x))/x, wy(x)) :
x € E,wy(x) € IF(S)} are IFP-increasing intuitionistic

fuzzy soft h-ideals over hemiring S, then Qy(1Qy QxJQy
are not always an IFP-increasing intuitionistic fuzzy soft h-
ideals over S.

Example 29. Assume that S = Z;, E = {x;, x,}. Let X be an
intuitionistic fuzzy set over E defined by

.- { (0.3,06) (05, 0.2)} ,

X1 Xy
wy (x;) = {(0.4,0.5),(0.1,0.6),(0.1,0.6)}, (32)
wy (x,) = {(0.6,0.2),(0.5,0.3),(0.5,0.3)} .
And let Y be a fuzzy set over E defined by
v- (020 @05}
X1 Xy
wy (x;) = {(0.6,0.2),(0.4,0.5),(0.4,0.5)}, (33)
wy (x,) = {(0.3,0.5),(0.2,0.8),(0.2,0.8)} .

It is clear that wy and wy are IFP-increasing intuitionistic
fuzzy soft h-ideals over S. We can see that

(0.3,0.6) (0.4,0.3) }
xl ’ X2 ’

XﬂY:{
(34)

XUy = {M,M},

Xy X,
but

@xnyy (%1) = {(0.4,0.5),(0.1,0.6), (0.1,0.6)} ;
x,) = {(0.3,0.5),(0.2,0.8),(0.2,0.8)}.

(
(
(35)
(
(

WD(xny)

wxuyy (%) = {(0.6,0.2),(0.4,0.5),(0.4,0.5)} ;

wxuy) (%) = {(0.6,0.2),(0.5,0.3),(0.5,0.3)} .

Then wyNwy, and wyUwy are not IFP-increasing intu-
itionistic fuzzy soft h-ideal over S.

Theorem 30. Let Oy = {((ux(x), vx(x))/x, wx(x)) : x €
E, wx(x) € IF(S)} be an IFP-increasing intuitionistic fuzzy soft
h-ideal over hemiring S and Qy = {((py (x), vy (x))/x, wy(x)) :
x € E,wy(x) € IF(K)} be an IFP-intuitionistic fuzzy soft set
over hemiring K. If Qx is IFP-intuitionistic fuzzy soft homo-
morphic to Qy, then Qy is an IFP-increasing intuitionistic
fuzzy soft h-ideal over S.

Proof. Let (f,g) be an IFP-intuitionistic fuzzy soft homo-
morphism from Qy to Qy. Since Qy is an IFP-increasing
intuitionistic fuzzy soft h-ideal over S, for all x;,x, € A,
px(x)) < px(x,), and vx(x;) = vx(x,), we have wy(x;) <
wyx(x,). Now, for all y,, y, € B, there exist x;,x, € A with
9(x1) = y15 g(x;) = y,. Since py(y1) = py(g(x,)) = px(x,)
and py(y,) = py(g(x,)) = px(x,), then py(y;) < py(yy),
and again, we have vy (y;) > vy(y,). Hence, wy(y;) =
wy(g(x,)) = flwx(x)) € flwx(x,)) = wy(g(x,)) = wy(y,)
and Q, must be an IFP-increasing intuitionistic fuzzy soft h-
ideal over K as well. O

5. Decision Making Method on Intuitionistic
Fuzzy h-Ideals

The approximate function of an Q-set is an intuitionistic
fuzzy set. The ., on the intuitionistic fuzzy sets is an
operation by which several approximate functions of an Q-
set are combined to produce a single intuitionistic fuzzy set
that is the aggregate intuitionistic fuzzy set of the Q-set.

Definition 31. Let Oy € Q(U) and IF(E) be a set of all the
intuitionistic fuzzy sets over E. Then Q)-aggregation operator,

denoted by €, is defined by
Qg+ IF(E) x Q(U) — TF(U),
* (36)
Qagg (X’ QX) = ‘QX’
where
< (1), Vg« (1)
Q= {(MQX U )lueU}, (37)
u

which is an intuitionistic fuzzy set over U. The value Q}
is called aggregate intuitionistic fuzzy set of Q. Here the
membership degree g (1) and nonmembership degree
Vo (u) of u are defined as follows:

o (1) = 3 iy () ) (@),
* |E| x€E
(38)
VQ;‘( |E| Z Vx (x) vwX(x) (Ll)

x€E

where |E| is the cardinality of E.

Theorem 32. Let Qy = {((ux(x), vx(x))/x, wx(x)) : x €
E,wx(x) € IF(S)} be an IFP-intuitionistic fuzzy soft h-ideal
over S. Then the aggregate intuitionistic fuzzy set QO of Q is
an intuitionistic fuzzy h-ideal of S.



Proof. For any x € E, wy(x) is an intuitionistic
fuzzy h-ideal of S. That is, for all s,s, €

wa(x)(sl + S2) 2 min{[’lwx(x)(sl)’[’lwx(x)(sz)}) [’lwx(x)(SISZ) 2
max{p, () (51), Uy, (x(s2)} and for all any a,b,s,z € §,

s+a+z =b+zimplies Mo (x)(8) 2 min{ywx(x)(a), ywx(x>(b)}.
Then

Hay, (51 +52)

Z//‘X (%) Moy () (s +57)

x€E

> min
‘[ IE| ZP‘X

x€E

]

‘“wx (x) Sl ZHX .uwx(x )
|E| x€E

= min {[/lQ;( (51) > Moy, (52)} :
(39)

In the same way, we can obtain: ‘uQ;((slsz) >
max{[/‘Q;(Sl))MQ;(Sz)},.UQ;(S) = min{[/‘Q; (a), [/‘Q;(b)}
and 7. (s; + 5) < max{vg: (5)),v: ()} v (515,) <
min{rg (5,), o ()b and v (s) < max v, (a), v, (b))
which implies QY is an intuitionistic fuzzy h-ideal of S.  [J

Notation 4. The above QY is called an aggregate intuition-
istic fuzzy (left/right) h-ideal of IFP-intuitionistic fuzzy soft
(left/right) h-ideal Q.

Example 33. Let Sbe a full matrix hemiring, written by M,,, A
alower triangular matrix, and B a lower diagonal matrix. And
let E = {a, b}, the parameters a, b stand for “lower triangular”
and “diagonal,” respectively. If X is an intuitionistic fuzzy set
over E defined by

0.6, x=a,
px (x) = {0‘2’ x=b, v (x) =1—-px(x). (40)
Define wy by

") 0, r isnotalower triangular matrix;
r) =
Hax(@ 1, r isalower triangular matrix.
(41)
0, r isnotadiagonal matrix;

Haoyp) (1) = {1

r is adiagonal matrix.
And wa(”) =1- ywx(r).

We can verify that QY is an intuitionistic fuzzy left h-ideal
of M,,. Then QF is called an aggregate intuitionistic fuzzy left
h-ideal of the Q.

For the above Example, we consider an intuitionistic

fuzzy h-ideal of Q)}. Certainly, we can take into consideration
the general condition on Q5.

Definition 34. In this definition, one can construct a decision-
making method by the following algorithm.

(1) Construct an Q-set over U,

(2) Find the aggregate intuitionistic fuzzy set Q3 of Qy,
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(3) Find max(u) = max{‘uﬂ}(u) | u € U} and min(v) =
min{vg;((v) | veU},

(4) Find « € [0, 1] such that (max(u),«)/u € Q% and
B € [0,1] such that (8, min(v))/v € QF,

(5) Find max(u)/(max(u) +«) = o' and B/(min(u)+ ) =
B

(6) Opportune element of U is denoted by Opp(u) and it
is chosen as follows:

u, ifoa’ >p

42
v, ifa <p. (42)

Opp (v) = {

Example 35. In this example, we present an application for
the Q-decision-making method.

Let us assume that people want to buy a lottery tickets.
Here, we consider only five figures, and they are defined
as S = Z; = {0,1,2,3,4}. The buyer considers a set of
parameters, E = {x;,x,,x;}. Fori = 1,2, 3, the parameters
x; stand for “preference,” “frequency of occurrence,” and
“mutual interference,” respectively.

After a serious discussion, each figure from point of
view of the foals and the constraint according to a chosen
subset X = {(0.6,0.3)/x,,(0.8,0.2)/x,, and (0.7,0.2)/x5} of
E. Finally, the buyer constructs the following Q-set over S.

(1) Let the constructed Q-set, Q, be as follows:

Qx

[(s6,03)
[

{(0.2, 0.6) (0.7,0.3) (0.4,0.5) (0.8,0.1) (0.1, 0.6) })

> > > >

0 1 2 3 4
(0.8,0.2)
x2 ’
{(0.4, 0.6) (0.9,0.1) (0.5,0.4) (0.6,0.2) (0.6, 0.3)}
o 1 > 2 2 3 7 4 ’
(0.7,0.2)
x3 ’

> > > >

{(0.2, 0.6) (0.6,0.3) (0.7,0.1) (0.7,0.2) (0.6, 0.3)}
0 1 2 3 4 ’

(43)

(2) The aggregate intuitionistic fuzzy set can be found as

O - {(0.193,0.14) (0.52,0.056) (0.376,0.083)
X 0 ’ 1 ’ 2 ’
(44)
(0.483,0.036) (0.32,0.1) }
3 ’ 4 ’
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(3) max(u) = 0.52 and min(v) = 0.036.
(4) (0.52,0.056)/1 € Q;( and (0.483,0.036)/3 € Q;(

(5)a’ = 052/(0.52 + 0.056) = 0.903 and S’
0.483/(0.483 + 0.036) = 0.931.

(6) Since o' < [3', Opp(u) = 3.

In the above Example, the decision-making method only
gives one-digit number from 0 to 4. By the similar way, we
can arrange many digits from 0 to 9.

6. Conclusion

In the present paper, we showed the basic results of IFP-
intuitionistic fuzzy soft h-ideal. And then we defined IFP-
intuitionistic fuzzy soft homomorphisms (isomorphisms),
IFP-equivalent intuitionistic fuzzy soft h-ideals, and IFP-
increasing intuitionistic fuzzy soft h-ideals and discussed
some properties of them. Finally, we investigate aggregate
intuitionistic fuzzy h-ideals of hemirings based on decision
making.

As an extension of this work, one could apply the method
to solve the related problems in applied mathematics and
information sciences.
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